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ABSTRACT

The nonlinear evolution of perturbation superimposed on the barotropic, unstable observed mean easterly
jet at 100 hPa is studied over the sphere. The nondivergent barotropic nonlinear global spectral model with
rhomboidal truncation at zonal wavenumber 21 is integrated for 120 days for initial random and linear unstable
perturbations. The model includes a Rayleigh friction and restoring mechanism for zonal wind to its initial
distribution. Time variations of eddy and zonal kinetic energy, zonal-wave and wave-wave interactions, and
eddy and zonal kinetic energy dissipations are examined. The growth of perturbation begins with exponential
increase in its kinetic energy for a short period, followed by a linear increase. The perturbations undergo oscillations
before approaching a steady state. During the initial exponential phase, the nonlinear interactions further de-
stabilize the jet, and this effect is more pronounced for the random initial perturbation. It is found that oscillations
in kinetic energy are due to the time lag between energy source (zonal-wave interaction) and sink (frictional
dissipation).

It is noticed that the random initial perturbation is more efficient than the linear unstable modes in reaching
the steady state. Nonlinear interactions shift the preferred wave towards the lower wavenumber 6. Wave 6
accounts for more than 98% of eddy kinetic energy of steady state. The role of wave-wave interaction is secondary
to zonal-wave interaction.

Steady-state wave 6 has an inviscid growth rate of 0.104 X 107 5!, a phase speed of —20.9° day™', and a
meridional scale comparable to the half-width of the easterly jet. The zonal scale of the wave is close to the
Rossby radius of deformation. The maximum meridional velocity associated with the wave is 3.8 m s™'. Nonlinear
interactions modify the jet to a more asymmetric distribution, which induces a southward shift in the wave-
amplitude maximum location. Strong correlation between latitude of maxima for wave amplitude and meridional
gradient of basic-state potential vorticity is noticed. A close agreement is seen between observation and nonlinear
preferred wave 6.

The kinetic energy cycle for steady-state wave 6 on the sphere and in the latitude belt 10°S-40°N is computed
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and discussed. The kinetic energy of wave 6 in the latitude belt agrees well with the observed value.

1. Introduction

Linear barotropic (Mishra et al. 1981), baroclinic
(Mishra and Salvekar 1980), and barotropic—-baroclinic
(Shukla 1977; Mishra and Tandon 1983) instability
studies of observed mean monsoon easterly jet using
dry, quasigeostrophic, beta-plane models have provided
the broad physical basis to understand the formation
and growth mechanism of observed synoptic-scale dis-
turbances (zonal wavenumber 6-8) in the vicinity of
an upper-tropospheric tropical easterly jet. Mishra
(1987) has performed the barotropic instability of ob-
served mean easterly jet over the sphere and obtained
a Rossby wave of wavenumber 7 as the most preferred
wave. Schoeberl and Lindzen (1984) have studied the
influence of wave-zonal mean interaction in the evo-
lution of unstable barotropic modes of a point easterly
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jet on a beta plane. It can be seen from their results
that the most unstable linear mode (wavenumber 9)
attains the largest enstrophy in the quasi-linear exper-
iments, and they also concluded that the role of wave-
wave interaction in the evolution process is insignifi-
cant. Mishra (1990) has studied the effect of zonal-
wave and wave-wave interaction for the barotropic
unstable observed easterly jet by using a global spectral
model and choosing an initial state as a single unstable
wave superimposed on the zonal jet. He found that
the wave-zonal flow interaction leads to an oscillation
in wave kinetic energy and that oscillation amplitude
1s maximum for initial wavenumber 7, while wave-
number 6 is the most unstable linear wave.

Kwon and Mak ( 1988) extensively studied the non-
linear barotropic instability of an easterly Bickley jet
in a forced, dissipative, beta-plane model. They have
shown that the equilibrium state may be either a steady-
wave state, a vacillation cycle, or a chaos depending
upon the values of nondimensional damping and forc-
ing parameters. Further, it has been pointed out that
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systematic change in the scale selection can take place
due to nonlinear dynamics.

It is known that the maintenance and strengthening
of upper-tropospheric zonal easterlies in the tropics
during the summer monsoon is due to the removal of
westerly momentum by stationary long waves 1 and 2
(Krishnamurti 1971). Further, mean ascending mo-
tions over the warm land areas of Asia and descending
motions over the relatively colder tropical ocean gen-
erate the eddy kinetic energy on the long waves (Krish-
namurti et al. 1973). This will also lead to the mainte-
nance of easterlies over the monsoon region. Hence,
in a barotropic instability study of an easterly jet, in-
clusion of the restoring process will bring the results
closer to reality.

In this paper an attempt is made to study the non-
linear barotropic instability of an observed mean trop-
ical easterly jet in the presence of restoring force and
dissipation on the sphere.

