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When is f(x,y) = u(x)+v(y)?
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Abstract. Let X and Y be arbitrary non-empty sets and let S a non-empty subset of
X x Y. We give necessary and sufficient conditions on § which ensure that every real
valued function on S is the sum of a function on X and a function on Y.
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1. Introduction

In this note we characterise subsets S of X x ¥ with the property that every complex
valued function f on § can be expressed in the form

f6y) = ulx) +v(y), (x,y) €S, (1)

where u and v are functions on X and ¥ respectively. The question is motivated by the
preceding paper [1] where similar subsets occur as supports of measures associated of
certain stochastic processes of multiplicity one.

2. Good sets

DEFINITION 2.1

We say that a subset () £ S C X x Y is good if every complex valued function f on § can
be expressed in the form (1).

It is obvious that any non-empty subset of a good set has also this property, but there
exist sets which are not good and such that all proper subsets of it are good.

The purpose of this section is to describe good subsets of X x ¥, , when X and Y are finite.

22 LetTl; : X XY—X and IT, : X x Y—Y be the projections on X and Y respec-
tively. If S is good, then any function f : S—C, f=wu+v, is completely determined
by the values of » on I1; S and v on II,.S. Therefore it is not a severe restriction on a good
set S, if we assume in addition that I1;8 = X and II,S = Y. This assumption will be
made whenever necessary.

2.3. Assume that X and Y are finite with m and n elements respeétively. We begin with
the observation that a good set must be “thin’ in the sense that it can have at most
m +n — 1 points.



58 R C Cowsik, A Klopotowski and M G Nadkarni

Let X = {x1,%,..-,%m}, ¥ = {y1,¥2,...,yn} and § = {s1,82,...,5}, where
S1 = (xinyjl)) §2 = (xizayjz)a' cy Sk = (xikayjk)'

We consider the k x (m + n)-matrix M (called the matrix of S) withrows M, 1 <p <k,
given by

M, =(0,...,0,1,0,...,0,1,0,...,0),
where 1 occurs at the places i, and m =+ j,, corresponding to the subscripts in the pair
sp = (x3,,¥;,)- Since S is good,
Flsp) =flxi,y;,) = ulx;,) +v(y,), 1<p<k
We put '
() = Gy oo #(Xi,) = G V0) = Mo -1 00) = T
The relation (1) gives us k equalities
G, +m, =f(sp), 1<p<k
In other words, the column vector (Ci, ... ,GCnsTs---,7n) € C™*" is a solution of the
matrix equation
MZ = @, (2)
where & = (f(s1), f(52), - -, f(si))" € C~.

Since § is good, we know that (2) has solution for every &. Since M has m + n columns
and since the vector (1,1,...,1,-1,. 1) is a solution of the homogeneous equation

mtimes ntimes
MZ = 0, we see that its rank is at most m -+ n — 1. Clearly k cannot exceed the rank of M.

On the other hand the set S = {{x;} x Y} U {X x {y1}}, the union of two “axes”, is a
good subset of X x Y of cardinality m +n — 1. We have proved:

PROPOSITION 2.4

Let X,Y, SC X x Y be finite sets with m, n and k elements respectively; 11§ = X,
I,S = Y. Then S is good if and only if k < m+n—1 and the matrix M of S defined
above has rank k. There always exists a good set of cardinality k <m+n — 1.

DEFINITION 2.5

Let S € X x Y. (We do not assume that X and Y are finite and S is not assumed to be
good.) We say that a point s = (xo,y0) € S is isolated in the vertical direction (resp.
isolated in the horizontal direction) if ({xo} x ¥) N S (resp. (X x {yo}) N S) is a singleton.

26. Let SC X xY be an arbitrary subset of the cardinality < m+n—1 with
;S = X and IT,S =Y, | X| = m, [Y| = n, where |A| denotes the cardinality of the set
A. Every column of the matrix M associated to S is a non-zero vector. Each row has
exactly two ones in it. Since the number of columns is m + n, there are at least two
columns with exactly one 1 in each of them. Suppose that the jth column has exactly one
1 which occurs in the ith row. This means that s; is isolated in the vertical direction if
1 £ j < m, and in the horizontal direction if m + 1 < j < m +n. We cancel from M the
ith row and the jth column to obtain a matrix M and we drop from S the element s; to
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obtain a set S;. We cancel from M all columns which consist only of zero’s and write M;
for the matrix thus obtained. It is easy to see that M, is the matrix associated to 5. If the
number of rows in M is greater or equal to the number of columns in M, then S; is not a
good set and a fortiori S is not a good set. Otherwise, the number of rows in M; is
smaller than the number of columns in AM; and we can apply the above procedure to M.
We obtain a reduced matrix My and the smaller set Sy, of which M, is the associated
matrix. If this process of reduction stops at a stage [ < k, in the sense that the number of
rows in M is greater or equal to the number of columns in M, then the set S is not good.
If the process continues up to stage k (equal to the number of points in S), then S is good
and the rank of the matrix M is equal to k. Thus we have obtained:

PROPOSITION 2.7

A subset S C X xX Y, where X, Y are two finite sets of cardinality m and n respectively, is
good if and only if the process of reduction of the matrix M continues up to k steps, where
k is the number of elements in S. Equivalently, if and only if the number of rows in M; is
smaller than the number of columns in M; for each 1 <i< k.

