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H- and auxiliary functions for phase functions of the type
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R. K. Bhatia and K. D. Abhyankar

Centre of Advanced Study in Astronomy, Osmania University, Hyderabad 500 007
Received 1984 January 11; accepted 1984 July 5

Abstract. H- and auxiliary functions are tabulated for nonconservative
scattering for phase functions of type p (cos 8) = =, + @, P, (cos 0) 4+ @, P,
X (cos 8). They have been computed for 15 values of the single scattering
albedo and for 37 pairs of m, = wi1/w, and &, = ®,/w,.
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Introduction

The H-functions, first introduced by Chandrasekhar (1960), have played an
important role in radiative transfer theory. These functions were originally intro-
duced for an isotropically scattering semi-infinite atmosphere. In addition to the
H-functions, auxiliary functions are required when a two- or three-term phase
function is used (e.g. Chandrasekhar 1960, chapter 6).

The solution for the three-term phase function p (cos 0) = m, + =, P, (cos 0) +
w,P, (cos®), where w, is single scattering albedo, =, and =, are constants, and
P,,, are the first two Legendre polynomials, was given by Chandrasekhar (1960)
for the conservative case in which =, = 1. Horak & Chandrasekhar (1961 = Paper I)
extended the solution to the general case of nonconservative scattering (w, < 1).
The relevant tables for the conservative case are given by Horak & Janousek (1965).

For an incident flux =F in the direction (— g, o), the reflected intensity in the
direction (u, ¢) is given by (cf. Paper I)

F
I(.uﬂ P Ho» CPO) = ?4; S(F: P: Hos ?0)’ (1)
1 1
where (; + o ) S(ps 95 po> o) = — By, () X(po) + 2‘“0’?(1‘) ®(ko)

+%%%wwwo+(L—ﬁWNl—#W“hMMWM)
— 3m,6(p) o(py)] cos (@ — @) + (1 — p®) (1 — ud)

3H®@
X 22— () H®(uy) 008 (3 — ).
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The various functions in equation (1) have been defined in Paper I. Our aim here
is to compute these functions. We have computed them for the nonconservative
case for 15 values of &, and for 37 combinations of &, = =,/=, and &, = ®,/m,
given in table 1 covering the whole allowable range of these parameters (see below).
These computations will be useful, for example, for studying multiple scattering
effects and for computing line profiles formed by anisotropic scattering (e.g. Bhatia
& Abhyankar 1983).

Table 1. The parameters @, and @, chosen for computations

w, W,y
0.0 1.95
0.0,1+-05, +10 41.45 1.50
1.6 1.30
00,+05, 2410, =145+ 17 1.00
—-13 0.6
0.0, £0.5, +1.0, 4145 0.50
0.0, & 0.25, & 0.45 —0.50
0.0, &+ 0.20, + 0.70 . —0.75
0.0 —0.95

2. Choice of the parameters =, and =,

To get phase functions of different shapes, we have to use different combinations
of =, and m,. This leads us to enquire about the limits on their values.

We know that the phase function represents the probability of radiation being
scattered in a direction inclined at an angle 0 to that of the original direction of the
radiation, which necessarily implies that p (cos 0) should be positive for all scatter-
ing angles. Dawn & Chen (1977) have already considered this constraint.
However, since their notation and approach are different, we give below a short
derivation of the conditions obtained by them. Writing

p(cos 8) = my(1 4 =y cos 0 4 ma(3 cos® 6 — 1)/2) = =, f(6),
and noting the condition w, € (0, 1), we require that
f(0)=14 = cos 8 + my(3 cos26 — 1)/2 > 0. -.(2)

Now f(0) has optima at 8, = 0,0, = = and 0; = cos™ (— =w;/3®,). A considera-
tion of the second derivative of f(6) then indicates that we can divide the o, — =2
plane into four sectors as shown in figure 1.

Sector B'OD' : Here f(#0,) is maximum, f(0,) is minimum and 6, does not exist; sector
D'OH’ : Here f(0;) is minimum and both f(8,) and f(6,) are maxima; sector H'OJ' :
Here f(0,) is minimum, f(0,) is maximum and 0; does not. exist; sector J’OB': Here
f(8;) is maximum and both f(8,) and f(0), are minima. Since their values are 1 4
®, + =, We see that f(8,) is the deeper minimum when =, < O (subsector A'OJ’)
and f(0) is the deeper minimum when w; > 0 (subsector A'OB’). _

Consequently constraint (2) will be satisfied in the various sectors of the w1 — w3
plane under the following conditions.

(a) Sector A'OD’ : f(6)) =1 — @y + w2 20, o ®w, > w; — 1, i.e., abovethe line
AX in figure 1.

© Astronomical Society of India ¢ Provided by the NASA Astrophysics Data System


http://adsabs.harvard.edu/cgi-bin/nph-bib_query?1984BASI...12..364B&amp;db_key=AST

2BASI T T2 T364B

[

366 R. K. Bhatia and K. D. Abhyankar

Figure 1. Region of the w, — @, plane where p(cos 6) 3> 0.

