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In this paper we explore the effects of the electronic structure, the charge state, and the nature of
energy distribution of isomers on the thermodynamic properties of sodium clusters. The focus of the
work is to isolate the effects of these ingredients on thermodynamic behavior by choosing specific
clusters. Toward this end we investigate Na39

− , Na40, and Na41
+ , which are the electronic closed shell

systems which differ in number of atoms and charge state. We also examine Na39, Na39
+ , Na40

+ , and
Na41 clusters having different charges of these clusters. Our density functional molecular dynamics
simulations show that all electronic shell-closing clusters have similar melting temperature of
�310 K. Remarkably, it is observed that an addition of even one electron to Na39 increases the
melting temperature by about 40 K and makes the specific heat curve sharper. All the cationic
clusters show broadened specific heat curves. © 2008 American Institute of Physics.
�DOI: 10.1063/1.2839278�

I. INTRODUCTION

The phase transformation in atomic clusters is a subject
of considerable interest. During the last decade or so a num-
ber of issues pertaining to the melting phenomenon have
been brought out by detailed experiments1,2 on free sodium
clusters and a number of simulations using classical inter-
atomic potentials3–8 as well as first principles molecular
dynamics.9–20 Recent experiments on clusters of gallium and
aluminum also show striking size sensitive behavior.21,22 In-
terpretation and understanding of the experimental observa-
tions such as size sensitive nature of the shapes of specific
heat curves, irregular behavior of melting temperatures in-
volves a delicate interplay of electronic structure, geometry,
and influence of isomers. Further, even though all the experi-
ments are carried out on charged clusters, a majority of the-
oretical simulations have been done on neutral clusters.
Much less work dealing with the effect of charge on the
thermodynamic properties has been reported.11,13

In the present work we elucidate the effect of charge on
the thermal properties of small sodium clusters. There is an-
other interest concerning the effect of electronic structure
and the ground-state geometry on thermodynamics of the
cluster. It must be recognized that, in general, the electronic
structure influences the nature of the ground state which in
turn dictates the energy distribution of isomers. Thus it is not
easy to isolate these effects. Therefore we have chosen to
work on clusters of sodium around Na40. These include Na39

− ,
Na40, and Na41

+ to bring out the effect of electronic shell
closing. In addition to these clusters, we also studied Na39,
Na39

+ , Na40
+ , and Na41 to investigate the influence of the

charge state. The choice of these clusters also allows us to
investigate the change in the geometry and its influence on
the thermodynamics due to the additional one or two atoms,
i.e., Na39 to Na41. We probe the thermodynamic properties
with well established molecular dynamics methods and hope
to bring out the effects of the electronic structure, charged
state, isomers, and the ground-state geometry separately. In
our previous works on sodium clusters we have examined
the systematics of thermal properties from Na8 to Na58. We
have been able to establish in these simple jelliumlike clus-
ters a relationship between the nature of the ground-state
geometry and the shape of the heat capacity. In almost all of
these clusters it was not easy to discern the influence of
electronic structure and the ground-state geometry separately
except in the case of Na55 and Na58 �see also Ref. 11�. Our
results revealed that when a cluster has ordered structure as
its ground-state geometry, it shows a sharp melting transition
which is also seen in Ga clusters,23 and an electronically
closed shell system has a high melting temperature.20 The
present work also brings out the importance of the energy
distribution of isomers in analyzing the thermal data. In this
connection we mention the work of Bixon and Jortner,24

where a simple model has been presented and as we shall see
our results are consistent with their work. Finally, we note an
interesting recent work by Noya et al. dealing with relation-
ship of geometric magic numbers with the melting behavior
of large sodium clusters.25

In the next section �Sec. II� we give the computational
details. Section III presents equilibrium geometries and their
shape systematics followed by Sec. IV presenting the finite
temperature behavior of these clusters. We conclude our dis-
cussion in Sec. V.
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II. COMPUTATIONAL DETAILS

We have carried out Born–Oppenheimer molecular dy-
namics simulations26 using Vanderbilt’s ultrasoft
pseudopotentials27 within the local-density approximation,28

as implemented in the VASP package.29 In order to get an
insight into the evolutionary pattern of the geometries, we
have obtained equilibrium structures for Na39

− , Na39
+ , Na39,

Na40, Na40
+ , Na41, and Na41

+ clusters. Among the above clus-
ters, Na40, Na39

− and Na41
+ are closed shell systems having 40

valence electrons. In each of the cases we have obtained
about 200 different isomers. The initial configurations for the
optimization were obtained from different ab initio constant
temperature runs at different temperatures, near and above
the melting point of the clusters.

