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T h e in e q u a lit y b e tw e e n t h e a r it h m e t ic m e a n ( A M )

a n d g e o m e t r ic m e a n ( G M ) o f t w o p o s it iv e n u m -

b e r s is w e ll k n o w n . T h is a r t ic le in t r o d u c e s t h e

lo g a r it h m ic m e a n , s h o w s h o w it le a d s t o r e ¯ n e -

m e n t s o f t h e A M { G M in e q u a lity . S o m e a p p li-

c a t io n s a n d p r o p e r t ie s o f t h is m e a n a r e s h o w n .

S o m e o t h e r m e a n s a n d r e la t e d in e q u a lit ie s a r e

d is c u s s e d .

O n e o f th e b est k n o w n a n d m o st u se d in e q u a litie s in
m a th e m a tic s is th e in e q u a lity b e tw e en th e h a rm o n ic,
g e o m e tric , a n d a rith m e tic m ea n s. If a a n d b a re p o s-
itiv e n u m b e rs, th ese m e a n s a re d e ¯ n e d , resp e ctiv e ly , a s

H (a ; b ) =

µ
a ¡ 1 + b ¡ 1

2

¶¡ 1

;

G (a ; b ) =
p

a b ; A (a ; b ) =
a + b

2
; (1 )

a n d th e in e q u a lity sa y s th a t

H (a ; b ) · G (a ; b ) · A (a ; b ): (2 )

M ea n s o th e r th a n th e th re e c̀ la ssic a l' o n es d e¯ n ed in
(1 ) a re u se d in d i® ere n t p ro b le m s. F o r ex a m p le , th e
roo t m ea n squ a re

B 2 (a ; b ) =

µ
a 2 + b 2

2

¶1 = 2

; (3 )

is o fte n u se d in v a rio u s c o n te x ts. F o llo w in g th e m a th -
e m a tic ia n 's p e n ch a n t fo r g e n era lisa tio n , th e fo u r m ea n s
m en tio n e d a b o v e c a n b e su b su m e d in th e fa m ily

B p (a ; b ) =

µ
a p + b p

2

¶1 = p

; ¡ 1 < p < 1 ; (4 )
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A substantial part of

the mathematics

classic Inequalities

by Hardy, Littlewood

and Pölya is devoted

to the study of these

means and their

applications.

v a rio u sly k n o w n a s bin o m ia l m ea n s, po w er m ea n s, o r
H Äo ld er m ea n s. W h e n p = ¡ 1 ; 1 ; a n d 2 ; re sp e c tiv ely,
B p (a ; b ) is th e h a rm o n ic m ea n , th e a rith m e tic m ea n , a n d

th e ro o t m ea n sq u a re . If w e u n d e rsta n d B 0 (a ; b) to m e a n

B 0 (a ; b) = lim
p ! 0

B p (a ; b );

th e n

B 0 (a ; b ) = G (a ; b): (5 )

In a sim ila r v e in w e c a n se e th a t

B 1 (a ; b ) := lim
p ! 1

µ
a p + b p

2

¶1 = p

= m a x (a ; b );

B ¡1 (a ; b ) := lim
p ! ¡ 1

µ
a p + b p

2

¶1 = p

= m in (a ; b ):

A little c a lc u la tio n sh o w s th a t

B p (a ; b ) · B q (a ; b) if p · q : (6 )

T h is is a stro n g g e n era liza tio n o f th e in e q u a lity (2 ). W e
m a y sa y th a t fo r ¡ 1 · p · 1 , th e fa m ily B p in terpo la tes
b e tw ee n th e th re e m e a n s in (1 ) a s d o e s th e in eq u a lity
(6 ) w ith resp e ct to (2 ).

A su b sta n tia l p a rt o f th e m a th e m a tic s c la ssic In equ a li-
ties b y G H a rd y, J E L ittlew o o d a n d G P Äo ly a is d ev o te d
to th e stu d y o f th ese m ea n s a n d th e ir a p p lic a tio n s. T h e
b o o k h a s h a d q u ite a fe w su c ce sso rs, a n d y e t n ew p ro p -
e rtie s o f th e se m e a n s c o n tin u e to b e d isc o v e red .

