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Abstract.  Given a contractive tuple of Hilbert space operators satisfying certain

A-relations we show that there exists a unique minimal dilation to generators of Cuntz—
Krieger algebras or its extension by compact operators. This Cuntz—Krieger dilation can
be obtained from the classical minimal isometric dilation as a certain maximal A-relation
piece. We define a maximal piece more generally for a finite set of polynomials in
n noncommuting variables. We classify all representations of Cuntz—Krieger algebras
O, obtained from dilations of commuting tuples satisfying A-relations. The universal
properties of the minimal Cuntz—Krieger dilation and the WOT-closed algebra generated

by it is studied in terms of invariant subspaces.

Keywords. Dilation; commuting tuples; complete positivity; Cuntz algebras; Cuntz—

Krieger algebras.

1. Introduction

Cuntz—Krieger algebras were introduced by Cuntz and Krieger in [CK] as examples of
simple purely infinite C*-algebras not stably isomorphic to Cuntz algebras [Cu]. Let A =
(@ij)nxn be a square 0—1-matrix, i.e. a;; € {0, 1} and each row and column has at least

one nonzero entry. The Cuntz—Krieger algebra O4 is defined as follows:

DEFINITION 1

O 4 is the universal C*-algebra generated by n partial isometries sy, . . ., s, with orthogonal

ranges satisfying

n
* . — s . *
5/ 8i = E aijsjs;,
—

n
k
I = E Sis;

i=1

We denote the tuple (sq, ..., s,) by s.

(1.1
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Notice that s;s; = a;;s;s; for all s; and s; in O4. In this paper we study dilations
related to these algebras. Equations (1.1) are called Cuntz—Krieger relations. An n-tuple of
bounded operators T = (T, ..., T,)) on a Hilbert space is said to be a contractive n-tuple
if Ty Tl* +---+ T,T;F < I. Such tuples are also called row contractions as the condition
is equivalent to saying that the operator (71, ..., T,) from H @ - - - @& H (n-times) to H
is a contraction. We will only consider contractive tuples. For such tuples, Davis [Da],
Bunce [Bu], Frazho [Fr] and more extensively Popescu [Po1-Po6,AP] constructed dilations
consisting of isometries with orthogonal ranges. Under natural minimality conditions this
dilation is unique up to unitary equivalence. We refer to it as the minimal isometric dilation
or the standard (noncommuting) dilation i acting on H (see [BBD]). Incase T1 T} +- - - +
T,T; = I we will sometimes call T unital. T is unital iff its standard dilation is unital.
The standard noncommuting dilation has similar characterizations as classical dilations
of single operators notably the minimal normal extension of subnormal operators. The
universal role of the unilateral shift for single operators is played by the tuple of creation
operators on the full Fock space.

However, tuples are more complex than single operators and one may impose symmetry
conditions on the tuple and study dilations within this restricted class of tuples. For instance
if all operators in the tuple commute i.e. T is a commuting tuple, Arveson [Ar] showed
that there is a unique minimal commuting dilation with similar properties. Crucial in his
approach is the tuple of creation operators on symmetric Fock space playing the role of the
shift for single operators. In [BBD] the relation between the minimal commuting and the
standard dilation has been investigated. It was shown that for every contractive tuple there is
amaximal subspace on which it forms a commuting tuple and that the minimal commuting
dilation is precisely this maximal commuting piece of the standard noncommuting dilation.

In this article we consider the following class of tuples and investigate dilations within
this class and their connection with the commuting and noncommuting standard dilation.

DEFINITION 2

Let A = (aij)nxn be a0-1-matrix. A contractive n-tuple T is an A-relation tuple or is said
to satisfy A-relations if T;T; = a;;T;T; for1 <1i, j <n.

Given such a tuple T there is a unique minimal dilation to partial isometries satisfying
A-relations, i.e. generators of a Cuntz—Krieger algebras if T is unital or an extension of it
by compact operators if T is contractive. We call this the minimal Cuntz—Krieger dilation
of T. It will be denoted by i and acts on H.

For an arbitrary tuple we define a maximal A-relation piece and compare the maximal
A-relation piece of the standard isometric dilation with the minimal Cuntz—Krieger dilation.
As for commuting tuples both turn out to be the same. We also prove similar results for
the maximal commuting A-relation piece.

We begin in §2 by defining the maximal piece of a tuple of operators with respect to
a finite set of polynomials in n-noncommuting variables. Similarly to results by Arias
and Popescu [AP] there is a canonical homomorphism between the WOT-closed (non-
selfadjoint) algebra generated by them and the WOT-closed algebra generated by the
original tuple modulo a two-sided ideal. The maximal A-relation piece of a tuple of n-
isometries with orthogonal ranges is a special case of this. In fact the maximal commuting
piece and maximal g-commuting piece (see [BBD,De,AP]) can all be treated using this
approach.
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In §3 we show that the maximal A-relation piece of the standard dilation of an n-tuple
satisfying A-relations is the minimal Cuntz—Krieger dilation. The section begins with two
different constructions of minimal Cuntz—Krieger dilations, one using positive definite
kernels and the other using a modification of Popescu’s Poisson transform.

In §4 we study the minimal Cuntz—Krieger dilation of commuting A-relation tuples
from a representation theoretical point of view. If such a tuple is also unital then it deter-
mines a unique representation of the Cuntz—Krieger algebra O 4. Generalizing results from
[BBD] for O,, we are able to show that these representations are determined by the GNS-
representations of analogues of Cuntz states.

Based on the ideas of Bunce, Popescu [Po5] showed that the minimal isometric dilation
can be characterized by a universal property of the C*-algebra generated by it. In §5 we
first point out that minimal Cuntz—Krieger dilations can be characterized in a similar way.
We study the structure of the WOT-closed algebra generated by the operators constituting
the minimal Cuntz—Krieger dilation and describe this algebra by making use of its invariant
and wandering subspaces. We use techniques of Davidson, Kribs and Shpigel [DKS] and
Davidson and Pitts [DP2] to understand the structure of ‘free semigroup algebras’, i.e.
WOT-closed algebras generated by a finite number of isometries with orthogonal ranges.
In this section many proofs are only sketched or omitted.

All Hilbert spaces in this paper are complex and separable. We denote the full Fock
space over £ by I'(£) which is defined as

rL)=CoLelersq. ...

Let the vacuum vector | 0@ 06 - - - be denoted by w. C” is the n-dimensional complex
Euclidean space with standard orthonormal basis {eq, ..., e,}. The left creation operator
L; on T'(C") is defined by
Lix=¢ ®x,
where 1 <i <nandx € I'(C"). The L;’s are clearly isometries with orthogonal ranges.
We denote the tuple (L1, ..., L,)by L. Also ) ; L; LY = I — Py where P, is the projection
onto the vacuum space.
Let A be the set {1,2,...,n} and A™ the m-fold Cartesian product of A for m € N.
For an operator tuple (71, ..., T,) on a Hilbert space H and for « = (1, a2, ..., qy) =

o ..o in A™, the operator Ty, Ty, ... Ty, will be denoted by T¢. Let A denote
Uy A™, where AV is {0} and T is the identity operator. We may think of elements in

A as words with concatenation as product written a. A is the free semigroup with n
generators. Given a O—1-matrix A as above we can define A"} = {a1a2 ... 0 Gg; 05, =1

fori = 1,...,n — 1} and the subsemigroup Ap = Us_ oA’ o(a) and ¢ () denote the
first and last letter (i.e. index) of «.

DEFINITION 3

Let H and £ be two Hilbert spaces such that H is a closed subspace of £ and T, R be
n-tuples of operators on H, L respectively. Then R is a dilation of T or T a piece of R if

R'h =T h
forallh € H,1 <i < n. A dilation is said to be minimal dilation if

span{R%h:a € A,h € H} = L.
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(1) A dilation R of T is said to be isometric if R consists of isometries with orthogonal
ranges.

