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ABSTRACT

We present a simple method for determination of the orbiéahmeters of binary pulsars,
using data on the pulsar period at multiple observing epothis method uses the circular
nature of the velocity space orbit of Keplerian motion anoldorices preliminary values based
on two one dimensional searches. Preliminary orbital patanvalues are then refined using
a computationally efficient linear least square fit. Thismoetworks for random and sparse
sampling of the binary orbit. We demonstrate the techniqu@pthe highly eccentric binary
pulsar PSR J05144002 (the first known pulsar in the globular cluster NGC 18%1d (b) 47
Tuc T, a binary pulsar with a nearly circular orbit.
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1 INTRODUCTION

Knowledge of the orbital parameters of binary pulsars iessary
for coherent timing and for investigation of different pespies of
the pulsar and the companion star. Determination of theanba-
rameters is important for newly discovered pulsars, to fddow

up observations at different epochs.

With the movement of the binary pulsar in its orbit around
the center of mass, the projected velocity of the pulsar énlitre

data, without requiring information about pulsar periodsives.

We demonstrate the method by estimating the orbital paemnet
of the binary pulsar PSR J0514002A, the first known pulsar

in the globular cluster NGC 185@004), and PSR
J0024-7204, a binary pulsar in globular cluster 47 Tucanae, re-
ferred to as 47 Tuc T hereaftér (Camilo efal. 2000). In Bage2
describe the method for preliminary determination of thieitat
parameters. Sekt.3 presents a method for refinement of the de
mined orbital parameters. In S€¢t.4 we compare the ortdtap-

of sight direction {;) changes and as a consequence the observedeters determined in this work with those available in theriture

pulsar period P,s) changes. The modulation in (i.e. in P,s)

is governed by the orbital parameters of the binary systenit iS
possible to getinformation about the orbit by studying thaaion

of P,s. Five orbital parameters, namely, the binary orbital perio
(Py), orbital eccentricity ¢), projection of the semi major axis on
the line of sight ¢1sin 4, 7 being the angle between the orbit and
the sky plane), longitude of periastran)(and the epoch of perias-
tron passage€l(,) can be determined from radial velocity/observed
pulsar period data (in the Newtonian, i.e non-relativiségime).
These orbital parameters of binary pulsar systems can le-det
mined by fitting a Keplerian model to the pulsar period versus
epoch of observation data. The usual methods require sinest
ous fit to many parameters and need an initial guess. Suclodseth
need dense sampling of period measurements at differechepo
during the pulsar orbital period. Overcoming some of thaséof's,
b) proposed a new method for determinatio
the orbital parameters of binary pulsars. They utilisedrimfation
on periods and period derivatives at multiple observingcapmf
the kind used in surveys, and extracted orbital parametelesa
They successfully determined the orbital parameters @frigipul-
sars with nearly circular orbits.

This work presents an alternative approach to orbital param
eter determination using the observing epoch versus pp&saod
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and discuss the advantages of our method.

2 PRELIMINARY DETERMINATION OF ORBITAL
PARAMETERS

2.1 Binary orbital period (P»)

The observed pulsar periof{,;) versus epoch of observation data
set is folded with wide range of trial orbital periodg,j. Corre-
sponding to each trial value &%, we get,P,s versus orbital phase
(¢ = 27t/ Py, t being the time measured from the periastron). For
every set of folded data we calculate a parameteoughness R)

— which we define as the summation of squared differencéof
between the adjacent pairs ®©f Therefore,

R="> (Pobs(i) = Povs(i + 1))’ €
=1

wheren represents the total number of data points. These points

are sorted in order of orbital phase, which will be differétdif-

ferent choices of triaP,. For the optimal choice of the trial folding

period Py, the plot of P, versuse is expected to be the smoothest

and hence the corresponding roughness paramijevi(l be min-
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Figure 1. Roughness parameteR) plotted against orbital period®,) for
PSR J05144002A (a zoomed region near minimuR)

imum. In the search oP, the incrementf P,) must be chosen to
cause small orbital phase shift (i&w, T' << 1) over the full data
lengthT (i.e. (27 /P3)APT << 1).

As a crosscheck, we apply this method on a simulated Keple-

rian orbit. First, we simulate sparsely and randomly sachpf@ch
of observation versus radial velocity data points with ac$etrbi-
trarily chosenp,, e, w andT, values (refer to Eqii.]6 of Sei. 2.2
for details). Using this kind of randomly generated radigloeity
data, spanning over widely separated epochs, as input vixe thep
smoothness criterion described in Eign. 1 and the true bioraital
period is recovered. There are few local minimas wheie lower

than the adjacent values but there is no comparable minineum a

to the strongest minimum corresponding to t@®e The method
worked for Keplerian orbits generated with various set&nfe, w

andT, values, and we could reproduce the true periodicity. Hence,

to obtain a unique solution fd?,, one need to search fé#, within
a wide range which includes the actual with small enough step
size determined by the criteride/ P2)AP,T << 1.

