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On the non-radial oscillations of slowly rotating
stars induced by the Lense-Thirring effect

By SUBRAHMANYAN CHANDRASEKHAR! AND VALERIA FERRART?

Y University of Chicago, Chicago, Illinois 60637, U.S.A.
2[CRA (International Centre for Relativistic Astrophysics), Dipartimento di Fisica
‘G. Marconi’, Universita di Roma, Rome, Italy

In a star that is rotating so slowly that the distortion of its figure may be ignored,
the axial modes of non-radial oscillation exhibiting resonance can be excited by the
polar modes of perturbation by the coupling derived from the dragging of the inertial
frame by the rotation of the star (i.e. by the Lense-Thirring effect). The coupling of
these two modes of opposite parity is subject to the standard selection rule, Al = +1.
Also, the excitation of ({4 1)-axial mode by the {-polar mode is favoured relative to
the excitation of the (!—1)-axial mode, in conformity with the ‘propensity’ rule. As
an illustrative example, the excitation of the sextupole axial modes of oscillation by
the quadrupole polar perturbations is considered in some detail ; and it is shown that
both the real and the imaginary parts of the characteristic frequency of the quasi-
normal modes decrease dramatically with the amplitude of the coupling. The
relatively very long damping times of these rotationally induced oscillations may be
a decisive factor in their eventual detection in neutron stars following the glitches.

1. Introduction

The non-radial oscillations of a star may be considered as manifestations attendant
to the scattering of incident gravitational waves by the curvature of the space-time
and the matter content of the star. The incident waves can be of two kinds: polar and
axial; and the manner of their scattering by a static spherical star is very different.
The scattering of polar gravitational waves exhibits resonances with determinate
half-widths. In contrast, the scattering of axial gravitational waves resembles
scattering by a soft-core Coulomb potential and exhibits no resonances. The origin
of this difference is that while the incidence of polar gravitational waves excites fluid
motions in the star, the incidence of axial gravitational waves does not. A
mathematical theory of the non-radial oscillations of a star based on this point of
view has recently been developed by Chandrasekhar & Ferrari (1991 a; this paper will
be referred to hereafter as Paper I; the earlier paper (Chandrasekhar & Ferrari 1990),
in which the basic idea germinated, will be referred to hereafter as Paper II).

In this paper, we shall show that the incidence of axial gravitational waves on a
star in slow rotation, with an angular velocity £ so small that the distortion of its
figure of order 2 can be ignored, will, by virtue of the coupling of the axial and the
polar modes of perturbations by the Lense—Thirring effect (i.e. by the ‘dragging’ of
the inertial frame by the rotation of the star) excite fluid motions inside the star with
the result that the scattering of these waves will exhibit resonance. It will appear
that the coupling of these two modes of perturbation, of opposite parity, resulting in
the resonant scattering of the axial gravitational waves, is in conformity with the
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standard requirements of symmetry : the Laporte rule — that even modes can couple
only with the odd modes and conversely — and the selection rule, Al = £ 1 (for a more
complete statement of the selection rule see §5).

The resonant oscillations of a star induced by the Lense-Thirring effect have no
counterparts in the Newtonian theory since they derive from the purely general
relativistic effect of the dragging of the inertial frame by rotation. These axial modes
of oscillation should, in principle, occur in neutron stars (known to be rotating)
following ‘glitches’, even as the normal non-radial modes of oscillations of the Earth
are excited following earthquakes. The question whether such oscillations can be
observed in neutron stars is problematic. In this paper, we shall, however, be
concerned only with establishing the theoretical result.

2. The equations governing the stationary space-time of a slowly
rotating star

The equations governing the space-time of a slowly rotating star were first written
down by Hartle (1967; for a synopsis of the basic equations see Chandrasekhar &
Miller (1974)). The metric of the space-time is of the standard form,

ds® = e¥(dt)2 — e (dp — w dt)* — e¥2(dx?)? — e*s(da?)?, (1)

where v, i, u,, and p, differ from those for a spherical non-rotating star by quantities
of order 2% and w (zero for a non-rotating star) is of order . Thus the metric
functions are of the form

vV @ YD,y i+ i, (2)

where v, ¥, p,, and p, denote the functions appropriate to a static spherical star
(given in T, §3) and v, @ 4 and u{? are ‘corrections’ of O(£2%). The equations
determining these corrections are written out in detail in Chandrasekhar & Miller
(1974, §2), we shall not need them in our present context. But the equation
determining w is central for our present purposes. It is given by

4 4
w,r,r+;w,r_(/'42+v),r(w,r+;w)ZO? (3)

where w=Q—w, 4)
and (according to I, eq. (8))
(ot V), = e (e+p)r. (5)

In the vacuum outside the star, u,+v = 0, and equation (3) reduces to
4
w’r,r+;w,r=0. (6)

The solution of this equation, appropriate to the problem on hand, is
w=Q-2Jr? (7

where J denotes the angular momentum of the star. The continuity of w at the
boundary, = r,, of the star requires

(m,r)r=r] = 6‘]7;4' (8)
Proc. R. Soc. Lond. A (1991)
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Returning to equation (3), we shall find it convenient to measure w in units of its
value @, at the centre and define a standard solution w with the behaviour,

w =14+, +w,r"+ ..., 9)
at » = 0, where (as one may readily verify)
@y =Heo+ o), Wy =736+ Do)* +ay+ D) (10)
(

and €, Py, @, and b$? are defined in I, eq. (52). In terms of the standard solution
for w,
J=+yiw(w,)

and Q =w (w+jr, @) (11)

r=r, r=r,"

