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The inadequacy of the current theories to accurately predict the haemodialyser performance is shown to be
a result of the effective slip at the membrane surface. This slip phenomenon, manifested by the Fahraeus-
Lindqvist effect is peculiar to (heterogeneous) blood flow. Literature data have been analyzed to substan-
tiate the slip hypothesis proposed in this work. Both the theoretical analysis and the experimental observa-
tions indicate that stip enhances haemodialyser performance. Some design considerations have been
provided, which will account for the beneficial effect of wall slip in practical haemodialyser operations.

INTRODUCTION

Regular haemodialysis treatment has proved to be a viable alternative for a large
number of people suffering from chronic renal diseases (Leonard and Dedrick, 1968).
Haemodialysers permit mass transfer between dialysate and blood streams separated
by a semipermeable membrane. Low mass transport rates imply larger transfer areas
for efficient solute removal and larger equipment sizes and hence, the costs. In com-
monly used coil and flat plate dialysers, large areas are generally provided by allowing
the blood to flow through very fine tubes or channels. The development of hollow
fibre artificial kidneys, which combine the advantages of both coil and flat-plate dia-
lysers, is a major breakthrough. A typical unit consists of several thousand hollow fi-
bres in a cylindrical shell. The blood flows inside the fibres, whereas dialysate is
pumped through the shell side. Typically, these fibres are 0.1 mm in diameter (internal),
0.01 mm in thickness and 20 cm in length.

Detailed analyses, which form a basis for successful design of haemodialysers, have
been conducted by a number of workers. For example, Grimsrud and Babb (1966),
Davis and Parkinson (1970), Colton et al. (1971a), Cooney et al. (1974), Ramachan-
dran and Mashelkar (1980). In all of these analyses, appropriate convective diffusion
equations are solved using the no slip assumption, which implies that the velocity is
zero at the membrane surface. Interestingly, when compared with experimental re-
sults, these theoretical calculations generally underpredict the haemodialyser per-
formance. This is somewhat surprising, specially in view of the fact that the theory
based on solution of convective diffusion equations appears to work perfectly well
for homogeneous fluids. In the present work, we shall be focussing attention on this
somewhat intriguing aspect and presenting its interpretation.

T NCL Communication No. 2868.
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Previous Experimental Observations

In order to demonstrate the difference, which currently exists between the theory and
practice, it is useful to cite some typical data in the literature. Figure | shows the
normalised bulk concentration as a function of normalised dialyzer length. Two sets
of data have been presented.

Grimsrud and Babb (1966) have provided experimental results on diffusion of so-
dium chloride in water through permeable membranes using a parallel plate dialyzer
with channel size varying from 0.005 to 0.155 ¢m, whereas Davis and Parkinson {1970)
have reported data on urea removal from blood in tubular dialyzer of 0.315 ¢m radius.
It can be seen from Figure 1 that the agreement between the theory and experiments
is quite good for sodium chloride solution. The same, however, is not true for urea
removal.

It may be remarked here that whereas there is no ambiguity in the literature as re-
gards diffusivity of sodium chloride through water, there has been some ambiguity
concerning diffusivity of urea in blood. Reliable data have been presented by Colton
et al. (1971b) which show that there is a minor influence of shear rate on diffusivity of
urea in blood such that when the shear rate is changed from 30 to 50 sec”’, the diffu-
sivity changes from 0.9 X 107 to 1.1 X 107 cm?¥/sec. However, the detailed studies
of Goldsmith and Karino {1979) show clearly that it is most unlikely that in the range
of RBC concentration in which the data have been obtained, there will be any appreci-
able shear effect on diffusivity. Further, Mashelkar and Dutta (1982) have shown
that the apparent shear rate influence obtained by Colton ef al. {1971b) could be at
least partially due to the plasma layer separation at the wall. We have used a diffusivity
value of 1 X 107 ¢cm?/sec for the sake of comparison.

At this juncture, the obvious question is why the theory which performs adequately
for a homogeneous fluid (NaCl solution) yields anomalous results when applied to
heterogeneous liquids like blood. A possible explanation may pertain to the non-
Newtonian nature of blood, whereas the theories usually assume Newtonian behaviour.
This, however, appears to be unlikely as it has generally been determined that the
non-Newtonian characteristics are not of great importance under conditions usually
encountered in blood flow. The non-Newtonian nature of blood is characterized by
the existence of a yield stress. Kooijman (1972), for typical haemodialyser operations,
has shown that this yield stress is only a very small fraction (0.1-0.7%) of the wall
shear stress, and hence its effect on the dialyser performance is practically negligible.
An alternative explanation, therefore, must exist for the aforementioned discrepancy.
We propose that this anomalous behaviour is most likely to be due to effective slip-
page of the blood at the membrane surface.