2. Model and system of equations

a. A forced dissipative nonlinear barotropic model on
a sphere

The horizontal nondivergent motions on the surface
of a rotating sphere of radius a and angular velocity ,
in the presence of dissipation and vorticity source for
the zonal flow, are governed by the following nondi-
vergent barotropic vorticity equation:

(UOn Vo =
q + 2(1 — i) + p a($— $), (la)
where
p = sing, (1b)
g =V +20% — R2Y, (1c)
¢ =V, (1d)
fo = Vzlz/oa (le)
- .2)
U= —cos¢ s (1f)
y=" (1g)
) a
B a2g*H 1/2
Re—< 207 ) ) (1h)

In the above equation, ¢ is the potential vorticity;
the overbar and o denote the zonal average and value
at 1 = 0, respectively; ¢ is the relative vorticity; ¢ is the
streamfunction; ¢ and X are the latitude and longitude,
respectively; R, is the equatorial Rossby radius of de-
formation; g* is the reduced gravity; « is the Rayleigh
friction coefficient; and H is the constant thickness of
the layer. Here frictional decay and restoring (relaxa-
tion) time scales are assumed to be equal to a™'.
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The term on the right-hand side of (1a) represents
a simple and crude parameterized form of the physical
and dynamical processes in the atmosphere that are
responsible for restoring the zonal flow to its clima-
tological mean value. The tendency to restore the zonal
vorticity to its initial distribution is due to the imbal-
ance between two opposite physical processes: the time
invariant constant vorticity source term «f, and the
time-varying frictional dissipation term a{. At a lati-
tude where zonal vorticity attains a value of less (more)
than its initial value, the generation of vorticity by the
source term is more (less) than the dissipation of vor-
ticity by the frictional term. The term — R;%{, in (1a)
denotes the effect of divergence and vertical density
stratification within the framework of a nondivergent
barotropic model. Mishra (1981) has computed the
values of g* and H for the upper-tropospheric distur-
bances along the easterly jet as 0.786 m s 2 and 9 km,
respectively, by considering a three-layer system of ho-
mogeneous, incompressible, nonviscous, and nonmix-
ing barotropic fluid. The equatorial Rossby radius of
deformation R, is obtained as 1900 km.

b. Numerical method

The spectral method is used to obtain the numerical
solution of (1a). The streamfunction is expanded as a
spherical harmonic series using rhomboidal truncation
at zonal wavenumber A

YN, &, 1)
M m+M
=2 2 (YTycosmA + ¢, sinm\) P (u), (2)
m=0 n=m
where P7(u) is the associated Legendre function nor-
malized to unity over the sphere; 7 and 7 are the zonal
and two-dimensional wavenumbers, respectively; and
YT, and ¢, are spectral (spherical harmonic) coeffi-
cients. The spectral equations are obtained by substi-
tuting (2) in (1a) and using a full transform method
for evaluating the nonlinear terms. The Euler backward
and leapfrog time-differencing schemes are used for
the first and subsequent time steps, respectively. The
time-differencing scheme is backward with respect to
the frictional term. The three-point recursive time filter
of Robert (1966) is used with the filter parameter value
of 0.01.

¢. Kinetic energy equation in wavenumber domain

To diagnose the nonlinear evolution of unstable
wave and to understand the role of wave-zonal flow
and wave-wave interactions, the kinetic energy equa-
tion in zonal wavenumber domain is obtained. The
global-average kinetic energy (AK) can be expressed
as :

M

AK = AK(m), (3a)

m=0
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where AK(m) denotes the global-average kinetic en-
ergy of the zonal wave m and can be written in terms
of the global-average kinetic energy of the (m, n) mode
AK(n, m) as

m+M
AK(m)= X AK(n,m)
m+M 1
= Z n(n + l)(‘l/rn‘p’lnn + ‘pg’n‘l’gn)é—_z
n=m a
(3b)
and
M
AK(0) = X AK(n, 0)

M 1
=Enm+1wn¢mﬁ;).<k)

The kinetic energy equation in wavenumber domain
is obtained by differentiating (3b) and (3c) with respect
to ¢ and then substituting for time derivative terms
from the spectral version of (1a):

AK(m), = WW(m) + ZW(m) — AD(m)
m+M l
—(1/R2) nzm AK(n, m)t—(‘m,
for m>0 (4a)
and
M
AK(0) = — > ZW(m) — AD(0) + AG(0)
m=1
2y 2 - 1
—(1/R%)a EJ} AK(n, 0)171(71—) , (4b)
where
m+M m ym m ym
WW(m) + ZW(m) = 3 (YT Tn : Vi 5n) ’
(4c)
M M ¢0 (o]
—ZZW(m)= T 22 (4d)
m=1 n=1
AD(m) = 2aAK(m),

AD(0)(=ADz) = 2a¢AK(0),

1 n)t—
a?

(4e)

AG(0) (=AGz) = an(n + 1) E ¥i.

n=1
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Here JT,, and J7, are the spectral representations of
the advection term of the vorticity equation ( 1a); that
1s,

so U D,
a(l — u*) a

The WW (m) and ZW (m) represent the gain of ki-
netic energy by wave m due to wave-wave and wave—
zonal flow interactions, respectively; AD(m) is the
Rayleigh frictional dissipation for wave m; and AG(0)
is the generation of zonal kinetic energy. The wave-
zonal flow interaction for wave m can be written as

1 M

ZW(m) = f z UonPo( UlmVlm + UZmVZm)p.

=1 p=0
(4
X
1 —

where (U, ,,,V1m + UzpmVa,m)/2 is the zonal-averaged
meridional transport of zonal momentum at a latitude
due to wave m. The integral in (4f) is evaluated by
using the Gaussian quadrature method. The net gain
of KE by wave m due to wave-wave interaction is ob-
tained by subtracting wave-zonal flow interaction as
computed from (4f) from the nonlinear wave inter-
action as computed from (4c).