3. The basic equations of the problem

The complete set of equations governing a perfect fluid configuration in rotation,
for an underlying spacetime that is time-dependent and axisymmetric, were written
down by Chandrasekhar & Friedman (1972; this paper will be referred to hereafter
as Paper I1I). The metric of the space-time considered was the standard one, namely,

ds? = e¥ (dt)?—e¥ (dp—w dt — q, da? — g, da®)® — ez (da?)2 — e (da®)?,  (12)

where v, ¥, p,, s, 0, ¢,, and ¢, are all functions of ¢, 2*(= r), and 2*(= ). In Paper
II1, the components of the Riemann, the Ricci, and the Einstein tensors were
obtained in a tetrad formalism (as in The mathematical theory of black holes (M.T.),
Chandrasekhar 1983); but the equations of hydrodynamics were not. In the
Appendix this omission is rectified ; they follow readily from the divergence of the
energy-momentum tensor

Ty @ = (€+P) %) Uy = PNay > (13)
where we have enclosed the indices in parentheses to denote that they are tetrad
components.

With the definitions,
p,=Q and 2% =v* (x=2,3), (14)
the tetrad components of the four-velocity are
a 1
= TR = S =) 1o
@ = et o =V Q-0 —qyv*—qy0°), (16)
and V2 = [0+ [ 4 [T (17)
In the stationary state,
@ =0, W =F=e'""R—w)=e""w; (18)
and in the perturbed state,
v@ 4@ and ¢, are quantities of the first order of smallness, (19)
while
VD =V = el (Q—w) = e/ . (20)

continues to be valid (cf. equations (16) and (17)).
Proc. R. Soc. Lond. A (1991)


http://rspa.royalsocietypublishing.org/

Downloaded from rspa.royalsocietypublishing.org on July 27, 2010

426 8. Chandrasekhar and V. Ferrar:

As in Paper T (eq. (13)) and Paper II (eq. (97)) we shall express the tetrad
components of the four velocity, u,, and u g, (in the perturbed state) in terms of the
Lagrangian displacements, £, and £; in the manner:

u(oc) = Sua = ga,O = lO" o) (21)

where it will be noted that we have dispensed with the parentheses distinguishing the
tetrad components.
The relevant linearized equations

The linearized equations that govern the perturbations of a uniformly rotating
star have all been written down in Paper I11. Since in some of the equations of that
paper the tensor components of the four-velocity are used and the Lagrangian
displacements are also differently defined, we shall transcribe the relevant equations
in accord with our present conventions and notations. However, for a comparison
with the equations of Paper 111, it may be useful to note that

£, as defined in Paper III is —&%e” " as defined in this paper; (22)
and the combination

ugute Wt that occurs in Paper 111

is — iﬂVZ e/t & with our present definitions. (23)

The basic equations for our present purposes are eq. (143), (145), (151), (152), and
(155) of Paper I11. Transcribed in our present notation, they are
p p y

e+ )
-2 pz g et = 16(1/""/43),2 (l/f_V 2 O + (1 ),26/"3_(¢+/"3),26ﬂ2]
1-V
+ie Ve X o (24)
€+
_21—__%53‘3')W3 (S + po) 5+ (Y —v) 5 OY + (e —) 5 Sty — (f + fn) 5 O]
_%efllf"VJr/‘:s*r“sz’z, (25)
8‘”,2_92,0,0 =—4 161_1}/?2 et §2w+w,2(3 51/,_5V_5//¢2+5//¢3)_e*3l/f+'/+/tr/43X'3, (26)

£tp

dw 3 —q3,9,0 =—4 (— 2

e E w4 w 4 (38Y — Oy —py +Opy) +e WX o (27)

(e“3W+V_/‘2+/‘3X 2) 2+ (e_3I/f+V+/‘2_/¢3X 3) 3+0-2 6*3‘/’"’+/¢2+/‘3X
= [@ o(38Y —8v — 8y + 8pt5)] 5 — @ 5(38Y — 8y — By +Sp,)] o

€+p €E+p
_4 v+,u2 V+,u,3
(1 2 &, ) +4(1 V2 5313),2’ (28)

where (cf. Paper I, eq. (142))

X =¥t i(,, (29)
and is what is denoted by @ in Paper 111 (eq. (142)).
Proc. R. Soc. Lond. A (1991)
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The problem which we wish to consider in the context of equation (28) is the
following. But first a clarification of the assumptions underlying the derivation of
this equation.

Equation (28) is one of the exact equations governing the axisymmetric
perturbations of a fluid configuration, rotating uniformly with an angular velocity Q,
and a space-time with a metric of the standard form (12) that describes it consistently
with Einstein’s equations. In obtaining the perturbation equations, the assumption
has been made that the amplitudes of all the quantities describing the perturbation
have the same time-dependence €. It is clear that in the eventual solution for the
desired quasi-normal modes, the angular velocity Q will appear as a parameter.

As stated in the Introduction (§1), we wish to consider the case when the angular
velocity € is sufficiently small that the distortion of the figure of order 2* can be
neglected. Then to order £, the diagonal metric functions v, i, p,, and u, of the initial
stationary space-time are the same as those for the spherical star with no rotation;
but there are ‘corrections’ of order 2 derived from the terms v, @ 4 and u{?
(cf. equation (2)). The only effect of order © on the unperturbed metric is the non-
diagonal term w(= £ —w) whose presence leads to the Lense—Thirring effect.