Mashelkar and Dutta {1982), for a large variety of flow situations, have shown that
even minor wall slip can play a very prominent role in enhancing mass transfer rates.
A number of experimental evidences of mass transfer augmentation due to effective
wall slip are provided for laminar flow of heterogeneous fluids, such as, polymer so-
lutions and suspensions. It, therefore, seems quite plausible that large slip effects, if
present during {heterogeneous) blood flow, will undoubtedly play a major part in de-
termining the overall haemodialyser performance. Fortunately, there is considerable
amount of direct experimental observations that confirm the presence of wall slip in
blood flow, particularly through slender passages.
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It is common knowledge that when blood flows through long and narrow (<1 mm)
capillaries, the cells tend to migrate away from the walls resulting in a cell-depleted
layer adjacent to the walls (Bugliarello and Sevilla, 1970). This layer is not well defined
and its thickness generally depends on the haematocrit concentration, flow rate, and
capillary dimensions. Typically, this cell-depleted layer is very thin (2-6 microns) and
hence, occupies a small portion of the flow area. Nevertheless, this layer is significant
in that it serves as a lubricating layer for the concentrated core region, generating an
apparent slip velocity, vs, at the wall.

This phenomenon of cell migration accounts for the well known Fahraeus-
Lindqvist effect, where the apparent viscosity of blood decreases rapidly with de-
creasing capillary dimensions. Conversely, wall slip explains the occurrence of anom-
alously low pressure drops for blood flow as compared to the predicted values
calculated from the measured viscosity and flow rate. Apart from the indirect evidence
of wall slip in blood flow, direct experimental confirmation is also available from the
velocity profile measurements of Kried and Goldstein (1974), Blackshear er al. (1971),
Duffaux er al. (1980), among many others, As an illustration, a typical velocity profile
from the work of Blackshear er al. is shown in Figure 2. The data, obtained by means
of a 3D flowmeter, are for simulated blood (dilute RBC in 50% ghost suspension)
flowing in a 0.1 mm channel. Clearly, the blood velocity at the wall is effectively non-
zero and is as high as 25 to 60% of the maximum velocity. Presence of such large slip
velocities is also evident from the Laser-Doppler measurements of blood flow in a
0.37 mm channel as reported by Duffaux er al. (1980).

Surprisingly, inspite of considerable amount of experimental evidence supporting
the phenomenon of effective wall slip in blood flow through slender capillaries, no at-
tempt has been made to investigate its effect on the mass transfer processes occurring
in biomedical devices, such as haemodialysers and blood oxygenators. In order to fill
this important gap, we shall present a theoretical analysis of haemodialyser operation
taking into account the presence of slip at the membrane surface.

-l OF -
-1
0
V/ Vmax
FIGURE 2 Velocity profile for biood flow through a 100 micron channel (Blackshear et af., 1971), ----
parabola with no slip velocity, —— best fit parabola. The shaded area represents the scatter of the experi-

mental data.
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THEORETICAL ANALYSIS

We consider the steady, laminar flow of blood through a tube or a channel where the
walls consist of semipermeable membranes. Within the dialyser, solute is transferred
from the blood to the dialysate stream through the membrane. This results in an axial
concentration gradient along the length of the dialyser and we take c;and c, to be bulk
solute concentrations of the blood stream at the inlet and outlet, respectively. The
dialysate flow is considered turbulent as a result of which, the mass transfer coefficient
can be considered to be rather high, thereby resulting in zero solute concentration on
the dialysate side. Neglecting ultrafiltration and axial diffusion, the convective-diffu-
sion equation describing the concentration of the solute in the dialyser can be written
as:

ac D 9 dc
= —) (1)
ax*  roar ar
The boundary condition pertaining to uniform inlet concentration c¢; is:
c=¢, x*=0, allr (2a)
with a centre line symmetry condition giving:
dc
— =0, allx*, r=0 (2b)
or
and the scolute removal rate at the wall is given by:
d
-D a—c =P, allx* r=R (2)
r

where g, the geometry indicator, is 0 or 1 depending on whether the geometry consid-
ered is planar or cylindrical in nature. Depending on the value of 4, R represents the
radius for tubular geometry or half the channel height for planar configuration. If v,
is the slip velocity, that is velocity at the membrane surface at r = R, the velocity pro-
file becomes:

v =v,+ Vn(l — /R (3)

where V,, = (APR*/2ulL)/2". Equation (3) implies that the non-Newtonian behav-
iour of blood has been neglected as its effect is negligible for typical haemodialyser
operation (Kooijman, 1972).

