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Abstract. Coupled nonlinear Scbdinger equations (CNLS) very often represent wave propaga-

tion in optical media such as multicore fibers, photorefractive materials and so on. We consider
specifically the pulse propagation in integrable CNLS equations (generalized Manakov systems). We
point out that these systems possess novel exact soliton type pulses which are shape changing under
collision leading to an intensity redistribution. The shape changes correspond to linear fractional
transformations allowing for the possibility of construction of logic gates and Turing equivalent all
optical computers in homogeneous bulk media as shown by Steiglitz recently. Special cases of such
solitons correspond to the recently much discussed partially coherent stationary solitons (PCS). In
this paper, we review critically the recent developments regarding the above properties with particular
reference to 2-CNLS.
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1. Introduction

The recent advances in using the possibility of ultrashort optical pulses in long distance
communication via optical fibers [1] and the observation of self trapping of optical beams
[2] have motivated an intense study of both temporal as well as spatial optical solitons.
From a theoretical point of view, in the context of intense optical pulse propagation, the
governing equation for such wave propagation through single mode optical fibers is repre-
sented by the scalar nonlinear Sudtiriger family of equations [3,4]. Here the formation of
optical solitons is due to the interplay between the spreading of the pulse and the nonlinear
response of the medium (Kerr effect) which leads to an intensity dependent phase change
(known as self phase modulation(SPM)) of the incident pulse. In the case of birefringent
fiber and multimode fibers, in addition to SPM one has to consider cross phase modula-
tion (XPM) which leads to a phase dependence of each mode on the intensity of the co-
propagating modes. Then the resulting propagation equation is a set of coupled nonlinear
Schiodinger (CNLS) equations [4], which are nonintegrable in general. The CNLS equa-
tions are ubiquitous in the sense that they have diverse applications such as in the theory of
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soliton wavelength division multiplexing [5], multi-channel bit parallel-wavelength optical
fiber networks [6], and so on. They even occur in the study of launching and propagation
of solitons along the three spines of an alpha-helix in protein [7].

The notion of optical spatial solitons is also receiving a great deal of attention recently.
Here the optical spatial solitons are formed due to an exact balance between the diffraction
and the self-focussing due to an optical nonlinearity. Very recently, it has been noted that
in the context of beam propagation in a Kerr-like photorefractive medium, which generally
exhibits very strong nonlinear effects with extremely low optical powers,the governing
equations are a set of N-CNLS equations. In recent years, there is an increasing interest in
studying soliton propagation through such photorefractive media after the observation of
so-called partially incoherent solitons through excitation by partially coherent light [8] and
also with an ordinary incandescent light bulb [9]. Following these observations, various
theoretical approaches like coherent density approach [10,11], diffractionless ray optics
limit approach [12], etc., have been developed. It has been observed both experimentally
and theoretically that the N-CNLS equations support a class of partially coherent stationary
solitons (PCS) [13].These PCS solutions have been interpreted as multisoliton complexes,
which are nonlinear superpositions of several fundamental solitons [14]. Further these PCS
are found to be of variable shape [13].

Though a large number of investigations exist in the literature on the study of soliton
propagation in CNLS equations, exact results are scarce, except for a special parametric
choice of the two coupled nonlinear Seobiriger equations, namely the Manakov model
[15]. In a recent work Radhakrishnan, Lakshmanan and Hietarinta [16] have obtained the
explicit 2-soliton solution of the integrable Manakov system and identified a novel shape
changing collision property in it. In a very recent study the present authors [17] have
extended the analysis to the case of integrable 3-CNLS and arbitrary N-CNLS systems,
where a similar property has been identified. In addition, it has been pointed out that the
PCS solutions available in the literature are special cases of these shape changing solitons.
Making use of the above shape changing collision property of the 2-CNLS (Manakov)
system as corresponding to a linear fractional transformation, Jakubowski, Steiglitz and
Squier [18] and later Steiglitz [19] have shown that universal logic gates and an all optical
computer equivalent to a Turing machine can be constructed at least in a mathematical
sense.

Our aim in this paper is to critically review the basic integrability properties of the inte-
grable N-CNLS systems, which are generalized Manakov systems, and point out the recent
developments in this connection. To start witl§#) we quickly point out how CNLS equa-
tions arise in connection with the study of intense optical pulse propagation in multimode
fibers and photorefractive materials. §8, we point out the integrability properties of the
2- and N-CNLS systems. I$4, we deduce the explicit two-soliton solution of the above
systems and point out i§6 how shape changing collision of solitons takes place. By
treating the shape change as equivalent to a bilinear or linear fractional transformation, we
point out in§6 the procedure of Steiglitz [19] to construct universal logic gates and all op-
tical computers in bulk homogeneous media without interconnecting discrete components.
Then in§7, we show how the various stationary PCS solutions follow by particularising
the general soliton solutions of the above N-CNLS equations. Fina}ly we summarize
our discussions.
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2. CNLS equations as governing equations for intense light propagation in multimode
fibers and photorefractive materials

As a prelude to the CNLS equations, let us consider the intense electromagnetic wave
propagation in a birefringent fiber (see for example, ref. [4]). Due to birefringence, a
single mode fiber can support two distinct modes of polarization which are orthogonal to
each other. These two modes can be viewed as the ordinary ray (O-ray) for which the
refractive index of the medium is constant along every direction of the incident ray and the
other as the extraordinary ray (E-ray) whose refractive index for the medium varies with
the direction of the incident ray. Then the nonlinear phase variation of a particular mode
not only depends on its own intensity but also on that of the co-propagating mode.

The study of such a system starts straight away from the Maxwell’s equations for elec-
tromagnetic wave propagation in a dielectric medium,

L, 19%E %P
g Y= - _ i
HE c2 at2 Hogz (1)

whereE(f',t) is the electric fieldy, represents the free space permeabiity,the velocity

of light and P is the induced polarization which can be separated into two péts:

P+ Py, whereP, (r,t) andPy, (7,t) represent the linear and nonlinear parts of the induced
polarization. It is well known that they can be expressed in terms of the electric field as
[4]

BL(F.t) = so/ XDt —tE 1)t (2a)
By (1) :so//_m/x(s)(t—tl,t—tz,t—t3)f
E(7,t,)E(F,1,)E(P, ty)dt, dt,dts, (2b)

whereg is the free space permittivity andl) is the jth order susceptibility tensor of rank
(j+1).

Considering wave propagation along elliptically birefringent optical fibers, the electric-
field E(T,t) can be written in the quasi-monochromatic approximation as

E(r,t) = % [6,E,(zt) +&,E,(z,1)] e ' + coc, 3)

wherezis the direction of propagatiohrepresents the retarded time and c.c stands for the
complex conjugate and the orthonormal polarization veetpende, can be expressed in
terms of the unit polarization vectaxafhdy along thex andy directions respectively as

. X+iry
&= (1+r2)l/2’ (4&)
. IX=iy
&= (11 r2)12’ (40)

inwhich the parameteris a measure of the extent of ellipticity. In eq. B8) andE, are the
complex amplitudes of the two polarization components at frequegcyonsidering the
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medium to be isotropic, the nonlinear polarizatlé\ﬂ(?,t) can be obtained by substituting
egs (3) and (4) in eq. (2b).
Under a slowly varying approximatiok, andE, can be written as

EJ (Zat) = F] (Xay)QJ (th)eiKsza J = la 2, (5)

whereFj (x,Y) andKoj , ] = 1,2, are the fiber mode distributions in the transverse directions
and the propagation constants for the two modes, respectively. Then the resulting evolution
equations foQ,(z,t) can be deduced as

1!