For preliminary determination of, of PSR J0514-40, we

usedP,;s versus epoch of observation data from the GMRT obser-

vations. We used 31 such data points, collected over six mspnt

which are similar to the data used @omx Fo

the known binary pulsars in globular clusters the orbitali-pe
ods lie in the range?, ~ few hours to 256 days (refer to Table
1.1 of[Freire et al. O)). Initially we try?, starting from few
hours and up t300 days with step size satisfying the criterion
(2r/P3)AP,T << 1, and determineR using EqiLlL. Then we
narrowed down our search of tif& around the lowesk. Though
there are few local minima whei is lower than the adjacent val-
ues, we observe the strongest and rather flat minimum forgeerain

nearby values oP, s around 18.79 days, no comparable minimum

is observed in the range from few hours to 300 days [Fig. Jeptes
the plot of the trialP, against the correspondirfg, zoomed into a
region whereR is minimum. ForP,=18.791 daysR is minimum.
We fold the data withP,=18.791 days to generafe,,s versus¢
data set (see Figd.2).

For the determination of orbital period of 47 Tuc T we utitise

the 9 data points (provided mmb)ﬁ;ﬁs versus

epoch of observation. We determifg=1.1 days which is close to

the value estimated by Freire etldl. (2001b).
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Figure 2. Orbital phase ¢) versus observed pulsar periof,,s) of PSR
J0514-4002A after folding the data witl,=18.791 days

2.2 Other orbital parametersfrom the hodograph

The left panel of Figl I3 shows the orbit of a binary pulsar acbu
the center of mass of the system, projected in a plane camgain
the direction of Earth and the line of nodes (line of intetecof
orbital plane and the sky plane). 'A’ denotes the periaspasition

and @ is the angle of the pulsar to the periastron, also known as

‘true anomaly’. ‘B’ and 'C’ are two other points in the binaoybit.

A rather geometric picture of the Kepler's laws using theaidé
velocity space is due mﬂ). It is not often uaed
hence described briefly below. According to Newton's lawstfie

path of the vecto(rpuisar (t) — Feompanion (t)) (i.€. for the relative
orbit of the pulsar with respect to the companion star), gietive
velocity,

Av:—(GM)Atf @)

r2

where( is the Gravitational constant and is the total mass of
the pulsar and the companion star.
From the conservation of angular momentum,

AO = % At @)
T

whereh is angular momentum per unit mass.
Dividing the absolute value of Eqnl 2 by E@h. 3 we get,

[Av] (GM

0 5 ) = constant 4)

The path followed by the velocity vector of a particle is edlthe
hodographAv is the arc length and\d is the angle traversed by
the pulsar in velocity space. The ratiiAv|/A0) is the radius of
curvature of the hodograph. Since the radius of curvatumiis
stant, the hodograph is a circle for Keplerian motion. Thyhtri
panel of Fid.B shows the corresponding hodograph of thptielli
cal binary orbit that is shown in the left panel. The centethef
circle is offset from the origin byeGM/h) and the radius of the
circleis(GM/h).

For a particular eccentricitye] and longitude of periastron
(w), thex andy component of velocity are given by,

}]l\/j (cos 0+ e) (5)

Uy = — sin 0; vy =

h
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Hence, the relative radial velocity along the projectiortha line
of sight into the orbital plane is given by,

v = (vg cos (w/2 —w) + vy sin (7/2 —w))

(GTM) (sin 0 sinw + (cos 0 + €) cos w)

_ (%) ©6)

For w = 90° the observed velocity will be antisymmetric (odd)
as a function ofg or time measured from periastron. Similarly,
for w = 0° the observed velocity will be symmetric (even). For
other intermediate values aof the observed velocity will be a
combination of antisymmetric and symmetric parts in theraf
sin w/cos w. Plot of the antisymmetric versus the symmetric part
will be an ellipse and the parameters of the ellipse will jmievpre-
liminary values of the orbital parameters.

