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L e t A ; B b e n £ n m a tric es w ith c o m p lex en tries. G iv e n
b e lo w a re sev era l p ro o fs o f th e fa c t th a t A B a n d B A

h a v e th e sa m e eig e n v a lu es. E a ch p ro o f b rin g s o u t a d if-
fe ren t v iew p o in t a n d m a y b e p re se n te d a t th e a p p ro p ri-

a te tim e in a lin e a r a lg eb ra c o u rse.

L e t tr(T ) sta n d fo r th e tra c e o f T , a n d d e t(T ) fo r th e
d e term in a n t o f T . T h e re la tio n s

tr(A B ) = tr(B A ) a n d d e t(A B ) = d et(B A ): (1 )

a re u su a lly p ro v ed e a rly in lin e a r a lg eb ra c o u rse s. T h e
¯ rst is e a sy to v erify ; th e sec o n d ta k e s m o re w o rk to
p ro v e .

L e t
¸ n ¡ c 1 (T )¸ n ¡ 1 + ¢ ¢ ¢ + (¡ 1 )n c n (T ) (2 )

b e th e ch a ra cte ristic p o ly n o m ia l o f T , a n d le t ¸ 1 (T );

¸ 2 (T ); : : : ; ¸ n (T ) b e its n ro o ts, c o u n te d w ith m u ltip lic -
itie s a n d in a n y o rd er. T h e se a re th e e ig e n v a lu e s o f T .
W e k n o w th a t c k (T ) is th e k th ele m e n ta ry sy m m e tric
p o ly n o m ia l in th e se n u m b e rs. T h u s

c 1 (T ) =
nX

j = 1

¸ j (T ) = tr (T )

c 2 (T ) =
X

i< j

¸ i(T )¸ j (T )

...

c n (T ) =
nY

j = 1

¸ j (T ) = d e t(T ):

T o sa y th a t A B a n d B A h a v e th e sa m e e ig en v a lu e s
a m o u n ts to sa y in g th a t

c k (A B ) = c k (B A ) fo r 1 · k · n : (3 )
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W e k n o w th a t th is is tru e w h e n k = 1 ; o r n ; a n d w a n t

to p ro v e it fo r o th er v a lu es o f k .

P r o o f 1 . It su ± ce s to p ro v e th a t, fo r 1 · m · n ;

¸ m
1 (A B ) + ¢ ¢ ¢+ ¸ m

n (A B ) = ¸ m
1 (B A ) + ¢ ¢ ¢+ ¸ m

n (B A ) (4 )

(R e ca ll N ew to n 's id e n titie s b y w h ich th e n e le m en ta ry
sy m m e tric p o ly n o m ia ls in n v a ria b les a re e x p re ssed in
te rm s o f th e n su m s o f p o w e rs.) N o te th a t th e e ig e n v a l-
u e s o f T m a re th e m th p o w ers o f th e e ig e n v a lu e s o f T .
S o ,

P
¸ m

j (T ) =
P

¸ | (T m ) = tr (T m ): T h u s th e sta te -
m en t (4 ) is e q u iv a le n t to

tr [(A B )m ] = tr [(B A )m ]:

B u t th is fo llo w s fro m (1 )

tr [(A B )m ] = tr (A B A B ¢ ¢ ¢ A B ) = tr(B A B A : : : B A )

= tr [(B A )m ]:

P r o o f 2 . O n e c a n p ro v e th e re la tio n s (3 ) d ire c tly . T h e
c o e ± cie n t c k (T ) is th e su m o f a ll th e k £ k p rin c ip a l

m in o rs o f T . A d ire c t c o m p u ta tio n (th e B in et{ C a u ch y
fo rm u la ) le a d s to (3 ). A m o re so p h istic a te d v ersio n o f
th is a rg u m en t in v o lv es th e a n tisy m m e tric te n so r p ro d -
u c t ^ k (T ). T h is is a m a trix o f o rd e r

³
n
k

´
w h o se e n trie s

a re th e k £ k m in o rs o f T . S o

c k (T ) = tr ^ k (T ); 1 · k · n :

A m o n g th e p le a sa n t p ro p e rties o f ^ k is m u ltip lic a tiv ity :
^ k (A B ) = ^ k (A ) ^ k (B ). S o

c k (A B ) = tr [̂ k (A B )] = tr [̂ k (A ) ^ k (B )]

= tr [̂ k (B ) ^ k (A )] = tr ^ k (B A ) = c k (B A ):