. [ k

Q- Qu — 5 Quy + HIQ P +BIQ,2)Q; =0,
01

. i k//

Qs+ == Q — 7 Qe + H(IQa+ BIQy)Q, =0, (6)
g2

wherevy,

K" = [f—(ﬂ accounts for the group velocity dispersignis the nonlinearity coeffi-
w=w

andvgz are the group velocities of the two co-propagating waves respectively,

cientandB = 2212(3559 is the XPM coupling parameted (- birefringence ellipticity angle

which varies between 0 arl). Here we have considered the fiber to be lossless and ne-
glected the third order dispersion term. Further, we have also treated the fiber as strongly
birefringent and hence the four-wave mixing terms also can be neglected.

Introducing now the transformatidh=t — 2 (\% + \%) ,Z =z, eqs (6) become
gl g2
S U ) ,
Q7+ EleT - EQlTT + H(|Q”+ B|Q,[7)Q, =0,
. i . K’
iQpz = 5PQr — 5 Qarr + H(IQal” + BIQy[*)Q, =0, (7)

1
.
wherep = (Vi - Vi) Then, by using the transformatign = (%) ’ Q.i=127=
gl g2
K"|z
T
regime k" is negative), we end up with the following set of equations,

t' = Tlo and redefining’ andt’ asz andt respectively, in the anomalous dispersion

iG,+ 1y + 50 + (16| + BIG,|*)y =0,
itlp, — 10 + 50 + H(|0p|” + BIy[*)G, = O, (®)

wherep = % andT, is a measure of the pulse width.

Equations (8) can be further simplified with the transformation

p?z

4, = qlei (T—Pt) G, = qzei (322—2+pt) ©)

and then redefiningas Z, we obtain
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iqlz+ q1t'( + 2“(|q1|2 + B|Q2|2)ql = O;
i0l, + Ozt + 2H(]0,|* + Blay )0, = 0. (10)

Equation (10) is the 2-CNLS equation in the standard form. It is in general nonintegrable
and fails to satisfy the Painleydroperty unlesB = 1 [20,21]. In the later case, we have
the celebrated Manakov system of equations [15]

iqlz+ q1t'( + 2“(|q1|2 + |Q2|2)ql = 0;
01, + Ot + 2H(|0 |+ |0 *) 0, = O, (11)

which is a completely integrable soliton system ($&b&elow).

Besides the above, there exists other situations also where the above type of CNLS
equations arise. For example, in the case of propagation of two optical fields which are
having different frequencies, the governing equations have a similar form [4] as eq. (10).
Similarly let us consider the simultaneous propagation of N-optical fields (beams) with
different wavelengths in a single mode fiber. This kind of simultaneous propagation of
multiple beams in a single mode fiber is known as wavelength division multiplexed (WDM)
transmission. Here also, by extending the above analysis, one can find that the governing
equations are related to a set of N-CNLS equations [4,6],

N
p=1(#])

whereq; (z,t) is the slowly varying amplitude of the jth wave. In addition, it is also found
that a similar set of N-CNLS equations represents the soliton propagation through an op-
tical fiber array, withq ) representing the envelope in thih core. System (12) is also
found to be nonintegrable, except for the special &s€l, when the Painlevproperty is
satisfied [20,21]. Also Lax pair exists for this case [22] and the corresponding integrable
equations can be written as

N
iqj2+qjtt +2u z |qp|2qj = 07 J = 1,2,...N. (13)
p=1

Another important medium in which the above type of CNLS equations arise is the
photorefractive medium. Let us consider a beam propagating alormgakis, which is
allowed to diffract along thedirection only in a photorefractive (PR) medium. The biasing
electric field is also applied externally along thdirection . The space-charge fiefti. =
EscXinduced in the PR medium causes a change in the extraordinary ray index of refraction
ne and the perturbed extraordinary refractive indgxs given by [23]

I A2 4
N = N2 — Ngr35Esc, (14)

whereng is the unperturbed refractive index ang is the electro-optic coefficient. Consid-

ering the electric field componegtof the optical beam, it is found to satisfy the Helmholtz
equation

O2E + (ko) ’E = 0, (15)
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wherek, = 2—’07 andA, is the free-space wavelength of the light wave. In the slowly varying
envelope, approximatioﬁ can be written as

E = %Q(x,2)é"?, (16)

wherek = kyne. Substituting eq. (16) in eq. (15) one obtains the following paraxial wave
equation of diffraction,

. 1
iQz+ 57 Qux— ko (ngr33Esc) Q=0 (7)
2k 2
For a strong external biasing condition, starting from the transport model of Kukhtarev

et al[24], Esc can be obtained as

_Ey(let1y)
ES°_7(|+IC,) ; (18)

wherel is the power density of the optical bealy,is the so-called dark-irradiande, is
the power density as— o0, which is a constant, arfg, is the induced space-charge field
in that regime X — +o).

Incorporation of eq. (18) in eq. (17) and introduction of the transformati@ﬂ,%,
{ = szg andq = (Z'Z]—';"‘)%Q, wheren, = (5_3)1/2 andx, is an arbitrary spatial width,
yields the following normalized equation,

s 2u(1+p)§

S s S ¥ S 19

wherep = 'I;Z andy = (%) Eq.

In the limit |q]? << 1, which corresponds to the low-amplitude case, with the transfor-
mationd'= ge 2H¢ and with the redefinition of asz the above equation becomes the
nonlinear Sctodinger equation,

idz+ G +21|q°g = 0. (20)

In the case of incoherent beam propagation in a biased photorefractive crystal, which is
a noninstantaneous nonlinear media, the diffraction behaviour of that incoherent beam is
to be treated somewhat differently rather than as in the previous case. Along the lines of
ref. [10] the diffraction behaviour of an incoherent beam can be effectively described by
the sum of the intensity contributions from all its coherent components. Then under the
assumptions and approximations which we have considered in the above one component
case, the governing equation of N-self-trapped mutually incoherent wave packets in such
a media is given by the N-CNLS equations (13). In this contgxtrepresents théth
component of the beam,andt represent the normalized co-ordinates along the direction
of propagation and the transverse co-ordinates respectivelyig._ngqp|2 represents the
change in the refractive index profile created by all the incoherent components of the light
beam and g represents the strength of nonlinearity, as before.
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3. Lax pairs and integrability of CNLS equations

One of the salient features of the integrable systems is the existence of Lax pairs [25].
Manakov had shown that the integrable 2-CNLS eq. (11) admits the following Lax pair
[15],

—2iA%+ 2Aq, 270,
in(loy+o,?)  +idy +id
(—'A Ay . . |
L=| —-qg;iA 0 |, B= —2Aq; +iqj; 202 —iugia, |, (21)
—0; 0 iA —ipoy?
—2Ag5+igy  —ipgygy  2iA2
—iN|Q2|2

whereA is the constant spectral parameter. It can also be verified that the compatability
condition

L,—B+[L,B|=0 (22)

leads to the original Manakov system (11). In his work Manakov [15] had obtained the
one-soliton solution of eq. (11) and presented an analysis of the asymptotic properties of
the two-soliton solution by using the Inverse Scattering Transform (IST) technique. The
proof of the Liouville type complete integrability of the Manakov system (11) requires the
existence of an infinite number of involutive integrals of motion and a canonical transfor-
mation to action-angle variables so that the Hamiltonian for the Manakov system can be
expressed as a function of action variables alone. Consequently the resulting Hamilton’s
equations of motion can be trivially integrated and the system becomes completely inte-
grable in the Liouville sense. This can be proved in the following way using the standard
procedure of AKNS type systems [25].