3. Graphs, couples and their unions

The sets X and Y are no more assumed to be finite in what follows, except when this
assumption is explicitly stated.

PROPOSITION 3.1

If S is the graph of a function g : E—Y, where E C X, then S is good. Sz:milarly, ifSis
the graph of a function h : F—X, where F C Y, then S is good.
We have a more general result:

PROPOSITION 3.2
If S = GUH, where G is the graph of a function g : E—Y, E C X, H is the graph of a
function h: F—X\ E, F C Y \ g(E), then S is good.

Proof. For any complex valued function f on S, we define

u(x) ={f(x,g(x)) if x€E,

0 if x€X\E,
o) _{f(h(y),y) ify€F,
Y=\ o ifye Y\F,

so that (1) is satisfied.
This suggests the following:
DEFINITION 3.3

Let g be a function defined on a subset E C X into Y and A be a function defined on a
subset F C Y into X. Let G and H be the graphs of g and & respectively. We say that the
set § = GUH is a couple if

g(E)NF =0, h(F)NE = 0.
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Each couple is a good set. Let us observe also that not every union of two graphs is a
couple; for example, if g and 4 are onto, then G U H is not a couple. Moreover, a good set
need not be a couple, for example the triplet {(0,0),(0,1),(1,0)} is a good set in
{0,1} x {0, 1} which is not a couple.

3.4. We define

G={(x,y) € S: (x,y) is isolated in the vertical direction},
H={(x,y) € S: (x,y) is isolated in the horizontal direction}.

Note that GUH=(G\ (GNH)) UH and the latter can be seen as a couple, since

I (G\ (GNH))NILH =0 and II,(G\ (GNH))NILH = {.
Define

=5\ (GUH).

Let G1,H; be obtained from S; in the same manner as G and H are obtained from S.
Proceeding thus we get

52281\(G1 UHI),...,Sn.i_] ':Sn\(GnUHn),...

We note that S, C S, for all n € N. It is easy to see that each G; U H; is a couple, being
‘equal to (G; \ (GiNH;)) U H,.

A natural generalisation of Proposition 2.7 is the following:

PROPOSITION 3.5
If (V21 Sn =0, then S is good. If S is good and finite, then 2, S, = 0.
DEFINITION 3.6

Two couples § = Gy UH), S; = G, UH, are said to be separated, if the sets II; G,
I Hy, 111G, II;H,, are mutually disjoint and the same is true for the sets II,Gy,
ILH,, 11,G,, ILH,.

In this case S = (G1 U H1) U (G2 U Hy) is a couple too. More generally, it is clear that:
PROPOSITION 3.7

An arbitrary union of pairwise separated couples is a couple, hence a good set.

4. Links, linked and uniquely linked sets, loops

4.1. If S is finite and good, then at least one of the sets G or H defined in 3.4 is non-
empty. The following example shows that this need not be true, if S is infinite.

LetX=Y=7ZandS= {(n,n=1): n€ Z}U{(n,n): n€Z} CZ x Z.No point of
S is isolated in either direction. However, S is good. For, let f be any complex valued
function on S. We define u(0)= ¢, where c is an arbitrary constant. This forces v(0) =

f(0,0)— c. Having defined v(0), we see that u(1) = f(1,0) — v(0), v(1) =f(1,1)— u(1).

Proceeding thus we see that u and v are uniquely determined as soon as we fix the value
of u(0).

This example suggests a method of describing good subsets of X x ¥, wh1ch is valid
also when X or Y or both are infinite.
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DEFINITION 4.2

Consider two arbitrary points (x,y), (z,w) € § C X x ¥ (S not necessarily good or finite).
We say that (x,y), (z,w) are linked, if there exists a sequence {(x1,y1), (*2,¥2),-- -
(Xn,yn)} of points in S such that:

(1) (xlayl): (x7y)1 (xmyn) = (Z7W); )
(i) for any 1 <i < n —1 exactly one of the following equalities holds:
Xi = Xit1s Yi = Yitl;

(iii) if x; = X1, then yip1 =yiys, 1 <i<n—2, and if y; = y;q, then X1 = xi40;
equivalently, it is not possible to have x; = x;11 = X1 Or y; = y;41 = yi4, for some
1<i<n-2.