T h e p u rp o se o f th is a rtic le is to in tro d u c e th e re a d e r to
th e loga rith m ic m ea n , so m e o f its a p p lica tio n s, a n d so m e
v e ry p re tty m a th e m a tics a ro u n d it.

T h e lo g a rith m ic m ea n o f tw o p o sitiv e n u m b ers a a n d b

is th e n u m b er L (a ; b ) d e ¯ n e d a s

L (a ; b) =
a ¡ b

lo g a ¡ lo g b
fo r a 6= b ; (7 )
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The logarithmic

mean always falls

betwen the

geometric mean

and the arithmetic

mean.

w ith th e u n d e rsta n d in g th a t

L (a ; a ) = lim
b ! a

L (a ; b ) = a :

T h e re a re o th e r in tere stin g rep re se n ta tio n s fo r th is o b -
jec t, a n d th e rea d e r sh o u ld ch e ck th e v a lid ity o f th e se

fo rm u la s:

L (a ; b ) =

Z 1

0

a tb 1 ¡ t d t; (8 )

1

L (a ; b )
=

Z 1

0

d t

ta + (1 ¡ t)b
; (9 )

1

L (a ; b )
=

Z 1

0

d t

(t + a )(t + b )
: (1 0 )

T h e lo g a rith m ic m ea n a lw a y s fa lls b etw ee n th e g e o m e t-
ric a n d th e a rith m etic m ea n s; i.e .,

G (a ; b ) · L (a ; b) · A (a ; b): (1 1 )

W e in d ic a te th re e d i® e ren t p ro o fs o f th is a n d in v ite th e
re a d e r to ¯ n d m o re .

W h e n a = b ; a ll th e th re e m ea n s in (1 1 ) a re e q u a l to a :

S u p p o se a > b; a n d p u t w = a = b : T h e ¯ rst in eq u a lity in
(1 1 ) is e q u iv a le n t to sa y in g

p
w ·

w ¡ 1

lo g w
fo r w > 1 :

R ep la c in g w b y u 2 ; th is is th e sa m e a s sa y in g

2 lo g u ·
u 2 ¡ 1

u
fo r u > 1 : (1 2 )

T h e tw o fu n ctio n s f (u ) = 2 lo g u ; a n d g (u ) = (u 2 ¡ 1 )= u

a re e q u a l to 0 a t u = 1 ; a n d a sm a ll c a lc u la tio n sh o w s
th a t f 0(u ) < g 0(u ) fo r u > 1 : T h is p ro v es th e d esire d
in eq u a lity (1 2 ), a n d w ith it th e ¯ rst in e q u a lity in (1 1 ).
In th e sa m e w a y, th e sec o n d o f th e in eq u a litie s (1 1 ) c a n
b e re d u c ed to

u ¡ 1

u + 1
·

lo g u

2
fo r u ¸ 1 :
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In this form we

recognize it as one

of the fundamental

inequalities of

analysis:

t  sinh t for all

t  0.

a n d p ro v e d b y c a lcu la tin g d eriv a tiv e s.

A se co n d p ro o f g o e s a s fo llo w s. T w o a p p lic a tio n s o f th e
a rith m etic-g e o m etric m e a n in eq u a lity sh o w th a t

t2 + 2 t
p

a b + a b · t2 + t(a + b) + a b

· t2 + t(a + b ) +

µ
a + b

2

¶2

fo r a ll t ¸ 0 : U sin g th is o n e ¯ n d s th a t
Z 1

0

d t

(t + a + b
2 )2

·

Z 1

0

d t

(t + a )(t + b)
·

Z 1

0

d t

(t +
p

a b )2
:

E v a lu a tio n o f th e in te g ra ls sh o w s th a t th is is th e sa m e

a s th e a ssertio n in (1 1 ).