(2) When T satisfies A-relations, a dilation R of T is said to be a Cuntz—Krieger dilation
if R consists of partial isometries with orthogonal ranges satisfying A-relations and

n n
R;"R,-:]—Z(l —a,»j)Rij;zpoJrZainjRj, (1.2)
=1 =1

where Pp=1—3""_| R;R}.

Thus, like for isometric dilations, C*(R) = span{R*(R?)*: a, B A} for any Cuntz—
Krieger dilation R of T. Moreover, since

n
(R*)*RP = 84 g R}y Ri() = Sap (1 = (= ), ,-)R,-R7> (1.3)
=1
whenever o # 0, it follows that if R; and R, are any two minimal Cuntz—Krieger dilations
then > R{"h; — >_ R3"h; extends to a unitary equivalence.
Given any dilation R of T all R} leave H invariant and if p, g are polynomials in
n-noncommuting variables then

T(TP)* = PuR* (R Iy and  p(D)(q(D)* = Prp(R)(GR) I3,
It follows that if R is a Cuntz—Krieger dilation, then there is a unique completely positive
map p: C*(R) — C*(T) mapping R* (RP)* to T (T#)*.
Finally let us recall a concept we need later. For an n-tuple R of bounded operators on

L, a subspace K of L is said to be wandering for the tuple if R* K are pairwise orthogonal
foralla € A.

2. Maximal A-relation piece and A-Fock space

We begin with an n-tuple of bounded operators R on a Hilbert space £ and a finite set of
polynomials {p¢ }ge7 in n-noncommuting variables with finite index set Z. Consider

CR) = (M:REM C M and (p:(R)*h =0,
YVhe M,1<i<n,&eT}

C(R) consists of all co-invariant subspaces of R such that the compressions form a tuple
RP = (RV,..., RY) satisfying ps(R”) = O for all & € Z. It is a complete lattice, in
the sense that arbitrary intersections and closed spans of arbitrary unions of such spaces
are again in this collection. Its maximal element is denoted by L£L”(R) (or by £P when
the tuple under consideration is clear). Since (pg (R))*(R*)*M = 0 for all M € C(R),
o € Aand & € 7 we have LP(R) C ﬂae;\’sd ker(pg (R)*(R*)*). On the other hand,
this intersection lies in C(R) and hence

L

LR = () ker(pz(®*RHY=| \/ R*p:(R(L)

ael €T acl €T

Therefore we have the following lemma.
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Lemma 4. Let R be an n-tuple of operators on a Hilbert space L and K = span{R* p¢ (R)
RPh:he L, § eTanda,B € A). Then LP(R) = K+ = {h € L: (R*ps(R)RP)*h =
0,VE € ZTanda, B € A).

LP(R) can also be thought of as follows: Let R be the (nonself-adjoint) WOT-closed
algebra generated by R. Then £P(R) = (J L), where

J =5pan"{R*ps (RR’: e, pe A E €T} C R
is the WOT-closed ideal generated by {ps (R): § € 1}.

DEFINITION 5

The maximal piece of R with respect to {ps}ecz is defined as the piece obtained by
compressing R to the maximal element £”(R) of C(R) denoted by R? = (R?, ..., R}).
The maximal piece is said to be trivial if the space L”(R) is the zero space.

Let R? be the WOT-closed algebra generated by R”. By co-invariance the map
\IJLp(E):R—) Rp, X PL‘J’(E)XZ P[,”(E)Xpﬁp(ﬁ)

is a WOT-continuous homomorphism of R whose kernel is a WOT-closed ideal of R.
Since Wrp (pe(R)) = pe(RP) = 0 for all £ € T we certainly have pg(R) € ker Wy, i.e.
J C ker W, . Thus there is a canonical surjective and contractive homomorphism

W:R/T — RP.

‘When the polynomials are p( ) = 2izm —@imzizm, (I, m) € {1,...,n} x{1,...,n} =
I wecall L? (R) the maximal A-relation subspace and the corresponding piece the maximal
A-relation piece R*. The maximal A-relation subspace is explicitly given by

Li(R) ={R*(RiR; —a;jRiR)Dh:h e L, a €A, i,j=1,....,n}".

‘When the noncommuting polynomials are g ) = 2;2Zm —ZmZ; then we obtain the maximal
commuting subspace

LYR) = (R*(RiR; — RjR):hel, ach, ij=1,...,n"
studied in [BBD].
Lemma 6. Let R and T be two n-tuples of bounded operators on M and 'H respectively.

(1) The maximal A-relation piece of (R1®T1, ..., R, ®Ty,)is (Rf‘ eTA, ..., R,‘;‘ (&> TnA)
acting on M 4 @ H 4 and the maximal A-relation piece of (R1®1, ..., R, Q1) acting
onM@His(RE®I,....,RAQ1)on My ®H.

(2) Suppose H € M and R is a dilation of T then R* is a dilation of T* with H(T) =
Ma(R)N'H.

Proof. Follows from Lemma 4 (compare with [BBD] for part (2)). O

Cuntz—Krieger relations are naturally related to A-Fock space, a variant of the usual
Fock space.
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DEFINITION 7

For a given A = (a;j)nxn as above, the A-Fock space is defined as the maximal A-relation
subspace (I'(C"))4 (L) with respect to the left creation operators. It is denoted by I'4.
We also define the n-tuple § = (S, ..., Sy), where the S;’s are the compressions of left
creation operators L; onto I'4.

The A-Fock space has a very concrete description justifying the terminology.

PROPOSITION 8

[y =5pan{e®:a € Ag}and L4 = S.

Proof. Let o € A™ be such that there exist 1 < k < m — 1 for which ayq,,, = 0.
Denoting oy, ax+1 by s, ¢, it is clear that

e* e span{L” (LyL, — ag;LyL;)h: h € T(C"), y € A},

which implies that such e are orthogonal to I'(C")4 SL), whereas if forall 1 < k <
m—1,aq4.,, =1thenforalll <i,j<m-—1,8€ A hel'(C"

(%, LP(LiLj — aijLiLj)h) =0,
and thus such ¢* € I'4. By taking completions the proposition follows. O

Similar Fock spaces were also studied by Muhly and Solel [Mu,MS].
Now suppose that @ = a1 ..., € A’} and m > 0, then

e, if || =0

Sie® = Pr Lie® = . )
Qi € ® €%, if o] > 1

0, if o] =0
SFe® = Lfe* = { Sigy, if =1,

1 1
Sicilay @+ R eg,,, if|a| > 1

. w, if || =0 0, if || =0
Si S,-eo‘ = o - and SiS;‘e“ = o .
aige%, if|a| >1 Sigye%, ifla| =1

PROPOSITION 9

The maximal A-relation piece of an n-tuple of isometries with orthogonal ranges is an
n-tuple of partial isometries with orthogonal ranges.

