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ABSTRACT

The primitive equation barotropic unstable linear normal modes are computed using an eigenvalue
approach for daily latitudinal profiles of zonal flow in the upper-tropospheric layer of 100–350 hPa before
and after formation of cyclonic vortices during January 1993 and November 2001 off the coast of northeast
Brazil. The wave kinetic energy equation for u- and �-motion is presented. Equations are derived to isolate
the contribution of divergence and other dynamical processes in the movement and growth of unstable
modes. Numerical accuracy and physical nature of unstable modes are tested.

In a short span of 2–3 days, prior to formation of vortices, a progressive and a sharp intensification of the
basic flow shear zone and its barotropic instability are seen with time. The horizontal structure, momentum
transport, and zonal and meridional scales of the most unstable normalized wave are obtained and com-
pared with the vortex extracted from the 200-hPa observed winds using a bandpass smoother. A close
agreement is found between them. It is shown that the zonal and meridional scales of the preferred wave
are related to the length scale of the shear zone. The wave is confined to the shear zone and its maximum
amplitude is located at the latitude of maximum � � uyy. The role of divergence in the movement and
growth of the wave is investigated. The energetics of the unstable wave u- and �-motion is computed, and
it is inferred that the energy source for the growth of wave u- (�-) motion is the energy conversion (work
done by pressure force), which lies in the shear zone.

It is emphasized that a deeper insight regarding the genesis of the cyclonic vortex can be gained on the
basis of stability analysis of daily observed zonal flow profiles, which may not be possible using idealized or
mean profiles. An explanation for nonmanifestation of the instability in the monthly mean flow is provided.

1. Introduction

During the summer season of the Southern Hemi-
sphere (December–February), synoptic-scale, tran-
sient, cyclonic vortices are frequently observed in the
tropical upper troposphere over the South Atlantic
Ocean off the coast of northeast Brazil (Virji 1981;
Kousky and Gan 1981). They are generally known as
upper-tropospheric vortices of northeast Brazil. The
vortices are embedded in the quasi-stationary, mid-
ocean South Atlantic trough and move westward to-
ward the quasi-stationary Bolivian high located over
the continent of South America.

Kousky and Gan (1981) and subsequently Ramirez et
al. (1999) compiled the various observed statistics re-
lated to the vortices. The largest number of vortices is

formed in the month of January and generally no vor-
tex is observed during the winter (May–September).
The monthly frequency (number of vortex days in a
month) during the summer is 2.4 (22 days).

They originate mainly in the 200–300-hPa layer and
are observed in the area 20°–10°S, 45°–25°W. Further-
more, the vortices have a cold core at 300 hPa and have
an average westward speed of about 4–6 m s�1. They
exhibit a pronounced southeast–northwest tilt with lati-
tude. The wavelength associated with the initial stage of
cyclonic vortex is around 3500 km (Kayano et al. 1997;
Kousky and Gan 1981). The convective activity is ob-
served mainly away from the vortex center and particu-
larly ahead of it, that is, to its west.

Mishra et al. (2001, hereafter MRG) studied the evo-
lution of large-scale flow and an embedded cyclonic
vortex at 200 hPa. They noted the following: (a) the
development of a strong shear zone before vortex for-
mation; (b) a strong barotropic interaction between
vortex and large-scale flow; and (c) the zonal and me-
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ridional scales of vortex strongly related to the shear
zone scale instead of the Rossby deformation radius.
These features indicate that the barotropic process
dominates over the baroclinic one.

Rao and Bonatti (1987) computed the barotropic en-
ergy conversion at 200 hPa during the summer of 1977/
78, when a number of vortices were observed over the
area. They noted a weak energy transfer from zonal to
eddy kinetic energy during the period. Recently,
Mishra and Rao (2001, hereafter MR01) performed the
energy budget analysis for an individual, representative
cyclonic vortex. They found in the upper troposphere a
sharp decrease (increase) in zonal kinetic energy during
(before) the vortex formation, which is associated with
its large transfer to eddy kinetic energy.

During the pre- and vortex periods, the baroclinic
interaction is insignificant as indicated by the zonal to
eddy available potential energy transfer. Furthermore,
the zonal flow during the prevortex period satisfies the
necessary condition of barotropic instability (Kuo
1949). These features strongly suggest that the barotro-
pic instability is a possible mechanism for the initial
formation of vortex. MR01 noted that changes in the
mean energy parameters during the vortex period over
their mean values during the prevortex period are large
in the upper layer, 100–350 hPa, but insignificant in the
lower layer, 500–1000 hPa, even though convection is
active. Kuo (1978) found that the influence of latent
heat is weak for slowly eastward-moving waves concen-
trated in the tropical upper troposphere. Furthermore,
the effect of stable stratification is to restrict the distur-
bances either to the upper or to the lower level.

The barotropic instability of zonal flow is considered
as the main dynamical mechanism for the origin of most
incipient synoptic disturbances in the Tropics (Kuo
1973). Invariably, an idealized or a mean observed pro-
file is used to investigate its unstable modes and compare
them with the ensemble characteristics of observed dis-
turbance. A stability analysis of daily zonal flow could
lead to a better understanding of tropical disturbance.

The main purpose of this study is to examine the
primitive equation, barotropic instability of day-to-day
observed latitude-varying, vertically averaged zonal wind
profiles in the layer 100–350 hPa, before the formation of
cyclonic vortices of northeast Brazil. The role of diver-
gence and stratification in the unstable modes is to be
examined. It is expected that such an analysis will provide
a basis to understand the initial development of vortices.