S in ce a a n d b a re p o sitiv e , w e c a n ¯ n d rea l n u m b e rs
x a n d y su ch th a t a = e x a n d b = e y : T h e n th e ¯ rst

in eq u a lity in (1 1 ) is e q u iv a le n t to th e sta te m e n t

e (x + y )= 2 ·
e x ¡ e y

x ¡ y
;

o r

1 ·
e (x ¡ y )= 2 ¡ e (y ¡ x )= 2

x ¡ y
:

T h is c a n b e e x p ressed a lso a s

1 ·
sin h (x ¡ y )= 2

(x ¡ y )= 2
:

In th is fo rm w e re c o g n ise it a s o n e o f th e fu n d a m en ta l
in eq u a litie s o f a n a ly sis: t · sin h t fo r a ll t ¸ 0 : V ery
sim ila r c a lcu la tio n s sh o w th a t th e se co n d in e q u a lity in
(1 1 ) c a n b e re d u c ed to th e fa m ilia r fa ct ta n h t · t fo r

a ll t ¸ 0 :

E a ch o f o u r th re e p ro o fs sh o w s th a t if a 6= b ; th e n
G (a ; b ) < L (a ; b) < A (a ; b ): O n e o f th e rea so n s fo r th e
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The logarithmic

mean plays an

important role in

the study of

conduction of heat

in liquids flowing in

pipes.

in te rest in (1 1 ) is th a t it p ro v id es a re¯ n e m en t o f th e
fu n d a m e n ta l in e q u a lity b etw e en th e g e o m e tric a n d th e
a rith m etic m e a n s.

T h e lo g a rith m ic m e a n p la y s a n im p o rta n t ro le in th e
stu d y o f co n d u c tio n o f h ea t in liq u id s ° o w in g in p ip es.
L e t u s e x p la in th is b rie ° y . T h e ° o w o f h ea t b y ste a d y
u n id ire c tio n a l c o n d u c tio n is g o v ern e d b y N ew to n's la w
o f co o lin g : if q is th e ra te o f h e a t ° o w a lo n g th e x -a x is
a c ro ss a n a re a A n o rm a l to th is a x is, th e n

q = k A
d T

d x
; (1 3 )

w h e re d T = d x is th e te m p e ra tu re g ra d ien t a lo n g th e x

d irec tio n a n d k is a c o n sta n t ca lle d th e th e rm a l co n -
d u c tiv ity o f th e m a te ria l. (S e e , fo r e x a m p le , R B h a tia ,
F o u rier S eries, M a th em a tica l A sso c ia tio n o f A m e ric a ,
p .2 , 2 0 0 4 .) T h e c ro ss-se c tio n a l a re a A m a y b e c o n sta n t,

a s fo r e x a m p le in a c u b e. M o re o fte n (a s in th e ca se o f
a ° u id tra v ellin g in a p ip e ) th e a rea A is a v a ria b le . In
e n g in ee rin g c a lc u la tio n s, it is th en m o re c o n v en ie n t to
re p la ce (1 3 ) b y

q = k A m

4 T

4 x
; (1 4 )

w h e re 4 T is th e d i® e re n ce o f tem p era tu res a t tw o p o in ts
a t d ista n c e 4 x a lo n g th e x -a x is, a n d A m is th e m ea n
cro ss sectio n o f th e b o d y b e tw e e n th ese tw o p o in ts. F o r
e x a m p le , if th e b o d y h a s a u n ifo rm ly ta p e rin g re c ta n g u -
la r c ro ss sec tio n , th e n A m is th e a rith m e tic m e a n o f th e

tw o b o u n d a ry a re a s A 1 a n d A 2 :