Proof. Let V. = (Vy,...,V,) be an n-tuple of isometries with orthogonal ranges on a
Hilbert space K. Fix a matrix A = (a;j)nxn as above and denote the projection onto
Ka(V) by P. Any kg in K4(V) can be written as k4 = EB’[’):lekp @ ko for some
kp, e K,1 < p <nandsomeky € (I — Z;:l V,,V;)IC. (Any k € K can be written
in this form.) Clearly ko is in 4 (V) using Lemma 4, since the ranges of the V,’s and
I — 3 ; V;V* are all mutually orthogonal. Similarly one observes that the other k,’s also
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belong to 4 (V) asfork € K, a € A,
(kp, VE(V;iVj —a;j ViVi)k) = (Vpkp, V, VE(V;i Vi — a;j Vi Vi)k)
= (@Zzlvqkq ® ko, VyVE(ViV; —a;ij Vi V))k)
= (ka, Vp)V*(V;V; —a;; Vi Vj)k) = 0,

where again we use that the ranges of the V,;’sand 7 — ) _; V; V;* are all mutually orthogonal.
Next we show that

PViky = Viko 2.1
and
PV Vyky = aipViVpkp. 2.2)

Equation (2.1) follows from (V,-ko,X’S(VS Vi —as Vs Vi)k) =0, forall B € A 1<s,1<
n,k € K (since ko is orthogonal to the range of V;,1 < t < n). When q;, = 0, we
have PV;V,k, = P(V;V, — a;p,ViVp)kp = 0 = a;, Vi Vpkp. So it is enough to show
that for a;, = 1, V;Vpk, € Ka(V). When |a| > 1 or || = 0, it is easy to see that for
1<s,t<nkelk,

(ViVpkp, Y (Vs Vi = ast Vs Vi)k) = 0 2.3)
as the V;’s are isometries with orthogonal ranges and k, € K4 (V). When |a| =1,
(ViVipkp, ViV Vi = apVpVidk) = (Vipkp, (Vp Vi = ap Vp ViOK)
= (@]_ Vsks ® ko, (Vo Vi — ap V, V1K)
=0.

Clearly eq. (2.3) holds in all other cases when |¢| = 1. So eq. (2.2) is true in general and
we have

VAWVHIVARY = PV;VFPVika
= PV,VP(®,V;Vyk, ® Viko)
= PViV{"(®)y_aipViVpkp @ Viko)
= @ _aip PViVpk, ® PViko
= PVika = V/ka.

Thus the Vl.A ’s are partial isometries. Now the assertion of the proposition that for 1 <i #
Jj < n, the range of Vl.A is orthogonal to the range of VjA can be proved in the following
way:

(V]-A)*Vl-AkA = VIPVika
= VI PVi(&)_, Vpkp ® ko)
= V(@ paipViVpkp & Viko) = 0.

Alternatively this follows since V4 is contractive. a
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COROLLARY 10
The following holds for S:

(1) I —3"7_, SiS* = Pywhere Py is the projection onto the vacuum space.
(2) The S;’s are partial isometries with orthogonal ranges.
3) S;kSi =1- Z?’:](l — aij)SjS;f = Py+ Z;l»=1 a,-ijS;‘.

Proof.

n I1- ZS[S? =Pr,(I - ZLiL;k)PFA = Py.

(2) Follows from Proposition 9 or can be checked directly from the relations before Propo-
sition 9.

(3) Suppose ¢“ € I'4, and when |a| > 0, let @ = &y ...®;. Then

w, if || =0
|:I—Z(l—aij)SjS;i| e¥ = ! ol
J

ajgye®, if ol > 1"

3. Minimal Cuntz—Krieger dilations and standard noncommuting dilations

The main purpose of this section is to prove the following result.

Theorem 11. Let T be a contractive A-relation tuple on 'H. Then there exists a minimal
Cuntz—Krieger dilation T on 'H unique up to unitary equivalence. T is unital iff T is unital.

Uniqueness has already been pointed out and the last part follows since Z|0l|: X Za (ia)*
form a decreasing sequence of projections converging weakly to a limit projection P. If T
is unital then Py < P and so P = 1 by minimality.

We will give two proofs of the existence. The first is direct and uses positive definite
kernels. It gives an explicit construction of the dilation Hilbert space and the dilated tuple.
The second construction is an adaptation of Popescu’s Poisson transform method which
uses completely positive maps. Though elegant it is less direct. Then we show that the
minimal Cuntz—Krieger dilation can also be obtained as the maximal A-relation piece of
the standard dilation.

First proof via positive definite kernels

LetT = (T, ..., T,) be a contractive n-tuple on a Hilbert space H satisfying A-relations.
Assume that we have already found the minimal Cuntz-Krieger dilation 7' on the Hilbert
space H. Then

K((e.u), (B.v)) = (T%u, T°

v)
clearly defines a positive definite kernel on the set
X = ]\ A X H.

By minimality 7:(~= span{iau: u € H,a € Ay} which is precisely the kernel Hilbert
space. Moreover T; corresponds to the map (o, u) — (ic, u).
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Using co-invariance of 7 under T and the relation 7*T; = [ — Y i —a DT T]?* we
find that

(u, v), fa=8=0

(u, [ =20 (A = ar ) Tk T 1), ifa=p#0
K (e, u), (B,v)) = (u, T"v), if g =ay

(u, (I7)*v), ifa =By

0, otherwise

and this kernel depends only on T'. We will show directly by induction that the kernel K
thus defined is always positive definite.

To simplify the calculations we assume that T is unital, i.e. ), 7;7;* = I. There is no
loss in doing so since positivity for the kernel defined by the (n+1)-tuple (71, ..., T, ({ —
> T;T%)'/?) implies positivity of K. Under this assumption 7; Q; = T;, where Q; =
1 ;%:k(l —aip )T T = Z’/’.:l a; ;Tj Tj* and K ((or, u), (@, v)) = (u, Q(a)v), whenever
o .

Now let A™ denote operator matrices with entries in B(H) indexed by o, € ]\,
where ||, |8] < m and define K™ = (K;f”/;) by

I, fa=8=0

Qi@ ifa=p#0
K(imﬂ) =1 TV, if B =ay

(I7)*, ifa =By

0, otherwise

i.e. K™ is a compression of K. Clearly it suffices to show that all K are positive. For
m = 1 this follows from the equation

I T T ... T,
Tf‘< o 0 ... 0
Iy 0 Q> ... 0O
T 0 ... On
I TTWT ... T, 0 0 O 0 I 00 0
07 0 ... 0 00 O 0 T 10 0
—10 0 [ 0 0 0 0O 0 Ty 01 0
: : 0 :
00 1 0 0 On T 0 1
If m > 1 define matrices L1, Ly, ..., L;;—1 by

T;, ifp=oai,|Bl=k
Liwp:=1{ I, ifa=pand|B|>k.

0, otherwise
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Finally let

Q(m) . Qiw), f a=pand |a| =m
«p ] o, otherwise ’
Then it is not hard to check that

K™ =LiLy...Lp,_1Q"™L" ... L3L}
which shows that K is positive. By Kolmogorov’s theorem there exists a Hilbert space 7?
and an injective map A: X — H such that span{A(o,u): 1 <i <n,a € A,ue H}=H
and

K((a, u), (B, v)) = (Ao, u), A(B, V)).
It remains to show that i = (fl, e, f’n) consisting of maps 7~’, H — 'H defined by
Tih(a, u) = A(ia, u),

constitute a tuple T which is the minimal Cuntz—Krieger dilation of T'. First note that T;
is a well-defined contraction. Indeed, thinking of K as a block matrix we have

% 0i, ifa=8=0
ionip = aio(a)aio(ﬁ)Kmﬂ, otherwise ’

where we define g;,() = 1 foralli if « = 0. Soif F' C X is a finite subset then

2
Z Ao, u)

(a,u)eF

2

Z Qio) M (i, u)

(x,u)eF

= (u, Qiv) + Z Qio(@)Gio(B) (U, Ko, pv)
a=p=0 a#0 or B#0

IA

(w,v)+ Y (u, Ko pv)
a=p=0 a0 or f£0

2
Z Ao, 1)

(a,u)eF

Fori # j
(Tire, w), TiA(B, v)) = (M(ia, u), A(jB, v))
= K((ior, u), (jB,v)) =0

since neither i = jBy nor jB = iay is possible. As required for dilations we have
T;7(0, u) = A(0, T;*u) which may be seen as follows:

(T 10, u), M(B. v)) = (L0, u), T;A(B, v))
= (2(0, 1), A(iB, v))
= K((0, ), (iB. v))
= K((0, T{"w), (B, v))
= (M(0, T{"u), (B, v)).
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Next we show that 7} is a partial isometry by evaluating Ti*f",-)\(a, u). By definition of K
we have