2. Data and synoptic discussion

Reanalysis data of the National Centers for Environ-
mental Prediction–National Center for Atmospheric

Research (NCEP–NCAR) are used. The data are 1200
UTC daily zonal (u) and meridional (�) wind compo-
nents, temperature (T), and geopotential height (h) at
all standard pressure levels for the relevant periods.
The data are in a 2.5° � 2.5° latitude and longitude grid.

We have considered two observed vortices, whose
details are as follows.

a. Cyclonic vortex during 5–18 January 1993

Three vortices formed and dissipated one after an-
other during January 1993. Together they had a total
lifetime of 19 days. A cyclonic vortex that occurred in
early January 1993 over northeast Brazil is selected for
the study. At 200 hPa a weak vortex was first seen on 5
January around 9°S, 35°W and became an intense sys-
tem the next day. It seems that the vortex formed in
situ. The vortex can be seen as an intense system both
in wind and geopotential height. The vortex did not
show any movement during 5–6 January, but during 6–7
January it had moved in the northwest direction (INPE
1993). During the period 5–10 January, the average
eastward speed of vortex is 0.5° day�1. Subsequently,
the vortex moved westward. Hereafter, this vortex will
be called VorJ93. The author and his collaborators
have studied the evolution and energetics of this par-
ticular vortex (MRG; MR01). The prevortex period is
considered to be between 1 and 4 January.

b. Cyclonic vortex during 13–15 November 2001

Three vortices formed and dissipated during Novem-
ber 2001 (INPE 2001). On eight different days at least
one vortex can be seen during the month. The first
cyclonic vortex was formed around 18 November. As
its observed characteristics are not known, daily u, �,
and h at 200 hPa in the global belt 35°S–15°N for the
period 10–21 November were subjected to a bandpass
smoother, which basically retains wavelengths of 1000–
3500 km (MRG).

An examination of the daily bandpass streamlines
and height contours reveals the following. A pair of
well-organized cyclonic and anticyclonic centers is seen
on 13 November with a wavelength of 3000 km. The
cyclonic center is located at 5°S and 45°W. The vortex
will be known as VorN01. During 13–14 November the
vortex has moved in the northeast direction with an
eastward speed of 3.2 m s�1. The vortex cannot be seen
in the observed height field during 13–15 November but
it can be seen as a weak organized system in bandpass
height field. As the system is weak and formed close to
the equator, it is expected that the associated height
variations are small. The system is nearly 3 times
weaker than VorJ93 in terms of vorticity. The prevor-
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tex period for VorN01 is considered to be between 10
and 12 November.

3. System of equations

a. Model equations and boundary conditions

The effect of vertical stratification is incorporated as
the vortex and its interaction with the large-scale flow is
basically confined to the layer 100–350 hPa. A gravita-
tionally stable three-layer system of homogeneous, in-
compressible, inviscid and nonmixing fluids in hydro-
static balance is considered. The motionless top and
bottom layers are infinitely deep, and the active middle
layer has a constant depth H0, when at rest. Let [�b],
[�m], and [�t] ([�b]� [�m] � [�t]) denote the area-
averaged mean potential temperatures of the bottom,
middle, and top layers, respectively. Here the bar de-
notes zonal average and the square bracket denotes
latitude average.

The form of equations for the three-layer system is
the same as that of a single layer except that the gravity,
g, is replaced by the reduced gravity, g*. The influence
of vertical stratification on the motion of the middle
layer is parameterized in the form of g*. We use the
nondimensional form of the equations for a better com-
putational accuracy. Let L0 (U0) be the characteristic
horizontal length (velocity) scale. The characteristic
scale for time (geopotential) is L0/U0 (U2

0). The linear
momentum and continuity equations governing the
perturbations on the geostrophic flow u( y) in the
middle layer can be easily obtained and written as

u�t � uu�x � � f � uy	�� 
 ���x , �1a	

��t � u��x � fu� 
 ���y, �1b	

��t � u��x � �y�� � ��0 � �	�u�x � ��y	 
 0, �1c	

where ƒ 
 ƒ0 � �y, � 
 ƒy, ƒu 
 ��y, �0 
 (g* L0/
U2

0)H0.

Here the prime (�) denotes perturbation and all other
symbols have standard meaning. All variables and pa-
rameters are nondimensional except for H0 and g*; g*
is given by

g* 
 g�
�t� � 
�m�	�
�m� � 
�b�	
�m��1�
�t� � 
�b�	�1.

�2	

For lateral walls separated by a distance of D/L0, the
boundary conditions are

�� 
 0 at y 
 0 and y 
 D�L0. �3	

For normal mode stability analysis, we assume wave
solutions of the form

�
u�

��

��
� 
 �

U�y	

iV�y	

��y	
� exp
ik�x � ct	�, �4	

where k is the zonal wavenumber, c 
 cr � ici is the
complex phase speed, and capital letters denote com-
plex wave amplitudes. Here, cr (ci) is the real (imagi-
nary) part of c.