C o n sid e r h e a t ° o w in a lo n g h o llo w cy lin d e r w h ere e n d
e ® e cts a re n e g lig ib le . T h e n th e h ea t ° o w ca n b e ta k e n

to b e e ssen tia lly ra d ia l. (S e e, fo r ex a m p le , J C ra n k : T h e
M a th em a tics o f D i® u sio n , C la re n d o n P re ss, 1 9 7 5 ). T h e
c ro ss-se ctio n a l a re a in th is ca se is p ro p o rtio n a l to th e
d ista n c e fro m th e c en tre o f th e p ip e. If L is th e len g th
o f th e p ip e, th e a rea o f th e cy lin d rica l su rfa c e a t d ista n ce
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x fro m th e a x is is 2 ¼ x L : S o , th e to ta l h e a t ° o w q a c ro ss
th e se c tio n o f th e p ip e b o u n d e d b y tw o c o a x ia l c y lin d e rs
a t d ista n c e x 1 a n d x 2 fro m th e a x is, u sin g (1 3 ), is see n

to sa tisfy th e eq u a tio n

q

Z x 2

x 1

d x

2 ¼ x L
= k 4 T ; (1 5 )

o r,

q =
k 2 ¼ L 4 T

lo g x 2 ¡ lo g x 1

:

If w e w ish to w rite th is in th e fo rm (1 4 ) w ith x 2 ¡ x 1 =
4 x ; th en w e m u st h a v e

A m = 2 ¼ L
x 2 ¡ x 1

lo g x 2 ¡ lo g x 1

=
2 ¼ L x 2 ¡ 2 ¼ L x 1

lo g 2 ¼ L x 2 ¡ lo g 2 ¼ L x 1

:

In o th e r w o rd s,

A m =
A 2 ¡ A 1

lo g A 2 ¡ lo g A 1

;

th e lo g a rith m ic m e a n o f th e tw o a rea s b o u n d in g th e
c y lin d ric a l se ctio n u n d er c o n sid era tio n . In th e en g in e e r-
in g lite ra tu re th is is c a lled th e loga rith m ic m ea n a rea .

If in ste a d o f tw o co a x ia l c y lin d ers w e co n sid er tw o co n -
c en tric sp h e res, th e n th e cro ss-sec tio n a l a rea is p ro p o r-
tio n a l to th e sq u a re o f th e d ista n c e fro m th e c e n tre . In
th is c a se w e h a v e, in ste a d o f (1 5 ),

q

Z x 2

x 1

d x

4 ¼ x 2
= k 4 T :

A sm a ll c a lc u la tio n sh o w s th a t in th is ca se

A m =
p

A 1 A 2 ;

th e g eo m e tric m e a n o f th e tw o a re a s b o u n d in g th e a n -
n u la r se ctio n u n d e r c o n sid e ra tio n .
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T h u s th e g e o m etric a n d th e lo g a rith m ic m e a n s a re u sefu l
in ca lc u la tio n s rela te d to h e a t ° o w th ro u g h sp h e rica l a n d
c y lin d ric a l b o d ie s, re sp ec tiv e ly . T h e la tter rela te s to th e

m o re c o m m o n p h e n o m e n o n o f ° o w th ro u g h p ip e s.

L e t u s retu rn to in eq u a litie s rela te d to th e lo g a rith m ic
m ea n . L e t t b e a n y n o n z ero rea l n u m b e r. In th e eq u a lity
(1 1 ) re p la ce a a n d b b y a t a n d bt ; re sp e c tiv ely. T h is g iv e s

(a b )t= 2 ·
a t ¡ b t

t(lo g a ¡ lo g b )
·

a t + b t

2
;

fro m w h ich w e g et

t(a b)t= 2 a ¡ b

a t ¡ b t
·

a ¡ b

lo g a ¡ lo g b
· t

a t + b t

2

a ¡ b

a t ¡ b t
:

T h e m id d le te rm in th is e q u a lity is th e lo g a rith m ic m ea n .