Now let us consider the linear eigenvalue problem andrieblution’ associated with
the Manakov system,

v =LV, (23a)

V, =BV, (23b)
where

V = (Vy,Vo,V5) . (23c)

In its component form the linear eigenvalue problem (23a) reads as

Vg = —iAV; + 0V, + 0V, (24a)
Vo = IAV, — O1Vy, (24b)
Vg = 1AV —Qpv;. (24c)

Now eq. (24a) can be rewritten as

i t
In(v,et) = / at’ [qll'(l) +q2r(2)] , (25a)
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wherel W = 2 andl® = 3. From the analytical properties of the functiefet, we
can mtroduce the scatterlng coefﬂma(m&) as

a(A) = v, (25b)

Further, from the analytical properties &fA ) and the fact that it is independentoés
may be deduced from eq. (23b), one can expajadAn] as

o

nfah)) = 5 5% @6)

, a=12 27)

and using (26) and (27) in eq. (25a), one can obtain an infinite number of conserved
guantities, as

o= / dt(g,r P +a,r @), n>1. (28)
The quantities ,(f‘) can be easily shown to satisfy the following set of recursion equations

by writing down the coupled set of Riccati equations satisfiell Byandrr (2 as deduced
from the linear eigenvalue problem (24). Its form reads

2|r§]+1 Utq, Zr”' ) +q, Zr”' , (29a)

2ar@ =rd+aq, Zrn T +q Zrn @, (29b)

with r(la) = % a=12. As aconsequence, we can write the infinite number of conserved
guantities straightaway. The first three of them for the Manakov system read as

e 2 2
=5 [ dllayP+ 1), (302)
i +°° H k k
Cp=—7 [ dil=i(0yGy + d0)] (30b)
o bote « « 2 2,2
and C3—_§ i dt (a0t + Ap0t) + (|G| + [0 ) - (30c)

The above conserved quantities can be identified as the number opérttertotal mo-
mentumP and the Hamiltonian (total energy) of the system, respectively. One can show
that the fieldy(z) andqg*(z) satisfy the canonical Poisson bracket relations

{6(x),a;(y)} = 3(x—-y)g;, (31a)
{a(®),a ()} =0, i,j=1,2 (31b)
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with respect to which the conserved quantitig's are in involution.

Though the existence of Lax pairs accounts for integrablity, the proof of complete inte-
grability of the system requires the existence of a canonical transformation to action and
angle variables which allows the Hamiltonian of the system to be a function of the actions
only.The existence of such a transformation to the Manakov system confirms its complete
integrable nature in Liouville sense.

Further, the set of N-CNLS eq. (13) is also found to be integrable [20,21]. Then fol-
lowing a method similar to the above 2-CNLS equations and extending the procedure for
(3 x 3) matrix linear eigenvalue problem to % n) matrix problem, the Lax pair associated
with the N-CNLS eq. (13) can be written as

—iA g, 0, ... Oy
—g; iA 0 .. 0O
L: _qz 0 IA “ee o , (32&)
g, 0 O .. A
—2i/\2+iuz';:1|qp|2 '2/\2q1.+iqlt2 A0y +idy o 2AQy+idy,
—2Aqi+iqy  2AT—ip|gy[”  —iugig, .. —iHGiOy
B— —27 05 + g, —ipggy 2% —ip|gyl® .. —iugay
=2y + gy —iHoN g, —igONG - 2i/\2—iN|QN|2 3

Here also the conservation laws can be deduced along the lines of the 2-CNLS case. In
order to write these conserved quantities one has to look for the coupled set of Riccati equa-
tions associated with the Lax operators and then obtain the relevant recurrence relations,
which will be (n— 1) coupled first order differential equationsfig®’s.

4. Soliton solutions of the CNLS equations

Now in order to facilitate the understanding of the underlying dynamics of the above inte-
grable CNLS equations it is essential to obtain the soliton solutions associated with these
integrable systems. In this regard, by applying Hirota’s technique [26], we point out that the
most general bright one-soliton and two-soliton solutions for the Manakov system (11) can
be easily obtained and novel properties deduced [16,27]. The procedure can be straight-
away extended to obtain N-soliton solutions as well; however, we will confine ourselves to
the study of one- and two-soliton solutions alone here.

Considering eq. (11) and by making the bilinear transformat'pﬁ %j), j=1,2,where
g')(z t)’s are complex functions whilé(z t) is a real function, the following bilinear
equations can be obtained,

(iD,+D?)(gV).f) =0, (33a)
DZ(f.f) = 2u(gMg* +g@g?"), (33b)
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where the Hirota’s bilinear operatdds, andD; are defined by
0 a\"/o a\"
n[m _ _ _ !
D)DM(a.b) = <_0z 02,) <0t o"’t’) a(zt)b(Z,t") ity (33c)

The above set of equations can be solved by introducing the following power series ex-
pansions t@())’s and f:

g :Agg.j)+ABng) 4+, j=1,2, (34a)
f=1+A2f,+ A%, +---, (34b)

whereA is the formal expansion parameter. The resulting set of equations, after collecting
the terms with the same power Ay can be solved to obtain the formsgff) and f. For
illustrative purposes we explain below the procedure to obtain the one- and two-soliton
solutions.

A. One-soliton solution of the 2-CNLS equation

In order to get the one-soliton solution of the 2-CNLS equation, the power series expan-
sions forg\Y), g@ andf are terminated as follows:

gV = Agh (35a)
g2 =g (35h)
f=1+A%f,. (35¢)

Substituting eqgs (35) in the bilinear eq. (33) we obtain the following differential equations
at various powers of:

A Dy(gi.1) =0, (36a)
A% Dy(fpd+ 1.6y =2u(gd. g +gPg@"), (36b)
A% Dyl f,+9().1) =0, (36¢)
At Dy(fyfy) =0, j=1,2 (36d)

whereD, = (iD,+ D?) andD, = DZ. The solution which is consistent with the above
system is

gV =aVen, (37a)
¢ = alen, (37b)
. pu(laM P +|a? )
f=14entMm+R f="——1 3 37c
where n; =k (t+ik,2), alV, a® andk, are complex parameters. Then the resulting

bright one-soliton solution is obtained as
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q, a® eh A kyg€M
0 )=\ o | Tomm® =\ A ) cosn 1B (38)
2 a;” ) 1+elh™h 2 ) cosh(ng+3)

Here /li(Ay, Ay) = vE(aM,a?) /(u(lalD 2+ |a? [2))Y/2 represents the unit polariza-

1
tion vector klRAJ, j =1, 2 gives the amplltude of thgh mode and B;, the soliton ve-
locity.