Substitution of (4) into (1) leads to the following nor-
mal mode stability problem:

k�u � c	U � � f � uy	V � k� 
 0, �5a	

k�u � c	V � fU � �y 
 0, �5b	

��0 � �	�1
k�u � c	� � fuV� � kU � Vy 
 0. �5c	

Here the geostrophic relation for u is used in (5c). The
boundary conditions are

V 
 0 at y 
 0 and y 
 D�L0. �6	

As the boundary conditions are in V, a single equa-
tion in V is obtained from (5a)–(5c) (Kuo 1978). The
eigenvalue equation for c can be finally written as

Vyy�
�2uy� � fu	�� � 2fucg
� 2�Vy���	 � uyy	��1

� 
2� f � uy	uy � f� f � uy	��1 � fu� fu � 2�uy	cg
� 2���

� 
	u � fuy � k2� � f� f � uy	�cg
� 2�V 
 0,

�7	

where

� 
 u � c; cg
2 
 �0 � �; � 
 cg

2 � �2. �8	

To obtain the equation for �, U from (5a) is substi-
tuted in (5c).

k�cg
2 � �2	� 
 
� f � uy	cg

2 � fu��V � cg
2�Vy. �9	

Here, U is computed from (5a) using V and �.
As �0→�, (5a)–(5c) reduce to the nondivergent baro-

tropic model. Furthermore, (8) implies that c2
g → � and

� → � as �0 → �, which in turn when used in (7) is
reduced to

Vyy 
 
�	 � uyy	��1 � k2�V 
 0. �10	

Here, V 
 k� for a nondivergent wave, where � is the
amplitude of streamfunction wave; upon substituting in
(10), it is reduced to the nondivergent barotropic vor-
ticity equation.

To determine the correctness of formulation of the
eigenvalue problem [(7)] and the accuracy of numerical
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computations, the eigenvalues are computed for a large
H0 
 104 km and compared with the values obtained
from the nondivergent case. The two sets of values are
found to be identical up to 2–3 decimal places.

b. Wave kinetic energy equations

The wave kinetic energy equations are obtained
separately for the u and � part of the motion. Let KWu

(KW�) denote the zonal average wave kinetic energy
per unit mass of u (�). The zonal averaging is done over
the wavelength, � 
 2�/k. Using (4), KWu (KW�) can
be written in terms of the wave amplitude U (V) as

KWu 
 UU* exp�2kci t	�4, KW� 
 VV* exp�2kcit	�4,

�11	

where the asterisk denotes complex conjugate. From
(11), we obtain

�KWu	t 
 kciUU*�2, �KW�	t 
 kciVV*�2. �12	

Equation (5a) is multiplied by �U* and the imagi-
nary part of the resulting equation gives

�KWu	t 
 C�Kz, KWu	 � C�KWu, KW�	 � GKWu ,

�13a	

where GKWu is the geostrophic zonal average wave ki-
netic energy, and

Kz 
 u2�2, C�Kz, KWu	 
 uyIm�VU*	�2,

C�KWu, KW�	 
 fIm�VU*	�2,

and GKWu 
 kIm�U*�	�2. �13b	

Here, Kz is the kinetic energy of basic flow. The first
term on the rhs of (13a), C(Kz, KWu) denotes the baro-
tropic energy conversion from Kz to KWu, due to the
wave momentum transport in the meridional direction,
�Im(VU*)/2 (u���) down the gradient of u. It is the u
part of the wave motion that receives energy from Kz.
The second term denotes the Coriolis transfer of kinetic
energy from u to v motion, and the last term represents
the generation of KWu due to the work done by the
pressure gradient force in the x direction.

Similarly the equation for KW� is obtained from (5b).
It can be written as follows using the relation V*�y 

(V*�)y � V*y�:

�KW�	t 
 C�KWu, KW�	 � GKW� � Im�V*�	y �2,

�14a	

where

GKW� 
 Im�V*y�	�2.

The second term on the rhs of (14a) denotes KW�

generation due to pressure work in the meridional di-
rection. Here, V*�/2 is the meridional flux of geopo-
tential (����), which transports the wave kinetic energy

KW� along the latitude and vanishes for the quasigeo-
strophic case. Furthermore, for the nondivergent as
well as for the quasigeostrophic wave motion the gen-
eration terms GKW� and GKWu are equal and oppo-
site.

The area-averaged eddy kinetic energy (Ke) is ob-
tained upon averaging (13a) and (14a) over the channel
and then adding. The flux term vanishes on using the
boundary conditions

�Ke	t 
 C�Kz, Ke	 � GKe , �15a	

where

Ke 
 
KWu� � 
KW��;

GKe 
 
GKWu� � 
GKW��;

C�Kz, Ke	 
 
C�Kz, KWu	�. �15b	

The growth rate, kci, can also be computed from (Ke)t

using the relation

kci 
 �Ke	t ��2Ke	. �16	

c. Zonal propagation and growth

We consider the linear divergent barotropic vorticity
equation:


�t 
 �u
�x � �	 � uyy	�� � � f � uy	D�, �17a	

where �� and D� denote relative vorticity and diver-
gence, respectively, and are given by


� 
 ��x � u�x and D� 
 u�y � ��y. �17b	

Using (4) in (17b), we get


� 
 Z exp
ik�x � ct	� and D� 
 i� exp
ik�x � ct	�,

�18a	

where

Z 
 ��kV � Uy	 and � 
 kU � Vy. �18b	

In case �� � 0, it can be easily shown that

c 
 ik�1
�t �
�, �19a	

where

cr 
 �k�1Im�
�t �
�	, �19b	

ci 
 k�1Re�
�t �
�	. �19c	

An expression for ��t /�� is obtained in terms of wave
amplitudes from (17a). Then using it in (19b) gives

cr 
 u � k�1�	 � uyy	Re�V�Z	 � k�1� f � uy	Re���Z	.