The following dimensionless variables are now introduced:

8=c/ci, v=v¥/Vn, E=r/R.
x*D PR Vs

VR ™S 0T,

X
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In terms of these dimensionless variables, Eqs. (1) and (2) can be written as:

_p %=Li( @)
(a+1 'f)ax f‘a.:faa.g 4
and

=1, x=<0, al¢ (5a)
a0

&‘0’ allx, £€=0 (5b)
o0 _ -

E_ Sh.8, allx, £=1 (5¢)

Using separation of variables technique, a general solution to Eq. (4) can readily be
written as:

0 =23 B ¥n(€) exp(—Ax) (6)
=1

where A, is the nth eigenvalue of the following equation:

d (. dYs e
df(f“df)+f"(a+l €)Y =0 )

with the boundary conditions:

dE =0, £=0 (8a)
d¥s —
dz =—=Sh.Y,, £=1 (8b)
Equation (5a) implies that
1= Z B.Ya(H) %

Muttiplying Eq. (9) by £(a + 1 — £) Ymand integrating with respect to £ over the in-
terval 0 to 1 gives:

_’; Ea+ 1 — )Y dE
Bn_

=— (10)
f Ela+ 1 — £)YdéE
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We now seek a solution for Eq. (7) in a power series form written as:

Yal8) = 2 buf™ (1

k=0

such that the condition of Eq. (8a) is satisfied. Substituting Eq. (11) in Eq. (7) and
equating like powers of ¢ gives the following relations:

Aa(ai-2y — (@ + Dbau-ny)

fi k=2 bu= 12
or - ak* + 2k@ — 1) (12)
and
(a + I)Aibno
by = — M0
" 21 + a) (13)
The boundary condition, given by Eq. (8b), implies that
2 Y kbt Sha D by =0 (14)
k=0 k=0

We take b,, = 1, then Eqgs. (12), (13) and (14) permit the determination of the eigen-
values A,. Also, combining Egs. (10) and (1]) one gets:

ib 24 a2k 4+ a + 3)
. £ ™ (U + a+ 1)2k +a + 3) (15)
" iibb 24+ Rk + 2 +a+3)

nknl

Lt &t Rk+2+a+1)R2k+2+a+3)

The bulk solute concentration, defined as:

&'vodr
f=— (16)
Evdr
0
can therefore be expressed as:
- + 1)a + 3) - 2 2k -+
i (a )a ) E B, exp(—AZx) E b + a2k +a+3) (17
2+ a(a+ 3) = k=0 Ck+a+ D2k +a+3)

Equation (17) gives the average solute concentration in the blood as a function of the
axial distance.
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RESULTS AND DISCUSSION

The eigenvalues, A,, were determined by numerically solving Eq. (14} in conjunction
with the relations represented by Eqs. (12) and (13). Table I summarizes the first four
eigenvalues for different slip conditions, a, and wall Sherwood numbers, Sh... The no
slip (& = 0) resulis are in excellent agreement with the values reported by Davis and
Parkinson (1970) and Grimsrud and Babb (1966). For the calculations reported in
the following, first four eigenvalues proved to be more than adequate for conver-
gence of the infinite series. Higher eigenvalues (for small x). if desirable, can readily
be computed numerically but this exercise was not deemed necessary for the present
work.

It should be mentioned that the dimensionless axial distance, x, involves the pa-
rameter V., which is not easily measurable in presence of slip. Therefore, we redefine
the distance as { = x*D/2°R*¥, which now involves the mean velocity, V. From the
definition of x and {, it follows that:

TABLE 1

Eigenvalues, A,, for different flow conditions

o l\| 1\1 l\) 1\4

Plane flow (a = 0), SA., = 0.96

0.00 0.98657 4.64474 8.55318 12.50853
0.01 0.97998 4.60162 8.47096 12.35708
0.10 0.92615 4.25940 7.82703 11.44400
0.25 0.85327 3.82589 : 7.02997 10.29211
0.50 0.76245 3.32835 6.13186 . 9.00070