The thermodynamic data are obtained from the molecu-
lar dynamical trajectories at constant temperature using
Nośe–Hoover30 thermostat. We have used at least 10–12 dif-
ferent temperatures for each the cluster in the range of 120
�T�400 K. For each temperature the trajectory data are
collected for period of at least 240 ps. We have discarded at
least first 30 ps for thermalization. The resulting ionic trajec-
tory data have been used to obtain multiple histograms. We
have also analyzed various thermodynamics indicators such
as Lindemann criteria ��rms� and mean square displacements
�MSDs�.

The shape of the ground-state geometry plays a crucial
role in understanding the thermodynamics properties of clus-
ter. We have used a shape deformation parameter �def to ana-
lyze the shape of the ground-state geometry for all the clus-
ters. The deformation parameter �def is defined as

�def =
2Qx

Qy + Qz
, �1�

where Qx�Qy �Qz are the eigenvalues, in descending order,
of the quadrupole tensor

Qij = �
I

RIiRIj . �2�

Here i and j run from 1 to 3, I runs over the number of ions,
and RIi is the ith coordinate of ion I relative to the cluster
center of mass. We note that �def will be unity for a spherical
cluster �Qx=Qy =Qz�. The configuration is said to be prolate
when Qx�Qy �Qz and oblate when Qx�Qy �Qz. A general
completely asymmetric distribution of atoms is characterized
by Qx�Qy �Qz

To analyze the thermodynamic properties, we first calcu-
late the ionic specific heat by using the multiple histogram
�MH� technique.31–33 We extract the classical ionic density of
states ���E�� of the system, or equivalently the classical
ionic entropy, S�E�=kB ln ��E�, following the MH tech-
nique. In the canonical ensemble, the specific heat is defined
as usual by C�T�=�U�T� /�T, where U�T�=�Ep�E ,T�dE is
the average total energy. The probability of observing an
energy E at a temperature T is given by the Gibbs distribu-
tion p�E ,T�=��E�exp�−E /kBT� /Z�T�, with Z�T� the normal-
izing canonical partition function. We normalize the calcu-

lated canonical specific heat by the zero-temperature
classical limit of the rotational plus vibrational specific heat,
i.e., C0= �3N−6 /2�kB.

A typical multiple histogram, i.e., the potential energy
distribution spanned by the cluster at all the temperatures is
shown in Fig. 1 for the case of Na39

+ . The temperatures range
from 120 to 400 K and have been chosen so as to have sub-
stantial overlap in the distributions. It may be noted from the
figure that the normalized potential energy distribution for
low temperatures is very sharp and narrow, indicating that
the potential energy of the cluster changes very little. Indeed
at low temperature the atoms exhibiting oscillatory motion
around their equilibrium positions. At higher temperatures
the bonds begin to break and the clusters span a much wider
potential energy landscape, leading to a broad distribution.
This rather broad potential energy distribution seen around
330 K and above as compared to the potential energy distri-
bution for lower temperatures is suggestive of liquidlike na-
ture of the cluster in this range of temperatures.

The Lindemann criteria �rms is defined as

�rms =
2

N�N − 1��i�j

��rij
2 	t − �rij	t

2�1/2

�rij	t
, �3�

where N is the number of atoms in the system, rij is the
distance between atoms i and j, and �¯	t denotes a time
average over the entire trajectory. It is convenient to define
MSDs for individual atoms as

�rI
2�t�	 =

1

M
�
m=1

M

�RI�t0m + t� − RI�t0m��2, �4�

where RI is the position of the Ith atom and we average over
M different time origins t0m spanning over the entire trajec-
tory. The interval between the consecutive t0m for the average
was taken to be about 1.5 ps. The MSDs of a cluster indicate
the displacement of atoms in the cluster as a function of
time.