P r o o f 3 . T h is p ro o f in v o k e s a c o n tin u ity a rg u m e n t th a t
is u sefu l in m a n y c o n te x ts. S u p p o se A is in v e rtib le (n o n -

sin g u la r). T h e n A B = A (B A )A ¡ 1 : S o A B a n d B A a re

Recall Newton’s

identities by which

the n elementary

symmetric

polynomials in n

variables are

expressed in terms

of the n sums of

powers.
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sim ila r, a n d h en c e h a v e th e sa m e e ig e n v a lu e s. T h u s th e

e q u a lities (3 ) a re v a lid w h e n A is in v e rtib le. T w o fa c ts
a re n ee d e d to g e t to th e g e n era l c a se fro m h e re. (i) if A

is sin g u la r, w e ca n ch o o se a se q u e n ce A m o f n o n sin g u -
la r m a tric e s su ch th a t A m ! A . (S in g u la r m a trice s a re
ch a ra c terise d b y th e c o n d itio n d et (A ) = 0 . S in c e d e t

is a p o ly n o m ia l fu n ctio n in th e en tries o f A , th e se t o f
its ze ro s is sm a ll. S e e a lso th e d iscu ssio n in R eso n a n ce ,
V o l. 5 , n o . 6 , p . 4 3 , 2 0 0 0 ). (ii) T h e fu n c tio n s c k (T ) a re
p o ly n o m ia ls in th e en tries o f T a n d h e n c e, a re c o n tin -
u o u s. S o , if A is sin g u la r w e ch o o se a seq u e n c e A m o f

n o n sin g u la r m a trice s c o n v erg in g to A a n d n o te

c k (A B ) = lim
m ! 1 c k (A m B ) = lim

m ! 1 c k (B A m ) = c k (B A ):

P r o o f 4 . T h is p ro o f u se s 2 £ 2 b lo ck m a tric e s. C o n sid e r

th e (2 n ) £ (2 n ) m a trix

"
X Z

O Y

#
in w h ich th e fo u r e n -

trie s a re n £ n m a tric es, a n d O is th e n u ll m a trix . T h e
e ig en v a lu e s o f th is m a trix a re th e n eig e n v a lu e s o f X to -
g e th e r w ith th e eig e n v a lu es o f Y . (T h e d ete rm in a n t o f
th is m a trix is d e t(X )d e t(Y ): ) G iv en a n y n £ n m a trix

A , th e (2 n ) £ (2 n ) m a trix

"
I A

O I

#
is in v ertib le , a n d

its in v erse is

"
I ¡ A

O I

#
. U se th is to se e th a t

"
I A

O I

#¡ 1 "
A B O

B O

# "
I A

O I

#
=

"
O O

B B A

#

T h u s th e m a tric e s

"
A B O

B O

#
a n d

"
O O

B B A

#
a re sim -

ila r a n d h e n c e, h a v e th e sa m e eig e n v a lu e s. S o , A B a n d
B A h a v e th e sa m e e ig en v a lu e s.

P r o o f 5 . L e t A b e a n id e m p o te n t m a trix , i.e., A 2 = A :

T h e n A rep re se n ts a p ro je c tio n o p era to r (n o t n e c essa rily

a n o rth o g o n a l p ro je ctio n ). S o , in so m e b a sis (n o t n ec e s-

Since det is a

polynomial function

in the entries of A,

the set of its zeros

is small.

.
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sa rily o rth o n o rm a l) A c a n b e w ritte n a s A =

"
I O

O O

#
.

In th is b a sis let B =

"
B 1 1 B 1 2

B 2 1 B 2 2

#
. T h e n A B =

"
B 1 1 B 1 2

O O

#
, B A =

"
B 1 1 O

B 2 1 O

#
. S o , A B a n d B A h a v e

th e sa m e eig e n v a lu es. N o w le t A b e a n y m a trix . T h e n
th e re e x ists a n in v e rtib le m a trix G su ch th a t A G A = A :

(T h e tw o sid e s a re eq u a l a s o p e ra to rs o n th e n u ll sp a ce
o f A . O n th e c o m p le m en t o f th is sp a c e , A c a n b e in -
v e rte d . S e t G to b e th e id e n tity o n th e n u ll sp a c e o f
A .) N o te th a t G A is id e m p o te n t a n d a p p ly th e sp e c ia l
c a se to G A a n d B G ¡ 1 in p la c e o f A a n d B . T h is sh o w s
G A B G ¡ 1 a n d B G ¡ 1 G A h a v e th e sa m e e ig en v a lu e s. In
o th e r w o rd s A B a n d B A h a v e th e sa m e e ig e n v a lu es.

