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STANDARD NONCOMMUTING AND COMMUTING DILATIONS
OF COMMUTING TUPLES

B. V. RAJARAMA BHAT, TIRTHANKAR BHATTACHARYYA, AND SANTANU DEY

ABSTRACT. We introduce a notion called ‘maximal commuting piece’ for tuples
of Hilbert space operators. Given a commuting tuple of operators forming
a row contraction, there are two commonly used dilations in multivariable
operator theory. First there is the minimal isometric dilation consisting of
isometries with orthogonal ranges, and hence it is a noncommuting tuple.
There is also a commuting dilation related with a standard commuting tuple
on boson Fock space. We show that this commuting dilation is the maximal
commuting piece of the minimal isometric dilation. We use this result to
classify all representations of the Cuntz algebra O, coming from dilations of
commuting tuples.

1. INTRODUCTION

It is a well-known result due to Sz.-Nagy [28] that every contraction on a Hilbert
space dilates to an isometry. There is a very natural generalization of this result to
a class of operator tuples defined as follows.

Definition 1. A contractive n-tuple, or a row contraction, is an n-tuple T© =
(Ty,...,T,) of bounded operators on a Hilbert space H such that T47; + -+ +
T.1; <1I.

Such tuples are known as row contractions, as the condition is equivalent to
having the operator (T1,...,T,) from H&---®H (n times) to H be a contraction.
It is possible to dilate contractive tuples to tuples of isometries with orthogonal
ranges. Moreover, such a dilation is unique up to unitary equivalence, under a
natural minimality condition just as in the one-variable case. This dilation, which
we call the minimal isometric dilation or the standard noncommuting dilation, has
been explored by many authors. Some ideas along this direction can already be
seen in the early paper [13] of Davis. In more concrete form this dilation can be
seen in the papers of Bunce [11] and Frazho [17], [I8]. A very extensive study of
this notion has been carried out by Popescu in a series of papers ([21]-[25], [2], [3]),
and he has neat generalizations of many results from the one-variable situation. We
borrow many of his ideas, particularly from his paper on the Poisson transform [24],
and we also make use of the explicit structure of the ‘minimal isometric dilation’
he obtains in [21].

Now suppose the tuple under consideration is a commuting tuple in the sense
that T;7; = T;T; for all 1 < ¢,5 < n. Then it is natural to wish for a dilation
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consisting of mutually commuting isometries. Unfortunately, such a dilation does
not exist in general for n > 3 [20]. However, there is a dilation of commuting
contractive tuples that has been studied and popularized recently by Arveson [5].
This particular dilation has also been looked at by Popescu [24], and much earlier
by Drury [16] in his study of the von Neumann inequality for tuples. Similar ideas
have been explored by Agler [I], Athavale [7] and others for different classes of
operators using various reproducing kernels. We call this dilation of Drury, Arveson
and Popescu the standard commuting dilation of contractive commuting tuples.
This dilation consists of a commuting tuple, but the constituent operators are not
isometries. Then a natural question arises: In what sense is this dilation canonical?
In Section 3, as our main result, we show that the standard commuting dilation
is the ‘maximal commuting tuple contained’ in the minimal isometric dilation. To
begin with, we make these words inside inverted commas precise by defining what
we mean by a ‘maximal commuting piece’ of a tuple of operators. We can explore
how the standard commuting dilation of the maximal commuting piece sits inside
the minimal isometric dilation of the original tuple, and whether it is the maximal
commuting piece of the minimal isometric dilation, etc. We have been able to carry
out this study for purely contractive tuples in Section 2.

Any tuple (W1,..., W,) of isometries with orthogonal ranges satisfying Y W, W}
= I gives us a concrete representation of the familiar Cuntz algebra [I2]. Recently,
there has been a lot of effort to study such representations in connection with
wavelet theory, see for instance the papers [9], [I0] of Bratteli and Jorgensen. If we
start with a contractive tuple (71,...,T),) satisfying Y T;7; = I and consider the
minimal isometric dilation, we actually have a representation of the Cuntz algebra.
This was proved by Popescu in [2I]. Very interesting results on classification of
these representations up to unitary equivalence in terms of invariants determined
by (T1,...,T,) have been obtained by Davidson, Kribs, and Shpigel [I4], where
the operators T; act on a finite dimensional space. It is natural to ask what rep-
resentations of the Cuntz algebra can one get by dilating contractive tuples which
are also commuting. Surprisingly, they are very few and are all determined by the
GNS representations of the so-called Cuntz states. This result we obtain in Section
4, as an application of the main result. Unlike the work of Davidson et al., we need
not restrict the operators T; to be acting on finite dimensional spaces.

All the Hilbert spaces we consider will be complex and separable. For a subspace
‘H of a Hilbert space, Py will denote the orthogonal projection onto H. For fixed
n > 2, we need two standard n-tuples of operators, denoted by V and S, acting on
Fock spaces. For any Hilbert space I, we have the full Fock space over I denoted
by I'(K) and the boson (or symmetric) Fock space over K denoted by T's(K), defined
as

m

F(IC):(C@’C@/C®2@---@IC® @,
r,K)=CoKkeokT o - ok o ..,

where K@" denotes the m-fold symmetric tensor product. We will consider the
boson Fock space as a subspace of the full Fock space in the natural way. We
denote the vacuum vector 1 0@ - -+ (in either of these Fock spaces) by w. Let C™
be the n-dimensional complex Euclidian space with the usual inner product, and
T'(C™) the full Fock space over C™. Let {ey,...,e,} be the standard orthonormal
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basis of C™. Then the (left) creation operators V; on I'(C") are defined by
Vix=e;®x,

where 1 < ¢ < n and x € T'(C") (of course, here e; ® w is interpreted as e;). It
is obvious that the tuple V. = (V4,...,V,) consists of isometries with orthogonal
ranges, and it is contractive; in fact, > V;V;* = I — Ey, where Ej is the projection
onto the vacuum space. Let S = (S1,...,Sy) be the tuple of operators on I's(C"),
where S; is the compression of V; to I'y(C™):

Si == PFS(C")V;‘ FS(CW,).

