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1. INTRODUCTION

THis paper deals with the theory of some interesting phenomena which are
obscrved in the transmitted X-ray beam when a Bragg reflection takes place
in a crystal. Obviously, if the crystal is non-absorbing, then the whole of
the incident energy must be transmitted in the absence of the Bragg reflection
and when a reflection occurs, the‘energy which is reflected will manifest
itself as a reduction in the intensity of the transmitted beam. Thus, the
reflected and transmitted intensities would be complementary, so that if
R and T are the reflection and transmission coefficients, then

R+T=1. (1)

If the crystal is absorbing, we have one more mechanism whereby energy
may be abstracted from the incident beam. If A is thé fraction of the
incident intensity removed in this way, we have from a priori considerations,
the following equation:

R4+T+A=]lor R+T=1-—A=T, (say) )

This means that T is always less than or equal to T,, and near the Bragg
reflection, when R has an appreciable value, there should be a reduction in
the transmitted intensity.

The foregoing deduction is, however, based on the idea that absorption
and reflection are independent processes. However, if one supposes that
the two arc interrelated and that the absorption coefficient can itself be
modified by the presence of an interference maximum, then conditions may
be different. Thus, if the effective absorption coefficient is reduced for
directions of incidence close to the Bragg angle, then the quantity A in
Eqn. (2) would itself be reduced and one cannot conclude, without further
calculations. whether the transmission would effectively decrease or increase.
{t is conceivable that the decrease in absorption coefficient would be such
that the consequent increase in the transmited intensity may be larger than
the decrease due to part of the energy being reflected. In such a case, one
may expect a peak in the transmitted beam near the Bragg reflection rather
than a dip. TIn fact, such a result has been observed by Campbell (1951)
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using perfect calcite crystals. He found that the peak of the transmitted
intensity may even bc several hundred times as large as T,. The name
“ anti-reflection " is suggested for this phenomenon. As is evident from
the above discussion, such a phenomenon can be expected only with an
absorbing crystal. If there is no absorption, Eqn. (1) would be rigorously
valid and there would be always a diminution in T near a Bragg reflection.
Also, the greater the value of A, ie., the thicker the crystal, the more
striking would be the intensity changes produced by a small alteration in
the absorption coefficient, and consequently the more prominent would be
the anti-reflection peak.

These qualitative arguments are borne out by the detailed theory given
below. It is based on the well-known dynamical theory of Ewald (1916).
In particular, the development of the theory due to Laue (1949) forms a
proper starting point for the discussion m this paper. Compact expressions
have been derived for T and R, both in the so-called “ Laue > and “ Bragg ”
cases, and these have been numerically worked out in the former case. They
show clearly that, for increasing thicknesses of the crystal, the transmission
curve slowly alters its form from a minimum to a shalp maximum near the
Bragg reﬂeutlon

2. PRrREVIOUS LITERATURE

On the experimental side, the subject goes back to an interesting
observation made by Rutherfcrd and Andrade (1914) during their determina-
tions of y-ray wavelengths using crystal diffraction. Thev observed in
general a diminution in the intensity of the transmitted beam when a
diffracted beam. occurred. However, this diminution was not observed
when a good perfect crystal was chosen for the experiment. In continuation
of this experiment, Borrmann (1941) allowed a divergent beam of X-rays to
fall on a crystal plate of quartz (0.2 mm. thick) and found lines in the trans-
mitted beam where the transmission was appreciably reduced. However,
when he chose a perfect crystal, as evidenced by the sharpness of the X-ray
reflection, he found that the lines exhibited a “ Helldunkelstruktur ”, i.e.,
adjoining areas having an intensity larger and smaller than the general

background. The occurrence of a transmitted beam of intensity larger
than T, is particularly noteworthy.

Lonsdale (1947) made similar studies with a number of crystals and
confirmed Rutherford and Andrade’s observation. She found that the
deficiency lines in the transmitted beam were imperceptible with a perfect
crystal, while they became clearer with increasing degree of mosaicity. She
did not make a critical study of the distribution of intensity of these lines,
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Making use of the dynamical theory of X-ray diffraction, Laue .(1949)
has worked out the theory of the transmission of X-ravs when interference
takes place. In particular, he considered the so-called “ Laue case ™, i.e.,
when both the incident and diffracted beams emerge from the back surface
of the crystal plate. Using his formule he also calculated numeric cally the
angular distribution of intensity of the reflected and transmitted beams in a_
few particular cases. These are similar to those observed by Borrmann
(1941), although no quantitative comparison can be made.