Returning to equation (28), we observe that the terms on the right-hand side,
involving &,, &,, 6v, 8y, du,, and du, (describing the polar perturbations) occur with
@ or w,; (i =2, 3) as factors. Accordingly, it will suffice to consider for these
perturbations their zero-order values for a spherical star: for whatever changes these
perturbations may experience (besides those of order 22 derived from v 4 etc.)
can only be of order £. At the same time, the small rotation € will affect X
(describing the axial mode) derectly since w = 2 —w is the source for @, and @, (as
is manifest from M.7T., equation 4 (d), p. 141). Remembering further that

w is a function only of r, (30)

we may conclude that, under the circumstances envisaged, equation (28), inclusive
of terms of order €2, can be replaced by

~ 3yt =gt —3y vty 2 3ty
(e Ytv—piy MaX,r),r+(e Yt ﬂ:’X’())ﬁ‘i‘O’ e vty s X

= @ (38 — 80—ty +811,) y— 4l(e +p) e E,w] y+ 4l (e +p) e Eyw] L, (BY)

where &,, &;, 0y, v, du,, and du, are given by the solutions obtained for them in
Paper 1.

The mathematical problem we have formulated leaves open the question, how the
polar modes of a spherical star may be affected to order Q by their coupling with the
axial modes. We consider this questiofl briefly in the concluding section, §8.

4. The reduction of equation (31)

It will be observed that the left-hand side of equation (31) is the same as I,
eq. (141). It can accordingly be reduced to the form (cf. I, eq. (143)).

1 et et 9 (10X , €7
— == = = 2
sin3¢9( r? X"),T-I_ r 60<sin30 aa)f“ r4sin30X’ (32)
Expressing X in the form,
X = 3 X,(r) Ci&0), (33)

Proc. R. Soc. Lond. A (1991)
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as a series in the Gegenbauer polynomials, C;2,(6), we obtain

o) =y —vtpgy —%
s {(E;;—Xl) —=1) 1+ X e Xl} Cueal0)

1=2 sin® 6
e’ hs @ L
= 2 sin® 0 2 Cr(0)2, X (r),  (34)
=2
where
2 —
2, =0, -= “(e—p)—6M(r)/r]0, —Q—l—zﬂitﬂezﬂwa?ezww. (35)

The ‘source terms’ on the right-hand side of equation (31) is expressible as a sum
over the different polar modes belonging to the different Legendre polynomials
P, (cos@). Considering a particular I-mode, we find from the solutions listed in I,
equations (23), that

(30Y —Ov—"0py+0uy) g = (4T —N—L—«V) P, ,+2V(P, 4ycot0) ,. (36)
Eliminating 7" in favour of W with the aid of the equation (I, eq. (29)),
T—V+L=—W, (37)

we find after some further reductions that the contribution to the source derived
from the metric perturbations belonging to a particular /-polar mode is given by

@ (AW +N+BL+2nV) P, +2Vp P, 1V (1—p?), 38)
where b= cos . (39)

Similarly, we find, by making use successively of I, eq. (25) and (46), that the
corresponding contribution derived from the fluid motions is given by

_4[(€+p)ev+ﬂ2 gzm],e+4[(€+p)eu+ﬂ3 g?,w],r
= 2[~Uw+(Wa) 1P,
==2{W,+@-1)v Wo-W,o-Ww P,
= —2W[w,,~w(Q—1)v, 1P, v/ (L — ). (40)
Finally, combining equations (34), (38), and (40), we obtain
S [, X,(r)] Crdplp) = e r%(1—p?)? 5 Sy(r, ), (41)

=2 =2

~

where

8, =w  [@W,+ N, +5L,+2nV) P, +2V,u P, |+ 20W,(Q—1)v P,

L

(42)

and the subscripts / to the functions W, N, L, and V distinguish that they belong to
a particular polar [-mode.

Letting
T
ry = j e tady (43)
0
and X, =7, (44)

Proc. R. Soc. Lond. A (1991)
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(as in I, eq. (146) and (147)), we find
z (d? 7 2 s
2 { o7 —i[l(l+1)7”+7”3(6 —p)= 6M(7”)]Zz} Cria(p)
- LAk

Outside the boundary of the star (r > r)),
e=p=0, Mr)y=M, p,+v=0, W=0, (46)
and @, =6Jr"; (47)

and equation (45) becomes

o0 2 2v
P {irf o7 —e——[l(l+1)r—6M]Z} (1)
—2

2y

€
=65 J(1—p)?

L8

(N, +5L,+20V)) P, +2pV, P, , ] (48)

~

5. The Laporte, the selection, and the propensity rules
In view of the known orthogonality relation,
i ;s d 18(m—2)!
. lid
C,Cr2 = J
J_ U T @ D) (m+2)1

among the (xegenbauer polynomials 0, #,, we obtain, on multiplying equation (41) by
q2,/(1—pu?)? and integrating over the range of x4, the equation
18(m—2)! 2

Dy Xppig =120 Co Sy (r, ) dpe. 50
(2m+1)(m+2)' m+2“+m+2 ree l§2 . m+2 l(’r /’6) ILL ( )

(49)

The further reduction of the right-hand side of this equation requires the evaluation
of the integrals

f 1P, Cba(pe) dp (51)

+1
and f Py O;,;rz( ) dge. (52)

Since € 2,(u) and P, ,and uP, ,  are of opposite parities, it follows directly that polar
modes belonging to even ls can couple only with axial modes belonging to odd Is and
conversely. This is Laporte’s rule known in atomic theory and for much the same
reason. And as in atomic theory more is true: a selection rule,

l=m+1 or l=m—1 (53)

obtains by virtue of the integrals (51) and (52) vanishing if the rule is violated. The
proof is elementary if use is made of the following relation between the Gegenbauer
and the Legendre functions:

3 3(1—p?)?
Crte = (+2) (z+1)l(z—1>P’~/‘vﬂ' (54)

Proc. R. Soc. Lond. A (1991) 16-2
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Thus, by making use of this relation and a known recurrence relation among the
Gegenbauer polynomials, the integral (51) can be transformed to the form,

+1 . . d
5(+2) (l+1)l(l—1)Jl1 PlomW Offz(fj%‘g
(2 (+0)l1—1) [P Lo
o 3w+ L[( m+3) ol m—2) Ok 1 = s (5)

which by the orthogonality relation (49) is non-vanishing only if / = m+1 or m—1.
Considering next the integral (52) and rewriting it in the form,

3 +1 ]
(m+2) (m+ l)m(m_l)j_l (1—[@2)2 Pm,/t,/t

P, du, (56)

we transform the integrand, successively, in the following manner:

(1=p®) 2P, ,—m(m+1)P,1P, ,

= 2P, [l —u®) P, | —m(m+ 1) (1= ) P, Py 0 (57)
and the first term in the second line, after an integration by parts, becomes
—2P, [+ 1) pP+ (1= p®) P, 1. (58)
After these transformations the integrand becomes
201+ 1) uP,, Py—[m(m+1)+2] (1 —p*) P, P, ; (59)

or by making use of the known recurrence relations among the Legendre polynomials
we obtain,
l({+1)
20+1

{Im(m+1)+2(1+2)1 Py = [m(m+1) =2(1=1)] P,_} P, (60)

The vanishing of the integral if the selection rule (53) is violated is now manifest.

In atomic theory, besides the Laporte and the selection rules, one has, in recent
times formulated a ‘ propensity rule’ which, among other things, states that ‘in light
absorption, the transitions /—>[+1 are strongly favoured over the transitions {—
[—1’ (Fano 1985); and the basis for this propensity essentially derives from the sum
rules. Propensity operates also in the coupling between the polar and the axial modes
we are presently considering. But it derives from a different cause: in the manner in
which the behaviour of X at the origin is affected by the polar source-terms.

It is known that the functions N, L, V), and W, which describe the polar
perturbations at the origin have the behaviour » (I, eq. (82)). Therefore the
inhomogeneous terms on the right-hand side of the equation for a particular [ have
the behaviour

r3S, ~ ri*3; (61)

while X, ; and X,_, have the behaviours (cf. I, eq. (152)):
X, = XOpht3 L Xpits 4 (62)
X, = XOPH X0y Y@y (63)

It follows that the source-terms contribute directly to the coefficient X in the
expansion for X,,, while it contributes only to X® in the expansion for X,_,: the
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coupling of the polar perturbation belonging to ! affects the funetion X, , more
strongly than it does X,_;; in other words, a propensity in fayvour of the transition
I>1+1.

6. The equations governing sextupole axial oscillations induced by
quadrupole polar oscillations

In this case, 3 g a2 1/9,,2
st =3u(l—p*)?*; Py =303pu"—1), (64)

and the evaluation of the angular integrals (51) and (52) is immediate. And we find
for the equation coupling the sextupole axial oscillations with the quadrupole polar
oscillations:

D, X, =8 [w (2W,+N,+5L,+6V,)+2wm(Q—1)v , W,], (65)
e 10
where D, = 8,7—7—[2+72(e—p)—6M(7")/r] a,~7—262"2+0'2 e, (66)
The solutions for W,, IV,, etc., have at the origin the behaviour (cf. I, eq. (82))
(Wy, Ny, Ly, V) = (W, NO LO® V)24 O(r*). (67)
The solutions obtained in the manner described in Paper I, §7 are ‘normalized’ so

that for all assigned o2,
LY = 1. (68)

In using these particular solutions for W,, etc., it will be convenient to use for w the
standard solution (9) having at the origin the behaviour,
w=1+w,r*+...; (69)
and if w, denotes the value of w at the origin, we can rewrite equation (65) in the
form,
D, X, = 8L w e 1 [w (2Wy+ Ny +5L,46V,) +2wv (@ —1) W,], (70)

with the understanding that the functions W,, etc., are normalized with the choice
LY =1 and that w denotes the standard solution. By ‘absorbing’ L{” in the
amplitude of X, by writing L{®X, in place of X,, we shall obtain the equation

D, X, = 8w e r?[w (2Wy+ Ny + 5L, +6V,) 4+ 2mv (Q—1) W,]. (71)
At r =0, X, has the series expansion
X, = XOr 4+ XPr"+0(r°), (72)

where (cf. I, eq. (152))
X5 = XP[5Ge,—py) — oo}
+ 8w, e 2w, WP + N +5+ 6V ) +2a(Q,— 1) WP}, (73)
and a = p,+3¢, (cf. I, eq. (52)).
With the aid of the expansion (72) (with X{? given by equation (73) and X{* set
equal to one) equation (70) can be integrated forward to the boundary at » = r,. The

integration can then be continued into the vacuum outside the star with the equation
(cf. equation (48)),

d2z 6e%” 48.J
dr?:+0'2Z3— 3 2r—=M)Zy = 3 @ e” (Ny+5L,+61,), (74)

Proc. R. Soc. Lond. A (1991)
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where in accordance with the choice of the standard solution for @, J has the value
(cf. equation (11)),
J = 4w ey, (75)

And for the simultaneous integration of the functions N,, L,, and V, we may use the
equations (52)—(54) given in M.T'. on p. 148.