Clearly each V;* leaves I's(C™) invariant. Therefore, Sz = V*z, for z € I';(C™).
Then it is easy to see that (S1,...,S,) is also a contractive tuple satisfying > S; S
= I*—E§ (where now I®, E§ are respectively the identity and the projection onto the
vacuum space in I'g(C™)). Moreover, a simple computation shows that S;S; = 5;5;
forall 1 <i,j <mn.

For operator tuples (T1,...,T),), quite often we need to consider products of the
form To, T, -+ Ta,,, where each o € {1,2,...,n}. So it is convenient to have a
notation for such products. Let A denote the set {1,2,...,n} and A™ denote the
m-fold cartesian product of A for m > 1. Given o = (aq, ..., ) in A™, T will
mean the operator Ty, Ta, - - - Ty, . Let A denote Uo— o A, where A” is just the set
{0} by convention, and by T° we would mean the identity operator of the Hilbert
space where the operators T} are acting. In a similar fashion, for @ € A, e® will
denote the vector e,, ® €n, ® -+ ® €4, in the full Fock space I'(C"), and €° is the
vacuum w.

2. MAXIMAL COMMUTING PIECE AND DILATION

Definition 2. Let H, £ be two Hilbert spaces such that H is a closed subspace of
L. Suppose T, R are n-tuples of bounded operators on H, L respectively. Then R
is called a dilation of T if
Riu="T"u

for all u € H,1 < i < n.In such a case T is called a piece of R. If further T is a
commuting tuple (i.e., T;T; = T;T; for all ¢, ), then it is called a commuting piece
of R. A dilation R of T is said to be a minimal dilation if Span{R"h : o € Ahe
H}=L.

In this definition we note that if R is a dilation of T, then H is a co-invariant
subspace of R, that is, all R} leave it invariant. It is standard (see [19]) to call
(Ri,..., Ry) an extension of (T7,...,T;) and (T7,...,T;) a part of (R7, ..., Ry).

In such a situation it is easy to see that for any o, 3 € A, T (Zﬁ )* is the compression
of R*(R")* to M, that is,

(1) T*(T7)* = PyR*(R")|x.
We may extend this relation to any polynomials p, ¢ in n noncommuting variables,
to get

p(D)(a(D))" = Prp(B)(q(R))" |n-

Usually property (2.1) is all that one demands of a dilation. But we have imposed
a condition of co-invariance in Definition 2, as it is very convenient to have it this
way for our purposes.
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Now we look at commuting pieces of tuples. Let R be a n-tuple of bounded
operators on a Hilbert space £. Consider

C(R) = {M : M is a co-invariant subspace for each R;,
RIR;h = R;R;h,Yh € M,Vi,j}.

So C(R) consists of all co-invariant subspaces of an n-tuple of operators R such that
the compressions form a commuting tuple. It is a complete lattice, in the sense that
arbitrary intersections and span closures of arbitrary unions of such spaces are again
in this collection. Therefore it has a maximal element. We denote it by £°(R) (or
by L£¢ when the tuple under consideration is clear).

Definition 3. Suppose R = (Ry, -, R,,) is an n-tuple of operators on a Hilbert
space L. Then the mazimal commuting piece of R is defined as the commuting
piece R° = (RS, ..., RS) obtained by compressing R to the maximal element £L°(R)
of C(R). The maximal commuting piece is said to be trivial if the space L°(R) is
just the zero space.

It is quite easy to get tuples with trivial commuting piece, as tuples with no
nontrivial co-invariant subspaces have this property. Of course, our main interest
lies in tuples with nontrivial commuting pieces. The following result is quite useful
in determining the maximal commuting piece.

Proposition 4. Let R be an n-tuple of bounded operators on a Hilbert space L.
Let K;; = span{R“(R;R; — R;jR;)h : h € L,a € A} for all 1 < 4,5 < n, and
K = span{U;,_, Kij}. Then L9(R) = K*. In other words, L°(R) = {h € L :
(RiR; — RER})(RY)*h =0,Y1 <i,j <n,a € A}.
Proof. First, I is obviously a co-invariant subspace of R, as each R; leaves C
invariant. Now for 4,5 € {1,2,...,n}, and hy € L, hs € L,
(R R; — R;R[)h1, he) = (h1, (RjR; — RiRj)h2) = 0.

So we get (R;R; — RjR;)h1 = 0. Now if M is an element of C(R), take i,j €
{1,...,n},a € A,hy € M,h € L. We have

(h1, B*(RiR; — RjRi)h) = (R Ri — Ry R})(R")"h1, h) = 0,

as (R*)*hy € M. Hence M is contained in K+. Now the last statement is easy to
see. (|

Corollary 5. Suppose R, T are n-tuples of operators on two Hilbert spaces L, M.
Then the mazimal commuting piece of (R ® Ti,..., Ry, ®Ty) acting on L & M
is (R§ @ TY,...,RS ®TF) acting on L° ® M°. The mazimal commuting piece of
(Ri®I,...,R,®I) acting on LI M is (R§®1I,..., RS ®1I) acting on L° @ M.

Proof. Clear from Proposition 4. O

Proposition 6. LetV = (Vi,...,V,,) and S = (S1,...,Sn) be standard contractive
tuples on the full Fock space T'(C™) and the boson Fock space T's(C™) respectively.
Then the mazimal commuting piece of V is S.