FIG. 1. �Color online� The distribution of the potential energy as a function
of energy for Na39

+ is shown.
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III. GEOMETRIES

The ground-state �GS� geometries and some representa-
tive isomers for all the clusters studied are shown in Figs.
2–4. In all the cases the isomer energies shown are relative to
the energies of their ground states. The first isomer shown is
found to be the closest in energy to the ground state. As can
be seen in Fig. 2 the ground-state geometries of all 39 atom
clusters consist of three nearly identical interpenetrating
icosahedral units placed symmetrically. In fact, such icosa-
hedral motifs dominate many isomers although some high-
energy isomers show substantial distortion. The shape of
Na39

− is very similar to that of Na39. Interestingly Na39
+ ob-

tained by removing of one electron disturbs the structure
showing a cap at the bottom �Fig. 2�. It can be seen in Fig. 3
that the geometry of Na40 is based on icosahedral structure

with missing 12 corner atoms and �111� facet as reported by
Rytkönen et al.9 The additional atom added to Na40, i.e.,
Na41, is accommodated on the surface �and not as a cap�
distorting the structure of Na40 locally �Fig. 4�. The exami-
nation of isomers reveals some interesting features. As we
mentioned earlier a majority of the isomers of all the clusters
show icosahedral motifs. The low-lying isomers of Na39 have
structure similar to the ground state of Na40 and the structure
of those for Na40 and Na41 clusters resembles the ground
state of Na39. It has been pointed out that the energy distri-
bution of isomers has a significant role to play in a finite
temperature properties.24 We will examine and discussed the
isomer energy distribution in conjunction with the thermody-
namic properties.

In order to analyze the ground-state geometries in more

FIG. 2. �Color online� The ground-
state geometry and some of the repre-
sentative isomers of clusters of Na39

− ,
Na39, and Na39

+ . �E represents the en-
ergy difference with respect to the
ground state.

FIG. 3. �Color online� The ground-
state geometry and some of the repre-
sentative isomers of clusters of Na40

and Na40
+ . �E represents the energy

difference with respect to the ground
state.
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detail we present the shape deformation parameter �def, along
with the three eigenvalues of quadrupole tensor �see Eqs. �1�
and �2��, the distribution of the atoms from the center of
mass and the distribution of the bond lengths for all the
bonds in these clusters. We compare and contrast the differ-
ences in the nature of the ground state with the help of these
parameters. Figure 5 shows the shape deformation parameter
as a function of size for each of the cases. The maximum
distortion from the spherical shape is observed in Na39

+ hav-
ing largest �def. While Na39

− is the most symmetric cluster
with the lowest value for �def ��1�. It can also be observed
that the removal of one electron from all the neutral clusters
has noticeable effect on their shapes. A closer examination of
shapes shows that the ground states of all the clusters are
slightly prolate.

The evolution of the partial formation of shell structure
can be seen from Fig. 6 where we have shown the distances
of all the atoms from the center of mass arranged in the
increasing fashion. Among 39 atom clusters Na39

− shows a
clear shell-like arrangement displaying two main shells. In-
terestingly, Na39

+ shows a nearly continuous distribution indi-
cating that this cluster has no particular radial shell forma-
tion. The other clusters in the series fall in between these two
extremes. It can be noticed that all cationic clusters become
more disordered compared to their neutral clusters. This ef-
fect, namely, the ordering of atoms with the addition of two

electrons can also be seen by examining the distribution of
the bondlength in these two clusters. In Fig. 7, we show the
lowest hundred bond lengths where the x-axis enumerates
the number of bond �in increasing order� and the y-axis gives
the corresponding bondlength. The removal of charges from
Na39

− disturbs the steplike structure giving nearly continuous-
bondlength distribution. Although the rearrangement of at-
oms is small, the effect is to bring in disorder in Na39

+ .
Thus, our analysis of the GS geometries brings out two

facts. First, charge state of the cluster influences the nature of
the order in the GS �e.g., Na39

+ to Na39
− �. Second, the cationic

clusters have more disordered GS geometry compared to
those of the neutral ones. It is interesting to note that elec-
tronic shell closing can be effected either by adding an atom
or by adding an electron to Na39. In the first case there is
substantial change in the geometry while in the second case
there is a subtle rearrangement of atoms. As we shall see
both these closed shell systems will show very similar heat
capacity curves. In addition to the structural properties, we
also investigate the electronic structure of these clusters. To-

FIG. 4. �Color online� The ground-
state geometry and some of the repre-
sentative isomers of clusters of Na41

and Na41
+ . �E represents the energy

difference with respect to the ground
state.