The integration of equation (70) beyond » = r; must be started with the values
(ef. 1, eq (153), (154)),

Zy(r=r) = lim (X,/r) (76)
r—>r,—0
1
and Zg,(r=r)= (1 —Qj—”) lim [—2 (rX3’,—X3)]. (77)
1/ r->r—0

It follows from the solutions for N, L, and V, given in M.7T'. (p. 152) that at infinity
they are O(1/r) so that the source-term is O(1/7%). Therefore to O(1/r?) the source
terms have no effect on the asymptotic behaviour of Z, that follows from I, eq.
(155), namely,

6
Z »+{o¢0 66, __3 (IOocO—MO/)’O)+...}cosw*

ro  2rig?
(104 3 .
{ﬂo m-o 3rigt (108, +Moa,) + }smm"*. (78)

As in Paper 1, the integration of equation (74) must be continued to a sufficiently
large r that by matching with the expansion (78) we can determine o, and f£,. And
again as in Paper I, the characteristic frequencies of the quasi-normal modes can be
determined by the behaviour of a?+ /% as a function of o. If the axial modes we are
considering are resonantly scattered, a3+ S5 should exhibit a deep minimum at some
determinate frequency o, with the behaviour

ad+ 2 = const. [(o—0y)2+ o). (79)

A comparison of the results of the numerical integrations with this formula will
determine the real and the imaginary parts of the quasi-normal mode.

The propensity rule
As an example of the operation of the propensity rule, we shall consider the
excitation of the quadrupole axial oscillations by the sextupole polar perturbations.
In this case

Cit=301—p)? and Py =ip(5p°=3); (80)
and we find that in place of equation (70) we now have
D, Xy, = —%w e [w 2W,;+ Ny +5L,) +2w(Q—1) v, W;], (81)

where a factor L{¥ has been absorbed in the amplitude X, and it is assumed that w
denotes the standard solution and that the solutions W, N,, and L, have at the origin
the behaviour

(W3, Ny, Ly) = (W, N, 1)1 +0(r), (82)
i.e. the solutions are so ‘normalized’ that LY =
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From equation (81) it readily follows that at » = 0, we have the series expansion
X, =r+4[4(eg—po) — o] b + XPr8+ ., (83)

where X{ includes the term
—Sw, e [ 2w, 2WP + N +5) + 2a(Q, — 1) W”]. (84)

Therefore, the sextupole polar perturbations affect the behaviour of X, at the origin
only in O(r%), not O(r*) — an example of the operation of the propensity rule.

7. An illustrative example

Since we are concerned in this paper only with establishing that the scattering of
axial gravitational waves by a slowly rotating star must exhibit resonance, we have
considered, for the purposes of illustration, the excitation of the sextupole axial
oscillations by the dominant quadrupole perturbations for the same polytropic
model as in Paper I, §9. By the procedure described in §6 (and in greater detail in I,
§§8 and 9), we have determined, by direct numerical integration of the relevant
equations, the real and the imaginary parts of the characteristic frequency, o =
o, +10y, of the quasi-normal modes for some assigned values of 8@,. The results are
listed in table 1. For comparison it may be noted that for the quadrupole polar
oscillations (I, eq. (103)),

o, =03248 and o, =1.00x 1074, (85)

With regard to the accuracy of the values of o, and o; listed in table 1: the values
of o, are reliable to the last significant figure retained ; with respect to o, on account
of the difficulty of attaining the necessary numerical accuracy, they are reliable only
to within 20-30 %.

We must address ourselves at this point to the questions that have been raised on
the validity of determining o, and o; by locating the vertex and ascertaining the
curvature of the parabola that fits the numerically evaluated values of a2+ f in the
manner described in §6. It has also been argued that an appeal to ‘Breit and Wigner’
is not persuasive! We have, however, been able to show (Chandrasekhar & Ferrari
1991b) that o, and o; determined as afore described are the same, one will obtain by a
direct determination of o,+io; as the solution of a problem in complex characteristic
values of the underlying system of differential equations with the boundary conditions at
the centre and at the surface of the star (as stated in I, §7) together with the additional
requirement that there are no incoming wawves from infinity. The proof of the identity
of the values of o, and o; (so long as o; < o,) determined by the two algorisms
provides some additional identities which are useful as checks on the derived values
of o;. The checks are fulfilled by the solution for the quasi-normal mode determined
in Paper I; and we have also used them in testing the reliability of the values of o;
listed in table 1. The details of this investigation will be published shortly.

We turn next to the range of 8w, that is consistent with the requirement that the
rotation be slow. Quite generally the requirement is (J. Friedman, personal
communication)

Qry < A/ (M]r)). (86)
With © given by equation (11), the required condition is
T (@AY )y, <V ()1, (87)
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Table 1. The real and the imaginary parts of the characteristic frequencies of the sextupole axial modes
of oscillation induced by the quadrupole perturbations for various assigned amplitudes, LY /X (=g)

8w,gq Oy 0

0.6 0.12417  0.16 x107°
0.9 0.3064 0.11x 1075
1.0 0.3438 0.15x107°

For the polytropic model considered in this paper
M =0.20541, r, =1.57641, ‘l

(88)
(®),,, = 1.60806, and (w,),., =0.210367.]
Inserting these values in (87), we obtain
8w, < 1.064. (89)

For values for 8w,q for which we have determined o, and o;, with the exception of
the last entry for 8w,.q = 1, are in the range of possibilities.

Quite generally, for more realistic neutron star models (than the one considered in
this paper) M ~ r, and one has the requirement,

Qr, <1 (90)

and we obtain (in place in (89))
8w, < 2.95. (91)

It is important to observe in this connection that the terms in w affect the expansion
of X, at the origin only in the second term leaving the amplitude X{’ unchanged
(cf. equation (73)).

