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1. IN a paper published in the Bulletin of the Calcutta Mathematical
Society, the author has proved that the line of striction of the generators
of a ruled surface is also the locus of the feet of transversals intersecting
consecutive and ultimately coincident generators of the ruled surface at the
same constant angle. A certain measure, called the skewness of distribu-
tion of the generators has been introduced, the vanishing of which means
that the generators are all parallel to the same plane. It is also proved that
this measure is independent of the directrix chosen and that it is connected
with the curvature properties of the surface and in particular, the skewness
of distribution is equal to the sum of the product of the parameter of dis-
tribution and the first curvature at the central point and the cotangent of
the angle in which the line of striction cuts the generators.

2. The object of the present paper is to examine under what circum-
stances the skewness—u—is constant. It is proved that if p be constant,
the generators make a constant angle with a fixed direction. It is also
proved that if the osculating quadrics of the ruled surface are equilateral
hyperboloids,  is equal to half the cotangent of the angle in which the line
of striction cuts the generators. Dini-Belirami’s Theorem about ruled
W-surfaces, which appears to be incomplete in its statement, is completed
and it is proved that ruled W-surfaces are of two types but in both the types
the relation between J and 4/— K (= 7) is of the form

g = 8 o
The relation between the Laguerre function along a curve and the skewness
of distribution of the normals to the surface along the curve is obtained.

3. Lines drawn through a point, parallel to the generators of a scroll,
cut the unit sphere with the point as centre, in points which trace out a
curve called the spherical indicatrix of the gemerators. For the spherical
indicatrix, in the notation of Weatherburn's Differential Geometry, we have
r=d, ts=d
knslz + ts” - d/l
[r, t, n] ks'3=[d, d', d"]
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where k is the curvature, n the principal normal of the spherical indicatrix
and dashes denote differentiation w.r.t. the arc of the directrix curve. Now

because, | d' | =¥, |

[d,d,d|d =kl t,n].
Again n X r=t cos 0, w being the angle that the binormal makes with the
radius vector and hence

- [n, r, 1] = COS w
and therefore, p =k cos w
= cot w (o k =1/sin w)

= p'alp,
where p and ¢ are the radii of curvature
and torsion of the spherical indicatrix
and dashes denote differentiation w.r.t.
the arc. Again, because the curve Iis
spherical,

d .,
plo + 5 (') =0,

. , d
ie., P'lk + 7 (po) =0,
or p'(p+ 1p) +pp=0.

If now, u be constant, p’ = 0 and there-
fore p is constant and hence r =0 or
the spherical indicatrix is a circle and
the generators are inclined at a constant angle to a fixed line—the normal
to the plane of the circle. Hence we have the theorem—The skewness of
distribution is equal to the cotangent of the angle which the binormal of the
spherical indicatrix makes with the radius vector ‘and if the skewness be
constant, the generators are inclined at a constant angle to a fixed line.

4. If t be the unit tangent to the line of striction we have ¢-d' =0
and d-d' =0. Also if x be const., a'd = const. and therefore a:d’ =0
and- hence [a, t, d] = 0 or the vector a lies in the plane of ¢ and 4. Hence
to draw a surface with a given line of striction and skewness we draw a set
of parallel straight lines at points of the given curve and in the tangent plane
to the cylinder so drawn, we draw a set of lines making a constant angle
with the generators. Thus there are oo? of ruled surfaces with a given line
of striction and skewness of distribution.

In terms of ¢, n, b of the line of striction, let

a=1cosf —nsinésinw + bsin b cos w.
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Now because a is a constant vector, @' = 0 and therefore

g.g —k sin (unless 6 = 0) 4.1)
and Cc% + 7=k cos wcot 8 “4.2)

unless w = w/2 when the line of striction is an asymptotic line. The first
equation gives the geodesic.curvature and the second, the geodesic torsion
of the line of striction which will be a geodesic if 8 be constant and then
w = 0 (or k = 0) and the line of striction is a helix. Hence we have the

THEOREM.—If the line of striction of the gemerators of a ruled surface
whose skewness is constant be a geodesic, it must be a helix (or a straight line).

If 6 = 0, the line of striction is a straight line and the generators make
a constant angle with the given line as in oblique or right helicoid. If
w = w/2, we have from the constancy of a, = sin § = 0. Therefore either
the curve is a plane curve when the surface is a plane or 6 = 0 when the
line of striction is a straight line. Eliminating ds between the two equations
and integrating we have

sin(icos«:=c—~f7€— sin 0 d6.

5. Taking the generators and their orthogonal trajectories as v == const.

and u = const. and in the notation of Weatherburn’s Differential Geometry,
Vol. II, we have

b= — e + g,

1 u—a)+
e
and K = — B¢t

The line of striction is given by u = a which cuts the generators at an angle

¢ given by cot ¢ = £« /B Now the value of J at the central point is given
by

Jo = *'3 [v —a'B/B%] = _.3 [v — cot ¢]

and therefore v = p = the skewness of distribution. This gives thc geo-

metrical interpretation of v involved in J. From the equation J;K,— J,K,=0
which must reduce to an identity we have

p = const., B = const. and o' = const

From the constancy of o’ and B we have Dini-Beltrami’s Theorem for a
‘Tuled W-surface.
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Now because p = const., the generators make a constant angle with
a fixed vector a and therefore

‘fl_g —ksinw=0. (- ¢=-cotaB = const).