More recently, Campbell (1951 @, b) studied the pheromencn quanti-
tatively, using Geiger-Miiller counters. The experiments were performed
with a monochromatised beam of Cu Ka having a small angle of divergence
of the order of 15 seconds of arc. Symmetrical  Laue ” reflections were
obtained from the crystal under study and both the reflected and the trans-
mitted intensities were -measured simultaneously for different settings near
the Bragg reflection by meaus of two Geiger countere. Sharp maxima were
found hoth in the reflected and the transmitted beams with perfect crystals.
With an imperfect crystal, the increase was imperceptible, but there was no
decrease. Campbell has stated in. his paper (1951 b) that the sharp maxima
in the transmitled beam do not correspond to the curves given in Laue’s
paper (1949) and that his results are therefore inexplicable on this theory.
However, the conditions of his experiment are different from thcse assumed
in the theory and when the proper conditions are incorporated in the theory.
it leads to sharp maxima, as is shown below.

3. NOTATION

The notation follows mainly Laue’s symbology (1949), althougha
number of new symbols are used. Zachariasen (1945) has also given an
account of the dynamical theory and his notation has been adopted in
certain cases. The symbols within brackets are the equivalents in
Zachariasen’s notation of those used here.

A Wavclcngth of the X-rays . vacuum (Ap)
k = 1/}), length of the wave-vector in vacuum (ko)
h Index (subscript) denoting a particular X-ray reflection

(This index may be omitted when thereis no confusion). (H)
6 Angle of incidence G
0, Geometrical Bragg angle (0p)

6, Bragg angle, allowing for refraction

p- Linear absorption coefficient (in the absence of Bragg 4
reflection) (1)
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D Thickness of the crystal (1)
C  Polarisation factor, = 1 for the normal component and =
cos 2 8 for the parallel component (K)
y,) Cosines of the angles made by the incident and reflected ()
Y, } beams respectively with the normal to the surface {('yH)
x,)  Fourier components of order 0 and 4 in the triple Fourier  {(y)
y ﬁ} expansion of 4ma, where o is the polarisability ()
;ﬁf} Real and imaginary parts of X,: X,= X, -+ iX;; {%H”))
}ii Y H
D,) Electric vectors of the diffracted waves of order 0 and A ((Dy)
D/, } i(DH)
D, . (Dg)
D, } Magnitudes of D, D, {(DH )
z Unit vector, normal to the surface, directed inside the crystal (r)
{1~ B
R, Wave vectors, of order 0 and 4 inside the crystal {(IIEOB)
Rﬁ ( H )
‘12 } Subscripts to denote the two wave fields inside the crystal {E?)
a Superscripts, a to denote the front, and 4 the back surface of {(%)
d } the crystal, e.g. {(g)
D, represents the electric vector of the incident beam
ay = (sin 26) (6 — 6c) (a/2)
8; = 2a; — X, (1 - '}’}z/?/n) (2 Z/b)
8, Real part of B, = 2a;,— Xo, (1 — vi/ve)
%
y = 8,/2C [’—’1‘ xm] §7
Yo
% } Reflection and transmission coefficients
T,  Transmission coefficient in the absence of reflection,
= exp (— pD).

4, DyNaMIiCAL THEORY OF X-RAY REFLECTION

The dynamical theory, in its most general form. seeks to determine the
interaction of a crystal with an incident beam of radiation and to work out
the phenomena which accompany this interaction. Here, we are interested
in the case when the wavelength is of the same order as the lattice spacing
of the crystal, and in particular when there is only one diffracted ray. The
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fundamental equations in this case are:
R02,___ k2

R D, = XD, + X; CD; °
Ry k2 ®)
.m_..}lvR.zﬁ.,--. D/, = XOD/‘Z + X/,CDO

Putting
Ry = (1+ 39k and Ry= (I - 3, &,

where 3, §;<€ 1, one obtains the following equation as a condition for the
compatihility of the two equations in (2):

48:34— 2Xo (89 + 3,) + CXpXs— + x4* = 0.