8. Concluding remarks

As we have stated at the outset, the excitation of resonant axial modes of
oscillation in slowly rotating stars by their coupling with polar modes, derived from
the dragging of the inertial frame, has no counterpart in the Newtonian theory : it is
a purely general relativistic effect. But a related question requires clarification. If the
coupling provided by w affects the axial modes, should not the polar modes be
similarly affected ? The answer is in the affirmative. Thus, for X given by a solution
for a non-rotating star (i.e. by a solution of I, eq. (145)) equation (25) shows how X
will induce changes of order € in the various quantities that describe the polar
perturbations of a spherical star. Together with equation (24) (in which the effect of
w is absent by virtue of its independence on ) and the remaining field equations
listed in Appendix A, we shall be led to a system of linear equations that will make
determinate the changes of order Q in dv, 8y, etc. The analysis will be more complex
than for the axial modes treated in this paper — as the analysis of polar perturbations
always is! But we need anticipate no insuperable difficulty in obtaining the desired
solution. The interest in the solution, however, is perhaps only marginal: the effect
of w on the polar modes will only be to augment the phenomenon of resonant
oscillation already present. In contrast, the effect of @ on the axial modes is to excite
a manner of oscillation that was not there.
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The mathematical problem formulated in the context of equation (25) and solved
in this paper applies to a physical situation that may be described as follows: In view
of the decoupling of the polar and the axial modes of a spherical star, we may suppose
that initially the star is oscillating, simultaneously, in both modes with arbitrarily
assigned amplitudes, i.e. arbitrarily (and independently) assigned values for the
amplitude L©® of the polar mode (cf. equation (68)) and the coefficient X©® of #/*2 in
the expansion I, eq. (152) for the axial mode. Let a star so oscillating in both modes
be set in slow rotation with an angular velocity £2. The resulting coupling of the two
modes, provided by w, will effect changes of order 2 in them. The effect on the axial
mode has been analysed in this paper: it results, as we have shown, in the excitation
of resonant oscillations. The effect on the polar mode, in augmenting the resonant
oscillation already present, has not been analysed.

One may perhaps infer that the resonant axial modes of oscillation will be excited
in neutron stars following ‘glitches’ which some of them exhibit at irregular
intervals. Glitches, which have sometimes been described as ‘star-quakes’, may set
the star oscillating in its dominant quadrupole mode and possibly in some axial
modes as well. Since neutron stars are known to be rotating, the accompanying
[l = 2 polar perturbations will excite, consistently with the selection rule Al = +1, the
sextupole axial mode favoured by the propensity rule. It is for this reason that this
case was treated in some detail in §7. And as it was pointed out, the very much longer
damping times for these axial modes may well be a decisive factor in their eventual
detection.

This paper suggests several further investigations. Reference to one particular
investigation has been made in §7. In conjunction with the earlier Paper I a host of
other problems suggests itself. We hope to consider some of them in the near future.

We are grateful to John Friedman, Norman Lebovitz, Robert Wald, and Bernard Schutz for many
useful discussions; and to Andrea Malagoli for introducing one of us (V.F.) to the world of UNIX.
The research reported in this paper has, in part, been supported by grants from the National
Science Foundation under Grant PHY-89-18388 with the University of Chicago. We are also
grateful for a grant from the Division of Physical Sciences of the University of Chicago which has
enabled our continued collaboration by making possible periodic visits by Valeria Ferrari to the
University of Chicago.

Note added on 7 December 1990

A referee has pointed out to us that, since both polar and axial gravitational waves are present
as r— o0, the minimization of a2+ A2, as carried out in the text (§6, 7) may not correspond to
establishing a quasi-normal mode in the strict sense. It seems to us, however, that since the
amplitudes at infinity are of order O(1) for the polar waves and of O(Q) for the axial waves, the
minimization with respect to the two contributions to the flux of radiation at infinity may be
carried out independently. The matter, however, clearly requires a more careful investigation that
is beyond the scope of this paper.

Appendix A. The equations of hydrodynamics and the remaining field
equations for the general time-dependent axisymmetric space-time

In Paper II §10 the equations of hydrodynamics for the standard time-dependent
axisymmetric space-time were written down for the case when the only non-
vanishing components of the four-velocity are u,, %), and wug. It will be useful to
have the equations written down when u, is also non-zero. They are needed in the
general context of this paper; and they will supplement and complete Paper III.
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By making use of the Ricei rotation coefficients listed in M.7". (p. 82, eq. (91)), as in
Paper 11, we now find (when u,, # 0) that II, equations (94) are enlarged to the set:

(e+p) e (L—uy) P, o+ e gy Uy D o+ e "% U P, 5}
=+ egv[u(o) Uy, 0t a0 u%z) +Us0 u(23)]
—e U [V 5 Uy F Uy, 2] =€) [V 5 Uy F gy 5]
Fe gy [P Uy — €7 T Qg0 gy — €7 Qg0 Uy ], (A1)
(e+p) e (L +ufy) p o —e Uy Uy D o+ € U, Uy P 5}
= —e T (U Uy p V5 Uy — My, 2 Uly)]
Fe Uy [Ha, 0 Uia) T Uz), 0] — €U [ 3 U2y T Ua) 5]
+eug [ s uny— e/ " Qy Uyt eV @y, Uy, (A 2)
[2=3], (A 3)
(e +p)‘1u(1) [e“"u(o) Po—€ UG P =€ MU P, 3
= —e Uy Uy, 0T Y o U@y ) F €U (U s H Y U]
te Uy [Ugy 5TV 5 U] (A 4)