Proof. As we have already noted in the Introduction, S is a commuting piece of
V. To show maximality we make use of Proposition 4. Suppose z € T'(C") and
(x, V*(V;V; = V;V)y) = 0 for all @ € A1 < 4,5 <nandy € I'(C"). We wish



DILATIONS OF COMMUTING TUPLES 1555

to show that x € T's(C"™). Suppose z,, is the m-particle component of z, that is,
z =@, Tm with z,, € ((C”)®m for m > 0. For m > 2 and any permutation o of

{1,2,...,m} we need to show that the unitary U, : (C*)®" — (C")®", defined by
Ug(U1 ® -+ ® Up) = Ug—1(1) @ **+ ® Ug—1(m)»

leaves x,, fixed. Since the group of permutations of {1,2,...,m} is generated
by permutations {(1,2),...,(m — 1,m)} it is enough to verify U, (z,,) = m, for
permutations o of the form (i,741). So fix m and ¢ withm > 2and 1 <4 < (m—1).
We have

(D 2, YV (ViVi = ViV )y) =0,
p

for every y € T'(C™), 1 < k,I < n. As « is arbitrary, this means that
(Tm,2® (r®e—e@ex) ®w) =0

for any z € ((C”)®(i71>,w € (€)@ This clearly implies Uy () = T, for
o= (iyi +1). 0

Now let us see how the maximal commuting piece behaves with respect to the
operation of taking dilations. Before considering specific dilations, we have the
following general statement.

Proposition 7. Suppose T, R are n-tuples of bounded operators on H, L, with
H C L, such that R is a dilation of T. Then H¢(T) = L°(R)N'H and R is a
dilation of T°.

Proof. We have Rih = T;h, for h € H. Therefore, (R;R; — R;R!)(R*)*h =
(T =T;T)(L*)*hforhe H,1<i,j <n,and a € A. Now the first part of the
result is clear from Proposition 4. Further, for h € L°(R) we have RXh = (R{)*h,
and so for h € H¢(T) = L°(R) N'H we have (RS)*h = Rih = T}h = (Tf)*h. This
proves the claim. (Il

Definition 8. Let T' = (71,...,T;,) be a contractive tuple on a Hilbert space H.
The operator Ay = [I — (TyT} + - -- + T, T)]2 is called the defect operator of T
and the subspace Ap(H) is called the defect space of T. The tuple T is said to be
pure if Z(ye/\m T(T*)* converges to zero in the strong operator topology as m

tends to infinity.

Suppose Y T;T; = I; then it is easy to see that ) cym T*(T%)* = I for all m,
and there is no way this sequence can converge to zero. So in the pure case the
defect operator and the defect spaces are nontrivial.

First we restrict our attention to pure tuples. The reason for this is that it is
very easy to write down standard dilations for pure tuples. So let H be a complex,
separable Hilbert space and let T be a pure contractive tuple on H. Take H =
I(C") ® Ap(H), and define an operator A : H — H by

2) Ah =" e @ AR(T)h,

where the sum is taken over all o € A. It is well-known ([24], [2]), and also easily
verifiable using the pureness of T, that A is an isometry with

A*(e*@h) =T“Arh for a € A,h € Ap(H).
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Now H is considered as a subspace of H by identifying vectors h € H with Ah €
H. Then by noting that each V.* ® I leaves the range of A invariant and T =
A*(V* @ I)A for all a € A, it is seen that the tuple V. = (Vi @ I,...,V;,, ® I) of
operators on H is a realization of the minimal isometric dilation of 7. Now if T'
is a commuting tuple, it is easy to see that the range of A is contained in H, =
['s(C") ® Ap(H). In other words, now H can be considered as a subspace of Hs.
Moreover, S = (S1®1,...,5,®1I), as a tuple of operators in H, is a realization of
the standard commuting dilation of (71, ..., T},). More abstractly, if T is commuting
and pure, the standard commuting dilation of it is got by embedding H isometrically
in I';(C™) ® K, for some Hilbert space IC, such that (51 ® Ix,..., S, ® Ix) is a
dilation of T and span {(S* ® Ix)h : h € H,a € A} = I',(C") ® K. Up to unitary
equivalence there is a unique such dilation, and dim(K) = rank(Ar).

Theorem 9. Let T be a pure contractive tuple on a Hilbert space H. Then the
mazximal commuting piece EC of the minimal isometric dilation V. of T is a realiza-
tion of the standard commuting dilation of T¢ if and only if Ar(H) = Ar(He(T)).
In such a case rank(Ar) = rank(Agec) = rank(Ay) = rank(Agpe).

Proof. We denote H*(T), Ar(H) and Ap(H(T)) by H¢, M, and M° respectively.
It is obvious that T is also a pure contractive tuple. We already know from
Proposition 7 that EC = (S® Ipm) on T's(C") ® M is a dilation of T°. Tt is the
standard dilation if and only if £ := span{(S® ® Ipm)Ah : h € H, o € A} is equal
to I'y(C") @ M, where A : H — H is the isometry defined by (2.2).

From the definition of A, using the commutativity of the operators T;, it is clear
that for h € H®, Ah € T';(C")®@M°. Hence £ C T's(C")@M°. Further, as (S®I ) is
a dilation, (S} ® Ir) leaves A(H®) invariant. Therefore, ((I =3 S;SF)® Ipm)Ah €
L for h € H° But, (I —>.5;S}) being the projection onto the vacuum space,
(I =328:8F) @ Inm)Ah = w @ Arh. As {S%w,a € A} spans whole of T'y(C"), we
get that I';(C™) @ M°¢ C L. Hence £ = I's(C") ® M°, and we have proved the first
claim.