The global area-averaged eddy (AKg) and zonal
(AK7) kinetic energy are given by

ﬁ)ﬁh (4f)

M
AKg = > AK(m) and AK; = AK(0).

m=1

d. Zonally averaged kinetic energy equation

First, the zonally averaged wave kinetic energy Kg
and zonal kinetic energy K, equations at a latitude are
obtained from the linear viscous barotropic vorticity
equation for perturbation and equation for zonal av-
erage vorticity. Then the resulting equations are av-
eraged in the interval (y;, u;). It may be relevant to
point out that quadratic (nonlinear) terms in the per-
turbation are neglected during the linearization process.
Further, the nonlinear terms represent wave-wave in-
teraction. Thus, wave-wave interaction from the en-
ergy equation has been neglected:

712
(Kg) = C(Kz, Kg) — Dg — (I/Re)<(¢ ) >
+ boundary flux terms, (5a)
12
(Kz):= —C(Kz,Kg)— Dz + GKz — (1/R§)<(%) >

+ boundary flux terms, (5b)
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where

) =(2—pu)! fﬂz( )du,

T2 4 2 _ 2y-1

KE=<(U +V2)(l ©) >’ (5¢)
7201 _ ,.2y—1

ko= (SO, 58)
C(Kz, Kg) = COUVula(1 — ®)]™'), (5e)
GKz = a{TT,(1 — )"y, (5f)
Dg = 2aKg, (5g)
DZ = 2aKz. (Sh)

Here the last terms on the right-hand side of (5a) and
(5b) are a form of the eddy and zonal potential energy
associated with the divergence, respectively; Kz and K~
are the zonally averaged eddy and zonal kinetic energy
in the latitude interval (g;, u,), respectively; C(Kz,
Kr) denotes the barotropic energy transfer from zonal
flow to the eddy; Dr and D, are the frictional dissi-
pation of Kz and Kz, respectively; and GK7 is the gen-
eration of K due to the forcing.

3. Initial state and relaxation parameter

The initial state chosen for numerical experiments
is a small wave perturbation superimposed on basic
zonal flow.

a. Basic zonal flow

The basic flow chosen for this study is the climato-
logical mean monsoon (June-August) zonal wind at
100 hPa. The meridional profile of zonal wind is ob-
tained by averaging mean zonal wind over the longi-
tudes 55°-105°E. The U (=1 cos¢) profile is fitted by
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FIG. 1. Meridional profiles of latitudinal weighted zonal wind U

(=1 cos¢) (m s~!) at initial time (solid) and at day 120 (dash) for
the LIP case.
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a Legendre series truncated at latitudinal wavenumber
N = 21. The U profile shows the maximum easterly of
27.5m s !located at 14°N (Fig. 1). It may be relevant
to state that the easterly jet satisfies the necessary con-
dition for barotropic instability, whereas the midlati-
tude westerly jets do not satisfy the necessary condition.

b. Perturbation

Two sets of numerical experiments are performed
in this study. In one set of experiments, the initial wave
perturbation is chosen as the random white noise hav-
ing uniform kinetic energy spectrum. This experiment
in short is denoted by RIP. In the second set of exper-
iments, the initial perturbation is prescribed as a su-
perimposition of linear unstable modes for wavenum-
bers 2-10 as obtained earlier by Mishra (1987) from
the linear instability study. The unstable modes have
the same kinetic energy. This experiment is designated
as LIP.

¢. Relaxation time

It is well established that the mean climatological
features of the mean monsoon circulation in the upper
troposphere—the easterly jet of south Asia is one of
the important features—are described adequately by
the combined field of zonal wavenumbers 0, 1, and 2.
Further, the zonal wavenumbers 1 and 2 carry about
95% of variance of the stationary monsoon wind.

It can therefore be said that the quasi-stationary
monsoon circulation is in a low-wavenumber mode.
The strengthening and restoring of the easterly jet to
its mean distribution, against the frictional dissipation
and losses due to transfer of kinetic energy to the tran-
sient disturbances, is achieved by the conversion of
stationary eddy available potential energy to the sta-
tionary eddy kinetic energy on planetary scales and
conversion of zonal available potential energy to zonal
kinetic energy. We have computed recently, stationary
rotational zonal and eddy kinetic energy in zonal waves
1-4 and rotational-divergent wind interaction in the
latitude belt 10°S-30°N and in the layer (300-100
hPa) for July 1979. Stationary eddy kinetic energy in
waves 1-4, plus stationary zonal kinetic energy as
computed by them, has a value of 40 J kg~!; the sum
of conversions from divergent to rotational kinetic en-
ergy fcztr planetary-scale eddy and zonal flow is 10.5
Wm™.

The e-folding time for the growth of rotational wind
obtained from the value of energy and conversion is
8.8 days. This is a measure of relaxation time a™!. A
value of 10 days has been fixed for o: ™! in the study.

4. Results

The value of rhomboidal truncation M is chosen as
21 keeping in view that the most unstable linear mode
is wavenumber 7 (Mishra 1987). The time step Af is
chosen as 1 h. The model is integrated for 120 days in
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all experiments reported here. The ratio of global area-
averaged wave kinetic energy to the zonal kinetic energy
at the initial time is fixed at 10~ based on the quasi-
linear numerical experiments performed by Mishra
(1990), wherein it was shown that the results of wave—
zonal flow interaction experiments are rather insensi-
tive for the initial ratio values less than 107%.

a. Time variation of kinetic energy

Time variations of global-averaged eddy (AKg) and
zonal kinetic energy (AK) for both numerical exper-
iments are presented in Fig. 2. In the RIP case, the
regular increase in AKy takes place beyond day 28,
before that the initial perturbation undergoes adjust-
ments without a significant change in its kinetic energy.
In contrast to this, the regular increase in AKf is seen
from the very beginning for the LIP case. In this case
up to day 16, AKj increases exponentially and there-
after the increase is linear in time. The exponential
growth of AKj is not noticed in the RIP case. After
attaining the maximum value, AKz shows an oscilla-
tory behavior with decreasing amplitude and finally
approaches a steady-state value. The two steady-state
values are very close to each other and they differ by
an amount less than 2.5% of their final values. The
period of oscillation is about 24 days. It may be men-
tioned that for the same easterly jet, in absence of re-
storing mechanism and friction, in the single wave-
zonal flow interaction experiment, an oscillation with
a period of 35 days was also found (Mishra 1990). The