First, we observe that the zero-order terms in equation (A 2), describing the
stationary state, give:

(€+p) 7o ==V yuly +ug [V %y T/ 70 ug]. (A5)
By making use of the relations (cf. equation (15))
Uiy —uyy, =1 and  wu,, =e/w, (A 6)

we can reduce equation (A 5) to the form

P k) —r by ) = (o) ) (A7)

where w=e"/+/(1=V?), (A 8)

denotes the tensor component. Similarly, from equation (A 3) (obtained from
equation (A 2) by interchanging the indices (2) and (3)) we shall obtain,

44
pa= e+ vt ioim) = Crp e, (A9)
Equations (A 7) and (A 9) are the standard equations of hydrostatic equilibrium of
uniformly rotating stars (cf. Paper III, eq. (81)).

Next, by ignoring all terms of the second and higher orders in equation (A 2), we
obtain:

-1 2 2 - — — -
(E+D) 7P 2V 2 Uy =Y 2 UGy — VT y UGy Uy = T Uy Uz 0 €V Uy Uty G2, 0,00
A 10)
The linearized version of this equation, appropriate for a linear perturbation theor
- q pprop p Y,
is

-1 2 2 — — bo— -
Sl(e+p) P otV by =V 2 Uhy — T UGy Uiy} = T U gy Uy 0= €Y U U G 0,0
11)
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Considering next equation (A 1) and ignoring terms of the second and higher
orders, we directly obtain

(e+p) t[—e Uiy ot e ug Uy D o+ e U Uy D 4]
— oV ol o A -
€U gy Ugg), 0~ € M2U(q) Ugq), 2 T € WUg) Ugg) 5 €TV 5 Ug) Ug) — €TV 5 U Uy
—_ 2 S ——
FeTY g uly — (€7 Tm y g, + eV T T ) U (A12)

With the aid of the equilibrium equations (A 8) and (A 9), equation (A 12) can be
reduced to the form

e V2 _p,_()_ AV . —u
e “<1>(e+p+¢,o> € Uy Ugqy,0 T € U9y Uggy o T €U Ugg) 5

2
U

2
+3ug V2 [e"‘?u In (—) + e "y g In (%—)) ] =0. (A13)
2% (o) (2 w ), ®) w ),

Similarly, from equation (A 4) we obtain

-, Po - u(21)
—e Uy |+ ot (nug)) o [+ e ugy, ln?

+ ety ln'L—L—(zl—) =0.
e+yp @ @ /3

, 2

Eliminating [(e+p)™'p (+ ¥ o] from equations (A 13) and (A 14) and remembering
that ug, V? = ufy,/ug,, we obtain

(@) 2 Uy Uy U

— yla =, - — . - —

U DUy @y e ufy (Inugy) o 2 e "y, | In - +eauglIn - =0.
,2 ,3

%)
(A 15)
Expanding
In (ul,/w) = 2Inuy, —Inw, (A 16)
and simplifying, we find after some further elementary reductions:
w D (U —Ufy) @y U [6 U (InD) ,+ e ug (Inm) 4] = 0. (A 17)
The first term in this equation clearly vanishes and we are left with
ey (Inw) ,+eug (Inw) 3 =0, (A 18)
or e Uy, (Inw) y—u® (Inw) , = 0. (A 19)
This last equation is equivalent to
o Y w-n, (A 20)
which is an expression of the continued validity of the relation,
w="Ve ¥ (A 21)

Finally, we may note that since the equation,
Dy = €Uy, 0 F (Y +a+ 1), 0 U]
—e Uy o+ (Y v+ ) s U] —e " [Ug s+ (Y +v+us) sugl,  (A22)
is the same whether or not u,, = 0, the equations (cf. II, eqs (93) and (104))
€ @t (€+p)u® g =0, (A 23)
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and [Nu') @y = N gy u® +Nu® ) =0, (A 24)
are unaffected and eqs I, (95), (105), and (108)—(110) continue to be valid under the
present more general circumstances.

The remaining field equations

We have already written down in §3 (equations (24)—-(28)) the linearized version of
five of the necessary field equations. The remaining two equations derived from the
linearization of the R,; and the (,, equations are:

6[(""‘3”),2,3"‘V,zV,3+¢,2¢,3_(¢+V),2/“2,3"(¢+V),3//f3,2)]
=—2e"""w 0 8 +je V(e X Lo ,—e X L ,)

€E+p
7

~2/‘2{5V ¢+ﬂ3 +v, Slﬁ"‘ﬂs +5¢,2ﬂ3,2+¢,28ﬂ3.2

—20p, [v lﬁ"'ﬂs +¢2ﬂ32]}

+e {3 ( ¢+V,3,3+V,36(V“/‘3),3 (v—py), 6" ‘Hﬁ d(r+v— M),

+5¢ ¢+V—ﬂ3),3'—25ﬂ3[('ﬁ+”)33+¢ lﬁ TV gV 5 ,3/‘3,3"‘3”,3 V_/“3),3]}
0P (B + tg) — 28p = e el >+e% OPREY

— 2 ( 2¢+/42—Vg2 w, 3 + 62;0+/¢3—V€3 w, 2) ; (A 25)

+le2cﬁ 2v[e 2#2( )28,“ —e 2#3( 28[1,L2]+ (X,3Q),2+X,2wy3)

w

€+p
1—V?