As a crosscheck, we apply this method on simulated Keplerian

orbits. We simulate,.  for trial value ofe, w andT,. Correspond-
ing to eachv,., value at a particular orbital phasg)(we determine
the v, at conjugate phas@f — ¢), using Lagrange’s interpola-
tion method with three points. The even and odd parts areatkfin
as follows,

vrzven = (UTS(¢) + U'rs(2ﬂ— - ¢))/2 (7)
vr'gdd = (U”‘s((b) - U7-5(27T - ¢))/2 (8)

Plot of .29 versusv,¢°" should be an ellipse, for correct choice
of T, (Fig[4). The ratio of major and the minor axes of the ellipse
gives,tan w, and the shift of the origin of the ellipse givesUsing
the method illustrated in AppendiX A, we fit an ellipse to th&??
versusv,- ¢’ data.w ande are recovered from the parameters of
the best fit ellipse.

Sincev,, and the observed pulsar peridé, ) will have sim-
ilar modulations, we construct antisymmetric and symmqderts

(© 2007 RAS, MNRAS000, [1H7
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Figure 4. v,-99¢ versusv,¢ve" (generated for simulated Keplerian orbit
with e = 0.5, w = 60°) and the fitted ellipse for correct choice 6§

from the P,;,s. Corresponding to each.,s value at a particular or-
bital phase ¢), we determine thé,;s at conjugate phasé€f{ — ¢)
using Lagrange’s interpolation method with three pointse €ven
and the odd parts are defined as follows,

obs = (Pobs(¢) + Pobs (21 — ¢)) /2
Pyt = (Pobs(¢) — Pobs(2m — ¢)) /2

The plot of P94 versus PS2e™ should be an ellipse for correct
choice of the periastron passage ). We varyT,, corresponding
Po versusPee™ are generated, and fit an ellipse to tRg

9)
(10)

o obs

versusP re™ plot (Appendi{A). The left panel of Fifl5 is the plot
of P94 versusP< ™ for real data of 47 tuc T with arbitrary choice
of T,. The right panel of Fid]5 is the plot dP%%? versusPsue™

obs
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Figure5. Po"ljlsd versusPs <™ for 47 Tuc T for arbitrary choice df, (left panel) and correct choice @f, with minimum x2 (right panel)

for real data of 47 tuc T with optimal choice @% (7, for which
x? is minimum after ellipse fitting). Preliminary values @fw are
obtained from the parameters of the best fit ellipse (AppeAli

3 REFINEMENT OF THE DETERMINED ORBITAL
PARAMETERS

In this section we take the preliminary determined orbitaiamn-
eters as the initial guess in a linear least squares fit. Bhiow
computationally efficient since only a small range of theapae-
ters, near the first guess values, has to be seardhgdis deter-
mined by the relation,

vy
?) (11)
where P, is the rest frame period of the binary pulsay,is the
projected velocity of the pulsar in the line of sight directiand

c is the velocity of light. This relationship is valid provide; is
small compared te.

Following are the steps for determination of orbital parame
ters:

1. We simulate orbital phaseé) versus scaled radial velocity
(vrs) With trial valuesPy, e, w, T, (using EqnlBb).

2. To compare the simulated data with the observations we
need to find out the simulated , at those orbital phase points for
which P, is availablew, , at observed orbital phases is obtained
by using Lagrange’s interpolation method with three points

3. Next we fit a straight line td,s versusv,, and calculate

X2

FZ%'::E% O,+

We repeat this procedure for all the trial combinations ef or
bital parameters. As shown in the Appendix B, for the rightich
of the orbital parameters, the plot é,,; versusv,, will be a
straight line (see Eqf._B8). Hence, the set of orbital patarag
Py, e, w, T,, for which the straight line fit is best, i.&2 value is
minimum, will correspond to the optimal choice of orbitataame-
ters.y? is minimised so that the expected value for N independent
data points is N. A change of 1 then corresponds to a 68% confi-
dence limit (page 694, Press et MQQZ)). Given the abote ¢
rion for change iny?, the optimal grid for any parameter (keep-
ing all the other parameter fixed) would have about threetpamn
an interval over which the minimumy? (x?2,,,,) increases by 1
o (0 ~ x%,.;,/N). This is the criterion that decide the step size
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Figure 6. Simulated radial velocity «(-¢) interpolated at each observ-
ing epoch is plotted against observed pulsar peridd,{) for PSR
J0514-4002

used for different trial combinations of the orbital pardemns. The
search for each orbital parameter was continued tilxthbecomes
about 1000 on each side of the minima, keeping all the other pa-
rameters fixed. It is possible to use this method to deteritiae
orbital parameters, with out assuming the preliminary ealuBut
in that case one has to search a wide range for each of thalorbit
parameters which would be computationally expensive. htez-i
cept of the fitted straight line will give the value £%. Substituting
the values ofP,, e, P, and the slope of the fitted straight li$g,
in Eqn.[BI0, we can determine the projected semi major axis in
light secondsa sin(i)/c.