We are specially interested in settings close to the Bragg angle. When
a setting is specified, then there is a definite relation between the incident
and the diffracted rays, and therefore 8, and 8; are also related. Thus, the
equation mentioned above becomes a quadratic in &, alone (or in §; alone),
giving two roots for 8,. Corresponding to each value of §;, one obtains
a value of D,/D, for a particular setting and thus there are two wave fields
inside the crystal, into which the incident beam is split. To calculate the
transmitted or the diffracted wave outside the crystal; these two wave fields
have again to be summed up on emergence from the crystal.

In the application of the dynamical theory to the X-ray reflection from
a parallel crystal plate, two cases arise according as the diffracted beam
emerges from the same face as, or the opposite face to, that on which X-rays
are incident. These two cases are commonly referred to as the “Bragg ™
case and the * Laue » case respectively.” However, a different nomenclature
is called for, since the term °“ Bragg reflection ” occurs often in connection
with this subject and should not be confused with the reflection in the Bragg
case. Further, it is also common to use ““ Laue reflection  to mean crystal
reflection of white X-rays and “ Bragg reflection ™ for reflection of mono-
chromatic X-rays. TIn view of these, the terms * surface reflection * and
“ internal reflection ” are suggested to refer to the two cases when the
reflected X-rays come out of the same surface on which the incident X-rays
strike and when the reflected X-rays pass through the thickness of the crystal,
respectively.

If we denote by Dy, and Dy, the magnitude of the electric vectors in the
transmitted beam corresponding to the two wave-fields 1 and 2, and by
D, and D, the corresponding quantities i the diffracted beam (of order %)
then the boundary conditions in the two types of reflection will be for an

internal reflection
Dyt Dgz= Dy”; Dt Djpp= 0 )
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and for a surface reflection,
Dy;+ Dyy= Dy
D, exp [—27i (Ry, 2) D] + Dypexp [-271 (R 2} D] = 0, (5)

where z is a unit vector along the direction of the thickness. The quantities
to be determined in each case, are

for an internal reflection

D;. exp [— 2mi (Ry - 2) D]+ Dysexp [— 277 (Rye 22 D] = D,

and for a surface reflection

Dy oxp [ 27 (Ryp* 2) D} -+ Dy exp [— 27/ (Rge 2 D] = D o
o D/l1 4+ D]lg — D/z(a) ] A

5. ExPressioNs FOR R AND T IN THE CASE OF INTERNAL REFLECTION

Laue (1949) has considered this case. The formuiz (8) and (9) given
below can readily be derived from his equations. Here, they have been put
in a form convenient for numerical computation. Further, the rapidly
varying cosine function in Laue’s formule have been neglected, as these
only represent interference bands, which arise from interference between
the two surfaces of the crystal plate. These bands would be very closely
spaced, the number between two successive orders of Bragg reflection being
of the order of D/A, which is about 100,000 even with a crystal 0-01 mm.
thick and even more with thicker crystals. Even a variation of the order
of A in the thickness of the crystal would obliterate them. Tt is therefore
justifiable to neglect these fine variations of intensity and to take an average.
Eqn. (8) and (9) represent in fact such an average value for the intensity.

. ” ] ] ] 1 )
., EXD - — 1 — uD
R = M Pi7e (Vo 5 Wz) g

A - cosh ZyD (8
EX/II 2 cosh? v, ®
1 1 ‘
T = Yo YA 7 cosh 2 (qD - v,) )
2 cosh?y,
where | '
inh v = 8.2C [ Zx.0 T
sinh v, = B [2C ” XiX; (10)
and |
! 1 C?
il L .
B 4(70_ 7/) B | Ve Xt X7k

K 13 (11)

(e lan) (8 40 i)
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In these cquations, 8, is a measure of the departure of the glancing angle
[rom the Bragg angle 0,, ie., B, =0 corresponds to 8 = 6.