B. Two-soliton solution

Here the series (34) is terminated as

gV =g + 2%, (39a)
g2 =Ag? + 232, (39b)
f=1+A2f,+A%,, (39¢)

to obtain the bright two-soliton solution of eq. (11). Then the resulting partial differential
equations at various powers bfare as follows:

A: Dy(gi.1) =0, (40a)
A2: Dy(Lf,+f, 1) 2u(gMgV +gPgl2), (40b)
A% Dyl .f,+9{).1) =0, (40c)
A% Dy(Lfy+ oyt fy 1) u(g(l)ggl>*+gg1)g§1)*

+9 P92 + 9P gl?"), (40d)
A% Dygl).f,+9{).1,) =0, (40e)
A8 D,(fyfy+ f,.15) = 2u(gP gV + gPgl?"), (40f)
AT Dy(e)).f,) =0, (40g)
A8 D,(f,.f,) =0, j=1,2 (40h)

gV = alVeh + afVer, (41a)
g2 = aleh + aPe, (41b)
ggl) el tnitnytoy | @t tny+0, (41c)
gé ) — @htni+ntor 4 e’71+'72+'72+52’ (41d)
f,= el iRy | @M+ 4 oNi+M+dg e’72+'75+R2, (41e)
f, = NIt 3Ry, (411)

where
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m=k(t+ikg), eb= 22 - ML R

ki +k' k_'_k*, 2+k§’
k, —k
e’ = m(ap Koy — aVKyy),
K, —k;
S Tk, i % 2o )
! ki —k,
5 _ 2 )
= kg i a2 )
! K, —k; 9
= GoTik Tk (% iz~ 017Kz,
Ik, —k2|
= (kg + ko) (ko + K3) Ky + k5| (K11Kp = K19K31)
p(aDa®* 4 g g2
andKij = i Jki+krl j =12 (419)
j

Then we can write the final form of the bright two-soliton solution of eq. (11) as

e”l + a Do 4 @htni+nytd 4 @ +nptns+9,

a; = D , (42a)
e”l + a 2y + @iy 0 4 @itnytn;+8
O = D ) (42b)

where

D=1+ehtMi+R L ghitn;+8 4 git+n+dg
+eT2tM2 R 4 @ty tn4Rs (42¢)

The above most general bright two-soliton solution with six arbitrary complex parameters
Ky, Ky, or andor2 j = 1,2 corresponds to a shape changing (inelastic) collision of two
bright sohtons which will be explained in the following sections.

C. One- and two-soliton solutions of the N-CNLS equation

By extending the above procedure further to the integrable N-CNLS eq. (13) one can
obtain the one-soliton and two- solrton solutions [17] of this system as well. After making
the bilinear transformanoq =gl /f j=12,...,Nin eq. (13), one can get a set of
bilinear equations of the form (40) but now W|th: 1,2,3,...,N. Then by expanding
g'¥s andf in power series up tdl terms and foIIowmg the procedure mentioned above,
the one-soliton and two-soliton solutions of eq. (13) can be obtained.

(a) One-soliton solution:

K, €M
R R (A17A27"'7AN)T7 (43)

T
G1,G,---,0 =0 R
( 1> 12 N) COSk(an-f-?)
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wheren, =k, (t+ik,2), A; = all) /8, A = (u(3L, |alD?) 2, &R = 82/ (k + k)2, al)
andk;, j=1,2...,N, are(N + 1) arbitrary complex parameters.
(b) Two-soliton solution:

(qlaq27 e ,qN)T = ( Ven + a Vella + ehtitny oy

_|_e’71+’72+’72+521 a e’?1_|_a )2
+N5+n,+3, +N,+n5+
+e’71 Ni+Ny+015 4 @i +Np+n; 522 et
Ngh 4 a N)ghz 4 @i tNi+02+0

+e"1+”2+”z+5zw) /D, (44)

whereD = 1 + @ntMi+R  @htm+d | Nitnatd 4 @ltnatR, 4 @htni+nptnz+Rs,
et = K1/ (K +KD), €% = Kyp/ (Ky +K;), €20 = K,/ (kg +Ks), €%m = ((ky — ko) (0™ Kpy —
az(m) Kll))/((kl +K)(K +ky)), €%m = ((k, - kl)(aém) K12 — aim) Kp2))/ ((ky + K3) (kg +

)) = (|k Ky|?(K11Kap — KioK1))/((Ky + ki) (Ky + K3)|ky + K5[%) and K, =
usN 1a /(k +k), wherei, | =1,2 andm=1,2,...,N. As mentioned earlier,
higher order solitons can also be constructed in a similar way with more labour; however,
we will not consider them in this article.

5. Shape changing collisions in coupled nonlinear Sctdinger equations

The novel collision properties associated with the CNLS equations can be revealed by
analysing the asymptotic forms of the two-soliton solutions [16,27]. In this connection,
let us first consider the two-soliton solution (42) of the Manakov system, which is an
integrable 2-CNLS system. Without loss of generality we assumejhat 0 andk;; >

ks Kj = kjr +ikj;, j = 1,2, which corresponds to a head-on collision of the solitons. One
can easny checf< that asymptotically the two-soliton solution becomes two well separated
solitonsS, andS,. For the above parametric choice, the variapigss for the two solitons

(r7J = nJR + |nJ|) behave asymptotically as (i);g ~ 0, Nog = o asz — o and (ii)

Nog ~ 0, Nig = Fo asz — +eo. This leads to the following asymptotic forms for the
two-soliton solution.

A. Before collision (limit z— —co)

In the limit z— —oo, the solution (42) can be easily seen to take the following forms.
(@S, (Ng~ 0, Nyg— —):

o, . ail) eh
o a@ | xR
Al , R
= < A;* ) KyeM sech(an+ %), (45)
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where (A}, A}") = [u(aMalV* + aiz)aiz)*)]*%(ail), al?). In A, i =1,2, super-
script 1- denote$, at the limitz— —co and subscripts 1 and 2 refer to the modgsind
g,, respectively.

(0)S, (N)g ~ 0, Nig— ®):

a, e R el
6 ) "\ R ) Trenmim R

AZ- . (Rys—Ry)
= (Ai > ko€ sech<n2R+ %), (46)
1
where (AijAg*) = (Z_%) c [u(aél)az(l)* + 012(2)02(2)*)]’? [(ail)’aiz)),(ﬁl_ (aél),
1
— H H * * * 2
02(2))1(211] l|n whicha, = (k, +k5) [(kl —lo)(alP*aft + af? aéz))] and c= @
—@] % Other guantities have been defined earlier under eq. (41).
B. After collision (limit z— o)
Similarly, for z— o, we have the following forms.
(a)Sl (an ~0, Nog — 00):
a) %R eh
a, %R 14 @htni+tRe—R,
Al+ . _
= (A;r > ky €M sech<n1R+ @), (47)
where (Al+ Alt) = (%) c [uaPad* + a? aiz)*)]*% [(ail),af))K{zl— (afV,
1
a§2));<521] inwhicha, = (k, + k) [(kl ~k)(@PaM* +al a2(2)*)] 2.
(b) S, (N,g~0, Nig— —):
4 ) aél) efl2
a, aéz) 1+ etnstR
AZF : R
= (A%* ) KoM sech<n2R+ ?2>, (48)

where(AZ", AZ") = [u(afP afD* + af? 02(2)*)]*% (afV,a?).