Implementation of the method
(1) J0514—4002 : Fig[d presents the plot d?,; versusv,., (gen-
erated with the optimal choice of orbital parameters) ardcibr-
responding straight line fit. The residual from the best fidight
line are small for all the measurements, indicating sudaokfting
and orbital parameter determination. Table. 1 lists therdeined
orbital parameter values of PSR JO5#D02. The step size used
for the different sets of trial of orbital parametef3, e, w andT5,,
are also listed in Tabl€l 1. The uncertainty on the valuesoh ®f
the orbital parameters are calculated from the change dbbda-
rameter values required fas change in they? value, keeping alll

(© 2007 RAS, MNRAS000, [1H7
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Table 1. Orbital parameters of PSR J0514002

Parameter Freire et al. (2004) Freire et al. (2007) This work
(Period analysis) (Coherent timing analysis)
Orbital period ) 18.7850(8) 18.7851915(4) 18.7851(1)
(days) [0.00003f
Eccentricity €) 0.889(2) 0.8879773(3) 0.8879(2)
[0.000005F
Longitude of periastron.) 82(1) 82.266550(18) 82.20(6)
() [0.002J
Semi major axis of the orbit 36.4(2) 36.2965(9) 36.28(1)

projected along LOSA(; sin(i)/c)
(light-seconds)

Pulsar period ©,)
(ms)

4.990576(5)

4.990575114114(3) 4.990575(4)

Epoch of periastron passadg,)
(MJD)

52984.46(2)

- 52984.5(1)
[0.02]

1 : The uncertainty quoted in the bracket is on the last sigmificligit of the concerned parameter.
1 : The step size used for comparing the simulation with theokasion (Sec{]3).

Table 2. Orbital parameters of 47 Tuc T

Parameter

Freire et al. (2001b)

Freire et al. (2001a) Thikwo

(Acceleration analysis)

(Coherent timing analysis)

Orbital period ) 1.12(3) 1.126176785(5) 1.126175(2)

(days) [0.0000005%

Eccentricity €) - 0.00038(2) 0.0000(8)
[0.0001F

Longitude of periastron.) - 63(3) 63.0(1)

) [0.03]*

Semi major axis of the orbit 1.33(4) 1.33850(1) 1.337(2)

projected along LOSa(; sin(i)/c)

(light-seconds)

Pulsar period P,) 7.588476(4) 7.588479792132(5) 7.58848(2)

(ms)

Epoch of periastron passadg,)
(MJD)

51000.3173(2)

51000.317049(2) 51000.317(2)

[0.0001]

1 : The uncertainty quoted in the bracket is on the last sigificligit of the concerned parameter.
1 : The step size used for comparing the simulation with thenlagion (Secf13).

the other parameters fixed. The uncertainty quoted in thekbtas
on the last significant digit of the concerned parameter.

(2) 47 Tuc T : Fig[A plots theP,s versus the optimab,,. It is
evident that the observational data is well reproducedeD@ned
orbital parameter values and the associated errors aed listTa-

ble.[3.

4 DISCUSSION

The orbital parameters determined in this paper and thoss-de
mined by| Freire et al. | (2004) and_Freire ef al._(2007) for PSR
J0514-4002 are listed in Tablg] 1. For PSR JO5#002, we have
used similar data to those uset004) Frdthe
orbital parameters determined by us are close to theirm@tation
within the error quoted by them. But our results are more @teu

(© 2007 RAS, MNRAS000, [1H7

and are close to the values obtainedZOO?)) wh
have used a much longer data stretch from regular obsemgatio
with the GBT for about two years. Tablgl 2 compare the orbital
parameters determined by us with those obtained b Pire
(2001b) and_Freire et al[_(2001a) for 47 Tuc T. Our result agre
with |Freire et al. (2001b), but are more accurate and clasére
values predicted . (2b07), who used coheiming
analysis for orbital parameter determination. Note that gmall
eccentricity of 47 Tuc T could only be found from the coherent
timing solution. Our method of orbital parameter deterrtiorahas
the following features :

(1) The procedure for determination of binary orbital pagam
ters outlined in this paper utilises the measuremeni3,gfat given
observing epoch and does not require any information abeué-
riod derivatives in contrast to the method described by
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). It may at first sight be surprising that period detiixes
do not help to constrain the final orbital solution. This canum-
derstood by examining the accuracy of the measurement vidich
limited by the period variation over the length of a singlsetving
session. Clearly, the period derivatives implied by g, versus

¢ curves already have smaller errors than this, since onels lo
ing at period variations over th&, time scale. However, period
derivatives clearly plays a role in the workm @Ib)

in determining orbital phases arf@, which in our method comes
from the roughness search.