L e t G t a n d A t b e d e¯ n ed a s

G t (a ; b ) = t(a b )t= 2 a ¡ b

a t ¡ b t
;

A t (a ; b ) = t
a t + b t

2

a ¡ b

a t ¡ b t
:

W e h a v e a ssu m ed in th ese d e ¯ n itio n s th a t t 6= 0 : If w e
d e ¯ n e G 0 a n d A 0 a s th e lim its

G 0 (a ; b) = lim
t! 0

G t (a ; b );

A 0 (a ; b) = lim
t! 0

A t (a ; b );

th e n

G 0 (a ; b) = A 0 (a ; b) = L (a ; b):

T h e re a d e r c a n v e rify th a t

G 1 (a ; b ) =
p

a b; A 1 (a ; b) =
a + b

2
;

G ¡ t(a ; b ) = G t (a ; b ); A ¡ t(a ; b ) = A t (a ; b ):
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We have an infinite

family of inequalities

that includes the

AM–GM inequality,

and other interesting

inequalities.

F o r ¯ x ed a a n d b; G t (a ; b) is a d e c rea sin g fu n c tio n o f
jtj; w h ile A t (a ; b ) is a n in cre a sin g fu n ctio n o f jtj: (O n e
p ro o f o f th is c a n b e o b ta in e d b y m a k in g th e su b stitu tio n
a = e x ; b = e y :) T h e la st in e q u a lity o b ta in ed a b o v e c a n
b e e x p resse d a s

G t (a ; b) · L (a ; b ) · A t (a ; b ); (1 6 )

fo r a ll t: T h u s w e h a v e a n in ¯ n ite fa m ily o f in eq u a litie s
th a t in c lu d e s th e a rith m etic{ g e o m e tric m e a n in e q u a lity,
a n d o th e r in te re stin g in eq u a litie s. F o r ex a m p le, ch o o s-
in g t = 1 a n d 1 = 2 ; w e see fro m th e in fo rm a tio n o b ta in e d

a b o v e th a t

p
a b ·

a 3 = 4 b 1 = 4 + a 1 = 4 b 3 = 4

2
· L (a ; b)

·

µ
a 1 = 2 + b 1 = 2

2

¶2

·
a + b

2
: (1 7 )

T h is is a re ¯ n e m e n t o f th e fu n d a m en ta l in e q u a lity (1 1 ).
T h e se c o n d term o n th e rig h t is th e b in o m ia l m e a n
B 1 = 2 (a ; b ): T h e se c o n d te rm o n th e left is o n e o f a n o th e r
fa m ily o f m e a n s ca lle d H ein z m ea n s d e¯ n ed a s

H º (a ; b) =
a º b 1 ¡ º + a 1 ¡ º b º

2
; 0 · º · 1 : (1 8 )

C lea rly

H 0 (a ; b ) = H 1 (a ; b ) =
a + b

2
;

H 1 = 2 (a ; b ) =
p

a b;

H 1 ¡ º (a ; b ) = H º (a ; b ):

T h u s th e fa m ily H º is y e t a n o th er fa m ily th a t in te rp o -
la tes b e tw e e n th e a rith m etic a n d th e g e o m etric m e a n s.
T h e re a d e r c a n ch e ck th a t

H 1 = 2 (a ; b ) · H º (a ; b) · H 0 (a ; b ); (1 9 )
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fo r 0 · º · 1 : T h is is a n o th er re ¯ n e m e n t o f th e a rith m e tic {
g e o m e tric m ea n in eq u a lity .

If w e ch o o se t = 2 ¡ n ; fo r a n y n a tu ra l n u m b e r n ; th en w e
g e t fro m th e ¯ rst in eq u a lity in (1 6 )

2 ¡ n (a b )2 ¡ (n + 1 ) a ¡ b

a 2 ¡ n ¡ b 2 ¡ n · L (a ; b ):

U sin g th e id en tity

a ¡ b =
³

a 2 ¡ n

¡ b 2 ¡ n
´³

a 2 ¡ n

+ b 2 ¡ n
´³

a 2 ¡ n + 1

+ b 2 ¡ n + 1
´

¢ ¢ ¢

³
a 2 ¡ 1

+ b 2 ¡ 1
´

;

w e g e t fro m th e in eq u a lity a b o v e

(a b)2 ¡ (n + 1 )
nY

m = 1

a 2 ¡ m
+ b 2 ¡ m

2
· L (a ; b): (2 0 )