The asymptotic forms of the solitori® andS, after interaction, given respectively by
eqs (47) and (48), can be related to the forms before interaction, given by eqs (45) and (46)
respectively, by introducing a transition matmj( such that

At =A"T], j1=12 (49a)
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where the superscripts: represent the solitons designatedsaaindS, atz — . Here

|le|2 = |1—/\2(0’9)/‘79)”2”1—/\17\2|a (49b)
T2 =11 Ao/ 11— Ay (@D /el j=1,2, (49c)
AL =Kpp/Kyy and Ay = Kqp/Kpp. (49d)

Besides the above changes in the amplitudes, there is a phase shift of the soliton positions
as indicated below.

The expressions (49) clearly show that there is an intensity redistribution among the two
modes of the solitonS; andS, and that the transition matrices act as a measure of this
redistributed intensity. However, we can also check easily that in the special case in which
the parametersr(l) i, j = 1,2, satisfy the relatiora (V) /afV = a{? /a(?), the transition
matrices take the vaIuEj = 1. In this case, we have the standard pure shape preserving,
elastic collision of solitons that is familiar in the literature. However for all other values of
all),i,j = 1,2, such that relatiom (V) /a{V # a!? /a(?), the amplitudes of the solitons do
undergo changes and we have shape changing (inelastic) collisions.

(a) Intensity (amplitude) redistribution during the shape changing collision process

The amplitude change of individual modesSsfandS, during the collision process shows
some interesting features. Actually, from egs (45) to (48) we observe that the initial ampli-
tudes of the two modes of the two solitdidg "k, A3 ~K;) and(A2~ Ky, A5~kyg) undergo
aredistribution among them and the solitons emerge with ampliféde;z, A; "k, ) and
(A2t kg, A2tKyg), respectively, wherdl®,i,| = 1,2, are given above. The changes in the
amplitudes due to collision are essentially given by the transition ma’ﬂ'rlihaee egs (49).
It can be easily checked that for a suitable choice of parameters it is even possible to make
one of theT I's vanish so that one of the modes after collision (or before collision) has zero
intensity (see figure 1).

Another noticeable observation of this interaction process is that even though there is a
redistribution of intensity among the modes the total intensity of the individual solitons is
conserved, that i§AT=[% + [ADY|2 = % n=1,2, see eqs (45)—(48).

(b) Phase shift of solitons during the collision process

Another important quantity which is altered during the collision is the phase (which is

related to the position of the soliton). For the soli@rthe initial phaser“% becomesR%R2
after collision and the corresponding phase shift is given by

R;—R,—R
Pl BT
2
_10 Ky — k2|2(K1*1’;22 — K19Kp1) _ (50)
2 [k + K3 1°K11K5,

Pramana — J. Phys.Vol. 57, Nos 5 & 6, Nov. & Dec. 2001 899



M Lakshmanan and T Kanna

Figure 1. Two distinct possibilities of the shape changing collision in the Manakov
system.
Similarly the phase shift for the solitdsy is given by

(Rs—R —Ry)

D% = —
2

=-oh (51)

Note that the phase shift depends very much on the soliton param;éiéssthrough their
occurrence in the expressions fqrs and so on the amplitudes of the modes.

(c) Change in the relative separation distance of the solitons

As a consequence of the above phase shift, the relative separation dix@(pesition of
S, (att — Fo0)minus position o, (att — +)) also do vary during the collision process.
In such a pair-wise collision, the change in the relative separation distance is found to be

_ ko +k
DXy =X =X, = Kir +lor) o' (52)
2Ky gkor

AgainAx,, depends upon the parameterl(é) 's and so on the amplitudes of the modes.
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(d) Role oforij ’s in the collision process

It can be straightaway seen that the above mentioned three quantities, intensity (ampli-
tude) redistribution, phase shift and relative separation distances, characterising the CNLS
soliton collisions, are nontrivially dependent on the complex paramatgss which in

turn determine the quantitiés = defining the amplitudes of the modes. These parameters
play a pivotal role in the shape changing collision process. In particular, the change in the
amplitudes of the two modes &f andS, can be varied dramatically by changiagtj”’s

and even the amplitudes before and after interaction can be made equal, a case correspond-
. . .. . calb ald . L
ing to elastic collision, for the particular chmeﬁl—): ﬁ as the transition matrlce'l'sll,

i,j =1,2, are equal to one in this special casez. For2aII other choices, the amplitudes un-
dergo changes due to collision and under suitable circumstances the amplitude of one of
the modes (either before or after collision) can even vanish, showing in a dramatic way the
shape changing nature of the collisions.

It can also be observed from eqs (50)—(52) that not only the amplitudes of the solitons
but also the phases and hence the relative separation distances between them depend on the
complex parametens( iI’s. As a result, their variation during collision is also determined

predominantly by’ )

Now let us look at the possible ways by which such shape changing collision can occur
in the Manakov system. We can identify two distinct types of interactions for each of the
solitons. The first possibility is an enhancement of intensity in any one of the modes of
either one of the solitons (s&y) and suppression in the remaining mode of the corre-
sponding soliton with commensurate changes in the other soliton. The other possibility is
an interaction which allows one of the modes of either one of the solitonsS(3dy get
suppressed while allowing the other mode of the corresponding soliton to get enhanced
(with corresponding changes$3). In either of the cases the intensity may be completely
or partially suppressed (enhanced), as determined by the transition mattses

For illustrative purposes, we have shown the head-on collision of two solitons for the

parametric values; = 1+i, k, =21, alV =a? = a{?) =1, anda{V = L5 in

figure la. Here initially the time profiles of the two solitons are evenly split between the

two components|; andg,. At the large positivez end the profile of thes; soliton is

almost completely suppressed in thecomponent while it is suitably enhanced in the

component. Also there is a rearrangement of the amplitudes in the secondSglitdioth

the modes also. In figure 1b, we have shown the reverse possibility fol +i, k, = 2—i,
alt =0.02+0.1i, a{? = afV) = af? = 1. Finally, figure 2 shows the possibility of elastic

collision for the samkl, k, values as in figure 1 but wrrh =1,i,j=12.

