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Principal bundles on the projective line
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Abstract. We classify principalG-bundles on the projective line over an arbitrary field
k of characteristigZ 2 or 3, whereG is a reductive group. If such a bundle is trivial at a
k-rational point, then the structure group can be reduced to a maximal torus.
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1. Let k be a field of characteristig 2, 3 and letG be a reductive group defined over
k. Let IP,} denote the projective line defined overLet O(1) denote the line bundle of
degree one ovdP,}. For a one-parameter subgroup G,, — G of G, we denote by
E, ¢ the principalG-bundle associated 10 (1) (regarded as &, bundle) by the group
homomorphismi : G,, — G. A principal G-bundle E on ]P’,% is said to be trivial at
the origin if the restriction off to the k-rational point Oe IP’,% is the trivial principal
homogeneous space over Sgetn this article, we show

Main theorem. LetE — IP’,% be a principalG-bundle oriP’,% which is trivial at the origin.
ThenE is isomorphic toE, ¢ for some one-parameter subgrodip G,, — G defined
overk.

In particular, since every one-parameter subgroup lands inside a maximal tagus of
we observe that any principé! bundle oriP,% which is trivial at the origin has a reduction
of structure group to a maximal torus 6f This result was proved by Grothendieck [3]
whenk is the field of complex numbers and by Harder [4] wi@is split overk and the
principal bundle is Zariski locally trivial oﬁ’,}.

While we understand that this result is known (see [2], unpublished), we believe that our
geometric method of deducing it from the properties of the Harder—Narasimhan filtration
of principal bundles is new and of interest in its own right.

2. LetX be acomplete nonsingular curve over the algebraic cldsnieandG areductive
group overk. Let E — X be a principalG-bundle onX. E is said to be semistable if, for
every reduction of structure groupp C E to a maximal parabolic subgroup of G, we
have

degreeEp(p) <0,

whereyp is the Lie algebra ofP and Ep(p) is the Lie algebra bundle af » [9]. When
G = GL(n),avector bundl& — X is semistable if for every subbundfec V, we have

n(S) < u(v),
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where for a vector bundl®&, (W) denotes the slope deg(@é)/rank(W).

If the principal bundleE — X is not semistable, then there is a canonical reduction
Ep C E to a parabolicP in G (also called the Harder—Narasimhan filtration) with the
properties:

(i) degreeEp(p) > 0.

(ii) If U denotes the unipotent radical 8fandL = P/U a Levi factor of P, then the
associated. bundleEp /U is semistable.

(i) U has afiltrationUp = U D U1 D Uz D --- D Uy = e, such that; /U; 41 is a
direct sum of irreducibld.-modules for the natural action @f (see Theorem 2 in
[12]), and if M is an irreduciblel.-module which occurs as a factor &f / U; 1 for
somei, then degreeZ; (M) > 0, whereE (M) is the vector bundle associated to
the principalL-bundleE;, by the action ofL. on M.

For the existence of such a canonical reduction, see Behrend’s paper [1], where degree
E; (M) as above is called a numerical invariant associated to the reduction E, and
the vector bundle&'; (M) are called the elementary vector bundles. This reduction was
first defined for vector bundles by Harder—Narasimhan in [5], and for principal bundles by
Ramanathan [9].

For convenience of reference, we recall Thereom 4.1 of [6] here.

Theorem. Let E — X be a principal G-bundle onX, whereG is a reductive group.
Suppose thatmin(7T X) > 0, whereT X is the tangent bundle df. Then we have

(i) If E— X issemistablesoisF*E — X, whereF is the absolute Frobenius of.
(i) If E — X is not semistableand Ep — X the canonical reduction of structure group
of E, E(g) the adjoint bundle of, and E (p) the adjoint bundle of p, then

umax(E(g)/E(p)) <0

and, in particular

HO(X, E(g)/E(p)) = 0.