P r o o f 6 . S in c e d etA B = d etB A ; 0 is a n e ig e n v a lu e
o f A B if a n d o n ly if it is a n e ig e n v a lu e o f B A . S u p -

p o se a n o n z ero n u m b e r ¸ is a n e ig e n v a lu e o f A B . T h e n
th e re ex ists a (n o n ze ro ) v e cto r v su ch th a t A B v = ¸ v .
A p p ly in g B to th e tw o sid e s o f th is e q u a tio n w e see
th a t B v is a n e ig en v ec to r o f B A c o rre sp o n d in g to e ig e n -
v a lu e ¸ . T h u s ev ery e ig en v a lu e o f A B is a n e ig en v a lu e o f
B A . T h is a rg u m en t g iv es n o in fo rm a tio n a b o u t th e (a l-
g e b ra ic ) m u ltip lic ities o f th e e ig e n v a lu e s th a t th e e a rlie r
¯ v e p ro o fs d id . H o w e v e r, fo llo w in g th e sa m e a rg u m en t
o n e se e s th a t if v 1 ; : : : ; v k a re lin e a rly in d e p e n d e n t e ig e n -
v e c to rs fo r A B c o rre sp o n d in g to a n o n z ero e ig e n v a lu e
¸ , th en B v 1 ; : : : ; B v k a re lin ea rly in d e p e n d e n t e ig en v e c -

to rs o f B A c o rre sp o n d in g to th e e ig en v a lu e ¸ . T h u s a
n o n ze ro eig e n v a lu e o f A B h a s th e sa m e geo m etric m u lti-
p licity a s it h a s a s a n e ig en v a lu e o f B A . T h is m a y n o t b e

tru e fo r a z e ro e ig en v a lu e . F o r e x a m p le , if A =

"
1 0
0 0

#

a n d B =

"
0 1
0 0

#
, th e n A B =

"
0 1
0 0

#
a n d B A = O :

B o th A B a n d B A h a v e o n e eig e n v a lu e ze ro . Its g e o m e t-

A nonzero

eigenvalue of AB

has the same

geometric

multiplicity as it

has as an

eigenvalue of BA.

This may not be

true for a zero

eigenvalue.
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ric m u ltip lic ity is o n e in th e ¯ rst c a se a n d tw o in th e

se c o n d c a se.

P r o o f 7 . W e w a n t to sh o w th a t a c o m p le x n u m b e r z is
a n e ig en v a lu e o f A B if a n d o n ly if it is a n eig e n v a lu e o f
B A . In o th e r w o rd s, (z I ¡ A B ) is in v e rtib le if a n d o n ly

if (z I ¡ B A ) is in v ertib le . T h is is ce rta in ly tru e if z = 0 .
If z 6= 0 w e c a n d iv id e A b y z . S o , w e n e ed to sh o w th a t
(I ¡ A B ) is in v ertib le if a n d o n ly if (I ¡ B A ) is in v e rtib le .
S u p p o se I ¡ A B is in v e rtib le a n d le t X = (I ¡ A B )¡ 1 :

T h e n n o te th a t

(I ¡ B A )(I + B X A ) = I ¡ B A + B X A ¡ B A B X A

= I ¡ B A + B (I ¡ A B )X A

= I ¡ B A + B A = I

T h u s (I ¡ B A ) is in v ertib le a n d its in v e rse is I + B X A .

T h is c a lcu la tio n see m s m y ste rio u s. H o w d id w e g u e ss

th a t I + B X A w o rk s a s th e in v e rse fo r I ¡ B A ? H ere
is a k ey to th e m y stery . S u p p o se a ; b a re n u m b e rs a n d
ja b j < 1 : T h e n

(1 ¡ a b )¡ 1 = 1 + a b + a b a b + a b a b a b + ¢ ¢ ¢
(1 ¡ b a )¡ 1 = 1 + b a + ba b a + b a b a b a + ¢ ¢ ¢

If th e ¯ rst q u a n tity is x , th e n th e se c o n d o n e is 1 + b x a .
T h is su g g e sts to u s w h a t to try in th e m a trix c a se .