Now suppose EC is a realization of the standard commuting dilation of T°.
This in particular means that rank(Age) = rank(Age). Also as V. is the mini-

mal isometric dilation of T', rank(Ar) = rank(Ay ). Further as V= (S ® Im),
rank(Aye) = dim(M) = rank(Ar). O

We may ask whether the equality of ranks in this theorem is good enough to
make a converse statement. To answer this we make use of the following simple
lemma.

Lemma 10. Suppose

A B
=[5 ¢

is a bounded positive operator on some Hilbert space. Then

rank(A) = rank <[ “ ])

Proof. Without loss of generality we can assume that M is a contraction. Then
it is a folklore theorem that there exists a contraction D such that B = C2 DAz,
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HEES I

and hence rank([4]) < rank(Az). But A being positive, rank(A) = rank(A?).
Therefore rank([]‘;‘,]) < rank(A) < rank([4]). O

[N

Remark 11. Let T be a pure contractive tuple on a Hilbert space H with minimal
isometric dilation V. If rank Ar and rank Age are finite and equal, then Viis a
realization of the standard commuting dilation of T°¢.

Proof. In view of Theorem 9 we need to show that Ap(H) = Ap(He(T)). Since
Ap(H) 2 Ap(He(T)), and these spaces are now finite dimensional, it suffices
to show that their dimensions are equal, or rank(Ar) = rank(AgpPye). Clearly
rank(Ar) > rank(AgpPye). Also by assumption, rank(Ar) = rank(Are). By pos-
itivity rank(Ape) = rank(AZ.). And then by the previous lemma rank(AZ.) =
rank(Pye(A2) Pye) = rank(AZ Pye) < rank(Aq Pre). O

If both the ranks are infinite, we cannot ensure that Ar(H) = Ap(H(T)), as
seen by the following example.

Example 12. Let R = (R, R2) be a commuting pure contractive 2-tuple on an
infinite dimensional Hilbert space Hy (We can even take Ry, Ro as scalars) such
that Agr(Ho) is infinite dimensional. Take H = Ho@®C?, and let T}, T» be operators
on H defined by

R1 R2
T, = 0t |, Th= 0 0|,
0 0 ta 0O

where ¢1,to are any two scalars, 0 < t1,to < 1. Then T' = (731,T3) is a pure
contractive tuple. Making use of Corollary 5, H°(T) = Ho (thought of as a subspace
of H in the natural way) and the maximal commuting piece of T is (R, R2), and
therefore rank(Agc) = rank(Ar) = co. But Ar(H) = Ag(Ho) & C2.

We do not know how to extend Theorem 9 to contractive tuples which are not
necessarily pure.

3. COMMUTING TUPLES

In this section we wish to consider commutative contractive tuples. Let us begin
by describing how one obtains two standard dilations for such tuples.

Recall standard tuples V and S on Fock spaces I'(C™) and I's(C™), respectively,
introduced in the Introduction. Let C*(V) and C*(S) be unital C* algebras gen-
erated by them. For any o, 8 € A, V(I — 3. V;V#*)(V?)* is the rank one operator
z +— (P, x)e formed by basis vectors e®,e”. So C*(V) contains all compact op-
erators. In a similar way we see that C*(S) also contains all compact operators
of To(C™). As V*V; = 4,1, it is easy to see that C*(V) = span{V*(V")*
a, B € A}. By explicit computation we see that the commutators [SF, S;] are com-
pact for all 7,j (see [5], Proposition 5.3, or [8]). Therefore we can also obtain
C*(S) = span{sa(sﬁ) ca, B €A}

Suppose T is a contractive tuple on a Hilbert space H. We obtain a certain
completely positive map (Popescu’s Poisson transform) from C*(V) to B(H), as
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follows. For 0 < r < 1 the tuple rT = (rT1,...,rTy,) is clearly a pure contraction.
So by (2.2) we have an isometry A, : H — I'(C") ® A, (H) defined by

Ah =" @ A ((rT)*)*h, h € H,

where A, = (I —r%Y" TiTi*)%. So for every 0 < r < 1 we have a completely positive
map ¢, : C*(V) — B(H) defined by

P (X)=ANX @A, X € C*(V).

By taking the limit as r increases to 1 (see [24] or [2] for details), we obtain a unital
completely positive map ¢ from C*(V) to B(H) satisfying

WYV = T*(TP)* for o, 3 € A.

As C*(V) = span{V“ (VP a,p e /~\}, 1 is the unique such completely positive
map. Now consider the minimal Stinespring dilation of . So we have a Hilbert

space H containing H, and a unital x-homomorphism 7 : C*(V) — B(H), such that
P(X) = Pum(X)|n VX € C* (1),
and span{m(X)h : X € C*(V),h € H} = H. Taking V. = (V4,..., V) = (n(V1),
..,m(V4,)), one verifies that each (Vz)* leaves ‘H invariant and V is the unique
minimal isometric dilation of T.

In a similar fashion, if T is commuting, by considering C*(S) instead of C*(V),
and restricting A, in the range to I's(C™), and taking limits as before (see [B],
[24], [2]), we obtain the unique unital completely positive map ¢ : C*(S) — B(H)
satisfying

$(S*(8”)) =T*(T7)",  a,BeA.
Consider the minimal Stinespring dilation of ¢. Here we have a Hilbert space H;
containing H and a unital *-homomorphism 7 : C*(S) — B(H;) such that

P(X) = Pymi(X)|n VX € C*(9),

and span{m (X)h : X € C*(S),h € H} = Hy. Taking S = (S1,...,5,) =
(m1(81), ..., m1(Sn)), we see that S is the standard commuting dilation of T by
definition (it is not difficult to verify that it is a minimal dilation in the sense of our
Definition 2). As minimal Stinespring dilation is unique up to unitary equivalence,
standard commuting dilation is also unique up to unitary equivalence.