Qi o(a)Gi,0(p) (M(at, u), A(B,v)), ifa#0 or B#0

Mo, ), T Tid (B, v)) = { (u, Qjv), ifa=$=0

Thus T*T;A(B, u) = a; o(pyM(B, u) if B # 0 and

(A0, u), T*T;A (0, v)) = (u, Q;v)
<u, Zaik Tka*v>
k
<A(0, u), Y aih(k, Tk*v)>.
k

Since (A(a, u), Ak, T} v)) = Skow) {1, (T*)*v) for a # 0 we have

(Ma, u), TFTi (0, v)) = @i p(@) (Ma, 1), 1(0, v))

= <)\(a, 0, Y aich(k, Tk*v)>
k

and therefore

Zk aik)\.(k, Tk*u)’ ifa=0

T Tir(e, u) = .
R {aio(a)k(a, u), otherwise

It follows that T, Tl*f} = T,-, i.e. T, are partial isometries. Finally minimality holds as
span{iaA(O, u)::a € A,ueHy=span{r(o,u): o € A,u e H) = H.
Second proof using Popescu’s method

Recall that L, S denote the n-tuples of creation operators on I'(C"), I'4 respectively.
DEFINITION 12

For a contractive tuple I = (71, ..., T,) on a Hilbert space H the operator Ay = (I —
Y TiTHY? is called defect operator of T. If Y, xm T*(T)* converges to zero in
the strong operator topology as m tends to infinity then this tuple is said to be pure.

Now let T be a pure tuple on H satisfying A-relations. Similarly as in [Pol],

Kh= Z e ® Ar(T%)*h 3.1

(XEAA

defines an isometry K: H — I'y ® Ar(H) such that T% = K*(§* ® I) K. Moreover for
alla € ]\, Sl?k ® I leaves the range of K invariant and

span{(S; ® NKh:i=1,...,n, he H} =T41 ® Ar(H)
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since (I — ) 8;8/) ® NKh = o ® Arh and span{S¥w: o € Ap} = Ty, the tuple
S1®1,...,S,®1I) is the minimal Cuntz—Krieger dilation of 7. Note that for «, 8 € A A
and Py =1 —3; S;S} we have

K*[S*Po(8P)* ® IKh = K*[S* Py($P)* ® I (Z So® Ar@)*h)
14

= K* (Z SUPy(SP) ST w ® AT@V)*h)
¥

= K*(8%0 ® Ar(TF)*h) = T* AT (TP)*h. (3.2)

As in [Pol] starting with a contractive tuple T on a Hilbert space H, the tuple rT =

rTy,...,rT,)ispurefor0 < r < 1.By (3.1) thereis anisometry K,: H — I'a ® A, (H)
defined by

Kih =) ¢ @ A ((rD)*)*h, (3.3)

o

where A, = (I — 23 T; Ti*)l/ 2. From this we obtain a unital completely positive map
Yr: C*(S) — B(H) defined by ¢, (X) = K}(X ® K, X € C*(S). As the family of
maps ¥, where 0 < r < 1, is uniformly bounded, v, converges pointwise. Taking the
limit as r increases to 1, we get a unique unital completely positive map 6 from C*(S) to
B(H) satisfying

0(8*($P)*) = T*(TF)* for a, € Aa. (3.4)

Once we have this map we can use a minimal Stinespring dilation 7r1: C*(§) — B(H) of
6 such that

0(X) = Prmi(X)ln ¥X € CH(S)

and span{m|(X)h: X € C*(S),h € H} = H. The tuple T = (T,...,T,) where
T; = m1(S;), is the minimal Cuntz—Krieger dilation of T which is unique up to unitary
equivalence. T consists of partial isometries with orthogonal ranges satisfying A-relations.

We remark that if R is a tuple consisting of partial isometries with orthogonal ranges
satisfying the condition

n
RIRi=1- (1—a;)R;R}
j=1

(e.g., a Cuntz—Krieger dilation), then the completely positive map ® in (3.4) mapping
S%(5*)P to R*(R*)? is s-homomorphisms because the S;’s and R;’s have orthogonal
ranges and for 1 <i <n,

O(S*S;) = © (1 -y a- aij)sjs;f> =1- (1-a;)R;R}
j j

= R'R; = ©(SHO(S)).
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The algebra generated by a Cuntz—Krieger dilation

The tuple obtained from the above constructions satisfies Cuntz—Krieger relations, that is,

AT =1 — 2(1 —aip)TiT}. (3.5)

J

We consider the C*-algebra generated by such tuples.

First consider the C*-algebra generated by left creation operators on A-Fock space.
Since forany o, 8 € A 4 the rank-one operator 1 > (S’ Pw,n) S%w on T4 can be written as
S =>S; S;‘)(gﬂ)* = §%Py(SP)* and they span the subalgebra of compact operators
in C*(S), we conclude that C*(S) also contains all compact operators. For z = m1(S) the
Hilbert space H can be decomposed as H = Hce & Hy, where

7:lc :=span{m(X)h: h € ﬂ, X e C*(i) and compact}

is bi-invariant with respect to the f}’s, that is, invariant with respect to 7~", and Tl* for
all i. Thus 7 can be decomposed as wic @ miy, where mic(X) = Py (X)Pﬁc
and Ty (X) = PﬂNm(X)PﬂN' As 7y annihilates compacts, Tixy(I — > S; §¥) =
iy (Po) = 0, hence (1N (S1), ..., m1n(Sy)) satisfy Cuntz—Krieger relations (in particu-
lar A-relations) and generate a Cuntz—Krieger algebra.

Let /C be the range of 71 (Py) then 71 (S¥)k — e“ ® k extends to a unitary equivalence
between ¢ (S) and S® I on T'4 ® K so that K is a wandering subspace for T generating
Hc.

The isometry in Stinespring’s theorem is of the form V = [ ‘\g | such that Vi maps H to

'y ® K and V, maps H to 7:[N. Now for a, 8 € A,

T*AF(TP)*h =06 (§°‘ (1 - Z SiS;"> (§"‘)*> (h)
= V¥[SYPo(SP)* @ IVi(h) + V5 Tmin (8% Po(SP))1Va(h)
= VI[S*Po(SP)* @ Vi (h)

as 71y annihilate compacts. Comparison with identity (3.2) shows that V| may be taken
to be K. Hence K := A7 (H).
In fact given just a tuple R verifying

n
RiR; =1-) (1—ai)R;R},
j=l1
it is clear that we will always obtain a decomposition of this type as the minimal Cuntz—
Krieger dilation of such a tuple is the tuple itself. Such a decomposition is called Wold

decomposition.
Using arguments similar to Theorem 1.3 in [Pol] we conclude that

o
Hy = () span(T°h: h € H, |a| = m).
m=0
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COROLLARY 13

Suppose i is the minimal isometric dilation of a contractive tuple T satisfying A-relations.
(1) rank (I — Y, T;T/*) = rank(I — Y, T;T7*) = rank(I — Y_; T; T").

(@) limgooo Yjaymi L (1" = Py

Proof. Clear. O

Now we would like to see how the minimal Cuntz—Krieger dilation and the minimal
isometric dilation are related. The following is an analogue of Theorem 13 in [BBD] for
the maximal A-relation piece.

Theorem 14. Let T be a contractive n-tuple on a Hilbert space H satisfying A-relations.
Then the maximal A-relation piece of the standard noncommuting dilation T of T is a
realization of the minimal Cuntz—Krieger dilation T of T.

Proof. Let6: C*(S) — B(H) be the unital completely positive map as in eq. (3.4), 71 the
corresponding minimal Stinespring dilation and 7:1 = m1(S;) as before. Since the standard
tuple S on I'4 is also a contractive tuple, there is a unique completely positive map ¢ from
the C*-algebra C*(L) generated by the left creation operators to C*(S), satisfying

o(LY(LP)*) = §%($P)* for a, B € A.