Tube flow (¢ = 1), Sh. = 1.0

0.00 1.64125 5.47831 9.43596 13.41524
0.01 1.62771 5.42593 9.34425 13.28424
0.10 1.51895 5.01428 8.63095 12.27272
0.50 1.20878 3.91951 6.77660 9.67124
1.00 1.00000 3.22784 5.60693 8.02086
Sh. =176
0.00 2.46341 6.28404 10.17677 14.09912
0.10 2.31390 5.82912 9.39450 1298190
0.25 2.13258 5.29738 8.49738 11.71857
0.50 1.90599 4.66154 7.44708 10.25958
0.75 1.73866 4.21023 6.71324 9.24792
1.00 1.60865 3.86893 6.16296 8.49124
5.00 0.88419 207326 3.29789 4.55130
Sh., Tube flow (a = 1), a = 0.1
0.00 0 4.63114 8.37476 12.05752
0.01 0.18219 4.63568 8.37758 12.07734
0.10 0.56556 4.67587 8.40271 12.09619
1.00 1.51895 5.01427 8.63095 12.27271
10.00 2.36608 591314 9,49720 13.09601

ea 2.54940 6.23939 9.93635 13.63112
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_x ¥V _=x 2
T (°’+a+3) (18)

Thus, knowing { and a, x can readily be obtained which, in turn, allows E(x) to be
calculated from Eq. (17). Figure 3 illustrates the bulk concentration profiles for dif-
ferent wall Sherwood numbers. The geometry considered is tubular and the slip ve-

Sh,, = 0-0f
1.0 v -

| | |
0-0 0-2 0-4 0-6 08 1.0

3

FIGURE 3 Effect of wall Sherwood number on concentration profiles, « = 0.1, 2 = 1.
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locity is 9.1% of the maximum velocity since:

Slip velocity _ Vs a

maximum velocity vi+ ¥V, o+ 1 (19)

It can be seen that the bulk concentration is a strong function of the wall Sherwood
number, as might be expected. For a constant {, as the membrane permeability in-
creases, the solute removal is enhanced. This effect, however, is not in direct propor-
tion to the magnitude of Sh.. For example, the concentration profile for Sk, = 10 is
not significantly different from Sk, = o0 (constant wall concentration) case, but is
considerably so from the $h, = | profile. Moreover, the results imply that if the
membrane permeability is steadily increased from 0 to oo, there is a finite range within
which mass transfer enhancement occurs at a maximum rate.

The effect of wall slip on the haemodialyser performance is shown in Figure 4 for a
tubular geometry. Clearly, wall slip facilitates solute removal from the blood stream.
Similar to the effect of wall Sherwood number, mass transfer augmentation is not di-
rectly proportional to the magnitude of wall slip. Also shown in Figure 4 are the
experimental data reported by Davis and Parkinson (1970). Note that the results are
for D =1 X 107 ecm?/sec. A comparison of the theoretical predictions with the
experimental data indicates the slip velocity to be of the order of 80% of the maximum
velocity. This indeed is a large effect, but not unusual for blood flow through very
narrow capillaries (Duffaux et a/., 1980). Next, we consider the data reported by Ra-
mirez et al. (1971) using a parallel plate haemodialyser of 0.16 mm channel thickness.
Figure 5 illustrates the experimental results along with the theoretical predictions of
dimensionless bulk exit concentration, 6, as a function of blood flow rate. Wall slip
aids solute removal and therefore the exit concentration is lower than the correspond-
ing no slip case. As before, by comparing the theoretical results with the experimental
data, the slip velocity is estimated to be about 20% of the maximum velocity. Thus, it
is evident that in typical haemodialysers, the slip velocity can vary over a considerably
large range. This, however, is not entirely surprising as the cell-depieted layer, re-
sponsible for wall slip, is known to be a strong function of capillary dimension and
geometry, blood flow rate, and blood composition (particularly the haematocrit
content).

[t should be noted that Davis and Parkinson’s data are for { < 0.2, whereas the Kiil
dialyser employed by Ramirez et al. corresponds to { values of the order of unity.
Mashelkar and Dutta (1982) have analysed a number of instances of convective dif-
fusion phenomena in non-homogeneous flows of heterogeneous fluids and shown
that wall slip can cause as much as 100% to 200% enhancement in entrance region
(small {) in the high Peclet number cases, whereas the corresponding effect for fully
developed region (large ) is small. Therefore, it is likely that the measurements of
Davis and Parkinson will be affected more as compared to those reported by Ramirez
and coworkers.