We now letX = PL. Sincen(TPY) = 2 > 0, whereT P! denotes the tangent bundle of
1, we can apply Theorem 4.1 of [6] in our context. [t ]P’,% be a principalG-bundle
overIP’,{, whereG is a reductive group defined ovierand letc denote the algebraic closure
of k andk® denote the separable closurekolet E; be the principalG; bundle oveﬁP’%

obtained by base changingitpand Suppose&y, is not semistable. Then by Theorem 4. 1(ii)

of [6], the canonical parabolic reductidii» C Ej descends td;s. Further, by [1], the
canonical reduction to the parabolic is unique (actually, it is the associated parabolic group
schemeE p (P) which is unique) and hence by Galois descent, the redudiorc E is
defined ovek. In particular, the parabolic subgrodpwhich isa priori defined ovek, is
actually defined ovek.

3. We first consider torus bundles &3. Letk be a field, and leT be a torus ovek. Let
Er — P} denote a principal -bundle onP}. We have
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PROPOSITION 3.1

Let Er — P} be aT-bundle onP{ which is trivial at the origin. Then there exists a
one-parameter subgroup : G,, — T defined ovek such thatEr is isomorphic to
E,.r,whereE, r denotes the principal’ bundle associated 101 (1) (regarded as &,
bundlg by the group homomorphisin: G, — T.

Proof. Let Ag = P} — {00} andA« = P} — {0}. The two open setdo and A coverPs.
By Proposition 2.7 in [7], the restriction dr to Ag is obtained from & bundle on Spec
k by base change, and since we assuineés trivial at the origin, we obtain tha | Ag is
trivial. Now considerE7|Ao. Again by Proposition 2.7 of [7]E7|As comes from Spec
k. SinceEr|Ag is trivial, there are-rational points ofA, N Ag at which Er is trivial. It
follows E7| A is alsotrivial. Hence there is a transition function AgN Ao, — T which
defines the principal” bundleEr on ]P’,%. SinceAg N Ax = G,,, We have thus obtained a
morphism of schemegs : G,, — T (which isa priori not a morphism of group schemes).
Let 1 denote the identity af,,;, which is ak-rational point ofG,,, and letu (1) be thek-
rational point off which is the image of 1. Letbe the morphism = (1) : G,y = T
which is the composite gf : G,, — T andu(1)~1: T — T (multiplication by (1)~1).
Then it can be seen that: G,, — T is a group homomorphism. However, thiebundle
on IP’,% defined by is isomorphic to the bundle defined ly and hence the proposition.
Q.E.D.

4. Letk be afield ands a reductive group defined ovir We have

Lemma4.1. Let E — P be a principalG bundle oveP} and letG — H be a homo-
morphism of reductive groups ovemwhich maps the centre @f to the centre of{. Let
Ep be the associate# -bundle. IfE is a semistabl&s bundle thenEy is a semistable
H bundle orP}.

Proof. Let F : P{ — P} be the absolute Frobenius morphismin(if chark > 0). Then
by Theorem 4.1(i) in [6],F"E is semistable for alk > 1, whereF” denotes theith
iterate of the FrobeniuB. Hence, by Theorems 3.18 and 3.23 of [8], it follows that is
semistable. Q.E.D.

Lemmad.2. Let H be a semisimple group ovérand Ey — IP’,% a principal H bundle

on IP,}. If Ey is semistable, thely is the pullback of a principal homogeneous space
on Speck by the structure morphisii' — Speck. In particular, if Ey is trivial at the
origin (which is ak-rational point ofP}) thenEy is trivial on P;.

Proof. Let p : H — SL(N) be a faithful representation df and letEs;y) be the
associated L(N) bundle. By Lemma 4.1 abové&g, (v iS a semistabl&§L(N) bundle.

Let V, be the vector bundle whose frame bundI€ig (v). ThenV, is a semistable vector
bundle on[P’,% of degree zero. By an application of the Riemann—Roch theorem, it follows
thatV, hasN linearly independent sections. Since every nonzero section of a semistable
vector bundle of degree zero on a projective curve is nowhere vanishing, it follows that
V, is the trivial vector bundle. HencEgy () is the trivial SL(N) bundle. Therefore the
principal fibre spacé s, (v)/H with fibre SL(N)/H is also trivial, so

Espn/H =P; x (SL(N)/H).
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It follows that the reduction of structure group®f,(v) to H is defined by a morphism
PL — SL(N)/H. SinceSL(N)/H is affine, the morphisnP} — SL(N)/H actually
factors through a morphism Spec— SL(N)/H. It therefore follows that the principal
H bundleEy is the pullback of a principal homogeneous space on §bgdhe structure
morphismP} — Speck. Q.E.D.