KINETIC ENERGY (m2¢2)

TIME(DAYS) —»

FIG. 2. Global-averaged eddy kinetic energy AKy (m?s™2) and
deviation of zonal kinetic energy (m? s 2) from its initial value [AKz
— (AKz),] as a function of time for the RIP (dash) and LIP (solid)
experiments.
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FIG. 3. Deviation of global-averaged zonal kinetic energy generation
AG, from zonal kinetic energy dissipation AD,, eddy kinetic energy
dissipation ADg, and total zonal-wave interaction ZW as a function
of time. Dashed and solid curves are for random (RIP) and linear
unzstab]e (LIP) initial perturbations, respectively. Units are 107
m?s73,

observational study of Chen and Yen (1991) has shown
that the tropical easterly jet possesses a distinctive in-
traseasonal 30-60-day oscillation in the latitude belt
5°N-10°S, which is to the south of the jet core. Further,
in the wave-wave experiment with the single unstable
wave for the initial state, oscillations with a variable
period in the range of 25-35 days were also noticed.
A comparison between the two time-variation curves
has indicated that the two curves are nearly similar,
except that the RIP curve lags behind the LIP curve
by about 16 days, which nearly accounts for the time
spent on initial adjustment by the random perturba-
tion.

The oscillatory behavior of AK after initial adjust-
ment and growth is due to opposite competitive pro-
cesses of zonal-wave interaction and dissipation; while
the former acts as a source, the latter acts as a sink for
AK. During the growing phase, zonal-wave interac-
tion is stronger than the dissipation process, while in
the decay phase, dissipation is stronger than zonal-
wave interaction, as concluded from Fig. 3. Throughout
the period of integration, zonal-wave interaction does
not change sign and it is positive. It may be relevant
to note that in a earlier study, Mishra (1990) has also
found oscillation in the quasi-linear evolution of a
barotropic unstable wave where only the interaction
between zonal flow and waves is allowed and is due to
the reversal in the direction of zonal-wave interaction.
It is important to note that the maximum value at-
tained by the zonal-wave interaction in the RIP case
is more than that achieved in the LIP case. This implies
that due to presence of random initial perturbation,
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the easterly jet is modified to a more unstable jet by
wave-wave and zonal-wave interaction, compared to
the case when initial perturbation was linear unstable
modes.

It is observed that the maximum decrease in AK
from its initial value is more than the maximum gain
in AK during the integration, even in the presence of
a forcing mechanism for the zonal flow, which relaxes
the zonal flow back to its initial profile. The root of
this apparent contradiction lies in ignoring the amount
of perturbation kinetic energy loss due to Rayleigh
friction. For the initial random perturbation, the AK,
curve exhibits more regular oscillation with larger am-
plitude compared to that for the initial state constructed
from the linear unstable modes. The generation mech-
anism supplies energy to the zonal flow throughout the
period of integration. Here AG; is in excess over the
dissipation of AK; by friction except for a few days at
the initial evolution of perturbation. It is understand-
able that the generation mechanism for AKz is re-
sponding to zonal-wave interaction, which is primarily
responsible for the modification of zonal wind distri-
bution. Hence, it is expected that AG; — AD; curves
will exhibit oscillation. What is difficult to understand
is the oscillatory behavior of AG,; — AD curves during
the period when AK is tending towards the steady
state as seen from Fig. 2.

It is noticed that up to day 16 of integration for
initial linear unstable perturbation, wave 6 and 7 grow
exponentially, as is the case with the corresponding

KINETIC ENERGY {m2? s~2)

0 16 32 48 64 80 96
TIME ( DAYS) —o
FIG. 4. Global-averaged kinetic energy (m? s2) as a function of

time obtained from the RIP (dash) and LIP (solid ) experiments for
zonal wavenumber | [(AK(1)], 6[AK(6)], and 7{AK(7)].
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FIG. 5. Linear growth rate (day ™) spectrum for the meridional
profile of U at day 0 (—) and values obtained for day 120 are indicated
by the symbol cross (X).