Thus ¢ as defined before on C*(L) satisfies ¥ = 6 o ¢. Let the minimal Stinespring
dilation of 7y o ¢ be the *—homomorppism m: C*(L) — B(H,) for some Hilbert space
Hi = span{n(X)h: X € C*(L), h € H} such that

710 9(X) = Py (X)ly; VX € C*(L).

In the following commuting diagram

B(H)) L= i
!
7T ~ ~
B(H) T

v
cL — C® — BMH
1) %

[~

all horizontal arrows are unital completely positive maps, down arrows are compres-
sions and diagonal arrows are minimal Stinespring dilations. Let L; = w(L;) and L =

(il, ceey f,n) = T. We will first show that T is the maximal A-relation piece of L and
then show that L is the standard noncommuting dilation of 7.

To this end we use the presentation of the minimal isometric dilation L which was given
by PopescuN[Pol]. In t{le onq-variable case it was given by Schiffer (see also [BBD]).
Define D: HG--- @ H—-> H®--- @ Hby

n-copies n-copies

D? = [8;1 — T*Tiluxn = [8ij(I — T Ti)luxen
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as used by Popescu. Note that D? is a projection as all 7;’s are partial isometries and hence
D? = D. Let D denote the range of D. We identify H & - - - & H with C" ® H and hence
_,_/

n-coples

(h1. ..., hy) with Y7 ¢; ® h; and Co ® D with D.

n n
D(hy, ... .hy) =D (Zei ®hi) = e ®U —TTHh.

i=1 i=1

~

For h e 7:(, dy € D,1 <i < n, the standard noncommuting dilation L = (il, ..., Ly)
is given by

Li|h®) " ®dy | =Tih®De;®h) Dei® | Y " @dy

acl ach

on the dilation space H =H® (I'(C") ® D). As T satisfies A-relations and i* leaves

H invariant, H C (Hy1) A(L) To show the reverse inclusion suppose that there exists a
nonzero z € HL N (Hl)A(L) z can be written as 0 @ ZaeA e* ® zo such that z, € D.

Since (@ ® zq, (L)*2) = (¢* ® 24, 2) = (20, 24) and (L7)*z € (H)a(L), we can
assume ||zo|| = 1 without loss of generality. Also zo = D(hy, ..., h,) for some h; € H
as projections have closed ranges. Now consider

n n
Y (il —ayLiLpTihi = ) (LT —ay TiTHT i
i,j=1 i,j=1

n n
+ ZI: D (ei ® 2(1 - a,-j)TjT;h,)
i= j=

n
+ Y (I —aij)ei ® D(e; @ T/hy)
i,j=I

n

=0+ ) Dl ® (I — T} T)hil + x
i=1

=D*(hy, ..., hy) +x =% +x,

where x = ZZJ-:](I — aij)e; @ D(ej ® f;hi)« Thus (z,Zo + x) = 0 by Lemma 4.
Moreover,

2

n
Z (I —aij)e; ® D(ej ® T} h;)
=1

= Z<Z(1 aij)D(e; ® TFhy), 2(1 —aijej @ Tjih; >

i=1

2
llxl* =
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n n n

= Z <Z(1 —aip)I =T/ T)T/ i, Z(l - aij)Tfhi>
i=1 \j=1 j=1
n n " » n »

= <Z<1 —aip) (T} = THhi Y (1 - a,»,-)T;h,»> =0,
i=1 \j=1 j=1

i.e.x =0and therefoIe I1Z0lI? = (z, Zo) = O which is a contradiction. Hence z = 0 which
implies H = (H1)(L).
To finally show that L is standard note that

Hy =span{L x:a € Aa, x € H}
and
H=span{T z:a € Aa, z € H},
MOreover, Pﬂéa = za and PHLa =T%fora € Ay by assumption. Hence
Hy =span{L x:a € Aa, x € H}
= SPan{Laiﬁz: a,BeNs z€eH)
= span{LaPHLﬁz: a,Bery, zeH)

cspan(l L’z 0. pehu zeHy =M.
O

In the same way one can show that similar results hold even for g-commuting tuples
considered in [BB] (see [BBD]). To keep the presentation simpler we have worked with
the above special case. The following example illustrates the foregoing results.

Example 15. For H = C?, let Ty = (J}) and T» = (99). Then one observes that T
satisfies A-relations for the matrix A = (9 }), Ty T}* + ToT; = I and the T;’s are partial
isometries. Further D used in the above theorem turns out to be

1
D = 0
1

Let us denote the two basis vectors in the range of D corresponding to the entries 1
appearing in D by f] and f; such that

D(e1 ® (a1, a2) +e2 ® (b1, bp)) = a1 f1 +bafr

fqr al} ay,az, by, by € C. The dilation space for the minimal isometric dilation V =
(V1, Vo) of T is H & T'(C") ® D where D is the range of D.

ViVi(ar, @) = (0,0) + 0 ® (a2, 0) + €1 ® (a1, 0),
VaVa(ar, @) = (0,0) + @ ® (0, a1) + e2 ® (0, ap).

As ay, a are arbitrary using the above equations together with the description of the
maximal A-relation piece from Lemma 4 we get H = H.
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4. Representations of Cuntz—Krieger algebras

In general a Cuntz—Krieger algebra O4 admits many inequivalent representations. When
T = (T, ..., T,)isatupleonthe Hilbert space H satisfying A-relationsand > ;| T; Tr =
1, the minimal Cuntz—Krieger dilation i = (Ty,...,T,) is such that C* (i) is a Cuntz—
Krieger algebra. If T is commuting then the unital completely positive map pr: Oq4 —
c*(D) given by pr(s;) = T;isa representation of O 4. We will classify such representa-
tions here. In brief, the classification results that we prove here says any representation of
O 4 can be decomposed as the direct sum of a spherical representation (Definition 16) and
a representation corresponding to trivial maximal commuting piece. Further, any spheri-
cal representation turns out to be the direct integral of GNS representations of certain pure
states on Oy.

For a tuple R = (Ry, ..., R,) on a Hilbert space KC, we use the concept of maximal
commuting piece and the space K°(R) as defined before Lemma 6 and §2 of [BBD]. We
refer to IC¢(R) as the maximal commuting subspace.

DEFINITION 16

(1) A commuting tuple 7 = (T, ..., T,) is called spherical unitary if ) T; T = I and
all T;’s are normal.

(2) A representation p of O4 on B(K) for some Hilbert space K, is said to be spherical
if Rj = p(si),1 <i <nand K = {R%: k € K°(R) and a € A}.

If T is a spherical unitary then by Fuglede’s theorem C*(T) is a commutative C*-
algebra, i.e. T;* and T also commute for all i and j.

DEFINITION 17

The maximal commuting A-subspace of a n-tuple of isometries V with orthogonal ranges
is defined as the intersection of its maximal commuting subspace and maximal A-relation
subspace. The n-tuple obtained by compressing each V; to the maximal commuting A-
subspace is called maximal commuting A-piece.

Remark 18. Making use of Lemma 4, it follows that
KanNKS=(Ka) = (K)a,

i.e. the maximal commuting A-subspace of a n-tuple is in fact the maximal commuting
subspace of the maximal A-relation piece or the maximal A-relation subspace of the
maximal commuting piece.

Let Py = 1 on C and P, be the projection # > ves, Uy acting on (C"®" where
U;"(yl R ® ym) = ya’l(l) R ® ya’l(m)’

yi € C". We denote @, Py, by P°. Given A-relations define A, = {a € A: either
] =m > landaal.aj =lforl <i#j<mor|a] <1} S A

DEFINITION 19

The subspace of I'4 defined by Span{P*e*: a € A4} is called commuting A-Fock space
and denoted by ['s4.
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To see that I 4 is the maximal commuting A-subspace of L we first note that the maximal
commuting A-subspace of L is the intersection of the symmetric Fock space I'y(C") (see
[BBD]) and the maximal A-relation subspace of L. Also

Iy (C") = span{P*e%: a € A}.