In order to demonstrate the role of wall slip in practical haemodialyser design, it is
useful to present a typical calculation for, say, a hollow fibre module. The various pa-
rameters necessary for this illustrative exercise are summarized in Table I1. For 86 =
0.29, {is predicted to be 0.18 and 0.132 for « values of 0 and 1, respectively. This cor-
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BLOOD FLOWRATE ,m! / min

FIGURE 5 Exit concentration as a function of blood flow rate for different slip conditions, Sk, = 0.96,

a = 0, (@) experimental data of Ramirez er al. (1971).
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TABLE 11

Parameters used in illustrative haemodialyser calculation

Geometry Tubular (¢ = 1)
Number of hollow fibres 1000
Fibre radius 100 microns
Total blood flow rate 200 cm*/min
Membrane permeability 7.6 X 107 cm/sec
Diffusivity of urea in blood 1 X 10°* cm*/sec
Initial concentration of

urea in blood 2 mg/em’®
Final concentration of

urea in blood 0.58 mg/cm’

responds to dialyser lengths of 38.2 cm (e = 0) and 28 cm (a = 1). Therefore, about
25% reduction in length is possible for a slip velocity that is 50% of the maximum,
Clearly, if slip effect is disregarded, the dialyser will be overdesigned.

Until now, it has been assumed that the slip velocity, v,, is known a priori, but for
design purposes, it will have to be determined independently. Assuming the shear
rate to be constant within the cell free plasma layer, which is Newtonian in nature,
the slip velocity can be calculated as:

b

Hp

(20)

Vs =

where i, is the viscosity of plasma, r. is the wall shear stress, and 4 is the layer thick-
ness. Yarious correlations of § with blood composition is available in the literature
(Bugliarello, 1970; Charm er al. 1968; Merrill et al. 1963). For example, Kried and
Goldstein (1974) reported that:

Hé
"R S(Re) (21)
where H is the haematocrit concentration, Re is the shear Reynolds number, and f(Re)
is an experimentally determined function. Equation (21) or any other correlation for
& can be used to estimate v, from Eq. (20). Knowing v;, the foregoing slip analysis can
readily be utilized in order to assess the importance of wall slip in affecting practical
haemodialyser performance.

CONCLUSIONS AND REMARKS

For haemodialysis operations, the correspondence between theory and experiment is
good for homogeneous sodium chloride solutions, but rather poor for blood, which
is heterogeneous in nature. Effective wall slip, due to the formation of this plasma
layer in blood flow, appears to be the most likely cause of this discrepancy. A theoret-
ical analysis when combined with the available experimental data, suggests that
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major slip effects are possible in typical haemodialysis operations. This corresponds
to an improved performance of the dialysis unit and suggests potential savings in the
cost of haemodialysis treatment.

Notwithstanding the plausible slip hypothesis proposed in this work to explain the
augmentation in mass transfer rates in haemodialysers, it must be remarked that the
actual problem in blood flow is much more complex, and there may be some other
unknown factors which may also be contributing. Note also that the experimental
data provided by Blackshear ef al. (1971) essentially pertain to a haematocrit concen-
tration that is twice that of most uremic blood and therefore there is a clear need for
unambiguous and more accurate data on velocity distribution in the range of prag-
matic interest. Until such data are available, the analysis provided therein can be
viewed only as a potentially useful one when viewed in the context of many factors
which might be contributing to the augmentation in mass transfer. The design con-
siderations proposed here, therefore, are to be viewed in the same context.

NOTATION

a geometry indicator

c solute concentration in blood, mg/cm’
Ci inlet solute concentration, mg/cm’

Co outlet solute concentration, mg/cm3

D diffusivity of solute in blood, cm?/sec
H haematocrit concentration, volume %
L channel length, cm

P wall permeability, cm/sec

AP pressure drop, dynes/cm?

r radial or transverse distance, cm

R tube radius or half channel height, cm

Re shear Reynolds number

Sh, wall Sherwood number, dimensionless

v axial velocity, cm/sec

Vs slip velocity, cm/sec

Von velocity. contribution due to pressure flow, cm/sec
v average velocity, cm/sec

X axial distance, dimensionless

Y. nth eigenfunction, dimensionless

Greek Symbols

a slip parameter, dimensionless

é marginal layer thickness, cm
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An nth eigenvalue, dimensionless

6 concentration, dimensionless

] bulk concentration, dimensionless
L axial distance, dimensionless

£ transverse distance, dimensionless
u blood viscosity, poise

Mp plasma viscosity, poise

Tw wall shear stress, dynes/cm’
Superscript

* dimensional
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