FIG. 5. �Color online� The shape deformation parameter for clusters as a
function of size for the ground states.

FIG. 6. The distance from the center of mass for each atom ordered in the
increasing fashion for the ground states of studied clusters. The formation of
shell is evident from the sharp steps.
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ward this end we show eigenvalue spectra in Fig. 8. It can be
seen that the highest occupied molecular orbital �HOMO�
and the lowest unoccupied molecular orbital �LUMO� vary
substantially �of the order of �0.3 eV�, the highest being for
Na39

− . The effect of the change in the geometry is reflected in
the nature of eigenvalue spectra shown in Fig. 8, although
the main features of all the spectrum looks similar, confirm-
ing to the jellium pattern. The most symmetric cluster Na39

−

shows a relatively compact and nearly degenerate spectrum.
More specifically “the bands” corresponding to p ,d , . . . label
show strong bunching or near degeneracies. We anticipate a
strong correlation between the nature of the ground state as
revealed in these discussions and the specific heat to be pre-
sented and discussed in the next section.

IV. THERMODYNAMICS

The normalized heat capacity for all the clusters are
shown in Fig. 9. The melting temperature is identified with
the temperature at which peak occurs. A close examination
of these curves brings out many interesting features. The
melting temperature of Na39

− is higher than that of Na39 by

40 K and the curve is noticeably sharper. Thus, an addition
of even one electron changes the nature of the specific heat
significantly. On the other hand, the removal of one electron
from Na39 makes the specific heat significantly broader with-
out changing the melting temperature. Interestingly all the 40
electron systems, i.e., Na40, Na39

− , and Na41
+ , exhibit the same

melting temperature of about 310 K.
It is remarkable that simple jelliumlike clusters which

differ by 1 or 2 electrons or by 1 or 2 atoms show diverse
nature in their thermal behavior. Most of the above observa-
tions can be understood on the basis of electronic structure,
the charged state, energy spectrum of the isomers, and the
nature of the ground-state geometries. We recall that there is
hardly any difference in the ground-state geometries of Na39

and Na39
− . However, an addition of one electron results in the

completion of the electronic shell yielding the highest
HOMO-LUMO gap. Therefore we attribute the increase in
the melting temperature to the electronic structure, specially
to the electronic shell-closing effect. This is also consistent
with the fact that all closed shell clusters show the same
melting temperature. This is a clear example of a change in
the thermal behavior solely due to the change in the elec-
tronic structure. It may be noted that an addition of one atom
to Na39 changes both, the electronic structure and the geom-
etry. Both these effects are manifested in the specific heat
curve of Na40. In other words, in Na40 more ordered GS
geometry results in the sharper peak and the electronic shell-
closing affects its melting temperature to be higher.

Now we turn to the effect of the ordering of the GS
geometry and charge sensitive features seen in the Fig. 9. It
is most instructive to discuss these features by taking a spe-
cific example of the pair Na39

− �sharply peaked specific heat�
and Na39

+ �relatively broad specific heat� which shows the
maximum contrast. There are two crucial properties, which
influence the shapes, namely, the order or the extent of the
order in the ground-state geometry and the energy distribu-
tion of isomers. Our earlier works on clusters of gallium23

and sodium15,20,34 have clearly shown that a cluster having
ordered geometry shows a sharp melting transition, while a
cluster having a disordered geometry exhibits a broad tran-

FIG. 7. �Color online� The distribution of bondlength in the increasing
fashion for the first 100 numbers of bonds.

FIG. 8. �Color online� The eigenvalue spectra of the ground-state geom-
etries as a function of cluster size, where solid lines show the occupied
orbitals and dotted shorter lines show the unoccupied ones.