Suppose @ € A™ and forall 1 <k # 1 <m, ay,q = 1then for h € I'(C") and all i, j
(PS¢, LP(LiLj — a;jL;L)h) = 0.

So, from the definition it is clear that
[a ST CHNT 4.

Let P denote the projection onto ' (C") N "4 and let z € T'i(C") N "4 be arbitrary.
Suppose o € A™ is such that (e%, z) is not equal to 0. As z € Ty, it follows that @ € A'}.
Further, for any o € S,

A

(Ulte*, z) = (UYe*, Pz) = (PU™e, 7)

o

Thus (U['e®, z) is not equal to 0. This implies that « € A, and hence z € T'y4. We
conclude that I'4 is the maximal commuting A-subspace of L.

Also we would like to remark that the fermionic Fock space (see [De]) I';(C") is the
intersection of the maximal g-commuting subspace (defined in [De]) and the maximal
A-relation subspace with respect to the following g = (g;j)nxn and A = (a;)nxn:

1, ifi=j q 0, ifi =
e an aji =
dij —1, otherwise Y

1, otherwise

Itis easy to see this using arguments similar to that we use to show that I'y 4 is the maximal
commuting A-subspace with respect to L. In other words, the fermionic Fock space I', (C")
is the maximal piece for the set of polynomials:

P1ij(2) = zjzi — qijziz; and  p2ij(z2) = zizj —a;jzizj V1 <i,j <n.

Notice that L;" leaves 'y 4 invariant as Sl?k leaves I' 4 invariant. Let the compression of
L; onto I'y4 be denoted by W;, i.e. W is the maximal commuting A-relation piece of L.
Suppose & € A, and when |a| > 0, leta = (ay, . .., @) Where m = |a|. The operator
W; turns out to be

e, if || =0
WiP'e” = | P'e;®e*, ifaigae;i =1, VI<j<m.
0, otherwise
From this it follows that W = (Wy, ..., W,) is the maximal commuting piece satisfying

A-relations of L. Let us denote the maximal commuting piece of L on I'(C") by C =



Cuntz—Krieger dilations and algebras 211

(Cq, ..., Cy). (These are just the creation operators on the symmetric Fock space.) Then
fora € Ay, a = (a1, ..., ay), m > 1 the commutators verify

[Ci, C1P%e”, if aiq;a0;i =1, VI <j<morifa=0
(Wi, WX P%e® = %Pse“, ifaj=i forsomel <j<manda;; =0.

0, otherwise

It is known that [C;, C;“] is compact for all i (see Proposition 5.3 of [Ar]), so the [W;, Wi*]’s
are compact. Clearly, the vacuum vector is contained in I'y4 and I — ) W;W* is the
projection onto the vacuum space. It contains all the rank-one operators of the type u —
(W0, u)WPw on Ty4 as those can be written as W*(I — W Wi*)(ﬂﬂ)*. As these
rank-one operators span the subalgebra of compact operators, we conclude that C*(W)
contains the subalgebra of all compact K as an ideal. Since the image of W in C*(W)/KC
is a spherical unitary it follows from Fuglede’s theorem that [W;, W;‘] where i # j must
be compact and we also conclude that

C*(W) = span{W*(WF)*: o, B € A)}.

For a commuting pure tuple T satisfying A-relations, with easy computations it can
be seen that the range of the isometry K,: H — I'y ® Ar(H),1 < r < 1, defined
in eq. (3.4) is contained in I';4 ® @ and we obtain a unital completely positive map
¢: C*(W) — B(H) defined as strong operator topology limitof K*(.®) K, as r increases
to 1. Let mg: C*(W) — B(Hp) be the minimal Stinespring dilation of ¢ for some Hilbert
space Hp and W,- = mo(W;) where Hy = spﬁ{iah: o€ he ‘H}.

DEFINITION 20

The above-defined tuple E = (Wl, R VV,,) is said to be the standard commuting
A-dilation of T.

Remark 21. It follows from Theorem 15 in [BBD] that for spherical unitaries T satisfying
A-relation the maximal commuting piece of the standard noncommuting dilation is 7. As
T satisfies A-relations, it is clear that T is also the maximal commuting A-piece.

So far for a commuting contractive tuple satisfying A-relations we have four
types of standard minimal dilations: the isometric dilation, the Cuntz—Krieger dila-
tion (or A-dilation), the commuting dilation and the commuting A-dilation. These are
obtained by considering Stinespring dilations of suitable completely positive maps on
C*(L), C*(S), C*(C), and C*(W) respectively. The last dilation is in a certain sense the
intersection of the previous two. The next lemma, which is a generalization of Theorem 13
in [BBD] makes this statement rigorous. This will be crucial for classifying certain types
of representations of Cuntz—Krieger algebras.

Lemma 22. The maximal commuting piece of the minimal Cuntz—Krieger dilation of a
commuting tuple T satisfying A-relations is the standard commuting A-dilation.

Proof. Let the unital completely positive map ¢: C*(W) — B(H), mp and Ho be as
above. We denote the operator 7o (W;) by W, and denote the n-tuple (W], .. W,,) by W W.
As W is a contractive tuple satisfying A-relation, there is a unital completely positive map
n: C*(S) — C*(W) such that n(S%(S#)*) = W*(W#)*. The completely positive map 6
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as in eq. (3.4) is equal to ¢ o 5. Let 771 be the minimal Stinespring dilation of g o n and
Vi = m1(S;). We have the following commuting diagram.

B(H1)

g !
B(Ho) .

o
cxs — CcWwW) — B(H)
n o]

As before, horizontal arrows are completely positive maps, diagonal arrows are -
homomor-phism and down arrows are compressions.

Since C*(W) contains all compact operators, Hy can again be decomposed as Hoc @
Hon where Hoc = span{mo(X)h: h € H, X € C*(W), X compact} and Hoy = Ho ©
Hoc. Correspondingly,

7oc (X)

mo(X) = < nON(X)> ,
where moc(X) and moy (X) are compressions of 7o(X) to Hoc and Hoy respectively.
Furthermore Hoc = I'sa ® Ar(H) and moc(X) = X ® I. Let E; = mon(W;) and
E = (E1,...,E,). As [W;, W] and I — ) W; W} are compacts, clearly E consists of
pairwise commuting normal operators, i.e. E is a spherical unitary satisfying A-relations.

From the properties of Popescu’s Poisson transform and I'y4, it follows that (W ®
I,..., W, ®1I) is the maximal commuting A-piece of its standard noncommuting dilation
(L1®1,...,L,®I). Alsofrom Remark 21 we conclude that £ is the maximal commuting
A-piece of its standard noncommuting dilation. Using Remark 18 and Theorem 14 we
observe that each of them is the maximal commuting piece of their minimal Cuntz—Krieger
dilation. Hence by Lemma 6, E is the maximal commuting piece of V. From this using
arguments similar to Theorem 13 in [BBD] it can be shown that V is the minimal Cuntz—

Krieger dilation of E Hence the lemma follows. a

If a commuting contractive tuple T also satisfies A-relations for A = (a;j)nxn, then
without loss of generality we may assume A to be symmetric, i.e., A = A’. In this case

A is the adjacency matrix of a (nondirected) graph G with vertex set {1, 2, ..., n} and set
of edges E = {(i, j):a;; = 1,1 <i < j < n}. A vertex i is said to be a zero vertex
if a;; = 0. Let us associate to this graph a subset M of {(z1,...,2zx): 21— lzil2 = 1}

defined as the set of elements satisfying A-relations, that is

n
. 2 ..
M= (Z1,...,zn)-2|zz-| =1,zizj = ajjzizj, 1 <i,j <ng.
i=1

The set M can be described in the following way: For a zero vertex i, the corresponding
z; of any element of M will always be taken as zero. For any element (z1, ..., z,) of
M, some elements z;,, ..., z;, for different 1 < iy < n can be simultaneously chosen to
be nonzero if and only if iy, ..., ix are nonzero vertices and form vertices of an induced
subgraph of G which is also complete.
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Let C,Il"’ be the C*-algebra of continuous complex-valued functions on M. Consider
the tuple z = (z1, ..., z,) of co-ordinate functions z; in C,IIVI . To any spherical unitary
R =(Ry,..., Ry) satisfying A-relations there corresponds a unique representation of CM
mapping z; to R;. As for any commuting tuple T satisfying A-relations with )~ T;T* = I,
the standard commuting dilation z =(T,...,Tyisa spherical unitary (see §3 of [BBD]),
we have a representation 17 of C,i” such that n7(z;) = T, From Theorem 14, it is easy to
see thatif D and E are two commuting n-tuples of operators satisfying the same A-relations
(on not necessarily the same Hilbert space), the corresponding representations pp and pg
of O, are unitarily equivalent if and only if the representations np and ng of CM are
unitarily equivalent.