S im ila rly , fro m th e se co n d in e q u a lity in (1 6 ) w e g et

L (a ; b ) ·
a 2 ¡ n

+ b 2 ¡ n

2

nY

m = 1

a 2 ¡ m
+ b 2 ¡ m

2
: (2 1 )

If w e let n ! 1 in th e tw o fo rm u la s a b o v e , w e o b ta in a
b e a u tifu l p ro d u c t fo rm u la :

L (a ; b ) =

1Y

m = 1

a 2 ¡ m
+ b 2 ¡ m

2
: (2 2 )

T h is a d d s to o u r list o f fo rm u la s (7 ){ (1 0 ) fo r th e lo g a -
rith m ic m e a n .

C h o o sin g b = 1 in (2 2 ) w e g et a fter a little m a n ip u la tio n
th e re p resen ta tio n fo r th e lo g a rith m fu n c tio n

lo g x = (x ¡ 1 )

1Y

m = 1

2

1 + x 2 ¡ m ; (2 3 )

fo r a ll x > 0 :
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There are more

analytical delights in

store; the logarithmic

mean even has a

connection with the

fabled Gauss

arithmetic-geometric

mean.

W e c a n tu rn th is a rg u m e n t a ro u n d . F o r a ll x > 0 w e
h a v e

lo g x = lim
n ! 1

n
¡

x 1 = n ¡ 1
¢

: (2 4 )

R ep la c in g n b y 2 n ; a sm a ll c a lc u la tio n le a d s to (2 3 ) fro m
(2 4 ). F ro m th is w e ca n o b ta in (2 2 ) b y a n o th e r little
c a lcu la tio n .

T h e re a re m o re a n a ly tic a l d e lig h ts in sto re ; th e lo g a rith -
m ic m ea n e v e n h a s a c o n n ec tio n w ith th e fa b le d G a u ss
a rith m etic{ g e o m e tric m e a n th a t a rises in a to ta lly d i® e r-
e n t c o n tex t. G iv e n p o sitiv e n u m b ers a a n d b; in d u c tiv e ly
d e ¯ n e tw o se q u en c e s a s

a 0 = a ; b 0 = b

a n + 1 =
a n + b n

2
; b n + 1 =

p
a n b n :

T h e n f a n g is a d e cre a sin g , a n d f b n g a n in c re a sin g , se -
q u en ce . A ll a n a n d b n a re b etw e en a a n d b : S o b o th
se q u en c e s c o n v e rg e . W ith a little w o rk o n e c a n see
th a t a n + 1 ¡ b n + 1 · 1

2
(a n ¡ b n ) ; a n d h e n c e th e se q u en c e s

f a n g a n d f b n g c o n v erg e to a c o m m o n lim it. T h e lim it
A G (a ; b ) is c a lle d th e G a u ss a rith m e tic{ g e o m etric m e a n .
G a u ss sh o w ed th a t

1

A G (a ; b )
=

2

¼

Z 1

0

d x
p

(a 2 + x 2 )(b 2 + x 2 )

=
2

¼

Z ¼ = 2

0

d '
p

a 2 co s2 ' + b 2 sin 2 '
: (2 5 )

T h e se in te g ra ls c a lle d è llip tic in te g ra ls' a re d i± cu lt o n e s
to e v a lu a te , a n d th e fo rm u la a b o v e rela te s th e m to th e

m ea n v a lu e A G (a ; b ): C lea rly

G (a ; b ) · A G (a ; b) · A (a ; b ): (2 6 )

S o m e w h a t u n e x p e cte d ly, th e m e a n L (a ; b ) ca n a lso b e
re a lise d a s th e o u tc o m e o f a n ite ra tio n c lo sely re la ted to
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th e G a u ss ite ra tio n . L et A t a n d G t b e th e tw o fa m ilie s
d e ¯ n e d e a rlie r. A sm a ll ca lc u la tio n , th a t w e lea v e to th e
re a d e r, sh o w s th a t