linear waves (Fig. 4). The maximum growth rates of
waves 6 and 7 are computed from their values of zonal-
wave interaction (barotropic energy conversion ), and
not from their kinetic energy values, in order to exclude
the damping effect of Rayleigh dissipation. It is neces-
sitated because the growth rates of inviscid linear un-
stable waves are only available for comparison (Mishra
1987). The linear inviscid growth-rate spectrum for
initial (day 0) zonal flow was obtained by using the
initial value approach. The model integration was ter-
minated when the relative error betwgen two consec-
utive 6-h-averaged growth rates of the wave was less
than a prespecified value (1073). The growth rate spec-
trum is presented in Fig. 5. Similarly, the growth rates
for zonal wind profile at day 120 are computed. The
growth-rate values that converged within 100 days of
integration of the model are indicated by the cross
symbol. This aspect will be further discussed in the
next subsection. The maximum growth rates are 0.273
X 1073 and 0.282 X 1073 s™! for waves 6 and 7, re-
spectively, for the LIP case, as computed from baro-
tropic energy conversions, whereas the corresponding
values for the linear case are 0.25 X 107> and 0.27
X 107% s, respectively (Fig. 5). These values for the
RIP case are 0.289 X 107° and 0.287 X 107> s, re-
spectively. The nonlinear growth rate during the ex-
ponential growing phase is more than the linear wave
for wavenumber 6 and 7, while for the other waves,
opposite inequality is noticed. In the RIP case, the
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maximum growth rates for wave 6 and 7 are even more
than that for the LIP case. During day 16-24, the in-
crease in kinetic energy for waves 6 and 7 is linear.
Beyond day 24, it is wave 6, which dominates over all
other waves to such an extent that it accounts for more
than 98% of AK g during steady state. It may be noted
that wave 7 is most unstable in the linear case (Mishra
1987), but wave 6 is the preferred wave in a quasi-
linear case (Mishra 1990). The above discussion leads
to a physical picture that zonal-wave and wave-wave
interactions optimize the tropical easterly jet to a bar-
otropically more unstable state. This optimization is
more effective in the case of initial random perturba-
tion. Further, the nonlinear interactions also modify
the easterly jet so that the unstable wave spectra is nar-
row, which is in contrast to a situation when interac-
tions lead to a turbulent state where the eddies involved
have a wide band of wavelengths.

An examination of zonal-wave interaction spectrum
as a time series indicates that during the initial growth
the values differ by a factor of 2 in the wave interval
3-9. With the passage of time, the zonal-wave inter-
action for waves other than wave 6 weaken, and they
are 3-5 orders less than the value for wave 6. Thus,
the very weak zonal-wave and wave-wave interactions
in presence of dissipation lead to a single wave 6 dom-
ination in the steady state.

Wave 6 receives kinetic energy from zonal flow due
to zonal-wave interaction throughout the integration,
which is more than the loss due to frictional dissipation
and wave-wave interaction (Fig. 6). For wave 6, the
wave-wave interaction (Fig. 7) is one order smaller
than the zonal-wave interaction and frictional dissi-
pation, which are of the same order. The wave-wave
(self) interaction for wave 6 generates subharmonics
12 and 18, whose kinetic energy is two orders smaller
than wave 6 in the steady state. Further, the wave-
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FIG. 6. Zonal-wave interaction (ZW ) and dissipation of KE (AD)
as a function of time for wavenumber 6 and 7. Dashed and solid
curves are for initial random (RIP) and linear unstable (LIP) per-
turbations, respectively. Units are 107> m? s 3.
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F1G. 7. Wave-wave interaction of KE (WW) as a function of time
for wavenumber 6 and 7. Dashed and solid curves are for initial
random (RIP) and linear unstable (LIP) perturbations, respectively.
Units are 107" m?s73.

wave interaction between waves 6 and 7 is found to
induce a very weak wave 1. It may be worth mentioning
that the linear stability analysis of an easterly jet has
shown that wave 1 is stable. A comparison between
Figs. 6 and 7 for wave 6 indicates that when the excess
of zonal wave interaction over the dissipation loss
reaches a maximum (minimum) value, the loss due to
wave-wave interaction is also maximum (minimum).
Further, it is concluded by examining the time variation
of zonal-wave interaction for wave 6 (Fig. 6)and AK g
(Fig. 2) that the oscillation exhibited by the latter is
preceded by the oscillation in the former.

Wave 7 shows a single growth and decay cycle. An
examination of zonal-wave interaction, dissipation
rate, and wave-wave interaction for wave 7 indicated
that during the growth phase, gain of kinetic energy by
wave 7 is more than the combined loss due to frictional
dissipation and wave-wave interaction, while in the
decay phase, the opposite relationship between them
is noticed. The role of wave-wave interaction in the
evolution of wave 7 is found to be secondary.

b. Steady-state solution

The closeness of the numerical solution at day 120
to its steady-state solution is measured by the maxi-
mum departure of eddy kinetic energy during the pe-
riod 100-120 days from its mean value in the same
period, expressed as a percentage. For the RIP case,
the maximum departure in eddy kinetic energy is about
0.8%, while for the LIP case, the value is about 1.1%.
Kinetic energy and zonal-wave interaction spectra at
day 120 are presented in Table 1. It is seen that wave
6 accounts for more than 98% of the eddy kinetic en-
ergy on day 120. Therefore, the results pertaining to
wave 6 at day 120 are presented for the RIP case. The
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TABLE 1. Zonal-wave interaction ZW (107! m? s73), kinetic energy AK (107 m? s72),
and growth rate GR (day™") as a function of zonal wavenumber m.
m 1 2 3 4 5 6 7 8 9 10
AK 5.12 1.26 0.171 8.94 3.06 0.860 X 10* 2.03 0.503 0.030 0.424
W 13.4 0.694 0.087 14.8 -0.595 0.180 x 10° 2.97 -0.554 0.054 0.394
GR = ZW/(2AK) 0.113 0.024 0.022 0.071 —0.008 0.09 0.063 —0.047 0.077 0.040

zonal-wave interaction values for waves other than
wave 6 are five to six orders less than the value for
wave 6. It can be said that the zonal-wave interactions,
except for wave 6, are comparable to the expected
truncation error for a 32-bit computer system. Thus,
these values are not accurate enough for computation
of growth rates. The inviscid growth-rate spectra
GR(m) at day 120 are computed from the zonal-wave
energy transfer ZW(m) and kinetic energy AK(m)
spectra at day 120 by using the formula GR(m)
=ZW(m)[2AK(m)]~". The wave has a growth rate
of 0.09 day~', as implied by the zonal-wave energy
transfer. The linear growth rate value for wave 6 as

obtained by the initial value approach is 0.06 day~'.