" It is inferesting to note the following deductions which readily follow
[rom cqns. (8) and (9):

(@) When [B,] > 2C B/,/’ X/z}'{’z;]%s ie., for directions sufficiently remote
rom the Bragg angle, 0

R=0and T =exp(~pDjy,) =T, (12)

as should be the case. This obvious result has been particularly mentioned

here, because the curves in Laue’s paper may lead to an erroneous impression

that T increases with 8, on one side of the maximum. His curves I and II

in Figs. 2(a), (b), (¢) have been drawn without taking into account the

cosh® v, in the denominator of Eqns. (8) and (9) above. When this is also
included, the above result (12) follows

(b) when B,=0
X o 11 C v,
T=AR=}Jexp—pD| (= 4+ 2 )= %k 13
X, &P — 4 I:“(Vo+ m) \/ymxoj (13

Thus, for a crystal obeying Friedel’s Law, R = T at the peak of the reflection,
as has already been pointed out by Laue.

It is interesting to note that the ratio R/T, depends on the ratio
X3/ Xoir i.€., on the ratio of the imaginary components of the structure factors
of order A and zero. This ratio would correspond to the F-value, ie., the
ratio of the real components, for wavelengths sufficiently far away from
absorption frequencies. If this is not so, then the peak intensity of an
internal reflection does not represent the structure factor of the crystal.

Since X, < X,; and C < 1, R cannot exceed the value  for a symmetrical
internal reflection. This is to be expected, because for a non-absorbing
crystal, R =1 at the peak.

(¢) For intermediate values of B,, it is convenient to introduce the
quantity y = sinh v,, so that

el d (=) e, A 14
K ”[4(70 vl VI 5 v xo VIV (14
Also, we have

cosh? v, = (1 + %) (15)
From the above definition, y o p and hence to (§ — 6), and units of

y may thus be employed as absciss in plotting the variation of R and T with
glancing angle, as has been done by Zachariasen (1945). y=1 would

AA
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correspond to a value of (§ — 85) equal to the half-width of the correspond-
ing surface reflection curve if the crystal is non-absorbing (i.e., for the same
reflection, 4). As is well known this is of the order of a few seconds of arc,
and its magnitude can be readily calculated from 8 and the structure factor,
so that the y-unit forms a convenient unit for representing reflection curves.

6. CALCULATION OF REFLECTION AND TRANSMISSION CURVES FOR
INTERNAL REFLECTIONS

Laue (1949) has plotted the variation of R and T with angle & for the
111 and 200 reflections of rock-salt, with thicknesses of the order of -1 mm.
and wsing Cu K, radiation. He obtained curves, which exhibit variations
similar to those observed by Borrmann (1941), namely, an increase and
decrease of intensity compared to the background on either side of the
Bragg reflection. The exponent {(u D/y) is of the order of 1-0 to 2-0 and is
of the same order of magnitude as that employed by Borrmann, who used
quartz crystals 0-2mm. thick and Fe K rays. In Campbell’s experiments
(1951 b) on the other hand, calcite crystals, 0-4 to 1-00 mm. thick were used
with Cu K,, for which p Dy ~8 to 20. The conditions in the experiments
of Campbell are not therefore comparable with those assumed in Laue’s
calculations, and it is not surprising that the latter do not correspond to the
observations of Campbell. Consequently, the authors have plotted a series of
reflection and transmission curves, with varying (u D/y), for (101-1) reflection
of calcite, when the crystal is cut with its surfaces perpendiculer to the lattice
planes concerned.

For convenience, we write P = 1 Dfy, and a series of curves have been
plotted for values of P =0, 0-5, 1-0, 1-5, 2, 3, 4, 6, 8, 20. As mentioned
in the last section, the abscisse are marked in y-units, y = 1 actually corres-
ponding to 3:6” of arc in this case. The relevant data required for the
- calculation have been taken from Zachariasen (1945) and are:

g =183 cm.™? Yo = vz = 0-967
Xy, = — 17-44 x 10°® Xo;= — 0-448 x 10-F
X, = — 8:57 x 107¢ X = —0-429 x 10-®

The curves in Figs. 1 and 2 correspond only to the normally polarised
component (C =1). Since p and y are fixed quantities for the different

curves, varying values of P correspond to varying thicknesses D, which
may be readily calculated, since u/y = 189.

The curve for P =0 is hypothetical, for with an 'absorbing crystal
(p #0), P can become zero only if the thickness D vanishes. Actually,
eqns. (8) and (9) from which the curves have been plotted assumes that the
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thickness ol the crystal is large enough compared with the lattice spacing
However, this particular curve may be said to correspond to the case wheb

the crystal becomes non-absorbing, other conditions remaining the same- p

All the other Curves relate to crystals of varying thickness D.