Theorem 13 (Main Theorem). Suppose T is a commuling contractive tuple on
a Hilbert space H. Then the maximal commuting piece of the minimal isometric
dilation of T is a realization of the standard commuting dilation of T .

Our approach to proving this theorem is as follows. First we consider the stan-
dard commuting dilation of T on a Hilbert space H; as described above. Now the
standard tuple S is also a contractive tuple. So we have a unique unital completely
positive map n : C*(V)) — C*(S) satisfying

n(VAWI)) =58, a,BeA
Now clearly ¢ = ¢ on. Consider the minimal Stinespring dilation of the composed

map m o7 : C*(V) — B(H1). Here we obtain a Hilbert space Hs containing H
and a unital *-homomorphism w3 : C*(V)) — B(Hz) such that

w1 on(X) = Py, m2(X)|n,, VX € C*(V),
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and span{mz(X)h : X € C*(V),h € H1} = Hz2. Now we have a commuting diagram
as follows:

72

(H2)
il
(Hi)

cy)y — (8
U

B
B
W/'l
) — B(H)
¢

where the down arrows are compression maps, the horizontal arrows are unital
completely positive maps and the diagonal arrows are unital x-homomorphisms.

Taking V. = (V4,...,V,) = (m2(V1),...,m(Vy)), we need to show that (i) V
is the minimal isometric dilation of T, and (ii) S = (71(S1),...,m1(Sy)) is the
maximal commuting piece of V. Due to uniqueness up to unitary equivalence of
the minimal Stinespring dilation, we have (i) if we can show that my is a minimal
dilation of ¢ = ¢ o n. For proving this we actually make use of (ii). First we prove

(ii) in a very special case.

Definition 14. An n-tuple T = (T4, ...,T,) of operators on a Hilbert space H is
called a spherical unitary if it is commuting, each 7; is normal, and T37T7 + - -- +
.1 =1.

Actually, if H is a finite dimensional Hilbert space and T is a commuting tuple
on H satisfying > T;T; = I, then it is automatically a spherical unitary, that is,
each T; is normal. This is the case because here a standard commuting dilation of
T is a tuple of normal operators, and hence each T is subnormal (or see [6] for
this result), and all finite dimensional subnormal operators are normal (see [19]).

Note that if T is a spherical unitary, we have

ST =888 ) =TI = > T )TP)* =0

for any a, € A. This forces ¢(X) = 0 for any compact operator X in C*(S).
Now, as the commutators [S},S;] are all compact, we see that ¢ is a unital *-
homomorphism. So the minimal Stinespring dilation of ¢ is itself. So the following
result yields Theorem 13 for spherical unitaries.

Theorem 15. Let T be a spherical unitary on a Hilbert space H. Then the mazimal
commuting piece of the minimal isometric dilation of T is T .

As proof of this theorem involves some lengthy computations, we prefer to post-
pone it. But assuming this, we prove the Main Theorem.

Proof of Theorem 13. As C*(S) contains the ideal of all compact operators, by
standard C*-algebra theory we have a direct sum decomposition of m; as follows.
Take Hy1 = Hic ® Hin, where Hic = span{m(X)h : h € H,X € C*(S) and X
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is compact} and Hiny = Hi © Hic. Clearly Hic is a reducing subspace for 7.
Therefore
m(X) = <7T1C(X)

that is, m1 = m1c ® 1N, Where
WlC(X) = PchTrl(X)Pﬁlca 7T1N(X) = PHlNTrl(X)PHlN'

As observed by Arveson [5], mc(X) is just the identity representation with some
multiplicity. More precisely, Hic can be factored as Hic = I's(C™) @ Ar(H), so
that m1¢c(X) = X ®I; in particular m1¢(S;) = S; ®1I. Also mn(X) = 0 for compact
X. Therefore, taking Z; = min(S;), we see that Z = (Z1,...,Z,) is a spherical
unitary.

Now, 71 0o = (m1c o) @ (mn o 1) and the minimal Stinespring dilation of a
direct sum of two completely positive maps is the direct sum of minimal Stinespring
dilations. So He decomposes as Ho = Hac @ Han, where Hoc, Hon are orthogonal
reducing subspaces of 7y, such that w5 also decomposes, say mo = moc P TN, With

WlN(X)>7

mic o n(X) = Pryemac (X)ries Tiv o n(X) = P,y Tan (X)),
for X € C*(V) with Hae = Span{mc(X)h : X € C*(V),h € Hic} and
Hony = Span{man(X)h: X € C*(V),h € Hin}. It is also not difficult to see that
Hoc = Span{mac(X)h: X € C*(V), X compact, h € Hic} and hence Hac factors
as Hoc = T'(C™) @ Ap(H) with mec (Vi) = V; @ I. Also (man (V1), ..., man(Va)) is a

minimal isometric dilation of the spherical isometry (Z1,...,Z,). Now by Propo-
sition 6, Theorem 15 and Corollary 5, we get that (m1(S1),...,m1(Sn)) acting on
‘H1 is the maximal commuting piece of (m2(V1), ..., m2(V4)).