(b) Sector AOH': f(8,) =1+ w; + w2 > 0,
or m; > m, — 1, i.e., above the line AY in figure 1.

(c) Sector D'OH’ : f(9,) — 1 — BL + Ez(ﬂ _ 1) >0,

3ms 2 \3m:

or, since my; > 0,

1—,\/1—"3"‘<uu2<1+\/1—‘;g -(3)

The upper limit of equation (3) gives the boundary EFG in figure 1, and the lower
limit gives the bounding sections DE and GH. Thus we see that the physically
significant combinations of @, and w, must lie within the top-shaped figure
ADEFGHA, in which we can identify the following particular cases : ~

(i) The origin O represents isotropic scattering and the I component of Rayleigh
phase matrix; (i) R(w; = 0, w, = %) represents Rayleigh phase function; (iii)
F(w, = 0, w; = 2) represents the /; component of Rayleigh matrix; (iv) The line
CI bounded by =, = - 1 represents the anisotropic scattering phase function; and
(v) Points E, (G(wm, = + 3, w, =1) and A(w; = 0, m, = —1) are other extreme
phase functions which are physically significant.

Now, in order to obtain a variety of shapes of the phase functions, we have con-
sidered 37 combinations of =, and =, (given in table 1) which cover the top-shaped
region of figure 1. Representative scattering diagrams for some of these pairs have
been given by Bhatia & Abhyankar (1983). These indicate that (i) a negative value
of m, leads to a predominance of backward over forward scattering, the reverse
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being true for positive &,; and (ii) a negative value of &, leads to a predominance
of transverse over forward or backward scattering, the reverse being true for
positive ..

3. Computations of H-functions

We need to compute the three H-functions defined by

1

(n) ’ (n) ’ '
H® =1 4 pH® () S ¥ () H™ (u") dp

k+p

n=0,1,2),

where the ¥ (n) have been defined in Paper 1.
All combinations of =, and &, given in table 1 along with @, = 0.1, 0.2, 0.4,
0.6, 0.7, 0.8, 0.9, 0.93, 0.95, 0.96, 0.97, 0.98, 0.99, 0.995 and 0.997 were used. The

1
required constraint on ¥(p) that | W(u') du’ < 1/2 is satisfied in all the cases con-
0

sidered. We also need to compute the auxiliary functions X, ¢, ¢, c and 8 defined
in Paper 1. ’

The following alternative form for the integral equation was used :

1 1

[ e [mams

A 32-point Gaussian quadrature was used to evaluate the integral. All the
calculations were done in double precision arithmetic.

Initially all the values of H(u) were set equal to 1. Successive iterations were
performed and the integration stopped when the difference between successive
iterated valued became less than 1 x 10~1°, The moments were calculated and
computations were also checked with the help of the moment relation

1 1
JHO () ¥ de’ = 1= [1 =2 [ ¥() dP* (1= 0,1, .08

Further, it was verified that the following relation given by Paper I is satisfied :

3w, rs w109 3wty

e R | ..(5)

4. Accuracy of the generated functions

All the H-functions were evaluated using weights and divisions accurate up to 15
decimal places and the computations were performed in double precision arithmetic.
Since the computer used had large round-off errors (because of the floating point
processor used), the iteration accuracy of 1 x 10~ is not fully representative of
the final accuracy of the functions: we estimate that the computer worked with an
accuracy of slightly better than 12 significant figures. Test calculations for the
case @y = 1.0 showed that the H-functions computed by us agree with those
tabulated by Horak & Jahousek (1965) to six significant figures and their claim of
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accuracy of 4 figures holds for us. Further, comparison for the case & ;= 0.0 and
=, = 0.5 (Rayleigh phase function) with the values published by Lenoble (1970)
shows occasional differences in the fourth place. It is to be noted that check given
by equation (5) is at times satisfied only to 0.01, probably because of the large
number of terms calculated in the lengthy algebra.

5. Explanation of the tables

We have computed the H- and auxiliary functions for 37 values of =, and w,
(see table 1), 21 values of u and 15 values of w, (0.1, 0.2, 0.4, 0.6, 0.7, 0.8, 0.9,
0.93, 0.95, 0.96, 0.97, 0.98, 0.99, 0.995, 0.997). The values for one pair, viz.
w,; = 0.0, @, = — 0.95 are given in table 2; the tables for other pairs of =; and
T, can be obtained from the authors.

At the top of each set, the values of =, v, and =, are given. At the bottom of
each table the following are given for each of the three H- functions : (i) the five

1
moments ap (n = 0, 1, 2, 3, 4) where an = [ u2HY () du, (i =0, 1, 2; n = integer).
0

(1i) the moment check given by equation (4) mom. check); and (iii) the check
given by equation (5) (check 0).
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