We can now prove

Theorem 4.3. Let G be a reductive group over a fieldof char 2, 3and letE — IP’,}
be a principalG bundle oan’,}, which is trivial at the origin. Then there is a reduction of
structure groupEr C E to a maximal torug" of G such that thel” bundleE is trivial

at the origin.

Proof.

Case(i). SupposeE is a semistablé bundle. LetZ be the centre off (which is defined
overk). Let E/Z be theG/Z bundle associated to the homomorphi&m> G/Z. Since

E is trivial at the origin,E/ Z is also trivial at the origin. Also, by Lemma 4.1 abov&,Z

is a semistabl€;/Z bundle. Since5/Z is a semisimple group, we can apply Lemma 4.2
above to conclude thd/ Z is the trivial G/ Z bundle, and hence has sections. Any section
of E/Z defines areduction of structure grolip C E of E to Z. SinceZ is contained in a
maximal torusl”, we obtain a reduction of structure groip C EtoT.Letc € H(k, T)

be the class of the principal homogene@uspace obtained by restrictirigy to the origin

of P{. Thenc goes to zero under the map*(k, T) — H(k, G). We now twistE7 by
the class~! to obtain a newr” bundle E. which is trivial at the origin. The twisted-
bundleE’, is contained in the twist of by ¢~1. However since the image ofn H1(k, G)

is trivial, we see that the twist of by ¢~1 is E itself. Hence we obtain a reduction of
structure grougt’. C E to a maximal torug” such thatf’, is trivial at its origin.

Case(ii). Now supposeE is not semistable. Then by §2, there is a canonical reduction
Ep C E toaparabolic® in G. We first observe that since the mag (k, P) — H(k, G)
is injective (see Corollary 15.1.4 in [11]), th® bundle Ep is trivial at the origin. Now
let L be a Levi factor ofP. The L bundleE; associated t& p by the projectionP — L
is semistable (see §2 above) and sifgeis trivial at the origin, so i£;. Let U be the
unipotent radical ofP. Let P act onU by the inner conjugation. Then the bundie (U)
associated t@ p by this action orl/ is a group scheme ov@t. Further, theP /L bundle
Ep/L is a principal homogeneous space under the group sclign&) over P! (see
Lemma3.6in[10]), and hendgp /L determines an element 81 (PY, Ep(U)). However,
U has afiltrationUg = U D Uy D U D --- D Uy = e such thatU; /U;,1 is a direct
sum of irreducibleL-modules for the natural action @f, and if M is an irreducibleL-
module which occurs as a factor Bf / U; 11 for somei, then degred’; (M) > 0, where
Ep (M) is the vector bundle associated g by the action ofL on M (see §2 above).
SinceE; is semistableE; (M) is a semistable vector bundle by Lemma 4.1. TRysM)
is a semistable vector bundle @} of positive degree and hendé!(P!, E; (M)) =
0. Inducting on the filtration/g = Uy D Uz D Us--- D Uy = e, we obtain that
HY(PL, Ep((U)) is trivial, and henceE p /L is the trivial principal homogeneous space.
This defines a reduction of structure gralip C Ep of Ep to the Levi factorL. However,
since the composite ¢ P — P/U = L is the identity, it follows thai; is isomorphic
to Er. Thus we have obtained a reduction of structure gréypC E, whereE; is a
semistablel. bundle which is trivial at the origin. LeZ denote the centre df. Then
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arguing as in Case (i) above, we obtain a reduction of structure gigu E to the
centreZ of L, such thatE 7 is trivial at the origin. Since is contained in a maximal torus
T of G, we have obtained & bundleE trivial at the origin, and a reduction of structure
groupEr C E of E to the maximal torugd’. Q.E.D.

Proof of main TheorenThis follows from Theorem 4.3 and Proposition 3.1 above.
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