Wave 6 has a westward phase speed of 20.9° day !,
which is close to the value of —20.7° day ! for linear
wave 6. In the inviscid sense, the wave is weakly un-
stable. In order to confirm this conclusion, the g,/a
profile at day 120 is examined and compared with the
profile at day 0. The two profiles are presented in Fig.
8. It is seen from the figure that the easterly jet at day
120 is weakly unstable compared to the initial jet. This
conclusion is based on the negative maximum val-
ue of the g,/a profile at day 120, which is 0.18
X 107" m~!'s™!, while the valueis 1.2 X 10" m~' s~
for the initial profile. The maximum meridional ve-
locity associated with the unstable wave is 3.8 m s™*,
which is very close to the observed value for transient
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FIG. 8. Mendional profile of the meridional gradient of basic-state
potential vorticity g,/a (107" m™! s™!) at day 0 and 120 for the LIP
case.

waves in the vicinity of the easterly jet, as computed
by Krishnamurti (1971).

In order to compare the structure of steady-state
wave 6 with the linear preferred wave 7, the stream-
function distribution in the latitude-longitude plane
after normalization is presented in Fig. 9. The maxi-
mum value of streamfunction is normalized to 10. Ex-
cept for the structure in all other computations, wave
6 is not normalized and, as obtained in the nonlinear
model integration at day 120, is used. The wave hasa
maximum amplitude located close to the equator at
1°N. The location of amplitude maximum is to the
south of the latitude of the linear wave primary am-
plitude maximum located at 3.5°N. It has been shown
by Mishra (1981) using a linear nondivergent beta
plane model that the asymmetry in the easterly jet
around its center is responsible for the southward shift
of the preferred wave amplitude maximum. He has
also shown that antisymmetric components of the
easterly jet explain only 8% of the total variance of the
zonal wind, while the same antisymmetric components
account for about 37.5% of variance in the asymmetric
profile of the meridional gradient of basic-flow absolute
vorticity. A comparison of easterly wind profiles at day
0 and 120 clearly indicates that in addition to a decrease
in the easterly wind maximum, the easterly wind to
the north decreases, while to the south it is increased
at day 120 compared to that at day O (Fig. 1). The
easterly jet at day 120 is more asymmetric than at day
0. Further, the g,/a profiles exhibit more clearly the
strengthening of antisymmetric components around
the jet center for day 120 over the profile at day O.
Thus, it can be concluded that the southward shift of
the wave-amplitude maximum of a nonlinear steady-
state wave with respect to the linear wave is due to the
increase in the asymmetric nature of the jet at day 120
over the jet used in the linear case (day 0). The cor-
relation between the amplitude maximum and the
positive maximum of g,/a is more valid for the non-
linear case than the linear case.

The wave exhibits an eastward tilt with latitude that
is mainly confined in the latitude belt 0°-20°N. The
tilt is more pronounced around the jet center. The tilt
implies a southward transport of easterly momentum
to the south as well as to the north of the jet center
(13.75°N). The computed angular momentum trans-
port (U'V"’) profile is shown in Fig. 10a. To the south
(north) of the jet center, the divergence (convergence)
of westerly angular momentum or convergence (di-
vergence) of easterly angular momentum (U'V’), > 0
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Fig. 9. Latitude-longitude distribution of normalized stream-
function of wave 6 at day 120 for the LIP case. The maximum value
is normalized to 10. Here longitude is departure from the longitude
of maximum value.

[(U'V"), < 0)] is occurring, which is unfavorable (fa-
vorable ) to growth of the wave. The divergence of east-
erly momentum in the north is stronger than the con-
vergence of easterly momentum in the south. Hence,
it is expected that there will be a net gain of kinetic
energy for wave 6. The northward transport of easterly
momentum associated with wave 6 is weakened and
its latitude extent is reduced for the nonlinear case
compared with the linear case. The ratio of maximum
southward momentum transport to the maximum
northward transport for the nonlinear case is 14.5,
while for the linear case the ratio is about 2.5. Theo-
retically, the ratio has a value of 1 for a barotropic
unstable wave in a midlatitude beta plane and for a
symmetric jet. Southward easterly momentum trans-
port attains a maximum value at 10°N, which coincides
with the latitude of maximum transport for the linear
preferred wave. The meridional profile of U’V for the
nonlinear case differs significantly from the linear case,
but the shape of the (U'V’), profiles in two cases is
rather similar. This indicates that the meridional dis-
tribution of angular momentum transport for the non-
linear case can be approximately realized by adding a
nearly constant southward flux of easterly angular mo-
mentum to the transport of the linear case. Further,
the latitude of maximum transport coincides with the
latitude of g, = 0, which implies the latitude of max-
imum g.

It seems that the nonlinear evolution of wave 6 in
terms of associated meridional transport of potential
vorticity (¥'q’) has not deviated significantly from the
linear theory for a symmetric jet, while the nonlinear
and linear angular momentum flux distributions differ
significantly from each other. Since the potential vor-
ticity flux is just the convergence of the angular mo-
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mentum flux, it is expected that the differences between
linear and nonlinear flux distributions will be similar
for potential vorticity and angular momentum. It has
been stated above that while linear and nonlinear mo-
mentum flux distributions differ significantly, their
convergences do not deviate significantly. The potential
vorticity transport due to wave 6 is nearly antisym-
metric around ¢ maximum, with southward (north-
ward) transport taking place to the south (north) of
the maximum (Fig. 10b). The divergence of potential
vorticity transport takes place around ¢ maximum.
Thus, the transfer of enstrophy from zonal flow to the
perturbation takes place around ¢ maximum.