All that remains to show is that 7y is the minimal Stinespring dilation of ¢ o 7.
Suppose this is not the case. Then we get a reducing subspace Hyy for mo by
taking Hop = Span{ma(X)h : X € C*(V),h € H}. Take Ha1 = Ha © Hao and
correspondingly decompose mo as my = moo D mo1,

ra(X) = (WX D X)) |

Note that we already have H C Hog. We claim that Ho C Hog. First, as Hy is
the space where the maximal commuting piece of (m2(V1), ..., m2(V)) = (m20(V1) @
m21(V1), ..., ma0(Vi) Bma1(Vi)) acts, by the first part of Corollary 5, H; decomposes
as Hi = Hio ® H11 for some subspaces Hig € Hoo and Hiy € Hoy. So, for
X € C*(V), Py, m2(X)Py, has the form (see the diagram)

moon(X) 0
0 0
PH17T2(X)PH1: WIIOU(X) R

0 0

where 719,71 are compressions of m; to Hig, Hi1 respectively. As the mapping
1 from C*(V) to C*(S) is clearly surjective, it follows that Hyg, H11 are reducing
subspaces for m;. Now as H is contained in Hag, in view of the minimality of m
as a Stinespring dilation, H; C Hyo. But then the minimality of mo shows that
Ho C Haop. Therefore, Ho = Hag. O

Proof of Theorem 15. Here we need a different presentation of the minimal isomet-
ric dilation. This is known as the Schéffer construction [27] in the one-variable
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case, and [21] is a good reference for the multivariate case. Here we decompose the
dilation space H as H = H @ (I'(C™) ® D), where D is the closure of the range of
the operator

D:H®---OH—-HD---OH

n copies n copies

and D is the positive square root of
D? = [6i51 — T T nxn-

Whenever it is convenient for us, we identify H @ --- & H with C" ® H, so that
—_———

n copies
(hla"'7hn) = Zei®hi~
i=1
Then

(1) D(h1,...,hn) =D ei@hi) = e; @ (hi — Y _ T Tjhy).
i=1 i=1 j=1

And the minimal isometric dilation V; has the form

(2) Vih® ) e @da) =Tih®D(e; @h) @ e; ® (D e @ do)
acl acl

for h € H, d, € D for a € /~\, and 1 <i < n (C"w ® D has been identified with D).

In the present case, as >, T;T; = I, by direct computation D? is seen to be
a projection. So, D, which is the positive square root of D?, is equal to D2
Also, by the Fuglede-Putnam theorem ([19], [26]), {T1,..., T, T}, ..., T} forms a
commuting family of operators. Then we get

(3) D, hy) = Y e @Ty(Tihi = Trhy) = Y e @ Tj(hyy),
i,j=1 i,5=1
where h;; = T]f"hi —T7hj for 1 <14,j <n. Note that h;; = 0 and hj; = —h;;.
Now we apply Proposition 4 to the tuple V acting on H. Suppose

yeHt 07:[“(2).

We wish to show that y = 0. We assume y # 0 and arrive at a contradiction. One
can decompose y as y = 0@ Y 5 ¥ ® Ya, With y, € D. If for some a, yo # 0,

then (w ® yq, (ZQ)*M =(e* @ Yua,Y) = (Yo, Ya) # 0. Since each (VZ)* leaves 7:{0(2)

invariant, (V")*y € H(V). So without loss of generality we can assume |jyo|| = 1.

Taking §m = Y qepm €* @ Yo, we get y = 0® D,,50(Um)- As yo € D, yo =
D(hi,...,hy), for some (hi,..., hy,) (presently, D being a projection, its range is
closed). Set ©p = 9o = o, and for m > 1,

n
T = Z €, X--®e,, ®6i®D(€j®TZ "'Titn—lhij)'

11,0 im—1,8,5=1
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Clearly Z,, € (C")®™ @ D for all m € N. From the definition (3.2) of V;, commu-
tativity of the operators T;, and the fact that D is projection, we have

> ViV = ViVih

1<i<j<n
= (TiTjhij — TjTihiJ‘) + Z D(ei (24 Tjhij -6 ® Tihij)
1<i<j<n 1<i<j<n
+ (ei ® D(e; ® hij) — €; @ D(ei ® hij))
1<i<j<n

1<i<j<n ij=1
=D() " ei®@Tjhi) + Y e ® D(ej ® hyj)
ij=1 ij=1

= DQ(hl,...,hn)—l- Z 6i®D(€j ®hz])
i,j=1
=T9+ 1.

Therefore (y, Zo + 1) = 0 by Proposition 4. Now for m > 2

n n

Z Vvh cee ‘z'mfl ( Z (‘/;‘/} - E‘Z)Tz e 'T;:n,_QT_;hi'mfli)
U1 yeeyim—1=1 1,j=1
= > Vi Vi[> Dei @Iy T T hi,
U1 yeeyim—1=1 3,5=1

—e; @TTS .. T, Trhi, i)

* T im 2
n
—|— Z {61' ® D(ej ® T; . Titn,_gTj*h’im—l’i)
i,j=1
—e; @D ... T T hi, i)}]

T tm—2
n

= E €y &€,y

U1 yeeyim—1=1

®[D( Z e TjT; LLTE T;him,li —€; ® T.T: ... TF

ctimo2 i1 Ty 2

*
T} hi,, i)
i,7=1

—|—{ Z € ® D(ej ® T;; LTy T;{hivnfli)

T tm—2
4,j=1

- Z e;®D(e; @T;, ... Ty T hi,_5)}]
Q=1

(in the term above, i and j have been interchanged in the last summation)
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n

= Z e, ® Qe

0150y tm—1=1

n n
RDO e Ty .. T Lhi, i~ Y, e @TT .. T [ Trhi, i)
i=1

ij=1

n
+ > e @D{e;@ (T} ... T} T hiy i =T T TR, )]

i,5=1
n n
= Y e ®®e, ,®Y DT .. T hi, i)
U1yeestm—1=1 =1
n

+ E €y @ ®e, ; ®e;
01 ,eeyim—1,8,5=1

@D(e; @ Ty, ... T (T;T7h

Tm

TITS, = T{TSh

im—1 15 4i

ima + T By))

tm—1
n

= S e @ ®e, ,®e®D(e; 0T} . TE,  hij)
i1 yeeeim—nyi, =1
n
+ ) e, ®®e, 06
U1 yeenybm—1,8,0=1