The sequence {(x1,Y1), (*2,¥2),- .., (X, ¥a)} is then called a link (of length n) joining
(x,y) to (z,w) and we write (x,y)L(z, w).

It is easy to see that the relation L is reflexive and symmetric and a verification shows
that it is also transitive, so an equivalence relation.

DEFINITION 4.3
An equivalence class under the relation L is called a linked component of S. If (x,y) € S,
then the equivalence class to which (x,y) belongs is called the linked component of (x, y).

4.4. Let (z0,y) € S € X x Y. The linked component of (z, %) is obtained as a union
Une; Qn, where

O1=Xx{»w})ns, Pp=10,0,
Oy = (II7'P1) NS, Py =T1,0,,
0s = (I;'Py) NS, Py =11,0s,

and so on. If n is odd, we haYe
Py=I110s, Qnr1=7'P,)NS, Por1=110m11, Oniz=1;'P,1)NS, ..

A similar description is obtained if we start from the sets
Ql = ({JCQ} X B) n S, Pl = Hle.

4.5. Suppose that X and Y are standard Borel spaces and that X x Y is furnished with
the product Borel structure. If S € X x Y is a Borel set, then each linked component of
S is a countable union of analytic sets, hence the equivalence relation L decomposes S
into at least analytic sets. We do not know whether the linked components are always
Borel, or, if the partition into linked components is countably generated by Borel sets.

DEFINITION 4.6

Two points (x,y), (z,w) € S € X X Y are said to be uniquely linked, if there is a unique
link joining (x,y) to (z,w).

- Theorem 4.7. Let Q be linked component of S. Then the following properties are

equivalent:
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(i) any two points of Q are uniquely linked;
(il) some two points of Q are uniquely linked;
(iii) for some (x,y) € Q the singleton {(x,y)} is the only link joining (x,y) to ztself

Proof. Left to the reader.

DEFINITION 4.8

A linked component of S C X X Y is said to be uniquely linked if any two points in it are
uniquely linked.

The set S of 4.1 is uniquely linked.
DEFINITION 4.9

A non-trivial link joining (x,y) to itself is called a loop; by trivial hnk joining (x,y) to
itself we mean the link consisting of the singleton {(x,y)}.

It is clear that a linked component is uniquely linked, if it has no loops. The four point
set forming the vertices of a rectangle is a loop.

Theorem 4.10. Assume that S C X x Y is linked. Then S is good if and only if it is
uniquely linked.

Proof. Assume that S is uniquely linked and let f be complex valued function on S. Let
(x0,Y0) €S and define u(x) = c, where c is a constant. This forces v(yo) = f (X0, Yo)— u(Xo)-
We will now show that u(x) and v(y) can be defined unambiguously for all (x,y) € S, so
that (1) holds. Assume that we have defined u(x) and v(y) for all (x,y) € S, which can be
joined to (xo,y0) by a link of length n. Let (z,w) € S which is joined to (xo,yo) by a link
of length n+1 and let {(x1,y1), (x2,¥2);- -, (Xn,¥n)s (%ns1,Yn+1)} be this link. Since
(x1,y1)=(x0,y0) is joined to (x,,y,) by a link of length n, by the induction hypothesis
u(x,) and v(y,) are correctly defined. If x, = x,4;, then u(x,+1) is also defined and
V(¥nt+1) = f(Fns1, Ynt1) — U(xpt1 ). Note that v(y,+1) is unambiguously defined, for (i) since
S is uniquely linked, y,+; cannot occur in {y1,y2,...,yn}, (ii) no point (x,y,+1) can be
joined to (xo,yo) by a link of length < n, for if x# x,41, then {(x1,y1), (x2,¥2),-- >
(Xn1Yn+1)s (%, Ynt1) } is the unique link (of length > n) joining (x1,y1) to (x,Yn+1)- On
the other hand, if y, = y,41, then v(y,+1), hence also u(x,.1) is correctly defined. We set
u and v equal to zero on X \ IL;(S) and Y \ II(S) respectively and conclude (1).

We note that u and v are uniquely determined on II;(S) and IT5(S) up to an additive
constant, since the assignment of value to u(x;) completely determines u and v on these sets.

Assume now that the set S, which is good and linked, is not uniquely linked. Then S
admits a loop {(x1,y1), (x2,¥2)s-- -, (%, ¥n)}, (*1,¥1)=(%n,yn), which we can assume to
be of shortest length. Then elther X| =Xy F Xp_1 OF y1 y2 # Yn—1. In either case, since S
is good, any function f on S satisfies

Fxy1) = f(x2,y2) + -« = f(Xn=1,Yn-1) = 0.
Since there are functions on S for which this fails, the theorem follows.