�20a	
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The first, second, and third terms on the rhs of (20a)
denote wave propagation due to the wave advection by
u, the advection of planetary vorticity, and the wave
vorticity generation by the divergence, respectively.
Equation (20a) can be written in a computationally
more suitable form as

cr 
 u � k�1�	 � uyy	Re�VZ*	� |Z |2 � k�1� f

� uy	Re��Z*	� |Z |2. �20b	

Similarly the relation for ci can be obtained as

ci 
 k�1�	 � uyy	Im�VZ*	� |Z |2

� k�1� f � uy	Im��Z*	� |Z |2. �20c	

A large computational error can occur close to the
boundaries, as |Z | can be small.

As a special case we consider a nondivergent wave of
constant amplitude, superimposed on a uniform zonal
flow u0. These assumptions imply that

uyy 
 0; Uy 
 0; V�Z 
 �k�1; � 
 0. �21	

Substituting (21) in (20a) gives the Rossby formula for
wave phase speed (Rossby 1939):

cr 
 u0 � 	�k2. �22	

4. Numerical methods

Equation (7) is written as a set of two first-order
equations in y with V1 
 Vy as a new variable. To
integrate the equations, we specify V1 
 1/�y at the
south boundary, where �y is the grid spacing. The
fourth-order accurate Runge–Kutta method is used for
the integration.

Here, c for a given wavelength � (
 2�/k) is obtained
using an iterative scheme. At the nth iteration cn (Vb)
is the value of c (V) at the north boundary. The incre-
ment �cn is the smaller absolute root of the following
quadratic equation (Kuo 1978):

Vb�cn � �cn	 
 Vb�cn	 � V �b�cn	�cn � V �b�cn	��cn	2


 0, �23	

where V �b (V �b) is the first (second) derivative of Vb with
respect to c and computed using the center differ-
ence scheme. The iteration was terminated when cn�1 �
cn 
 �, where � is a small prespecified value fixed as
10�6 in the study.

The first guess of c is obtained from the Howard
semicircle theorem (Howard 1961). Here, uy and uyy

are computed including at boundaries using fourth-
order center difference schemes, where requisite values
of u outside the boundaries are used. Furthermore, the

computed uy and uyy are subjected to a 5-point
smoother to suppress the 2�y wave (Mishra et al. 1981).
The cubic spline is used for interpolation of u to the
required grid spacing and its midpoint.

5. Model parameters for VorJ93

a. u and (� � uyy) profiles

For zonal averaging the longitude interval from 52.5°
to 22.5°W is chosen, which lies between centers of Bo-
livian high and South Atlantic trough. Here, u is verti-
cally interpolated at the regular pressure interval of 50
hPa using the cubic spline technique. The vertical av-
eraged u in the layer 100–350 hPa is subjected to a
5-point smoother along the latitude.

Daily profiles of u during the prevortex period 1–4
January are designated as UJ1, UJ2, UJ3, and UJ4,
respectively, and are shown in Fig. 1a. An examination
of the profiles reveals that a strong shear zone is cre-
ated around 12°S by 4 January mainly due to a progres-
sive northward shift of easterly wind maximum and the
development of westerly wind maximum around 7°S. In
the figure, U200 represents the profile at 200 hPa on 4
January. This profile also has the maximum shear
around 12°S. The profiles UJ3 and UJ4 show a sharp
linear increase between their easterly and westerly
maxims. Hence, the latitudinal separation of wind max-
ims can be considered as the characteristic length scale
(Ls) of the shear zone instead of its half-width, which is
appropriate for a hyperbolic tangent profile. An exami-
nation of profiles reveals that Ls 
 1225 km.

The latitude distribution of � � uyy is shown in Fig.
1b. A strong sign reversal of � � uyy can be seen around
12° and 4°S in all profiles except for UJ2. This means
that u prior to the vortex formation satisfies the neces-
sary condition for barotropic instability. MR01 con-
cluded that the mean January 1993 and mean zonal
flow during 5–10 January in the upper troposphere sat-
isfy rather weakly the necessary condition for barotro-
pic instability.

The latitudinal channel from 25°S to 5°N is used for
the computation so that its center is close to the latitude
of vortex formation. Here, ƒ0 and � are considered at
the middle of the channel, and U0 and L0 are chosen as
10 m s�1 and 106 m, respectively.

b. g* and H0

The reduced gravity g* is computed from the mean
and vertically averaged � for January 1993 in the layers
350–1000, 100–350, and 10–100 hPa over the area 25°S–
5°N, 52.5°–22.5°W. The computed value of g* is found
to be 0.8 m s�2.
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The middle layer is considered as an incompressible
fluid with a density at the vertical average pressure and
temperature. Here, H0 is defined as the depth over
which a pressure falls by 250 hPa. The computed value

of H0 is 7 km, which is close to the scale height. The
Rossby deformation radius, LR, which is generally used
as the length scale for midlatitude synoptic-scale mo-
tion, is computed from the relation (Pedlosky 1987)

LR 
 �g*H0	1�2�f0.

The computed value of LR is 3000 km.