® D(ej & T,Z o 'T;:n,—Q (_T;Titn,—lhi + E*Tttn—th))
(in the term above, index i,,—1 has been replaced by i and ¢ has been

replaced by j in the first summation)
n

= Y e ® e, ,060D(e; T ... T, hij)

iy —2,0,j=1

n
— Z €, Q- e, ®6i®D(€j®T;-*l T;:n—th)
i1,.im—1,8,5=1
= Tm—1— Tm.
SO; <y; ‘%mfl - jm> =0.
Next, we would show that ||Z,,+1]] = ||Zo|| = 1 for all m € N. Indeed,
n

[ZBmial?=( D> en®---®e, ®e@D(e; T ... T, hiy),

U15eenyim,6,0=1

n

% *
E €y ® - ®ey, ®ey ®D(ey @T5 ... Tj) hiryr))
il ot 57 =1

= > O D(e;@T; ... T} hij), > Dley @ T} ... T} hij))
11, tm,t=1 g=1 j'=1
n n n
= Y DO Ty T7 hij), > ey ®T; .. T} hajr)
j=1 i’=1

i1yeneyimyi=1
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n

- Z Zel®Tk(TkT*. T7 b = TPTy T i),

i1,e0tm,t=1 k=1

n
> ey @T; . T hiy)
=1

= Y O TWTRT T by =TT T hak), T T hig)
i1,050m,5,J=1 k=1

= Z <Z(TkT;hU - TkT;hik)a h’L]>
ij=1 k=1
=N S (T T by — TTET by — TeT Ty + T Ty he), T hy — T hy)
ij=1 k=1
= > O (OTT b = TWTR T hy) T hi — T hy)
ij=1 k=1
= > O (I T ) = T hy, T hi = T7 hy)
ij=1 k=1
= Y (TQ T T hi) = TyT; by ha)
3,j=1 k=1
n n
= Y ATQ_TWT Ty hy) — T hy, hy)
3,j=1 k=1

n

= 22 T QU Tl he) = 3 TiTihy. i)
i — =
ZTT ZTkT hi) zn:TiT;hj,hj>
i=1

TeT; hy) — ZTjTi*hj,hi> = O TuT;hi — hy, hy)

j=1 k=1

= > TeTihi),hy) = (D(ha, .. hn), (B, b)) = (0] =

1 k=1

~
_

M:

Jj=1

<.
Il
i

I I
M: [
&M:

<.
Il

As (y,Zo + Z1) = 0 and (y, T, — Tyg1) = 0 for m € N, we get (y,To + Tmt1) =0
for m € N. This implies 1 = (%o, %o) = (Jo, To) = —(Jm+1, Tm+1). By the Cauchy-
Schwarz inequality, 1 < ||Gm+1|l|Zm+1ll » 16, 1 < ||Gm+1|| for m € N. This is a
contradiction, as y = 0 ® @,,,~ Um is in the Hilbert space H. (]

4. REPRESENTATIONS OF CUNTZ ALGEBRAS

For n > 2, the Cuntz algebra O,, is the C*-algebra generated by n-isometries
= {s1,...,sn} satisfying the Cuntz relations: sjs; = 0;;/,1 < 4,5 < n, and
>~ sisf = I. It admits many unitarily inequivalent representations. Various classes
of representations of O,, have been constructed in [9], [I0], [I4]. Given a tuple of
contractions T = (711, ..., T;,) on a Hilbert space satisfying > T;T;* = I, we consider
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its minimal isometric dilation V = (Vl, o, Vn) We know that the isometries V;
satisfy Cuntz relations, and we obtain a representation 77 of the Cuntz algebra O,,
by setting mp(s;) = V;. We wish to classify all representations of ©@,, we can obtain
by dilating commuting contractive tuples T'.

Let S,, = C(0B,,) be the C*-algebra of all continuous complex valued functions
on the sphere OB, = {(21,...,2n) : Y. |2i[> = 1}. We have a distinguished tu-
ple z = (z1,...,2n) of elements in §,, consisting of co-ordinate functions. Given
any spherical unitary Z = (Z1,...,Z,) there is a unique representation of S,
which maps z; to Z;. Now given any commuting n-tuple of operators T', satisfying
ST;TF = I, we consider its standard commuting dilation S = (51, e gn) Let
pr be the representation of S,, obtained by taking pr(z;) = S;.

Definition 16. Let m be a representation of O,, on a Hilbert space £ with W =
(Wi,....,Wy) = (n(s1),...,7(sn)). The representation 7 is said to be spherical if

span{Wh : h € L°(W),a € A} = L, where L°(W) is the space where the maximal
commuting piece W° of W acts as in Definition 3.

Note that this definition means in particular that if 7 is spherical then the
maximal commuting piece W° is nontrivial. We will see that it is actually a spherical
unitary. But this is not a justification for calling such representations spherical,
because this happens for any representation of O,, as long as W° is nontrivial!
The actual justification of this definition is in Theorem 18.

Theorem 17. Let T = (T4, ...,T,) be a commuting tuple of operators on a Hilbert
space H, satisfying > T;T; = I. Then the representation wp coming from the min-
imal isometric dilation of T is spherical. Suppose R = (Ry,...,Ry) is another
commuting tuple, possibly on a different Hilbert space, satisfying Y R;Rf = 1.
Then the representations nr, mr of Op are unitarily equivalent if and only if the
representations pr, pr of S, are unitarily equivalent.