It can be concluded easily from Fig. 9 that the wave
amplitude decreases more slowly to the north than to
the south of amplitude maximum. The latitudinal dis-
tance over which the wave amplitude decreases to one-
half of its maximum value is found to be 11° in the
south sector and 15° in the north sector. This north~
south asymmetry in the variations of wave amplitude
can be attributed to the variation in the refractive index
with latitude. The steady-state wave 6 in presence of
friction is very close to a neutral wave. Hence, the
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FiG. 10. Meridional profiles of (a) U'V’ (m? s~2) and (b) potential

vorticity flux ¢’V (107 m s72) due to wave 6 of the LIP case at day
120.
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expression of the refractive index /> for meridional
propagation of a neutral wave as derived by Mishra
(1987) can be used:

(1 =u)[20 - (U,.a7") + w,a’R;?]

2 2

12

(0 —w)—m

where @ = #/(a cos¢) is the angular velocity associated
with the zonal wind and w, is the real part of complex
angular velocity of a near neutral wave. The meridional
propagation is possible if /2 > 0, otherwise the propa-
gation is not possible. A latitude where the condition
[ = 0 is satisfied is identified as a turning latitude. The
turning latitude plays an important role in under-
standing the meridional propagation of a wave.

The computed refractive index profile for wave 6 at
day 120 is presented in Fig. 11. The refractive index is
computed on the grid interval of 2.5° latitude. It is
clear that there exist two latitudinal zones, 6°S-9.5°N
and 14°-20°N, that allow the meridional propagation
of the wave. Thus, to the north of wave amplitude
maximum, the wave propagation occurs in the wide
latitude belt, compared with the south. The wave am-
plitude maximum is located in the latitude zone where
the wave can propagate. The critical latitudes, where
@ = w,, are computed and the values are 13.2° and
18°N. In obtaining the critical latitudes, the linear in-
terpolation in latitude is used between the 2.5° latitude
grid. The largest maximum and lowest minimum of
the refractive index profile are located at 17.5° and
12.5°N, respectively, which are close to the critical lat-
itudes. The deviation of refractive-index extrema from
the locations of critical latitudes may be partly due to
low resolution of the latitude grid used for computation
of the refractive index.

The meridional scale of the wave is measured as the
half-width of streamfunction distribution, which is
found to be 2850 km. The meridional scale of the east-
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FIG. 11. Meridional profile of refractive index square /°

for wavenumber 6 of the LIP case at day 120.
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erly jet is 2600 km, as obtained from the meridional
profile of U at day 120 (Fig. 1). Thus, the meridional
scale of the wave is close to the meridional scale of the
easterly jet but larger than the Rossby radius of defor-
mation. Further, it can be said that the WKB approx-
imation cannot be used to explain the meridional
structure of the wave. In order to establish a relationship
between the zonal scale of dominating wave 6 found
in this study with the Rossby radius of deformation,
the latitude where the wave amplitude reduces to one-
half of its maximum value is considered. Such latitude
worked out to be 14°N, where the easterly jet center
is also located. Here 2k ™! is considered as the zonal
scale of the wave of zonal wavenumber k because it
estimates the average value of zonal derivatives instead
of their maximum value (Mishra 1981). The zonal
scale of wave 6 at latitude 14°N is 2060 km, which is
close to the Rossby radius of deformation.

c. Steady-state kinetic energy cycle for wave 6

The global-averaged kinetic energy cycle for wave 6
at day 120 is illustrated in Fig. 12a. Wave 6 receives
kinetic energy (AKg) from zonal kinetic energy (AKz)
due to zonal-wave interaction, which is adequate to
maintain the wave against the loss of energy by friction
and wave-wave interaction. The zonal flow is over-
compensated by the generation mechanism against the
losses due to dissipation and due to transfer of energy
to wave 6. Zonal and wave 6 kinetic energy spectra as
a function of pseudo latitudinal wavenumber (n — m)
are computed for day 120 but not presented. It is seen
that the zonal kinetic energy spectrum has a peak at
the wavenumber 3 and it accounts for about 52% of
AKz. The pseudowavenumbers 2 and 3 together ac-
count more than 85% of AK . Further, even and odd
pseudolatitudinal wavenumber components account
for 43.4% and 56.6% of AK 2, respectively. The pseudo-
wavenumber 0 contains more than 72% of AKz, while
wavenumbers 0 and 2 together account for more than
80% of AK . Further, even and odd pseudolatitudinal
wavenumber components account for 94.04% and
5.6% of AKpg, respectively. Thus, the latitudinal dis-
tribution of wave 6 to a very good approximation is
symmetric around the equator, while the basic zonal
flow cannot be approximated as symmetric or anti-
symmetric around the equator. Hence, a hemispheric
model cannot adequately describe the easterly jet dy-
namics.