6. Instability of zonal flow during the prevortex
period of VorJ93

Based on numerical experiments, �y 
 1° (111.2 km)
is considered adequate for the computations. Further-
more, wavelength at the interval �� 
 500 (1000) km is
specified in the range 2500–6000 (6000–10 000) km. For
each �, the fastest-growing and fastest-converging solu-
tion was selected. Subsequently, its continuity with the
previous lower � solution with regards to its amplitude
distribution and phase speed was examined. If found
necessary, the next-fastest-growing solution was picked
up. Initially, the gross fastest-growing wave in the com-
plete range of � is determined; subsequently to obtain
the more accurate value, � around the gross value is
sampled at the shorter interval of �� 
 250 km.

a. Preferred wavelength, its growth rate, and phase
speed

The daily growth rate (kci) and phase speed (cr) spec-
tra as a function of � for the prevortex period are pre-
sented in Figs. 2a and 2b, respectively. The spectra for
the profile U200 are also included in the figures. It can
be seen from kci spectra that u has progressively be-
came more and more unstable and developed a sharp
peak with time as it approaches the day of vortex for-
mation. The fastest-growing wave for UJ4 has � 
 4000
km and kci 
 0.554 day�1, which implies an e-folding
time of 1.8 days. Hereafter, the fastest-growing wave
associated with UJ4 will be called the preferred wave if
not mentioned otherwise. MRG estimated the wave-
length as 3000 km for VorJ93 from its horizontal dis-
tributions of bandpass wind and geopotential. We will
present a possible reason, while discussing the horizon-
tal structure subsequently, for why the observed wave-
length of VorJ93 is less than the average value for the
vortex. The zonal scale of the preferred wave can be
taken as �/� (Mishra et al. 1981), which is equal to 1270
km. This value is very close to Ls but much smaller than
LR. MRG also reached the same conclusion regarding
the relation between the length scale of large-scale flow
and embedded vortex. Here, cr 
 0.73 m s�1, which is
small and in a good agreement with the observation
that the vortex remained almost stationary.

FIG. 1. Latitudinal distributions of zonally (52.5°–22.5°W) and
vertically (100–350 hPa) averaged daily (a) zonal wind (m s�1),
and (b) � � uyy (10�11 m�1 s�1) during 1–4 Jan 1993 and at the
200-hPa level for 4 Jan 1993.
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The kci and cr spectra for u profiles at 300-, 200-, and
100-hPa levels have also been computed but not pre-
sented, except for U200. A comparison of these spectra
with the layer spectra (Fig. 2a) reveals that while the
preferred � remained unchanged, u at 300 and 200 hPa
is more unstable compare to the layer. The largest
growth rate for U200 is 0.651 day�1. Here, u at 100 hPa
is marginally unstable and preferred wavelengths lie in
the range 6000–7000 km. A southward (northward)
shift of the channel leads to an increase (decrease) of
growth rate without any change in the preferred wave-

length and the location of wave amplitude maximum.
This can be understood in terms of decrease (increase)
of �, which implies a decrease (increase) of its stabili-
zation effect.

The nondivergent preferred � for UJ4 is 4000 km
with a growth rate of 0.616 day�1. Hence divergence
reduces the preferred growth rate. The kci and cr spec-
tra are also computed after neglecting the effect of ver-
tical stratification, g* 
 g (not presented). It is inferred
that the stratification stabilizes (destabilizes) the flow
for � � (�) 8000 km. Furthermore, the stabilization
(destabilization) effect decreases (increases) with the
increase of �. The stratification has no effect on the
preferred �. However, it induces a very small westward
component of movement. These results are as expected
and confirmed that the unstable waves obtained in the
study are physical, not numerical, modes.

No significant barotropic unstable mode is found for
the mean u for January 1993, even though the number
of vortex days is quite high. Furthermore, u immedi-
ately after the vortex formation is very weakly unstable
(not presented). These results are understandable as
the mean flow of January, and the vortex period satis-
fies very weakly the necessary condition of barotropic
instability (MR01; MRG).

b. Structure of the preferred wave

For a better comparison of the preferred wave with
the observed vortex, the latter was isolated from ob-
served winds at 1200 UTC at 200 hPa on 6 January after
subjecting them to the bandpass smoother. To elimi-
nate the generation of boundary errors the wind data
along the complete latitude circle are used. Day 2 of
VorJ93 is selected, as the system is fully developed by
then. In Fig. 3a, the bandpass streamlines are pre-
sented. A cyclonic center can be easily located at 9°S,
32.5°W and an anticyclonic center is to its west. A sys-
tem of cyclonic and anticyclonic circulation can be con-
sidered to be a wave of wavelength around 3000 km. To
the east of the cyclonic center a deep intrusion from the
north can be seen. It might have pushed the cyclonic
center toward the anticyclonic center along the longi-
tude. This may be one possible reason why the wave-
length of VorJ93 is less than the average value. This
also partially accounts for the large difference between
wavelengths of preferred wave and the observed vortex
VorJ93. The streamline patterns exhibit a strong south-
east to northwest tilt.

For normalization of the preferred wave, the |V |
maximum is fixed so that the maximum transport asso-
ciated with it is equal to that of the observed transport
computed from the bandpass u and � at 200 hPa on 6
January. Hence the |V | maximum value is 6.7 m s�1.