The above analysis can be analogously extended to study the coII|S|on properties of the
3-CNLS equations and N-CNLS equations. For example, for the 3-CNLS system, we find
that the above kind of shape changing collisions of the Manakov system occurs in this case
also but with many possibilities of intensity exchange among the three modes. During the
inelastic (shape changing) interaction among the two one-soiipasdS, of the 3-CNLS,
the solitonS(S,) has the following six possible combinations to exchange the intensity
among its modes(q,0,,0;) — (aF, qg,qg)i, [a,b,c = S(suppression)E (enhancement)],
withi=1,a=E,b=Sc=Si=2,a=Sb=E,c=Si=3,a=Sb=Sc=E;i=4,
a=Sb=E,c=E;i=5,a=E,b=Sc=Eandi=6,a=E,b=E,c=S Infigure 3
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we have shown two such Eossi?i)lities in which figure 3a is plotted for the parametric values
=a

ky=1+i, ky=2—i,a{t) =a? =(39+i80)/89,a(V =al? =al® = a3 =1 and

p = 1 and in figure 3b they are chosenag) = 0.02+0.1i, a{? = 0.1i, a® = afV =

al? = a3 = 1 with the samé,, k, andy values as in figure 3a. Generalizing the above
analysis for the 2-CNLS and 3-CNLS equations, to N-CNLS equations, one can verify that
the shape changing interaction can lead to intensity redistribution among the modes of each

of the solitons of the N-CNLS system if'2- 2 ways. The details of these analysis will be
published elsewhere [28].

Sg

Figure 2. Elastic collision of two solitons in the Manakov system for a specific choice
of the parameters.
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5

Figure 3. Intensity profiles of the three modes of the two-soliton solution in a wave-
guide described by the CNLS eq. (13) with= 3 showing two different dramatic sce-
narios of the shape changing collision.

6. Shape changing collisions and construction of logic gates

The shape changing collisions of solitons of CNLS equations discussed in the previous
section can also be characterized by introducing a complex parameterstudied by
Jakubowski, Steiglitz and Squier in ref. [18], which is the ratio of the two modes of a
particular soliton of the two-soliton solution evaluated asymptotically as in the previous
section, that is
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gt = +w) AF
e At W
P; Ut +w) A =1 (53)

Obviously during collision the complex parametechanges and it may be used to define
the change in the soliton state. Thus the state of the soliton can be essentially parametrized
by two complex parametesandk: during collisionp changes in general, whiledoes
not. The schematic representation of the two-soliton collision in the Manakov system with
constant parameteks andk, is shown below [18].

In figure 4,p, andp, represent the variable states of the solit&)sand S, before
collision, respectively. The final variable states are denoted.bgnd pg, respectively.
In ref. [18] Jakubowski, Steiglitz and Squier have pointed out that the transition in the
soliton states due to collision discussed in the previous section, eqs (49), can be represented
equivalently through a linear fractional transformation (LFT) for the change in the variable
p as

_ a(py)p_+b(py) _
P2= Gpy)p, +d(py)’ 297970 (542)
where
a=(1-9g)/pi+p, b=gp;/p1, c=0,
_ _ * _ kl+ki
d=(1-9)p;+1/p1, 9k, k) = Tk (54b)
and
— a,(pL)pl+b,(pL) 'd' —b'c 0 55
PR Slp oy o) 2 PO (552)
Space
CHY R k)
Time
0. k) (P:. k)

Figure 4. Schematic representation of the two-soliton collision.
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where

a=1-h)/pl+p, b'=hp/p, =N,

* 1 * *
d =(1-h )pﬁ;, h* = h* (ky, k) = 9Ky, K, )- (55b)
L

In writing the above set of equations it is assumed khgtandk,g > 0 andk,; > k,,.
The LFT possesses many interesting properties [29] which include the following:

1. Existence of inverse transformations and group property,
2. Existence of one or two fixed points,
3. Existence of implicit forms,

and so on. Jakubowskt al [18] have in particular pointed out that when viewed as an
operator every soliton has an inverse with the same value of the par&rtieewill undo
the effect of the operator on state. This property can then be used profitably to design logic
gates as shown below.

Now let us treat the right moving soliton states as corresponding to data (particles) and
left moving solitons as operators (or vice versa), such that

Pr = Tp (P1) (56a)

and
P> =To, (P0) (56b)
Then it is easy to see that for every operdtgror Ty , there exists an inver%‘Ll oer‘ll
such that the successive operations by the operator and its inverse restore the original data.
Example:
Let p. =0. (57)
Then using the LFT(55), we have
Pr=To(py) = (1=N")p; (58)

Let a second operator correspondingfo= c operate orpg (see figure 5). The new state
PR is then

1 1

PR= (1—h*)pR: (1_h*)(1—h*)P1:P1 (59)

so that the initial statg, is restored. Thus the operator (states) withalues 0 ando are
inverses to each other. Similarly for every operator corresponding to thepsaateverse
can be obtained. We will now see briefly the consequences of this for computation.

The existence of an inverse for any given operator so that the data is restored on succes-
sive operation by the operator and its inverse allows one to assign a logical, binary, 0 and 1
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or TRUE and FALSE states in terms of the complex 0 and 1 states of the parg@méter
particular, one can use the actuator as 0 and its inversdsee figure 5).

Using the above facts, very recently Steiglitz [19] has shown that one can construct the
various logic gates such as COPY, FANOUT, NOT, ONE and finally the universal NAND
gate also so as to deduce a Turing equivalent machine purely based on optical soliton
interactions which do not use any interconnecting discrete components in bulk nonlinear
media like photorefractive materials. We briefly summarize below the construction of
Steiglitz [19].

For obtaining the above gates let us rotate the figure of the scattering process suitably
SO as to treat data as solitons travelling vertically downwards and the operators as soli-
tons travelling horizontally (figure 6). Then the various logic gates can be constructed as
follows.

(R, k) (R.k)

(. k)

L

(k)

(0. k)
(. k) (A, k)

Figure 5. State restoring property of shape changing solitons under collision. When
the operatoﬂ'p,L is the inverse of, , thenpg = p;.

DATA

OPERATORS

A

yvy

Figure 6. Representation of the left moving operators and down moving data [19].
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z Yy in( q)

garbag actuator state = Opg

Y
out -
=N garbage

Figure 7. COPY gate [19].

A. The COPY gate and FANOUT gate

Let us consider the collision of three down moving solitons with a horizontal soliton as in
figure 7.

Let the input state be represented by while the actuator state is taken gs = 0.
The other two down moving solitons are in the arbitrary statesdy. Then using the
transformation eqgs (54) and (55), we can easily check that the horizontally moving soliton
after each of the first two collisions becomes

p2 = Tpl (0)7 (60)
P2=Ty(p) =Ty [Tpl(o)] . (61)

Finally the vertical down moving solitanafter collision becomes

output= pg =T, (2),
(2). (62)

5[%, 0]

Now if we assign for the input state the logical values 0 or 1 corresponding 00 or
p; = o respectively and demand that in = out, we obtain two complex equations for the
two complex arbitrary parameteygndz,

0= TTy[TO(O)] (Z), (63)
00 = TTy[Too(o)] (Z) (64)

These equations take the explicit form
{1-h)[(A-9gyy' +1[(1-g")yy +1+9g'yy } z+h'g[(1—-g")yy +1]y=0, (65)
h*z[g"(1-g)]y"+ (1-h")[g(1-g)]y+(1-9)(1-g’)yy =0. (66)

Solving the eqgs (65) and (66) one can obtain a set of soldtigry.), if it exists, which
then copies the input at one site and places it at the output site, giving rise to the COPY
gate.
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z. Y in
garbag - actuator state = Oge
garbages— |—|——Inverse state e
Y
O_Ut D in
=N _CEU
@
(@)}

Figure 8. The FANOUT gate [19].