Hence either k£ = 0, i.e., the line of striction is a straight line or w =0.
From the equation (4. 2) we have because 6 is const.

r/k = cot 8,

and therefore the line of striction is a helix. Again because in the notation
of the previous section, the value of B is given by

ﬁ_sin (0 —a)sin @ sin(d —a)sin b
~ ksinacosw ksin a

b

we have k = const. because B is so and therefore = is also constant and the
line of striction is a right circular helix, the generators being drawn in the
tangent planes of the cylinder making a constant angle with the generators
of the cylinder. :

If k =0, we may take
r=10,0,f(8)] and d = (sin a cos 0, sin a sin 6, cos a)

and because B is constant, f(6) = ¢8 and in that case the surface is a helicoid
of angle a given by

r = (ucos acos 8, usin asin 8, cd + u cos a).

If the line of striction is a right circular helix, the equation of the surface
can be written as

R=r+ud
where r = (acos 0, asin 6, af cot a)
and d = (— sin 8 sin B, cos § sin B, cos B).

When a—0, i.e., the right circular cylinder shrinks to a straight line, and
a—0 such that a cot a— ¢, the surface tends to

R=(- u sin 0 sin B, ucos 8 sin B, cf + u cos f)
which is a helicoid of angle 8. Hence we have the

THeOREM.—If a ruled surface is also a W-surface, the line of striction
is a right circular helix (or a straight line) and the generators are lines in the
tangent planes, making a constant angle with the generators of the cylinder
(or a helicoid of angle o). '
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6. The fundamental magnitudes of the first and second orders for the

oblique helicoid
r = (usin a cos 6, u sin a sin 8, ¢ -+ u cos a)

are given by E=1, F=ccosa, G=c¢% +u?sin®a

and HL =0, HM = — ¢ sin? ¢, HN = u? sin? a cos a.
Hence T = (u® — 2¢?) cot of(u? + c?)32
and K = — c?/(u? + c?)?

and therefore 7+ =+4/— K = ¢/(u? + c?).
Hence for the oblique helicoid, the functional relation is given by
JcV2 tan @ = 7Y% — 3782,
For the surface R = r -+ ud when the line of striction is the
right circular helix r = (a cos 6, a sin 8, af cot o)
and d = (—sin § sin 8, cos @ sin 8, cos ) we have
E=1, F=acos (e« — pB)fsina, G=a®cos ejc’o + u®sin?p

HL = 0, HM = a sin (¢ — B) sin B/sin? a, HN = q?sin? (¢ — B)/sin a
+ u?sin? a cos B

2 -
whence K = (‘&ﬁ“_f_”gé“")z where ¢ = a sin (¢ — B)/sin a sin B
and T = cot B (u% — be)/(u® + c?)¥2

and therefore

JeU2tan B = 7Y2 — (b + ¢) 72
. We have thus the

THEOREM—The relation between the first and second curvatures of a
ruled W-surface is of the form

al = 7Y% | pr¥2

7. The osculating quadric of a ruled surface is generated by the
tangents to the curved asymptotic lines, at points of a given generator. These
are perpendicular to the generator at points where J = 0 and if they are
mutually perpendicular to one another, the values of u corresponding to

J = 0 must belong to the involution formed by pairs of points on the gene-
rator the tangent planes at which are perpendicular to one another, i.e., = 0.

Hence P =) — B @ —a) + @ —af) =0
must be harmonic with

.(u._a)z' ~ +ﬂz=0
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ie., 2u —d' | =0
or 2uFcotd =0 (. o[ = & coth).
Hence we have the

THEOREM.—If the osculating quadric of a ruled surface be equilateral,
the skewness of distribution is half the cotangent of the angle in which the line
of striction cuts the generator.

8. Dr. Ram Behari has given the geometrical interpretation of the
vanishing of the Laguerre function along a curve drawn on a surface, viz,,
that the ruled surface generated by the normals to the surface has equilateral
osculating quadrics. A new proof is given below in which it is also shown
that the value of the Laguerre function (L) along a curve is given by

L + 7 (2u + cot §)/vFF Rt = 0.

Taking the curve as v = const. with unit tangent a, we have in the notation
of Weatherburn’s Differeniial Geometry

d=nd =ayn=—k,a— b
dxXd = —kpb + a
B =t d'dlf| d'|* = — =/(=* + k).
d'=—k,a.ya—r1a.yb —ak, — b7’
= —k, (ks + yb) — v (sh — ya) — ak,’ — b7’
=—(k+)n+ (v —k,)a —(kay +7) 0.
[a'd] = fy (f? + 72) + kot — k)
=y (e? + 72 +kyt' — 1l }(7 + BV,
Again, the line of striction is given by
u(r* + k% +an =0
ie, u = k,/(* + k,?).
If" T denotes the unit tangent to the line of striction

TS =a + ua.yh + ﬁg—g (kn/ 7 + k)

T2 k,

_d/ k,
=y o Sl iy L +”ZE(¥§'¥7€,?)’

S’ cos ¢ = % (k7% + ka®)

QPPN T Y S

T ds\ 7% + k,*
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Hence because f is negative,
2p +cotd =2yt —k,) v/ +k,2
= — Lj7 /7% + k&,

or Vf%aﬁ{m—}—cot#%—L:O. |

Hence if L =0, x and g — ¢ are both zero or constants. We have the

THEOREM.—If a curve on a surface is a Laguerre line and if the normals
along the curve make a constant angle with a given line, the line of striction
of the normals cut them at a constant angle and conversely.
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