COROLLARY 4.11

A subset § C X x Y is good if and only if each linked component of S is uniquely linked,
and also if and only if every finite subset of S is good.
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Proof. Since § is good if and only if there is no link in S which is a loop, the corollary
follows.

Remark 4.12. Assume that S is good. Then the decomposition f = u + v is unique up to
additive functions of x and y respectively, which are constant on the linked components.
In other words, if f = u 4+ v = u; + vy, then u — u; and v — v are constant on the linked
components.

Theorem 4.13. If a subset S C X x Y is uniquely linked, then S is of the form G UH,
where G is the graph of a function g on a subset of X and H is the graph of a function h on
a subset of Y. :

Proof. Fix (xo,yo) € S. Assume that ({xo} x ¥) NS = {(x,y0)}, for simplicity. Let

G = {(x,y): (x,y) is joined to (xg,yo) by a link of even length},
H ={(x,y): (x,y) is joined to (xo,yo) by the link of odd length}.

We note that S=G UH and G N H = {), since S is uniquely linked. We shall show that G
is the graph of a function g on II;G.

Let (u,v),(w,z)€ G, (u,v)# (w,z). We show that u # w. Let {(x1,y1), (x2,2),-- -,
(X4, yn)} be a link joining (xg,yo) to (w,z). Note that y,_; must be equal to y,, since the
link is of even length. If u =w, then {(x1,y1), (x2,¥2),-- -, (X, yn) (= W, 2) = (4, 2)),
(u,v)} is a link of odd length joining (xo,yo) to (u,v), contrary to the assumption that
(u,v) € G. Thus G is the graph of a function g on II; G defined by g(x) =y, if (x,y) € G.
Similarly H is the graph of a function 4 on IT,H defined by h(y) = x, if (x,y) € H.

We now remove the assumption that ({xo} x ¥) NS = {(x0,y0)}. Let G; denote all
those points (x,y) € S, which can be joined to (xg,yo) by a link {(x1,y1), (x2,y2),---,
(%, ¥n) }s (x1,1) = (%0, ¥0), of odd length and such that x; = x; let G, denote all those
points (x,y) € S, which can be joined to (xg,yo) by a link of even length and such that
y1 = Yy,. Similarly we define H; and H,. These four sets are mutually disjoint. If
G =G UGy and H = Hy U H,, then S = G U H and as before we can show that G and H
are graphs of functions on subsets of X and Y respectively. The theorem is proved.

COROLLARY 4.14

If S C X X Y is good, then S is a union of two graphs G and H of functions defined on
subsets of X and Y respectively.

Proof. Let S = U,S, be the partition of S into uniquely linked components. Note that
I1;So NILSg = 0, 11,5, NSz = 0, if a # B. Since each S, = G, U H,, where G, is
the graph of a function g, on IT; G, and H,, is the graph of a function h, on II,H,,, we see
that § = GUH, G = UyGy, H = UyH,,. Moreover, G and H are graphs of functions on
IT, G and IT,H respectively.

PROPOSITION 4.15

Let C; = G; UH,,i € I, be an indexed family of couples, where the indexing set I is totally
ordered such that for any i € I, C; N (X711, G; UTI; T H)) = 0 for all j < i. Then Ui C;
is a good set.
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Proof. Assume, in order to arrive at a contradiction, that S = Uie/(G; U H;) is not good.
Then § admits a loop, say (x1,y1), (x2,¥2), .-, (%, ¥x), Which is of shortest possible
length. Since U;;C; = S and since there are only finitely many points in the loop, there is
an index p such that G, U H, contains a point from this loop, but no C;, i < p, contains a
point of this loop. Since C, N (II7'11,G; U II; 'II,Hj) = 0 for all j < p, we can replace X
and Y by X \ Ui, II;1G;, and Y \ U;c,II,H;. Without loss of generality assume that
(x1,51) € G,. Since G, is the graph of a function on a subset of X, each point of it isolated
in the vertical direction and so we conclude that x; # X1, Y1 = Y2, Xp—1 7 X1, Yn—-1 = Y1-
But then (x2,¥2), (X3,¥3); - - - » (Xn—1,¥n—1), (X2,y2) is a loop in S of a smaller length if
Xn—1 3 X3; otherwise (x2,¥y2),(x3,¥3),-- -, (Xn—1,Yn—1) is a loop of smaller length in S.
The result follows.

It is natural to ask if the good measure as defined in 2.1 of the preceding paper [1] is
supported on a good set.
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