The following are clear from these curves. Considering first Fig. 1
(.rcﬂection), all the curves arc symmetrical about the ordinatevfor the peak.
The peak intensity steadily decreases Wwith increasing thickness. but the
decrease is far less rapid than the corresponding decrease of T, Thus, for
p == 0. the peak is 0-5 (Ty=1): this decreases only to about 0-23 for P =2
when the transmitied beam has dropped to 0-135. Thereafter the decrease
i the peak intensity of the reflected beam is much less rapid. In fact for
P == 20, for which T, will only have 2 value of the order of 1079, the peak
reflection is as large &3 0-1, i.e., about a hundred million times the trans-
mitted intensity for settings away from the Bragg reflection.

O

s """"‘W 2
2.0 : 0 1-0 20

————

fig. L8 Reficetion’ CUIVES for varying thickness of the crystal. The parameter P = gD~
d beam predicted by

wa The variations in the intensity of the Ui ansmitte

fie {heory is even more interesting. For P= 0 obviously;the transmission
curve (Fig. 2) 18 complementary t0 the reflection curve and exhibits only a
minimum. However, for small finite values of P (i.e- for small thicknesses).
it exhibits both 2 minimum and 2 maximum and the intensity distribution

js asymmetric about the peak of the Bragg reflection .(i.e., y=10). On

approaching the Bragg setting from the left, the transmitted intensity first
becomes less than the normal value

30
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Fig. 2. Transmission curves for varying thickness of the crystal.

than the normal value, finally falling back to T,. For small values of P,
ie., very thin crystals, the decrease predominates, while with increasing,
thickness, the increase becomes larger and larger, until at P = 2 the increase
is larger than the decrease. For still thicker crystals the minimum is
imperceptible and only a peak is observed in the transmitted beam. It is
interesting to note that the peak intensity of the transmitted beam is of
the same order as that of the reflected beam, although the two peaks do
pot coincide, This is clearer from Fig. 3, which is discussed below, Thus,
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for P =20, which would correspond approximately to 1 mm. of calcite, the
peak value of T is several million times the value of T,.

Wc? shall now consider how the theory fits the observations of Campbell.
For this purpose, Fig. 3 has been drawn to correspond to Fig. 6 of his

—_— /néensr'éfy

R
-
— -

-3 -2

3

FiG. 3. Reflection (full line) and Transmission (dotted line) Curves of a crystal

of calcite 0-4 mm. thick. y =1 corresponds to 3:6” of arc.
paper (1951 b), namely, for a crystal of calcite of thickness 0-4 mm. Tt is
obvious at once that the theory qualitatively explains his observations
(«) that both the reflected and transmitted beams exhibit sharp maxima
rising up to several times above the background, (b) that the peak intensities
of the two are nearly equal to each other and (c) that the peaks are extremely
sharp. However, quantitative agreement is not to be expected because
the theoretical curve is for an incident beam of negligibly small divergence,
while in the experiment, it had a divergence of the order of 15” of arc, which
is larger than the theoretical width of the reflection or transmission curves.
Because of this, the observed curves would be much broader than what is
predicted by theory and the peak intensity would also be lower. When
these are taken into account, the agreement between theory and experiment
must be considered good.

As is clear from Fig. 3, the peaks in the reflected and transmitted beams
do not coincide. Campbell (1951 b) did observe such an effect, but he
attributed it to a mis-setting of the crystal. More careful experiments
should be made to verify whether such an effect is really present or not.

The curves also show that the peak in the transmitted beam is not
likely to be observed unless the incident beam has a small divergence. If
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it has a large divergence, the effect would only be an average over a range of
angles. This may lead to a net increase or decrease in the transmitted
intensity over the background according to the thickness of the perfect
crystal. For very thin crystals, it is a decrease and changes to an increase
for thicker crystals. This explains the observation of Lonsdale (1947) that
the deficiency lines observed by her with mosaic crystals became less clear
and sometimes vanished with perfect crystals. She studied mostly crystals
of low absorption (diamond and other organic crystals), for which P ~1
to 2 with a thickness of the order of a few millimetres. Consequently, if
the whole crystal were perfect, there would be practically no reduction or
increase in T, while if it is mosaic, a reduction would be observed. Of
course, the above curves relate to calcite 101-1 reflection and the conditions
would be different with the crystals studied by Lonsdale (1947), but the
" orders of magnitude are not likely to be different. The authors have under-
taken a theoretical study of the variation of R and T with various factors
such as the structure factor, absorption coefficient, etc., and this would throw
further light on the subject.

