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Principal bundles on the projective line
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Abstract. We classify principalG-bundles on the projective line over an arbitrary field
k of characteristic6= 2 or 3, whereG is a reductive group. If such a bundle is trivial at a
k-rational point, then the structure group can be reduced to a maximal torus.
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1. Let k be a field of characteristic6= 2, 3 and letG be a reductive group defined over
k. Let P

1
k denote the projective line defined overk. Let O(1) denote the line bundle of

degree one overP1
k. For a one-parameter subgroupλ : Gm → G of G, we denote by

Eλ,G the principalG-bundle associated toO(1) (regarded as aGm bundle) by the group
homomorphismλ : Gm → G. A principal G-bundleE on P

1
k is said to be trivial at

the origin if the restriction ofE to the k-rational point 0∈ P
1
k is the trivial principal

homogeneous space over Speck. In this article, we show

Main theorem. LetE → P
1
k be a principalG-bundle onP1

k which is trivial at the origin.
ThenE is isomorphic toEλ,G for some one-parameter subgroupλ : Gm → G defined
overk.

In particular, since every one-parameter subgroup lands inside a maximal torus ofG

we observe that any principalG bundle onP1
k which is trivial at the origin has a reduction

of structure group to a maximal torus ofG. This result was proved by Grothendieck [3]
whenk is the field of complex numbers and by Harder [4] whenG is split overk and the
principal bundle is Zariski locally trivial onP1

k.
While we understand that this result is known (see [2], unpublished), we believe that our

geometric method of deducing it from the properties of the Harder–Narasimhan filtration
of principal bundles is new and of interest in its own right.

2. LetX be a complete nonsingular curve over the algebraic closurek of k andGa reductive
group overk. Let E → X be a principalG-bundle onX. E is said to be semistable if, for
every reduction of structure groupEP ⊂ E to a maximal parabolic subgroupP of G, we
have

degreeEP (p) ≤ 0,

wherep is the Lie algebra ofP andEP (p) is the Lie algebra bundle ofEP [9]. When
G = GL(n), a vector bundleV → X is semistable if for every subbundleS ⊂ V , we have

µ(S) ≤ µ(V ),
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where for a vector bundleW , µ(W) denotes the slope degree(W)/rank(W ).
If the principal bundleE → X is not semistable, then there is a canonical reduction

EP ⊂ E to a parabolicP in G (also called the Harder–Narasimhan filtration) with the
properties:

(i) degreeEP (p) > 0.

(ii) If U denotes the unipotent radical ofP andL = P/U a Levi factor ofP , then the
associatedL bundleEP /U is semistable.

(iii) U has a filtrationU0 = U ⊃ U1 ⊃ U2 ⊃ · · · ⊃ Uk = e, such thatUi/Ui+1 is a
direct sum of irreducibleL-modules for the natural action ofL (see Theorem 2 in
[12]), and ifM is an irreducibleL-module which occurs as a factor ofUi/Ui+1 for
somei, then degreeEL(M) > 0, whereEL(M) is the vector bundle associated to
the principalL-bundleEL by the action ofL onM.

For the existence of such a canonical reduction, see Behrend’s paper [1], where degree
EL(M) as above is called a numerical invariant associated to the reductionEP ⊂ E, and
the vector bundlesEL(M) are called the elementary vector bundles. This reduction was
first defined for vector bundles by Harder–Narasimhan in [5], and for principal bundles by
Ramanathan [9].

For convenience of reference, we recall Thereom 4.1 of [6] here.

Theorem. Let E → X be a principalG-bundle onX, whereG is a reductive group.
Suppose thatµmin(T X) ≥ 0, whereT X is the tangent bundle ofX. Then we have,

(i) If E → X is semistable, so isF ∗E → X, whereF is the absolute Frobenius ofX.
(ii) If E → X is not semistable, andEP → X the canonical reduction of structure group

of E, E(g) the adjoint bundle ofE, andE(p) the adjoint bundle ofEP , then

µmax(E(g)/E(p)) < 0

and, in particular

H 0(X, E(g)/E(p)) = 0.