The latitudinal profiles of barotropic energy con-
version C(Kz, Kg), dissipation, and kinetic energy for
wave 6 and a profile of zonal kinetic energy were com-
puted and presented in Fig. 13. Wave 6 extracts kinetic
energy from the zonal flow in the latitude belt 9°-22°N
and attains a maximum at the easterly jet center. Wave
6 loses kinetic energy to the zonal flow in the belt 3°S-
9°N. Thus, the source of energy for wave 6 is located
around the jet center and is responsible for maintaining
the wave not only locally but elsewhere through the
energy fluxes. The zonal wind around the jet center is
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FI1G. 12. Kinetic energy cycle for wave 6 of LIP at day 120 on (a)
the globe and (b) the latitude belt 10°S—40°N. Units for kinetic
energy are meters squared per second squared, and energy exchanges
arein 10° m? 573,

maintained by the generation process. Not only GK,
but also GK; — D, attain the maximum value close
to the jet center (Fig. 14). The average energy cycle in
the latitude belt 10°S-40°N is obtained since wave 6
is essentially confined in this latitude belt and is shown
in Fig. 12b. Wave 6 is receiving more kinetic energy
due to the conversion than the loss due to friction.
Wave 6 may remain in steady state in the region, pro-
vided the excess energy is transported away from the
region through the boundary terms. The averaged ob-
served transient kinetic energy of wave 6 in the latitude
belt 10°S-30°N is 1.6 m? s 2, which is in better agree-
ment with the average value 1.45 m? s~ obtained in
this study using the large latitude belt than that used
in the observational study.

5. Conclusions and discussion

It was not intended in this study to simulate or ex-
plain the life cycle of disturbances observed in the vi-
cinity of an upper-tropospheric tropical easterly jet. It
is known that both barotropic and baroclinic dynamics
play an equally important role in the development of
disturbances (Mishra and Tandon 1983), which is not
included in the study. Our limited objective was to
bring out the role of barotropic nonlinear process in
the scale selection and development of eddies along
the unstable easterly jet in the presence of Rayleigh
friction and forcing to relax the zonal wind to its initial
distribution on the rotating spherical earth. The ob-
servations indicate that the easterly jet exhibits an in-
creasing trend along with fluctuations with the progress
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FI1G. 13. Meridional profiles of barotropic energy conversion C(Kz,
Kg), dissipation Dz, and eddy kinetic energy K for wave 6 of the
LIP case at day 120. Units for kinetic energy are square meters per
second squared and energy transfers are in 107> m? 573,

of monsoon over the Indian region. The increasing
trend of the easterly jet is neglected in the study.

It has been shown that the random initial pertur-
bation is more efficient in reaching the steady state
than the initial state obtained by superimposition of
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FIG. 14. Meridional profiles of zonal kinetic energy K, generation
GK, and dissipation D7 of zonal kinetic energy of the LIP case at
day 120. Units for kinetic energy are meters squared per second
squared, and energy generation and dissipation are in 107> m?s~!.
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linear unstable modes in its nonlinear evolution on the
sphere. The nonlinear interactions further destabilize
the initial easterly jet to a more unstable distribution
during initial evolution. This effect is shown to be more
pronounced for the random initial perturbation. The
steady-state solution is characterized by dominating
wave 6, which accounts for 98% of total eddy kinetic
energy. The nonlinear evolution of perturbation can
be understood in terms of zonal-wave and wave-wave
interactions and its dissipation. The results obtained
with the observed easterly jet do not exhibit expected
complexities and are similar in many aspects to that
obtained by the earlier workers for simple and idealized
easterly jets (Kwon and Mak 1988; Feldstein 1991).
It is concluded that barotropic nonlinear interactions
contribute positively towards the scale selection for the
disturbances in the vicinity of the unstable easterly jet.
The scale-selection mechanism due to nonlinear in-
teractions is so strong that finally at steady state, a single
wave is effectively present. The nonlinear interactions
shift the preferred wave towards the longer wavelength.
It has been found that nonlinear interactions modify
the initial jet to a more asymmetric distribution of zonal

wind around its center. It has been pointed out that.

this increase in degree of asymmetry of the jet is re-
sponsible for the further shift of nonlinear steady-state
wave-amplitude maximum towards the equator. The
steady-state wave shows some features such as maxi-
mum meridional velocity and average kinetic energy
attained in the tropics, etc., which are very close to the
observed values. It seems that the barotropic nonlinear
process has no significant effect on the westward prop-
agation speed of disturbance.

The correlation between latitudes of wave-amplitude
maximum and meridional gradient of potential vor-
ticity of zonal flow has been found to be stronger in
this study than noticed for a linear unstable wave on
the beta plane and on the sphere in the earlier studies.
The correlation seems to be quite robust.

The use of a quasigeostrophic model in this study is
justified through the following observations. Even close
to the equator the irrotational wind is smaller than the
nondivergent wind at 200 hPa during northern sum-
mer. This is valid for all synoptic-scale waves (Krish-
namurti 1971). Further, Chen (1980) has computed
stationary and transient components of zonal and eddy
kinetic energy separately for the nondivergent and ir-
rotational motion in the tropics (15°S-20°N) at 200
hPa during the summers of 1967 and 1972. His results
show that the ratio of nondivergent kinetic energy to
irrotational kinetic energy is about 4 even for transient
eddy motion. The ratio is much higher for zonal and
stationary motions. We have also computed the ratio
in the tropical belt 14°S-14°N at 300-, 200-, and 100-
hPa levels during July 1979 using FGGE IIIb reana-
_ lyzed data. We found the ratio for transient eddy mo-
tion nearly double at 100 hPa. Furthermore, we have
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also computed the zonal-wave and wave-wave inter-
actions for the nondivergent and irrotational transient
motion and noted that the nonlinear interaction for
the former is one order more than the latter. It is not
suggested here that the impact of irrotational motion
on our results will be insignificant, but it will not of
primary nature. It will be an interesting problem for
future study to identify the role of irrotational motion
in the nonlinear evolution of the tropical easterly jet
by using a global primitive equation barotropic spectral
model.
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