7. EXPRESSIONS FOR R AND T IN THE CASE OF SURFACE
REFLECTION

As mentioned earlicr, although Kohler (1933) has considered this case,
he has made some approximations, e.g., neglecting one of the two wave-
fields in the crystal, as it has a large attenuation coefficient. It is, however,
unnecessary to make the approximation and we shall give below a brief
derivation of the formule, both for the reflection and transmission coeffi-
cients, following closely the method and nomenclature of Laue (1949).

In the Bragg case, y,ly, is negative and where necessary this will be
denoted explicitly by writing it as — | y,/v,|.
Let
B =2a; — Xo (1 = 74/pp)

Analogous to eqgns. (29), (30), (31) of Laue (1949), we obtain

(E‘ e (X” 2 Ve ' (10)
where *

We have the boundary cond1t1ons
Dg+ Dge= Dy\?; .
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nd we

hawve to determine the quantities
L ey
D™ — D1+ Dpas
Dotd)‘”"'* Dg: exp [—27i (Ry,-2) D]+ Dy exp [—27i (Rye-z) D] (13)
here Z is o unit vector in the direction of the thickness D. If we write

R0!,2== Ro(d)— kal’g z, (14)
vhere S, ., have the values [from Laue, 1949, Eqn. (21)]
= 1 3
B3, o —1X . B w[ 2y 4C2 Vs J 15
.2 Yo Ay, T, P Vo AXE (15
‘hen, Froan eqns. (12), we have
Do e EXD WX Lo D — Ut D) e -
o! 3sinh @+ D0 Pe= — ramm e x P (16)
vhere
X = = ;leD (81—-— 82). (17)
substitizting in eqns. (13), we obtain
x|l sinhx | |
R = X;| |sinh (u + X) | (13)
. _ ) 1 3,4+ 8,\(® | sinhu [* .
T = {exp — 2wikD (7—/—‘; — isinh e (19)

Unlike the Laue case, it is not possible to put eqns. (18) and (19) in terms
f real guantities alone. This is so because u (and x) may be predominantly
real (Z.€., Teal part> imaginary part) for certain values of vy and predomi-
nantly irxxaginary for other values.*

When the reflection is symmetric, ie., it takes place from lattice planes

parallcl to the surface, and if Friedel’s law holds (ie.. |x.| = |x;|). then
egns. (1 &) and (19) reduce to

—_— sinh x |2 . sinh . |?

R = s (u + x) ~ {sinh (u -+ x)| (20

These 1may be compared with the corresponding expressions obtained by
onc of the authors (Ramachandran, 1942, 1944) for a finite parallel-sided
crystal plate having n lattice planes parallel to its surface. The latter are

k sinh nB |? sinha [
sinh (a + np) sinh (o 4 nB)| -
It is clear that there is an exact correspondence between the two, and an
examination of the significance of the quanitties « and #8 in eqns. (21)

2

R —

————
——

(21

* ¢. gr., when there is no absorption, « is pure imaginary for ~1 <y < - 1 and
completely Teal for values of y outside these limits.
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shows that they are the same as » and x. This again confirms the statement
made by Ramachandran (1948) that the Ewald and Darwin methods lead to
identical ;results, in spite of their apparently very differcnt mathematical

approaches.
op SUMMARY

The paper deals with the theory of an interesting phenomcnon (which
has been designated as “ anti-reflection ) that the intensity of the trans-
mitted beam may exhibit a peak larger than the background when a Bragg
reflection occurs in an absorbing crystal. The theory is based on the
dynamical theory of Ewald and Laue. It comes out that the effect is due
to a decrease in the effective absorption coefficient of the crystal near the
Bragg reflection, and to the consequent increase in the transmitied intensity
predominating over the loss of energy by reflection. The anti-reflection
peak becomes more prominent, the greater the thickness of the crystal, The
results of the theory are found to be in accord with the previous observations
of Borrmann and Campbell. The theory further predicts .that the peaks
in the reflected and transmitted beams would not be coincident and this

requires further verification.
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