2"//—2'}(6”_”%2 W ,—e" s &s o 3). (A 26)

Appendix B. Some details on the numerical procedures adopted

For the illustrative example considered in §7, the equations that had to be
integrated are equations (70) and (74) for an assigned 8w, and different values of o.
The source term on the right-hand sides of the equations is a superposition of the
two linearly independent solutions satisfying the boundary conditions described in
Paper I, §7.

As explained in Appendix D of Paper I, the range of integration inside the star,
ry < r < r, (wWhere r, is the initial starting point, chosen to be 0.01, and r, is the radius
of the star), was divided into four intervals:

(1) ro<r<r,; r,=1.55, dr = 107%;
(2) r, <r<r,; 7, =15764, dr =107%; (B 1)
B) r,<r<r,; r,=15764123,  dr=10"%;
@) r,<r<r; r =1.5764124853, dr= 10",

These step sizes were chosen to guarantee that at the boundary of the star the
functions and their derivatives were accurate up to the fifth significant figure. We
therefore need to discuss only the accuracy of the axial functions Z and Z , which
provide the initial data for the integration outside the star. We shall cons1der two
cases:

(w, =06, 0=0.12417) and (w,=1.0,0 =0.3438). (B 2)
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When the integrations were carried out with the step sizes specified in (B 1), the
resulting values of Z and Z , at r = r, were:

8w, =06; Z=034008477, Z ,6 = —0.39928523;}

B3
8w, =1.0; Z=10.50468000, Z ,h =—0.68065908. (539)

If the integrations are repeated with one-half of all the step sizes the result was:

8w, =0.6; Z=0.34008407, Z = —0.39928641;} (B 4)
8w, =1.0; Z=10.50468656, Z kA =—0.68064822.
The fractional changes in the derived values Z and Z , are:
8w, =06; AZ/Z~21x107% AZ  /Z  ~3.0x 10‘6;} (B 5)
8w, =1.0; AZ/Z ~13x107°, AZ , [Z ,~1.6x107°

Therefore, by integrating the equations using the step sizes specified in (B 1), the
functions Z and Z , are accurate up to the fifth significant figure. The integration
outside the star was carried out with a step dr, = 0.05. If the step is reduced to
dry = 0.005, the final values of o} + % change only in the fourth significant figure ; but
this change does not affect the real and the imaginary parts of the characteristic
frequencies listed in table 1.

Finally, it may be noted that if equation (3) for the standard solution for w was
integrated with the same step sizes (B 1), it was found that

@ = 1.6080609 and w ,=0.21036682; (B 6)
and when the step sizes were halved,
@ = 0.6080609 and w ,=0.21036682. (B7)

The integration is therefore accurate to the eighth significant figure.
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Note added in proof, 21 January 1991

Apropos of the Note added on 7 December 1990, the solution obtained in the text may first be
clarified.

Since the polar perturbations of the spherical star that induces the resonant axial mode belongs
to a frequency o, that is different from its resonant frequency o, (= 0.324845 for the polytropic
model considered in §7) these polar waves are both ingoing and outgoing. In other words, by
scattering polar waves off of a slowly rotating star with varying o (keeping the ratio ¢ of the
amplitudes of the polar and axial perturbations fixed), we find that the emergent induced axial
waves of order 2 reveal, as we have seen, the presence of a resonance state.
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Since the problem presented by equation (70) is one in two-channel scattering (the two channels
being the axial and the polar modes), it is clear that a whole range of problems with different initial
conditions can be formulated. The problem with the greatest physical interest is perhaps the
following: A spherical star initially oscillating in its quadrupole quasi-normal mode with its
resonant frequency o is set in slow rotation. What is the amplitude of the induced emergent
outgoing axial waves of the same frequency ? The solution to this problem can be found as follows.

Absorbing 8LQw, in the amplitude X,, we first find the particular integral of the equation (cf.
equation (70))

D, X, =entw , (2W,+ Ny +5L,+6V,) +2av (@ —1) Wy, (92)

which at » = 0 has the series expansion (cf. equation (73))
X, =e" 2w, WY +NQ +5+6VP) +2a(Q,— 1) WP ]r" +0(r°). (93)
The asymptotic behaviour at infinity of the solution so obtained, will have the form
0ty €08 07y — by sin ory, = 3 (ot +18,) €7+ (0ty —18,) €7177], (94)

where «, and f, are determinate constants. For this solution we therefore have both incoming and
outgoing axial waves. We can annul the incoming radiation by adding to the particular integral
having the behaviour (94), a suitable multiple, (X41Y) say, of the solution of the homogenous
equation.
The solution of the homogenous equation as determined in I, §11 has at infinity the asymptotic
behaviour (cf. I, eq. (155))
Aycosory—Bysinor, = (A, +1B,) e+ (4,—1B,) e7"+], (95)

where we have written 4, and B, in place of &, and ;. The required condition for the vanishing
of the incoming radiation is therefore,

(X+1Y) (4, +iB) +a,+if, =0, (96)
or
Xz__(“vo"{’ﬁoBo) and Yz_(ﬁOAO_aOBO) (97)
(45+Bj) (45+B3) '

The resulting purely outgoing flux of gravitational radiation will be determined by
HX 1Y) (A, —iB,) + oy —if,] e = 1Y (4, +iB,) e 7"*; (98)
and the flux itself will be given by
(8w, LY 1PY* A2+ BY), (99)

where we have restored the factor that had been suppressed.
For the polytropic model considered in §7 (and in Paper I) we find:

2y = —0.1129x 10>, B, = +0.4504 x 10*,
Ay = +0.1506x 10°, B, =—0.6012x 104, (100)
X=0.7496 and Y =1.7x101;

and

YA+ B2) ~ 8.0. (101)
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