(2) Unlike the method used Hy Freire etlal. (2001b), which
works for nearly circular binary orbits, this method works bi-
nary orbit with any eccentricity. For example, our methodkeal
well for the binary orbit with highest known eccentricity §R
J0514-4002 withe ~ 0.888), and also for an orbit with lower
eccentricity (PSR 47 Tuc T with ~ 0).

(3) The accuracy of the determined orbital parameter values

are subject to the sampling of the binary orbit. Our methodk&/o
with random sampling of the orbit. A small number of data p®in
are required for determination of orbital parameters inmoathod.
In case of PSR J05144002, our method converged even for 5 ran-
dom data points.

(4) The computation involves only one dimensional searches
and linear least square fils
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APPENDIX A: FITTING ANELLIPSETO THE EVEN
VERSUS ODD DATA

For fitting an ellipse to a set of pointPf " versusPoed) we
use the information that the origin of the ellipse will be &t (
(eGM/h) cos w), and the major and minor axis of the ellipse will
be(GM/h) sinw and(GM/h) cos w. Using this information we
get an expression which is linear in parameters and henesyste

fit. The ellipse will be of the form,

2 Y _ eGM 2

e ( - o)y (A1)
(5= sinw) (5= cosw)
Replacing (GM/h) sin w = a, (GM/h) cos w = b,
(eGM/h) cos w = d we have,
X2 (Y —-d)?
T ! (A2)
Which can easily be simplified to the form,
AX? 4+ BY?*4+CY =1 (A3)

WhereA = (1/a?)/(1 — b?/d?), B = (1/b%)/(1 — b*/d?),C =
—(2d/b*)/(1 — b*/d*). We use the singular value decomposition

method, as described by Press et al. (1992) (Freirelet aD1t90

used this method) to determing, B and ch X2 in this case is
defined as,

N
X = (A (PHED? + B (PG™)I + C(Ps™)i) — 1) (Ad)
i=1

Here,x2 means deviations of the points normal to the ellipse. Cri-
terion of minimising they? value gave us satisfactory results. From
parameters of the fitted ellipsd ( B andC') we determine a, b and

c and obtaire, w values as¢ = d/b andw = tan"*(a/b).

2 While doing the ellipse fitting for the real data we usBgd? versus
mean subtracteds,’¢" data to avoid numerical problems.

(© 2007 RAS, MNRAS000, [1H7


http://www.maths.soton.ac.uk/EMIS/classics/Hamilton/

Determination of the orbital parameters of binary pulsars

APPENDIX B: ILLUSTRATION OF THE STRAIGHT LINE
NATURE OF OBSERVED PULSAR PERIOD VERSUS
SIMULATED RADIAL VELOCITY PLOT

Here we explain the straight line nature®f, versusv,, plot and
interpret the slope and intercept in terms of the orbitahpwaters.
We consider the binary orbit of the pulsar, whetg andv,, are the
mass and velocity of the pulsar and. andv. are the same for the
companiona is the semi major axis of the pulsar orbit relative to
the companion and, is the semi major axis of the pulsar relative
to the center of mass. Using the standard relation betwees amal
specific angular momentum in a Kepler orbit we make the follow
ing illustrations for the relative orbit of the pulsar witspect to
the companion.

GM _ G(mp + me) (B1)
h \/a(l —e2)G(mp + me)

Mp + Me

vr = (vp — V) = pmicvp (B2)

= gy Tt e (83)
me

SubstitutingG' M /h (from Eqgn. B1) in Eqr(6,
_|G(mp + me)
vy = ol =) X Upg (B4)

Therefore velocity of the pulsar, can be obtained from Egn. B2
as,
Me G(mp +me)

Vp = — T, a(l — 62) X Upg (B5)

Projected velocity of the pulsar in the line of sight direativ;) is
given by,

Me G(mp + me)

V] = Vp X SINT =
r mp + me a(l —e?)

X vpg X sin 1(B6)

Thereforep; versusv,, is a straight line with slopey),

Me Gme L
S_mp+mc a1(1_62)smz (B7)

So Py Versusu, s will also be a straight line with slopes;+),

Spu="2x5 (88)
But P, anda; are related by,

2 4A72a,® (mp + mc)2
Py = el s (B9)

Therefore, from Eqri.B8 and Eqn. B9,
PfSJ%it(l —e?)c?

(arsini)® = 5
472 P2

(B10)
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