Proof. In view of Theorem 13, the maximal commuting piece of the minimal iso-
metric dilation V of T is a realization of the standard commuting dilation S of
T. The first claim follows easily, as the space on which the standard commuting
dilation acts includes the original space H. So V is the minimal isometric dilation
of S. A similar statement holds for the tuple R. Now the theorem follows due to the
uniqueness up to equivalence of a minimal isometric dilation of contractive tuples,
and the unitary equivalence of maximal commuting pieces of unitarily equivalent
tuples. O

So this theorem reduces the classification problem for representations of O,
arising out of general commuting tuples to that of representations of S,,. But S,
being a commutative C*-algebra, its representations are well-understood and is part
of standard C*-algebra theory. We find the description of this theory as presented
in Arveson’s classic 4] most suitable for our purposes.

Given any point w = (w1, ... w,) € 0B,, we have a one-dimensional representa-
tion ¢,, of S, which maps f to f(w). Of course w is a spherical unitary as an op-
erator tuple on C. We can construct the minimal isometric dilation (W, ..., W¥)
of this tuple as in the proof of Theorem 15 (Schéffer construction). We see that the
dilation space is

HY =C @ (I(C") ®C") C Cd (I(C") & C"),
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where C? is the subspace of vectors orthogonal to (wt,. .., W, ) in C". Further, the

operators W} are given by

th@Ze @dy) =wih®D(e;@h) ®e; ® Ze @ dy)

We denote the assoc1ated representation of O,, by p,,. This representatlon is known
to be irreducible, as it is nothing but the GNS representation of the so-called Cuntz
state on O, (see [14], Example 5.1), given by

* * JE— —
sil . .simsjl .o .Sjp — wil . 'w’imwjl . w]p

Now an arbitrary multiplicity-free representation of S,, can be described as fol-
lows (see [4]). Consider a finite Borel measure p on 0B,,. Then we get a represen-
tation of S,, on the Hilbert space L?(0B,,, 1), which sends f € S, to the operator
‘multiplication by f’. This representation can be thought of as a direct integral of
representations ¢, with respect to a measure y. Now it is not hard to see that the
associated representation of O, is simply the direct integral of representations p,
with respect to p and acts on $H“u(dw). Finally, an arbitrary representation of
S, is a countable direct sum of such multiplicity-free representations. So we have
proved the following result.

Theorem 18. FEvery spherical representation of O, is a direct integral of repre-
sentations py,w € OB, (GNS representations of Cuntz states).

Here we have not bothered to say when two such representations are equivalent.
But in view of Theorem 17, we can do it exactly as in ([4], pages 54-55), by keeping
track of multiplicities and equivalence classes of measures.

Theorem 19. Let w be a representation of O,. Then:

(i) ® decomposes uniquely as m = 7 @ wt, where 7 is spherical and (71 (s1),.. .,
7l (s,)) has trivial mazimal commuting piece (either ° or ' could also be absent).

(i) The mazimal commuting piece of (w(s1),...,m(sy,)) either is trivial or it is
a spherical unitary.

(i11) If 7 is irreducible, then either the mazimal commuting piece is trivial or
it is one-dimensional. In the second case, it is unitarily equivalent to the GNS
representation of a Cuntz state.

Proof. Suppose 7 is a representation of O,, on a Hilbert space £ and

W = (71'(81), s ,W(Sn)).
Consider the space £° generated by L£¢(W) as £L° = span{W*h : h € LS(W),a €
A}. Now each W leaves £¢(W) invariant, and clearly O,, = C*{s*(s°)* : o, 3 € A}.
Then it follows that £° is a reducing subspace for m. Taking £! = (£°%)*
decompose m as 70 @ 7! with respect to £ = £° @ L. Tt is clear that this is a
decomposition as required by (i). Uniqueness of this decomposition and (ii) follow
easily, as a maximal commuting piece of a direct sum of tuples is a direct sum

of maximal commuting pieces (Corollary 5), and then (iii) follows from Theorem
18. U

Let us see what happens if we dilate commuting tuples T satisfying just > T;7; <
I. In this case, as is well-known, the minimal isometric dilation decomposes as
(eheWy,...,(Va®I)®W,), where (V1,...,V,,) is the standard tuple of full
Fock space, and (W71,...,W,) are isometries satisfying Cuntz relations. If T is not
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pure, the term (W7, ..., W,,) is present and we get a representation of O,,. However,
as seen in the proof of Theorem 13, (Wy,...,W,,) is a minimal isometric dilation
of a spherical tuple (Z1,...,Z,) (the ‘spherical part’ of the standard commuting
dilation of T'), and hence the representation of O,, we get is still spherical.

On the other hand, it is easy to get examples of noncommuting tuples dilating
to representations of (,, which are not spherical. For instance, we can consider the
tuple R = (R1, R) on C? defined by

0
0 ]

0 1
ne(bi] el

Then as R; R} + R R5 = I, the minimal isometric dilation of (R, Rz) satisfies the
Cuntz relations. We can see that it has trivial commuting piece through a simple
application of Corollary 4.3 of [14].

Finally, we remark that if we are to consider the case n = oo, that is, if we have
infinite tuples {T1,T5,..., }, then the standard commuting tuple {S7, Se,...,} no
longer consists of essentially normal operators, as the commutators [S},S;] have
infinite dimensional eigenspaces with nonzero eigenvalues. This is a serious obstacle
in extending the results of Sections 3 and 4 to infinite tuples. Taking a different

direction, many results have been now extended to the case of g-commuting tuples

—= O
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