FIG. 2. (a) Growth rate (day�1) and (b) phase speed (m s�1) as
a function of wavelength (103 km) for the UJ1, UJ2, UJ3, UJ4,
and U200 profiles. UJ4N spectra are for the nondivergent case of
the UJ4 profile.
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This value is very close to the maximum value of �-wave
amplitude obtained by MRG. The streamlines for the
preferred wave are presented in Fig. 3b. It is seen from
the figure that the trough and ridge tilt strongly in the
southeast–northwest direction and the center of cy-
clonic circulation is located very close to 9°S. Both of
these features are in agreement with the observed vor-
tex. Southeast–northwest tilt is an average feature ob-
served in cyclonic vortices (Kousky and Gan 1981; Kay-
ano et al. 1997; MRG). The maximum intensity of wave
in terms of its relative vorticity occurs where the maxi-
mum of � � uyy is located, which is to the north of

maximum shear. The cyclonic center of the nondiver-
gent wave is also located very close to 9°S (not pre-
sented).

A comparison of the geopotential (Fig. 4a) and
streamline distributions indicates that the low lies about
3° south of the cyclonic center, a feature noted in many
earlier instability studies for tropical disturbances (Mak
and Kao 1982; Mishra et al. 1985). Furthermore, the
contours exhibit a strong southeast–northwest tilt simi-
lar to streamlines. The latitudinal half-width of the geo-
potential distribution is about 12°, which can be con-

FIG. 3. Horizontal distribution of (a) bandpass streamlines at
200 hPa on 6 Jan 1993 and (b) streamlines for the normalized
primitive equation preferred wave of the UJ4 profile.

FIG. 4. Horizontal distribution of (a) geopotential (m2 s�2) and
(b) divergence (10�6 s�1) for the normalized primitive equation
preferred wave of the UJ4 profile. Contour intervals are 25 m2 s�2

and 0.1 � 10�6 s�1 for geopotential and divergence, respectively.
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sidered as the meridional scale of the wave. This is in
good agreement with the meridional scale of 1275 km
obtained by MRG for VorJ93. The meridional and
zonal scales of wave are comparable. The convergence
is located in the southwest sector of wave (Fig. 4b) as
noted by MRG.

c. Momentum transport

The wave momentum transport (u�� �) associated
with the normalized preferred wave is shown in Fig. 5.
The westerly momentum transports are southward,
which is consistent with the pronounced southeast–
northwest tilt of the wave. It is mainly confined to the
latitude belt corresponding to the basic-state shear
zone; the latitude of maximum u��� nearly coincides
with that of the maximum shear. The strong transport
occurs in the very narrow latitude belt of 5° around
12°S, which is the half-width of the profile. The trans-
port is against the shear of u (see Fig. 1a). Furthermore,
the convergence (divergence) of westerly wave momen-
tum occurs in the basic-state easterly (westerly) zone.
This situation is favorable to reduce the shear of u and
to transfer kinetic energy from u to the wave. To isolate
the role of divergence, the profile for the nondivergent
case is also included in the figure. The nondivergent
wave is also normalized such that the |V | maximum is
6.7 m s�1. Practically no difference can be noted be-
tween the divergent and nondivergent profiles. It seems
that the divergence has no significant influence on the
distribution of momentum transport.

The observed momentum transport computed from
the bandpass u and v is also presented in the figure. It
can be said that the transport by the wave is very close
to the observed one except that the former is shifted to
south by 3°. A closer examination of Fig. 3a (Fig. 3b)
reveals that the observed (wave) tilt is more to the
north (south) than to the south (north) of the center.
This provides a possible explanation for the southward
shift of transport distribution relative to the observed
one.

d. Energetics of the preferred wave

The latitudinal variation of energy components of
KWu and KW� are shown in Figs. 6a and 6b, respec-
tively. The energy conversions, generations, and the
flux are mainly confined to the shear zone and their
absolute values show a maximum around the shear
maximum. In the shear zone, the energy conversion and
Coriolis transfer contribute to the growth of the wave
u-motion, while the work done against the pressure
force acts as a sink. Beyond the shear zone the work
done by pressure force is responsible for the wave
growth.

For the wave �-motion, the work done by pressure
force is responsible for its growth, while the Coriolis
transfer of energy from v to u motion acts as a sink in
the shear zone (Fig. 6b). The excess wave kinetic en-
ergy in the shear zone is transported away by ����. The
intensification of the �-motion beyond the shear zone is
due to the convergence of ����, which is stronger than
the decay due to GKW�. Since ���� are significantly
large, the unstable wave cannot be treated as the geo-
strophic one. On the other hand, GKWu and GKW� are
nearly equal and opposite, and the wave can be ap-
proximated as the nondivergent one. As expected, the
latitudes of maximum wave kinetic energy and the low
are close to each other.

The latitude averaged energy cycle associated with
the preferred wave is shown in Fig. 7. The growth of
wave u-motion is not only due to the kinetic energy
received from basic flow but equally from its �-motion
due to the Coriolis transfer. The �-motion is intensified
as a result of the work done by the pressure force. The
u-motion is losing energy as it is doing work against the
pressure force. Overall, the work done by the pressure
force (divergence effect) acts as a very small sink for Ke

FIG. 5. Latitudinal distributions of zonal averaged momentum
transport, u�� � (m2 s�2), associated with the normalized primitive
equation (solid) and nondivergent (dotted) preferred waves for
the UJ4 profile. The observed momentum transport profile
(dashed) is computed using bandpass winds. For the preferred
waves zonal averaging is done over their wavelength while for
observed from 55° to 27.5°W.
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and the conversion as the main source for its growth.
The energy cycle for Ke may open to an erroneous
conclusion that it is energy transfer from Kz that is
responsible for the growth of both u- and �-motion of
the wave and it is approximately geostrophic. It may be
mentioned that the growth rate computed using time
tendency of Ke is in close agreement to the value ob-
tained in the study.