We now letX = P
1. Sinceµ(T P

1) = 2 > 0, whereT P
1 denotes the tangent bundle of

P
1, we can apply Theorem 4.1 of [6] in our context. LetE → P

1
k be a principalG-bundle

overP1
k, whereG is a reductive group defined overk, and letk denote the algebraic closure

of k andks denote the separable closure ofk. Let Ek be the principalGk bundle overP1
k

obtained by base changing tok, and supposeEk is not semistable. Then by Theorem 4.1(ii)
of [6], the canonical parabolic reductionEP ⊂ Ek descends toEks . Further, by [1], the
canonical reduction to the parabolic is unique (actually, it is the associated parabolic group
schemeEP (P ) which is unique) and hence by Galois descent, the reductionEP ⊂ E is
defined overk. In particular, the parabolic subgroupP which isa priori defined overk, is
actually defined overk.

3. We first consider torus bundles onP
1. Let k be a field, and letT be a torus overk. Let

ET → P
1
k denote a principalT -bundle onP1

k. We have
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PROPOSITION 3.1

Let ET → P
1
k be aT -bundle onP

1
k which is trivial at the origin. Then there exists a

one-parameter subgroupλ : Gm → T defined overk such thatET is isomorphic to
Eλ,T , whereEλ,T denotes the principalT bundle associated toOP1(1) (regarded as aGm

bundle) by the group homomorphismλ : Gm → T .

Proof. Let A0 = P
1
k − {∞} andA∞ = P

1
k − {0}. The two open setsA0 andA∞ coverP1

k.
By Proposition 2.7 in [7], the restriction ofET to A0 is obtained from aT bundle on Spec
k by base change, and since we assumeET is trivial at the origin, we obtain thatET |A0 is
trivial. Now considerET |A∞. Again by Proposition 2.7 of [7],ET |A∞ comes from Spec
k. SinceET |A0 is trivial, there arek-rational points ofA∞ ∩ A0 at whichET is trivial. It
followsET |A∞ is also trivial. Hence there is a transition functionµ : A0∩A∞ → T which
defines the principalT bundleET onP

1
k. SinceA0 ∩ A∞ = Gm, we have thus obtained a

morphism of schemesµ : Gm → T (which isa priori not a morphism of group schemes).
Let 1 denote the identity ofGm, which is ak-rational point ofGm, and letµ(1) be thek-
rational point ofT which is the image of 1. Letλbe the morphismλ = µ(1)−1µ : Gm → T

which is the composite ofµ : Gm → T andµ(1)−1 : T → T (multiplication byµ(1)−1).
Then it can be seen thatλ : Gm → T is a group homomorphism. However, theT -bundle
on P

1
k defined byλ is isomorphic to the bundle defined byµ, and hence the proposition.

Q.E.D.

4. Let k be a field andG a reductive group defined overk. We have

Lemma4.1. Let E → P
1
k be a principalG bundle overP1

k and letG → H be a homo-
morphism of reductive groups overk which maps the centre ofG to the centre ofH . Let
EH be the associatedH -bundle. IfE is a semistableG bundle, thenEH is a semistable
H bundle onP1

k.

Proof. Let F : P
1
k → P

1
k be the absolute Frobenius morphism onP

1
k (if chark > 0). Then

by Theorem 4.1(i) in [6],Fn∗
E is semistable for alln ≥ 1, whereFn denotes thenth

iterate of the FrobeniusF . Hence, by Theorems 3.18 and 3.23 of [8], it follows thatEH is
semistable. Q.E.D.

Lemma4.2. Let H be a semisimple group overk andEH → P
1
k a principal H bundle

on P
1
k. If EH is semistable, thenEH is the pullback of a principal homogeneous space

on Speck by the structure morphismP1 → Speck. In particular, if EH is trivial at the
origin (which is ak-rational point ofP1

k) thenEH is trivial on P
1
k.

Proof. Let ρ : H → SL(N) be a faithful representation ofH and letESL(N) be the
associatedSL(N) bundle. By Lemma 4.1 above,ESL(N) is a semistableSL(N) bundle.
LetVρ be the vector bundle whose frame bundle isESL(N). ThenVρ is a semistable vector
bundle onP1

k of degree zero. By an application of the Riemann–Roch theorem, it follows
thatVρ hasN linearly independent sections. Since every nonzero section of a semistable
vector bundle of degree zero on a projective curve is nowhere vanishing, it follows that
Vρ is the trivial vector bundle. HenceESL(N) is the trivialSL(N) bundle. Therefore the
principal fibre spaceESL(N)/H with fibreSL(N)/H is also trivial, so

ESL(N)/H = P
1
k × (SL(N)/H).
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It follows that the reduction of structure group ofESL(N) toH is defined by a morphism
P

1
k → SL(N)/H . SinceSL(N)/H is affine, the morphismP1

k → SL(N)/H actually
factors through a morphism Speck → SL(N)/H . It therefore follows that the principal
H bundleEH is the pullback of a principal homogeneous space on Speck by the structure
morphismP

1
k → Speck. Q.E.D.