Any z = (z1, ..., 2n) € M satisfying A-relations as operator tuple on C is a spherical
unitary. We can obtain a one-dimensional representation 7, of C,’l” which maps f to f(z).
Let (V7, ..., V¥ and (S5, ..., S%) be the standard noncommuting dilation and the minimal
Cuntz—Krieger dilation respectively of this operator tuple z = (z1, ..., z,). The dilation
space of the standard noncommuting dilation is

H=Co[T(C)eCH,

where C7 is the (n — 1)-dimensional subspace of C" orthogonal to (z1, ..., z,) and

v/ (h@Ze“@da) =a; @D ®h) e ® (Ze“@da>.
o o

Using the minimal Cuntz—Krieger dilation S° we get a representation 9: O4 — C*(8%)
mapping s; to S7. This is the GNS representation of the Cuntz—Krieger state

s*(P)F = 2%(2P)
which exists by (3.4). We call such states Cuntz—Krieger states.

Theorem 23. Any spherical representation of O 4 (on a separable Hilbert space) can be
written as direct integral of GNS representations of Cuntz—Krieger states.

Proof. An arbitrary representation of C,i” is a countable direct sum of multiplicity free
representations. Also any multiplicity free representation of Cfl” can be seen as a map
which sends g € CM to an operator which acts as multiplication by g on L*(M, ) for
some finite Borel measure ; on M and the associated representation ¢ of O4 can be
expressed as direct integral of representations ¥, with respect to the measure p acting on
¢H?1(dz). Thus the theorem follows. a

Example 24. Let
A=

Then any commuting contractive A-relation tuple also satisfies A’-relations, where A’ is
the symmetric matrix
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Furthermore the set of vertices of the corresponding graph is {1, 2, 3, 4}, the set of edges
is E ={(1,2), (1, 3)} and 3 is a zero vertex. Hence M = [(C2 x {0}?) U ({0}3 x C)]N 3B,

where 3B, = {(z1, ..., 20): Y iy lzil> = 1}.

COROLLARY 25

Any representation of O g can be decomposed as g @ 7; where 7y is a spherical repre-
sentation and (7 (s1), ..., 7 (8y)) has trivial maximal commuting piece.

Proof. Similar to the proof of Theorem 19 in [BBD]. O

It also follows that for irreducible representations of O 4, the maximal commuting piece
of (7 (s1), ..., m(sy,)) is either one-dimensional or trivial.

5. Universal properties and WOT-closed algebras related to minimal
Cuntz-KTrieger dilation

Assume 7' to be the minimal Cuntz—Krieger dilation of a contractive tuple T satisfying
A-relations. Define C*(T) to be the unital C*-algebra generated by 7. Clearly the lin-
ear map from C*(T) to B(H) such that za (zﬂ)* > PHia (iﬂ)*m = T%TP)*isa
unital completely positive map. We will investigate some universal properties of minimal
Cuntz—Krieger dilations using methods employed by Popescu [PoS5] for minimal isomet-
ric dilations. Proposition 26 is a nonspatial characterization of the minimal Cuntz—Krieger
dilation and Theorem 27 describes functoriality and commutant lifting in this setting. The
proofs are omitted as they are similar to those appearing in §2 of [Po5].

PROPOSITION 26

Suppose T is the minimal Cuntz—Krieger dilation of a contractive tuple T on a Hilbert
space 'H satisfying A-relations with respect to some matrix A.

(1) Consider a unital C*-algebra C*(d) generated by the entries of the tuple d =
(d1, ..., dy) where the entries satisfy

n
dl-*d,' =1- Z(l — a,-j)djd;‘.
j=1

Assume that d also satisfies dd; = 0 for 1 < i # j < n. Let there be a completely
positive map 0: C*(d) — B(H) such that o(d*(dP)*) = T*(TP)*. Then there is a
s-homomorphism form C*(d) to C*(T) such that d; v~ T; forall 1 <i < n.

(2) Suppose w: C*(T) — B(K) is a s-homomorphism and 6: C*(T) — C*(T) the
completely positive map obtained by restricting the compression map (to B(H)) of
B(7:[) to C*(Z). Assume the minimal Stinespring dilation of w 0 0 to be 7 i.e., w o
0(X) = Pﬁfr(X)|I€. Then (7 (TY), ..., 7 (Ty)) is the minimal Cuntz—Krieger dilation
of (1), ..., w(Tp)).

Theorem 27. Let T be a contractive n-tuple on 'H satisfying A-relations and T be its
minimal Cuntz—Krieger dilation.
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(1) Suppose i and 7y are two x-homomorphism from C*(T) to B(K) and B(K,) respec-
tively, for some Hilbert spaces K| and K,. Let 6 be as defined in the previous propo-
sition. If X is an operator such that X7t1(Y) = mp(Y)X forall Y € C*(T), and 7,
and 1y are the minimal Stinespring dilations of 7y o 6 and w3 o 0 respectively then
there exists an operator X such that X7 = 72X and X P, = PIC2X

(2) If X € C*(T)' then there exists a unique X € C*(T) N{Py)' such that PHX|H = X.
Also the map X +— X is a *-isomorphism.

Many of the results and arguments for minimal Cuntz—Krieger dilation in the following
part of this section are similar to those of [DKS] and [DP2] for standard noncommuting
dilation. Using eq. (3.4) we observe that

S ~
(Z ) Z = lojay "'aam—lamTa’mTam

= doyay - - - Aoty 1ot [1 -y a- aamk)Tka*} 5.1
k

and
Ty T =1"

so that each ia is a partial isometry. Let H and ‘H be the dilation spaces associated
with standard noncommuting dilation i and T respectively as before and let us denote
H & H by E. We know that 7; and T; leaves € and HoH respectively invariant. Let
®: B(H1) — B(H)) be the completely positive map defined by

n
O(X) =Y TPy X Py T},
i=1
Thus, ®(Pe) < ®(I). Also let Q; := PeT; Pe. Then for h € £,

<h, > g“(ga>*h> < f’Pg(f’)*h>
|la|=m

lot|=m

< Z T% Py Pe Py (T%) h>

(h, @™ (Pc)h)
< (h, ®"(I)h).

But as lim,;, 5 (h, @™ (I)h) = 0 we have lim,,_, o (h, Z|a\=m 0%(Q%)*h) = 0 which
implies that Q is pure. In the above computation we used 7;* invariance of H for 1 <i < n.
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Here we are interested in understanding the structure of WOT-closed algebra generated
by the minimal Cuntz—Krieger dilation i of some contractive tuple T = (T, ..., T,)
satisfying A-relations where T7; € B(H). Let A denote the WOT-closed algebra generated
byall 7;,1 <i <n.

Lemma 28.

(1) If A has no wandering vector then every nontrivial invariant subspace with respect to
A is also reducing. }
(2) K:=&6I[).! T;£] is a wandering subspace for T .