In the above collision process, several unutilized solitons emerge after scattering, which
are named as ‘garbage’ solitons. However, one can use them also profitably to generate
copies of inputs as outputs in a ‘time gated’ manner by colliding appropriate ‘inverse’
solitons with them. Thus one can obtain the FANOUT gate (figure 8).

B. The NOT and ONE gates

As we have obtained the COPY gate by requiring the state out = in for both the logical
values 0 and 1 (or thp values 0 ando), we can require that when the input state is O
the output is 1 and when the input is 1 the output is 0. This requirement again gives two
complex equations for the two unknownandy:

©=T 0] (2), (67)
0=Ty 1.0y @ (68)

The resultant solution gives the s&t,n), if it exists, giving rise to the NOT gate.
Similarly if we require that for both the inputs 0 and 1, the output should be 1, the
resultant two complex equations solve fpy, ;) giving rise to the ONE gate.

C. The NAND gate

The existence of FANOUT, NOT and ONE gates are sufficient to design a NAND gate.
The importance of the NAND gate is that it is universal [19]. Using suitable intercon-
nects and fanouts, it can lead to other logical functions. One can also implement ‘wiring’
through the light-light collisions, implying that one can implement any logic using the
Manakov model.
Using two outputs as equivalent to a given input as in the FANOUT gate (figure 8), one
can form az converter ang converter such that the following values are chosen:
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Value of y converter

Y1
Yn

In the above4, y,) are the values ofz(y) in the ONE gate, whilez,,yn) are the values
of (z,y) in the NOT gate.

Thus using one output from a given gate as the input of a FANOUT gate to produce
the z- andy-converter to the required value as above, while the other output as the second
input of the present gate, one can have a standard three collision arrangement as discussed
earlier. Then the following outputs result for the gate depicted in figure 9.

0 z

Value of input to the converteValue of z converter
1 Z,

Leftinput Rightinput valueofz valueofy Output

0 0 Z Y1 1
0 1 4 Y1 1
1 0 Zn Yn 1
1 1 Zn Yn 0

As a result, one finds that in this two input-one output arrangement one essentially obtains
the universal NAND gate binary operations. Steiglitz [19] further shows that the gates
that are constructed as above can also be wired such that any outputs can be fed into any
inputs. Memory can also be introduced suitably. Thus an all optical computer equivalent
to a Turing machine using soliton interactions is possible.

from output other input (0/1)

fanout

z—converter| y—converte

I

actuator

A

Y
out

Figure 9. The NAND gate as designed by Steiglitz [19].
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7. Partially coherent solitons in CNLS equations

We have shown i§2 that propagation of N-self trapped mutually incoherent wavepackets

in Kerr-like photorefractive media is governed by the N-CNLS equations (13). Recently
[13,14] it has been shown that these systems support a kind of stationary solutions known
as partially coherent stationary solitons (PCS). Further, it has also been observed that these
PCS are of variable shapes.

In reference [13] the explicit forms of PCS fbr= 2,3 and 4 are given. First let us
consider the\ = 2 case, which corresponds to the Manakov system (11). We have given
the explicit 2-soliton expression of eq. (11) in eqgs (42). Now let us look for a special case of
the two-soliton solution (42) of eq. (11) with the choice of the parametgts= a{? =0,

alt) = eho, af?) = —e0 andk,, = 0, wheren,y,i = 1,2 are real parameters.
Then the solution(42) reduces to the following form
ik, —k )e'71+’72+'75 ~
= |en 12 D 69a
o ( TGk ) ’ (692
p(k, —k )e’71+’7{+'72 ~
= | —eh2 12 D 69b
% ( T ARk 1 ky ’ (690)
where

D=1+pu (69c)

ehtm N et | u?(Kky — k,)2eMNtmi+atn;
4Kz 4Kk3 16k2k3 (K, +ky)?

In the above set of equations, andn,, are absorbed intg, andn, by rewritingn j'sas
nj =k;(t+ik;2 + Njo- | = 1,2. The above solution can be easily rewritten as

k, +k —
q, = 2k, kltkzcosf(kztz)e'kiz/Dl, (70a)
1 2
k, +k —
0, = 2k, klfKZSinr(kltl)ék%Z/Dl, (70b)
1 2
_ (Kt -
D, =/l coshik;t; +Kot,) + K~k coshik;t; —kst,) ¢, (70c)
ot oo L [k k)
t=t—t =t+ k. +2k1|°g{4k§(kl+k2) : (70d)
= Ny , 1 Pk — k)
=t—t,=t+-=+ _—log|-5——2]|. 7
L=t—t,=t+ o "2 Og{4k§(kl+k2) (70e)

These solutions are exactly the same PCS solutions given in ref. [13] corresponding to the
N = 2 case. Here we have shown that the 2-PCS solution is merely a special stationary
state of the shape changing 2-soliton solution (42) of the 2-CNLS system.
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1
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Figure 10. Typical PCS forms for the Manakov system foe 0, see eqs (70):a]
symmetric case/t;, = 0), (b) asymmetric caseX,;, = 1.0).

Further, one can consider the relative separation distance

No My, 1
At,=t,—t; =20 220 = joqg
12 2 1 kl k2 2k1
—ilog{ (kg — ko) ]
2k, 4k3(ky +ky)

and identify symmetricAt, , = 0) and asymmetridt,, # 0) PCS solutions. Note that the
shapes of the PCS depend upon the valuk pf In figure 10, we plot typical PCS forms.

Now let us look at théeN = 3 case. The PCS associated with this case can be obtained
as follows. It is also observed that PCS are formed only when the number of incoherent
components is equal to the number of solitons created in the system. So in order to obtain
the 3-PCS solution we have to consider the three-soliton solution of the 3-CNLS equations.
Instead of writing down the full 3-soliton solution of thie= 3 case explicitly and choosing
the special parametric values, we make the following simplified procedure.

Starting from the bilinear egs (33) and terminating the serieg fdrand f as

ik — ko) }
A (ky + k)

(70f)

and

f=1+A2f,+ A%, + A%, (71b)
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At various powers oA we obtain the following set of equations.