MR01 computed vertically integrated mean barotro-
pic energy conversion in the layer 100–500 hPa for
VorJ93 as 0.63 W m�2. This value includes a significant
positive contribution from the eddy v momentum trans-
port, which is absent in the instability problem of u. We
assume that the energy conversion value obtained in
the study is valid as well for the layer 100–500 hPa. On
the basis of this assumption, the vertically integrated
barotropic energy conversion is computed for the pre-
ferred wave as 0.48 W m�2, which is comparable to the
observed value mentioned above.

e. Influence of divergence on the preferred wave

The contribution of � � uyy and divergence terms to
ci are computed from (20c) for the preferred wave. Let
ci� (cid) denote the imaginary part of c, due to the � �
uyy (divergence). The channel-averaged value for the
divergent (nondivergent) wave is ci� 
 4.44 (4.46) m s�1

and cid 
 �0.40 (0) m s�1. It is evident that the diver-
gence stabilizes shear flow and reduces the preferred
wave growth by around 10%. The stabilization of waves
is predominately accounted for by the negative work
done by pressure force in presence of divergence.

FIG. 6. Latitudinal distributions of energy components (m2 s�2),
conversions (10�4 m2 s�3), and generations (10�4 m2 s�3) due to
work done by pressure force associated with the normalized
primitive equation preferred wave (a) u- and (b) �-motion. Vphy
(10�4 m2 s�3) in (b) is the divergence of zonal averaged meridi-
onal flux of geopotential, � ���, and Kz (10 m2 s�2) in (a) is the
kinetic energy of basic zonal flow.

FIG. 7. Barotropic energy cycle for the normalized primitive
equation wave for the UJ4 profile. Energy components Kz,
[KWu], and [KW�] are in m2 s�2 and energy conversions; tenden-
cies and generations are in m2 s�3. All quantities are averaged
over the latitude interval 25°S–5°N.
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Each of the terms on the rhs of (20b) is computed
separately, in order to study the preferred wave move-
ment and the role of divergence. It is noted that advec-
tion by u moves the wave eastward, which is nearly
balanced by westward propagation due to the planetary
vorticity advection and divergence. The contribution of
divergence toward the westward movement is signifi-
cant, which is about 20% of the planetary vorticity ad-
vection. The divergence inducing westward motion to
the preferred wave is physically understandable as the
region of convergence, which generates cyclonic vortic-
ity, is located to the southwest of the cyclonic center
(see Fig. 4b).

It is justified to conclude on the basis of the above
discussion that the divergence effect on the growth and
movement of the unstable barotropic wave is similar to
the � effect.

7. Model parameters for VorN01

Daily u profiles in the layer 100–350 hPa are com-
puted during the prevortex period and on 13 November
for VorN01. The area 22.5°S–7.5°N, 52.5°–22.5°W is se-
lected for computations. Other parameters are similar
to that of VorJ93. The latitudinal distributions of u are
designated as UN10, UN11, UN12, and UN13 for 10,
11, 12, and 13 November, respectively, and are pre-
sented in Fig. 8a. It can be noted that a shear zone
developed quite fast during the prevortex period. The
shear zone is not seen on 10 November; it is strongest
on 12 November around 8.5°S and shows the sign of
weakening on the day of formation of the vortex. A
comparison of Fig. 1a and Fig. 8a indicates that features
associated with the development of shear zone for
VorJ93 and VorN01 are similar, but the latter is shifted
northward with respect to the former and it is weaker.
Here, Ls 
 900 km, which is less than that of VorJ93.

All profiles satisfy the necessary condition for the
barotropic instability (Fig. 8b). The profile UN10 sat-
isfies the condition very weakly and close to the south
boundary. Furthermore, � � uyy, the profile for UN10,
is such that it can never satisfy the necessary and suf-
ficient condition for the instability, as wave amplitude is
largest around the middle of the channel. The variation
of � � uyy across the shear zone is about 1.44 � 10�10

m�1 s�1, which is much smaller than the value 2.1 �
10�10 m�1 s�1 for VorJ93. The variation of � � uyy

indicates that u for VorN01 is likely to be less unstable
than that of VorJ93.

8. Instability of zonal flow during the prevortex
period of VorN01

Here, we present, in brief, the main results for
VorN01; kci and cr spectra for UN11, UN12, and UN13

are shown in Figs. 9a and 9b, respectively. As expected
no unstable mode is found for UN10. The preferred
wave for UN12 has kci 
 0.311 day�1, cr 
 �0.658
m s�1 and � 
 3000 km. The preferred wavelength is in
complete agreement with the observed value, which has
been mentioned in section 2b. It may be noted that the

FIG. 8. Same as in Fig. 1, except for the period 10–13 Nov 2001.
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ratio of largest growth rate to the change of dynamical
parameter � � uyy across the shear zone is nearly the
same for the two cases considered in the study. Hence,
it can be said that it is shear zone that controls to a large
extent the growth of vortices. The zonal scale of the
preferred wave is 955 km, which is close to Ls. A similar
relation between the wave zonal scale and Ls has been
noted for VorJ93. The kci spectrum for UN13 has a
sharp peak at 2500 km and a flat peak at 4500 km of
nearly same values (0.243 day�1). The real part of the
phase speed cr 
 3.5 m s�1 for the smaller wave is very

close to the observed speed of the vortex during 13–14
November.