T h is p ro o f g iv e s n o in fo rm a tio n a b o u t m u ltip lic ities o f
e ig en v a lu e s ¡ a lg eb ra ic o r g e o m e tric ¡ sin c e it d o e s n o t
in v o lv e eith e r th e ch a ra cte ristic p o ly n o m ia l o r e ig en v e c -
to rs. T h is a p p a re n t w ea k n e ss tu rn s in to a stre n g th w h e n

w e d iscu ss o p e ra to rs o n in ¯ n ite d im e n sio n a l sp a c e s.

L e t H b e th e H ilb ert sp a c e l2 c o n sistin g o f se q u en ce s
x = (x 1 ; x 2 ; : : :) fo r w h ich

P 1
j = 1 k x j k 2 < 1 . L e t A b e

a b o u n d e d lin e a r o p era to r o n H . T h e spectru m o f A is
th e se t ¾ (A ) c o n sistin g o f a ll c o m p lex n u m b ers ¸ su ch

th a t (A ¡ ¸ I )¡ 1 e x ists a n d is a b o u n d e d lin e a r o p e ra to r.

This proof gives no

information about

multiplicities of

eigenvalues –

algebraic or

geometric – since

it does not involve

either the

characteristic

polynomial or

eigenvectors.  This

apparent

weakness turns

into a strength

when we discuss

operators on

infinite dimensional

spaces.
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T h e po in t spectru m o f A is th e se t ¾ p t(A ) c o n sistin g o f

a ll c o m p le x n u m b ers ¸ fo r w h ich th e re e x ists a n o n z e ro
v e c to r v su ch th a t A v = ¸ v . In th is c a se ¸ is c a lle d a n
e ig en v a lu e o f A a n d v a n eig e n v e cto r. T h e set ¾ (A ) is a
n o n em p ty c o m p a c t se t w h ile th e se t ¾ p t c a n b e e m p ty .
In o th er w o rd s, A n ee d n o t h a v e a n y e ig e n v a lu es, a n d if

it d o es th e sp e ctru m m a y c o n ta in p o in ts o th e r th a n th e
e ig en v a lu e s (U n lik e in ¯ n ite -d im e n sio n a l v ec to r sp a c es,
a o n e -to -o n e lin ea r o p era to r n ee d n o t b e o n to : a n d if
it is b o th o n e -to -o n e a n d o n to its in v e rse m a y n o t b e
b o u n d e d .)

N o w le t A ; B b e tw o b o u n d ed lin ea r o p era to rs o n H .
P ro o f 7 te lls u s th a t th e sets ¾ (A B ) a n d ¾ (B A ) h a v e th e
sa m e e le m e n ts w ith th e p o ssib le e x c ep tio n o f z e ro . P ro o f
6 te lls u s th e sa m e th in g a b o u t ¾ p t(A B ) a n d ¾ p t(B A ):

It a lso te lls u s th a t th e g eo m e tric m u ltip lic ity o f ea ch

n o n ze ro e ig en v a lu e is th e sa m e fo r A B a n d B A . (T h ere
is n o n o tio n o f d e te rm in a n t, ch a ra cte ristic p o ly n o m ia l
a n d a lg e b ra ic m u ltip lic ity in th is c a se.)

T h e p o in t ze ro c a n b eh a v e d i® e ren tly n o w . L e t A ; B

b e th e o p era to rs th a t se n d th e v e c to r (x 1 ; x 2 ; : : :) to
(0 ; x 1 ; x 2 ; : : :) a n d (x 2 ; x 3 ; : : :) resp e ctiv e ly . T h e n B A is
th e id e n tity o p e ra to r w h ile A B is th e o rth o g o n a l p ro -
je ctio n o n to th e sp a ce sp a n n e d b y v e cto rs w h o se ¯ rst
c o o rd in a te is z e ro . T h u s th e sets ¾ (A B ) a n d ¾ p t(A B )

c o n sist o f tw o p o in ts 0 a n d 1 , w h ile th e c o rre sp o n d in g
se ts fo r B A c o n sist o f th e sin g le p o in t 1 .

A ¯ n a l c o m m e n t o n re c ta n g u la r m a tric es A ; B . If b o th
p ro d u c ts A B a n d B A m a k e sen se, th e n th e n o n z e ro

e ig en v a lu e s o f A B a n d B A a re th e sa m e. W h ich o f th e
p ro o fs sh o w s th is m o st c lea rly ?

Unlike in finite-

dimensional vector

spaces, a one-to-

one linear operator

need not be onto:

and if it is both

one-to-one and

onto its inverse

may not be

bounded.