We can now prove

Theorem 4.3. Let G be a reductive group over a fieldk of char 6= 2, 3 and letE → P
1
k

be a principalG bundle onP1
k, which is trivial at the origin. Then there is a reduction of

structure groupET ⊂ E to a maximal torusT of G such that theT bundleET is trivial
at the origin.

Proof.

Case(i). SupposeE is a semistableG bundle. LetZ be the centre ofG (which is defined
overk). Let E/Z be theG/Z bundle associated to the homomorphismG → G/Z. Since
E is trivial at the origin,E/Z is also trivial at the origin. Also, by Lemma 4.1 above,E/Z

is a semistableG/Z bundle. SinceG/Z is a semisimple group, we can apply Lemma 4.2
above to conclude thatE/Z is the trivialG/Z bundle, and hence has sections. Any section
of E/Z defines a reduction of structure groupEZ ⊂ E of E toZ. SinceZ is contained in a
maximal torusT , we obtain a reduction of structure groupET ⊂ E toT . Letc ∈ H 1(k, T )

be the class of the principal homogeneousT space obtained by restrictingET to the origin
of P

1
k. Thenc goes to zero under the mapH 1(k, T ) → H 1(k, G). We now twistET by

the classc−1 to obtain a newT bundleE′
T which is trivial at the origin. The twistedT -

bundleE′
T is contained in the twist ofE by c−1. However since the image ofc in H 1(k, G)

is trivial, we see that the twist ofE by c−1 is E itself. Hence we obtain a reduction of
structure groupE′

T ⊂ E to a maximal torusT such thatE′
T is trivial at its origin.

Case(ii). Now supposeE is not semistable. Then by §2, there is a canonical reduction
EP ⊂ E to a parabolicP in G. We first observe that since the mapH 1(k, P ) → H 1(k, G)

is injective (see Corollary 15.1.4 in [11]), theP bundleEP is trivial at the origin. Now
let L be a Levi factor ofP . TheL bundleEL associated toEP by the projectionP → L

is semistable (see §2 above) and sinceEP is trivial at the origin, so isEL. Let U be the
unipotent radical ofP . Let P act onU by the inner conjugation. Then the bundleEP (U)

associated toEP by this action onU is a group scheme overP
1. Further, theP/L bundle

EP /L is a principal homogeneous space under the group schemeEP (U) over P
1 (see

Lemma 3.6 in [10]), and henceEP /L determines an element ofH 1(P1, EP (U)). However,
U has a filtrationU0 = U ⊃ U1 ⊃ U2 ⊃ · · · ⊃ Uk = e such thatUi/Ui+1 is a direct
sum of irreducibleL-modules for the natural action ofL, and if M is an irreducibleL-
module which occurs as a factor ofUi/Ui+1 for somei, then degreeEL(M) > 0, where
EL(M) is the vector bundle associated toEL by the action ofL on M (see §2 above).
SinceEL is semistable,EL(M) is a semistable vector bundle by Lemma 4.1. ThusEL(M)

is a semistable vector bundle onP1 of positive degree and henceH 1(P1, EL(M)) =
0. Inducting on the filtrationU0 = U1 ⊃ U2 ⊃ U3 · · · ⊃ Uk = e, we obtain that
H 1(P1

k, EP ((U)) is trivial, and henceEP /L is the trivial principal homogeneous space.
This defines a reduction of structure groupE′

L ⊂ EP of EP to the Levi factorL. However,
since the compositeL ⊂ P → P/U = L is the identity, it follows thatE′

L is isomorphic
to EL. Thus we have obtained a reduction of structure groupEL ⊂ E, whereEL is a
semistableL bundle which is trivial at the origin. LetZ denote the centre ofL. Then
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arguing as in Case (i) above, we obtain a reduction of structure groupEZ ⊂ E to the
centreZ of L, such thatEZ is trivial at the origin. SinceZ is contained in a maximal torus
T of G, we have obtained aT bundleET trivial at the origin, and a reduction of structure
groupET ⊂ E of E to the maximal torusT . Q.E.D.

Proof of main Theorem. This follows from Theorem 4.3 and Proposition 3.1 above.
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