The bandpass streamlines at 200 hPa for 13 Novem-
ber are presented in Fig. 10a. A pair of well-developed

FIG. 9. Same as in Fig. 2, except for profiles UN11, UN12,
and UN13.

FIG. 10. Same as in Fig. 3, except for (a) 13 Nov 2001 and (b)
the preferred wave of the UN12 profile.
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intense cyclonic and anticyclonic centers can be seen.
The cyclonic center is located at 5°S, 45°W. The stream-
lines associated with the vortex exhibit a strong south-
east to northwest tilt. The streamlines for normalized
the preferred wave are shown in Fig. 10b. For the nor-
malization, the |V | maximum is fixed at the same value
as used for VorJ93. The cyclonic center is located at
5°S, which is in complete agreement with the observed
location. Furthermore, the center is located to the north
of maximum shear and coincides with the latitude of
maximum � � uyy, a feature common with VorJ93. It is
seen from the figure that the strong southeast–
northwest tilt is in agreement with the observations.

Here, u��� is southward throughout the belt but con-
centrated in a narrow zone around its peak value of 18
m2 s�2 at 8.5°S, which coincides with the latitude of
maximum shear (not presented). A similar relation be-
tween latitudes of u��� and the shear maxima has been
found for VorJ93. The southward u��� is consistent with
the tilt of the wave. Furthermore, u��� is against the
shear of u, a situation favorable for the growth of the
wave by the barotropic process.

The energy cycle associated with the preferred wave
is computed but not presented. The cycle is the same as
that of VorJ93 except that it is weak; the Coriolis trans-
fer is stronger than the barotropic energy conversion.
Since GKWu and GKW� exactly balance each other,
the wave can be treated to a good degree of approxi-
mation as a nondivergent.

9. Discussion and conclusions

The divergent barotropic stability of daily u profiles
in the layer 100–350 hPa before and after the formation
of vortices VorJ93 and VorN01 is examined. Before the
formation of vortices, u becomes progressively unstable
with the passage of time. It is shown that the zonal and
meridional scales of the fastest-growing wave are in
good agreement with the observations. Furthermore,
these scales are related to the shear zone but not to the
Rossby deformation radius. This indicates the dominat-
ing role of barotropic dynamics and the controlling in-
fluence of shear zone in the vortex development.

A close agreement is found between the computed
horizontal structures, momentum transports, and baro-
tropic energy conversions associated with fastest-
growing barotropic, normalized normal mode and the
observed cyclonic vortex. It is shown that the barotro-
pic energy conversion (work done by pressure force) is
the energy source for the growth of wave u- (�-) motion,
the wave amplitude, and u��� and ���� are basically
confined to the shear zone. The results of the study
suggest that the barotropic instability of the shear zone

can excite observed upper-tropospheric cyclonic vorti-
ces in the vicinity of northeast Brazil.

On the basis of results obtained here and available in
our earlier studies (MRG; MR01), we arrived at the
following possible scenario regarding the formation of
cyclonic vortices and their subsequent development. In
a short span of 2–3 days, before the vortex formation, a
barotropically unstable, strong latitudinal shear zone
developed in the region between the upper-tropo-
spheric large-scale Bolivian high and South Atlantic
trough. The development of shear zone can be attrib-
uted to the intensification, the favorable relative move-
ment and orientation of the Bolivian high and its asso-
ciated ridge, and the Atlantic trough. The barotropic
instability of the shear zone can trigger the vortex for-
mation. The sharp weakening of the shear zone and
almost complete release of its instability on some cases
are characteristics associated with the vortex formation.
Thus the vortex formation may be considered as an
event or an episode. The southeast–northwest tilt of the
wave implies a downgradient transport of wave mo-
mentum, such that the divergence (convergence) of
westerly momentum is in the region of large-scale west-
erly (easterly) winds. Furthermore, this situation is fa-
vorable for a transfer of kinetic energy from the shear
zone to the vortex, which leads to a further weakening
of the former and an intensification of the latter, even
though the basic flow is no longer unstable. The num-
ber of vortex days in a month may be large, but the
number of days when the large-scale flow is unstable is
small. It is understandable that the signature of baro-
tropic instability in connection with the formation of
vortices cannot be clearly seen in the upper-tropo-
spheric monthly mean u of January 1993 and November
2001. In some cases a partial release of barotropic in-
stability occurs with the vortex formation. This mode of
vortex formation needs further investigation. It will be
rather difficult to arrive at a scenario as presented
above on the basis of an idealized or a mean u profile.
It can be concluded that the stability analyses of daily
observed profiles are likely to provide a better insight
on the genesis of tropical disturbances than that ob-
tained from an idealized or a mean u.

It is not intended to discard the possible role of baro-
clinic process in the initial scale selection, in horizontal
movement, and in the further development of the vor-
tex. We have not considered the role of zonal-wave
interaction in the development of the vortex, which
seems to be quite significant as pointed out by MRG. A
nonlinear stability study can bring the preferred un-
stable mode still closer to reality. It is well established
that the convective activity takes place away from the
center and along the periphery in the western sector of
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vortex. The convection can play an important role in
the maintenance of vortex, which is ignored in the
study. The stability analysis of latitude-varying u cannot
provide a proper basis to explain the preferred longi-
tude for the occurrence of the vortex. For this purpose
a stability analysis of zonally varying basic flow is sug-
gested as a future study.
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