At:Dy(gl).1) =0, (72a)
A2 Dy(1.fy+ f,.1) = 2u i gil.g{l, (72b)
j=1
A%: D, (o). f,+9().1) =0, (72¢)
A Dy(Lfy+ foufy+ £, 0) = ui(gl 9" +gY). g, (72d)
=

A% Dy () 1, + 0. f,+00).1) =0, (72e)
A8 Dy(Lfg+ foufyt Ty byt fd) =

2u él(g(li)_géj)*+ggj)_ggi)*+géi)_g(lj)*), (72)

AT Dy () T+ 0l £, +0U).f,) =0, (729)

A8 Dy(f,. T+ fy.fy+ fo. ) i (00).g0)" + gl gl)), (72h)

A%: Dy (g fg+0l).f,) =0, (72i)

A0 D, (. g+ fo.1y) % (72j)

&
AT Dy (). fg) =0, (72k)
A2:D,(fe.f)) =0, j=1,2,3. (72l)
Solving (72a), we obtain
o) = alleh + allem + allels (73a)

1

wherenn =kq(t+1kn2), j, n=1,2,3in whicha(”) andk, are complex parameters. Here

as a spemal case, we look for a stationary solutlon Wyijth= 0, a = €'ho, a = —ellzo,
=emandal? =a¥ =afV = af®) = aél) =a®=0,in orderto gain insight into

the physics of the problem. Then, solving the remaining set of equations recursively, one

can obtain the following special stationary case of the three-soliton solution,

ky— k)&l (kg — ket
4k3(ky +ky) 4k3(ky +ks)

p2(Ky — Ky) (Kg — Ky) (Kg — ky) 2€/lat T3+t 02+ 5 (74a)
16K2 (K 1 Ky) (K5 + k) (Kg 1K) ’
Bl — k) i~ e
aKk2(ky +ky) AKk3 (kg +ky)

o M

q, =

q,=|—€l2+
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12 (kg — ky) (kg — ko) (kg — kg ) 2@+ 15 H 1411 411 5 (74b)
L16GKE (Ky + Ky ) (K3 + k) (K3 + kg )2 ’

Bl = k)T (ks — )i

g, = |€+
3 A2 (ky + ks) 43 (ks + ky)
12 (kg — ky) (kg — ko) (K — k) 2125+t 1 115 5 (740)
16k2k3 (ks + ky) (kg + ky) (K, + Ky )2 '
Here,
51 entin gtz @itz | 2k —k )2en1+nf+nz+n§‘
T e TTae tae 16¢k2 (K, + k,)2

“Z(kl _ k3)2en1+nf+rl3+r]§‘ “2(k3 _ k2)26'72+”2+n3+”3

16K (k, 1 ky)? 162K (K, 1 k)2
W3k, — k)2(ks — )2(k k) 2e 0+ pd
BACKIIE(K, + ) 2(K, + Ky 2 (kg 1 Ky)2 (74d)

Rewriting eq. (74),as in the caseMf= 2, here also one can verify that the above solution
is exactly the same as the stationary PCS given in ref. [13|Ifer3,

2Ky ((kl +K;) (Ky +K3) ) 12
VHD, \ (Ky — ky) (kg — k)
X [cosh[kzt;+ ksts] + WRi )cosh[ kot, — sﬂ} ekiz, (75a)
(ky —K3)
2k, ((k2 +k3) (k; +ky) ) 12
VHD, \ (Ky — ky) (K — k)

x [sinh[klt} kats] + ¥k )smh[ - :ﬂ} &, (75b)
(ky —k3)

2k, ((k1 +kg) (Ky + ky) ) 1/2
VD, \ (K — k3) (K, — k)

X [cosh[kzt;+ kit ] — EElJrE ;cosh[ 1t - Zﬂ} ki (75¢)
=

q, =

g, =

O3 =

The quantityD, is given by

o K +k,\ [k +k -
Dzzcosh[kltl+k2t2+k3tg+< 1t 2) < 1t 3) cosh[k;t; — Kt, — Ksts]
kl_kZ kl_k3
k, +k k; +k -~
+ (ki— kz> (ki — kz> cosh[kt; — Koty + kqts]

K 4K\ (k4K L
4 (9778 (2758 cosplif; + kofy + kifa] (75d)
kl - k3 k2 - k3
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where
— Ny, 1 p(ky _kl)(ks 1)
fi=t—t;=t+-2%+ o ) 7oe
! ! kg 2K o0 4k2( +ky) (kg k) | (75€)
— M20 pk—ky) (k3 — k) ]
Cotot=t4 020, Lo : 75f
2= TR T 50 |40, k) by 1) (750
—_ .+ _ . N3 pks _kl)(k3 ky) ]
ty=t—-t;=t+ Ky +_2k log 4k§ i) (6 k)| (759)

Thus from the above analysis we have shown that the 2-soliton and 3-soliton PCS are
very special cases corresponding to specific parametric restrictions in the two-soliton so-
lution of theN = 2 case, and the three-soliton solution of the= 3 case, respectively.
Extending this idea tdl = 4 (which we have verified explicitly) and then to arbitrary N, it
is clear that the PCS which is formed due to a nonlinear superposition of N-fundamental
solitons [13] is a special case of the N-soliton solution of the N-CNLS equations (13).

These PCS solutions are found to be of variable shape as pointed above. Further, they
also change their shape during collision with another PCS [13,14]. The reason for the shape
change of PCS arises naturally from the soliton interaction properties of eq. (13) discussed
in §5. There it has been shown that during a pairwise interaction of two fundamental
solitons of N-CNLS equation there is an energy sharing betweeen them resulting in a novel
shape changing collision, depending on the transition matrix eleﬁﬁénthe phase shift

@' and a change in the relative separation dlstamquwen by eq. (52). Since, the PCS
is a special case of the N-soliton solutions which are parametrized as above, it naturally
possesses a variable shape.

The reason for the shape variation of PCS during collision with another PCS also follows
from the nature of the fundamental bright soliton collision of the Manakov system and its
generalization. The collision of two PCS each comprigimgndn soliton complexes,
respectively, such than+ n= N, is equivalent to the interaction of N-fundamental bright
solitons (for suitable choice of parameters) represented by the special case of N-soliton
solution of the N-CNLS system. More details of these results will be reported separately
[28].

Our above analysis is not only of theoretical interest but also has considerable practical
relevance in view of the various recently reported interesting experimental observations.
The above discussed Manakov solitons have been recently observed in AlGaAs planar
waveguides [30]. Further, the shape changing collision involving energy exchange as dis-
cussed above has been demonstrated experimentally [31]. Also, collision between PCS’s
of shape changing type as treated here were observed in a photorefractive strontium barium
niobate crystal using screening solitons [32]. As mentioned earlier in the introduction, the
partially incoherent solitons can be observed even with a light bulb [9] and also through
excitation by partially coherent light [8]. We believe that our exact analytical results will
give further impetus to the experimental investigations of these solitons.

8. Conclusion

We have pointed out in this paper that the study on CNLS equations has considerable
physical relevance due to their appearance as governing equations for soliton propagation
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in different physical contexts like long distance optical communication systems and pho-
torefractive media. From a theoretical point of view, first we have analysed the integrable
nature of the generalized Manakov or integrable CNLS systems by giving their Lax pair
along with the conserved quantities associated with them and then we have obtained the
one- and two-soliton solutions explicitly. We have further shown that the bright solitons
of the integrable CNLS equations exhibit a novel shape changing collision property which
is of considerable physical interest. In particular, we have pointed following ref. [18] that
state transformations of the solitons during this fascinating shape changing collision can be
represented by a linear fractional (bilinear) transformation and illustrated how this prop-
erty can be used advantageously in constructing various logic gates, including the NAND
gate—a universal gate. Further, as another application we have also pointed out that the
various partially coherent stationary solitons reported in the recent literature are special
cases of the bright soliton solutions of the integrable CNLS equations. The above studies
seem to clearly show that there is considerable relevance both from an experimental point
of view as well as theoretical point of view to study the dynamics of CNLS systems.
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