A t + G t

2
= A t= 2 ;

p
A t= 2 G t = G t= 2 : (2 7 )

F o r n = 1 ; 2 ; : : : ; let t = 2 1 ¡ n ; a n d d e¯ n e tw o se q u en c e s
a 0

n a n d b 0
n a s a 0

n = A t ; b 0
n = G t; i.e .,

a 0
1 = A 1 =

a + b

2
; b0

1 = G 1 =
p

a b;

a 0
2 = A 1 = 2 =

a 0
1 + b0

1

2
; b 0

2 = G 1 = 2 =
p

A 1 = 2 G 1 =
p

a 0
2 b0

1 ;

...

a 0
n + 1 =

a 0
n + b 0

n

2
; b0

n + 1 =
q

a 0
n + 1 b0

n :

W e le a v e it to th e re a d e r to sh o w th a t th e tw o se q u en c e s
f a 0

n g a n d f b 0
n g c o n v e rg e to a c o m m o n lim it, a n d th a t

lim it is e q u a l to L (a ; b ): T h is g iv es o n e m o re ch a ra c te r-
isa tio n o f th e lo g a rith m ic m ea n . T h e se co n sid era tio n s
a lso b rin g h o m e a n o th e r in te re stin g in eq u a lity

L (a ; b ) · A G (a ; b ): (2 8 )

F in a lly , w e in d ica te y e t a n o th er u se th a t h a s re ce n tly

b e e n fo u n d fo r th e in eq u a lity (1 1 ) in d i® e re n tia l g e o m -
e try. L et k T k 2 b e th e E u c lid ea n n o rm o n th e sp a c e o f
n £ n c o m p lex m a trice s; i.e .,

k T k 2
2 = tr T ¤T =

nX

i;j = 1

jtij j2
:

A m a trix v ersio n o f th e in e q u a lity (1 1 ) sa y s th a t fo r a ll
p o sitiv e d e¯ n ite m a tric es A a n d B a n d fo r a ll m a tric e s
X ; w e h a v e

¯
¯
¯

Ā 1 = 2 X B 1 = 2
¯
¯
¯
¯

2
·

¯
¯
¯
¯

¯
¯
¯
¯

Z 1

0

A t X B 1 ¡ t d t

¯
¯
¯
¯

¯
¯
¯
¯

2

·

¯
¯
¯
¯

¯
¯
¯
¯

A X + X B

2

¯
¯
¯
¯

¯
¯
¯
¯

2

:

(2 9 )

Somewhat

unexpectedly, the

logarithmic mean

can also be

realized as the

outcome of an

iteration closely

related to the

Gauss iteration.
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T h e sp a c e H n o f a ll n £ n H e rm itia n m a tric es is a re a l
v e c to r sp a c e , a n d th e e x p o n e n tia l fu n c tio n m a p s th is
o n to th e sp a ce Pn co n sistin g o f a ll p o sitiv e d e ¯ n ite m a tri-

c es. T h e la tte r is a R ie m a n n ia n m a n ifo ld . L et ± 2 (A ; B )
b e th e n a tu ra l R iem a n n ia n m e tric o n Pn : A v ery fu n d a -
m en ta l in e q u a lity c a lled th e ex po n e n tia l m e tric in c rea s-
in g p ro pe rty sa y s th a t fo r a ll H erm itia n m a tric es H a n d
K

± 2

¡
e H ; e K

¢
¸ jjH ¡ K jj2 : (3 0 )

A sh o rt a n d sim p le p ro o f o f th is c a n b e b a se d o n th e ¯ rst

o f th e in e q u a litie s in (2 9 ). T h e in e q u a lity (3 0 ) c a p tu re s
th e im p o rta n t fa c t th a t th e m a n ifo ld Pn h a s n o n p o sitiv e
c u rv a tu re . F o r m o re d e ta ils se e th e S u g g e sted R ea d in g .