FIG. 9. �Color online� The normalized heat capacity curves for all the stud-
ied clusters.
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sition. It may also be noted that the specific heat is directly
influenced by the �ionic� energy spectrum. As pointed out by
Bixon and Jortner24 such a spectrum is characterized by the
distribution of energies of the local minima of the ionic po-
tential energy hypersurface. There are two inherent energy
scales: � being the gap between the local minima and W
being the energy spread of the excited-state structures around
the local minima. Bixon and Jortner have presented a simple
but transparent model correlating the nature of isomer spec-
trum and the shapes of the specific heat curves. They have
shown that the width of the transition in the caloric curve
�and further specific heat curve� is broadened with the in-
crease of W /�. It is instructive to examine the isomer distri-
bution of Na39

− and Na39
+ in the light of their work. In Fig. 10

we show the energy distributions for the first 50 low-energy
isomers. It can be seen that the spectrum of Na39

− is signifi-
cantly more gaped with small energy spread. This is the case
where ��W. The spectrum for Na39

+ shows less gaps with
bigger spread leading to an increase of W /�. Thus, the
sharper peaked nature of the heat capacity curve in Na39

− is
consistent with the analysis of Bixon and Jortner. The broad
nature of the curve for Na39

+ is due to hierarchical
isomerization.24

The broadness of specific heat curve can be also exam-
ined by calculating the mean square displacements �MSDs�
and Lindemann criteria, i.e., root-mean-square bond length
fluctuations ��rms� for these two representative clusters. Our
discussion so far brings out the fact that the atoms in Na39

+

are bounded to rest of the cluster with different strengths and
therefore they will respond differently �with different ampli-
tudes�. The behavior of mean square displacement is shown
in Fig. 11. The contrast in the response of atoms in these two
clusters to temperature is evident. At 300 K almost all the
atoms in Na39

− are exhibiting small oscillations giving rise to
very small mean square displacements. The MSD values for
Na39

+ show a wide range from 5 to 60 Å2, indicating widely
different response of individual atoms. This behavior is typi-
cal of clusters showing broad specific heat curve. This is also
reflected in the Lindemann criteria ��rms� calculated for each
atom �Fig. 12�. It can be seen that in Na39

− all the atoms
“melt” together while in the case of Na39

+ a clear spread is
seen.

There is another interesting observation seen in Fig. 9.
All the cationic clusters studied, i.e., Na39

+ , Na40
+ , and Na41

+ ,
show significantly broader specific heat curves as compared
to the rest. The melting temperatures of the cationic clusters
are also different from their neutral ones. Since all the ex-
periments are performed on charged clusters, it is prudent to
be cautious while comparing the results of simulations with
the experiments.

V. SUMMARY AND CONCLUSION

The ab initio molecular dynamical simulations have
been employed to probe the finite temperature properties of

FIG. 10. �Color online� The isomer energy distribution relative to ground-
state energy for the first 50 isomers in Na39

− , and Na39
+ .

FIG. 11. �Color online� The comparison of the mean-square displacements
�MSDs� of individual atoms at 300 K for Na39

− and Na39
+ computed over

210 ps.

FIG. 12. The �rms of individual atoms for �a� Na39
− and �b� Na39

+ .
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sodium clusters having number of atoms equal to 39, 40, and
41. The heat capacities of anionic, neutral, and cationic clus-
ters have been calculated and discussed in order to bring out
the effect of geometry, electronic structure, charge state, and
the isomer energy distribution. In general, it is not easy to
discern the influence of electronic structure and geometry on
the thermal properties separately. In the present case we have
been able to isolate these effects by careful choice of the
clusters chosen around Na40. Our results show that the nature
of the heat capacities, i.e., the shape and melting tempera-
ture, can change significantly if the cluster changes from
anionic to cationic. We show that the increase in the melting
temperature due to addition of extra electrons in Na39 is
purely an electronic structure effect. In addition our results
bring out the effect of energy distribution of isomers on the
shapes of heat capacity curves. We believe that by and large
such an energy distribution is influenced by the nature of the
ground-state geometries. For example, the cluster having
highly symmetric, well ordered ground state will show spec-
trum with a large gap in a low energy region leading to a
sharp peak. In contrast to this the isomer states of a cluster
having disordered ground state may even be gapless.34
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