Proof. Letthere be no wandering vector for A and if possible let /\[ be a nontrivial invariant
subspace for A. If 37, T;V is not equal to N then N'© ;| T; N would be wandering
as seen using orthogonality of the ranges of the T;’s, eq. (5.1) and the following: For

ni,nmyeNoY TN,
(f}*f}f‘al ... f‘amn],nz) = (Gjq, fal .. f"amnl,nz) =0.

But this is not possible by our assumption. So
n ~
N=>)TN. (5.2)
i=1

Now let & € A be arbitrary. From the above equation it follows that one can write & as
Zf"jzl f}fjnij for some n;; € N. From this and eq. (5.1) it is clear that f‘k*h € N for all
1 <k < n.So N is reducing for A. Hence (1) follows.

£ is also an invariant subspace for .A. The nontrivial case is when £ is nonzero. £ #
> T; £ as otherwise £ would be reducing which is not possible as  spans H. It follows
from above that /C is a wandering subspace of A. O

So we can write H = H®H' @ (I'4 ® K) for some Hilbert space H’. So 3 ek ZQIC =

aeA
I'4 ® K and this is left invariant by all T, Also TiPI‘A@)IC isS;®1forl <i <n.
Let us denote by B the WOT-closed algebra generated by T, ..., T,. In order to get
reducing subspaces for A it is sufficient to demand for B*-invariant subspace as seen in
the next lemma. (A[L] denotes the closed linear span of AL.)

Lemma 29. Let L be a B*-invariant subspace of H. Then A[L] reduces A. If Li and
Ly are orthogonal B*-invariant subspace of H then A[L1] and A[L;] are also mutually
orthogonal.

Proof. Tl* leaves £ invariant as Tl* and T;* leaves H and L respectively invariant. Thus
AlL) =span{Th:a € A, h € L}.
Now for any x € £ and ¢ = («y, ..., &), using eq. (5.1)
(=Y (1 —a) T TE)x, ifay =i, ]o| =1
p aalazfaz...famx, ifa; =1, |a| > 1
0, ifa; #i
T*x, if o] =0

1
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As L is invariant for A*, f}*fyx € A[L] and hence A[L] reduces A.

Further when £ and £; are orthogonal 3*-invariant subspaces, to establish that A[L;]
and A[L,] are orthogonal it is sufficient to check if |«| < || and 1 € L1, € Lo,
then (ial 1. zﬂlz) = 0. This is checked easily for all cases by orthogonality of ranges of
different 7;’s, B*-invariance of £; and eq. (5.1) excepta = («y, ..., &) = B.In this case

(T T, b) = <a S - [1 - (- aamkﬁkfk*} 11,12>
k

= dojay - - - Aoy qapy {(llv ) — Z(l - aamk)(fk*llv fk*ZZ)} =0,
k

hence the lemma follows. O

Recall that Hy denotes the summand on which the compact operators in C*(T) act
trivially. Let Hy := HyNH. In the next proposition we assume H to be finite-dimensional.

PROPOSITION 30

Let T be a contractive tuple satisfying A-relations of operators on a finite-dimensional
Hilbert space 'H.

(1) Let IC be a reducing subspace of Hy with respect to A and let h € H such that Pich
is nonzero. Then there exists k € A*[h] N Hy such that Pxck is nonzero.

(2) Any nonzero subspace of Hy which is co-invariant with respect to T;,1 <i <n has
a nontrivial intersection with Hy .

(3) Hy = A[Hn]. When Y T;T* =1 and B = B(H) every co-invariant subspace of H
with respect to all T;’s contains 'H.

Proof. Proof is similar to the proof of Lemma 4.1, Corollary 4.2 and Corollary 4.3 in
[DKS]. It uses the above two lemmas, pureness of Q, Wold decomposition of T and
compactness of the unit ball of finite-dimensional Hilbert space . Proposition 30(2) and
30(3) are corollaries of Proposition 30(1). O

Now we consider the tuple R consisting of right creation operators on I'(C") given by
R;x = x ® e;. One can easily notice using methods similar to the proof of Lemma 4 that

for polynomials pq m) = 212m — Gmizizm, (I, m) € {1,...,n} x {1,...,n} =1, we get
(I'(C")P(R) = T'4. Let X; denote the compression of R; to I'4, i.e. X; = Pr,R;i|r,.
Suppose e* € I'4, and when |¢| > Oleta = (ay, ..., ay). Then

e, if || =0

X;e* = PrARl‘ea = N . .
ag,ie* e, ifa|>1

Moreover from Proposition 9 it follows that X consists of isometries with orthogonal
ranges satisfying A’-relations, where A’ is the transpose of A. Let S and X' denote the
WOT-closed algebras generated by Sy, ..., S, and X1, ..., X, respectively. Now we shall
analyze the structure of these WOT-closed algebras. Let Oy denote the projection onto
span{e®: o € Aa, la| = k).
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PROPOSITION 31

(1) S coincides with the commutant of X in B(T'y), that is S = X'. Also X = S’ and
hence S and X are double commutants of themselves.
(2) S and X are inverse closed and the only normal elements in S and X are scalars.

Proof. Any element in S can be written as a formal sum ), boS*, where b, € C are
givenby Xw = Y bye®. For B = (B1, ..., Bm), let B/ denote (B, - - ., B1).

§°‘Xﬁ/el’ _ aa\a\)’lay\y\ﬁlea QReV ® 6/3, lf |V| >0 _'B/gaey,
aa\a\ﬁlea ®eﬂr 1f|)/| =0

So, S € X’. The converse is similar to the proof of Theorem 1.2 in [DP2] after noticing
that X; Ox = Qk+1X; and considering the Cesaro sums

nw =3 (1-5) s

la|<k

for Lw =3, x, doe”.

S and X are inverse closed as this is the case for any algebra which is a commutant. This
and (2) can be proved by taking the same approach as that of the proof of Corollary 1.4
and Corollary 1.5 in [DP2]. O

PROPOSITION 32

Any element A € L leaves the range of X*(X*)* invariant.

Proof. Note that one can argue as we did for S* and show that X“ are partial isometries.
Further as £ = X/,

XU(X)AXT (X" = X* (X)X AXY)*

— XQA(XQ)* — AX(X(XO[)*,
the proposition follows. a

In these algebras the wandering subspace description is much simpler than the general
case as can be seen from the next result.

PROPOSITION 33

(1) If N is an invariant subspace of L then M = N ©Y 7_, SiN is a wandering subspace
and LIM] =N

(2) A subspace is cyclic and invariant with respect to L if and only if it is the range of
some element in X .

Proof. Follows from the Wold decomposition using methods similar to the proof of The-
orem 2.1 in [DP2]. O
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Remark 34. Another notion of minimal partial isometric dilation exists in [JK], [Mu] and
[MS]. The class of partial isometric dilation tuples of Jury and Kribs [JK] include the exten-
sion of Cuntz—Krieger algebras by compacts or Cuntz—Krieger—Toeplitz algebras. They
assume the existence of a family of projections ‘stabilizing’ the initial contractive tuple T'.
Such stabilizing tuple is not assumed for our initial tuple, but we put a different condition
on our T, namely, it has to satisfy A-relations. If the family of projection stabilizing T is
taken to be the trivial one consisting of identity and zeros, then the minimal partial isomet-
ric dilation in the sense of [JK] gives nothing new but just the minimal isometric dilation.
Muhly and Solel [Mu,MS] have given the construction of dilations somewhat similar to
[JK], for quiver and tensor algebras in the language of Hilbert C*-modules. In other words,
the notions of dilation in these papers are quite different from ours. Our construction of
the partial isometric dilation is crucial for the classification results in this article. We have
also come to know of some work on graph algebras by Katsoulis and Kribs [KK1,KK2].
It is to be noted that these graph algebras include algebras generated by A-relations as a
special case.
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