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A New Partial Finite Element Model for
Statics of Sandwich Plates

TARUN KANT,* SANDEEP S. PENDHARI AND YOGESH M. DESAI

Department of Civil Engineering, Indian Institute of Technology Bombay
Powai, Mumbai – 400 076, India

ABSTRACT: A new partial discretization formulation with four-noded bi-linear
finite elements (FEs) has been developed in this study for flexural analysis of
sandwich plates. Partial discretization results in solution of a two-point boundary
value problem (BVP) governed by a system of coupled first-order ordinary
differential equations (ODEs). Mixed degrees of freedom, displacements (u, v,w),
and transverse stresses (�xz, �yz, �z) are the dependent variables and thus continuity of
transverse stresses and displacements are implicitly enforced in the present
formulation. Numerical investigations on symmetric and unsymmetric sandwich
plates are performed and presented, involving both validation and solution of new
problems.

KEYWORDS: sandwich, partial finite element, boundary value problem, numerical
integration algorithm.

INTRODUCTION

S
ANDWICHES, BASICALLY SPECIAL forms of fiber reinforced polymer
composite (FRPC) material composed of two thin, strong stiff layers

(face sheets) and thick flexible core, are very useful for weight sensitive
engineering applications. The main function of face sheets is to resist
bending, bonded to a relatively thicker and less dense layer (core) which is
provided to resist shear stress. The face sheets are usually prepared from
unidirectional FRPC and the core is a thick layer of a low density material
made up of foam polymer or honeycomb material. Owing to large difference
in the face sheets and core material stiffnesses, an accurate analysis of the
sandwich laminates is difficult to achieve.
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An accurate estimation of interlaminar stresses plays a key role in
predicating the delamination and matrix cracking of sandwich panels.
The main requirements in the analysis of sandwich panels are that the
transverse normal and the transverse shear strains as well as their variations
through the thickness must be considered. In addition to these, elasticity
solutions of layered components [1,2] indicate that the interlaminar
continuity of transverse normal and shear fields as well as displacement
fields through the thickness of a laminate is an essential requirement for
their accurate analysis.

The simplifying assumptions made in the classical laminate plate theory
(CLPT), first-order shear deformation theory (FOST), and higher-order
shear deformation theory (HOST) are reflected by the deficiencies in the
results of sandwich plates. All these simplified theories are termed as
equivalent single layer (ESL) theories. Moreover, the transverse interlaminar
stresses are most commonly estimated using a post-processing technique by
integration of 3D equilibrium equations of elasticity along the laminate
thickness in ESL theories and there are serious limitations. The estimates are
not only inaccurate but the methods are unreliable and the whole
methodology lacks robustness. Furthermore, continuity of transverse
stresses could not be maintained at the laminae interfaces and thus a need
is obvious to develop layerwise theories to take into account the continuity
requirements.

Various displacement based layerwise theories have been proposed by
Reddy [3], Soldatos [4], Wu and Kuo [5], Wu and Hsu [6], and others. These
displacement based layerwise theories have been reported to provide
satisfactory results for global values (deflections, flexural stresses) for thin
and thick laminates. However, only continuity of displacement field through
the thickness of a laminate could be satisfied in the displacement based
layerwise models and continuity of transverse stresses at the laminae
interfaces could not be enforced. To overcome this, a layerwise model with
displacements and transverse stresses as primary variables, is proposed by
various researchers. A group of researchers including Spilker [7], Wu and
Lin [8], Shin and Chen [9], Ramtekkar et al. [10,11] have worked on
development of layerwise mixed FE models. Such models satisfy the
continuity requirements of displacements and transverse stresses at the
laminae interfaces.

The various simple analytical/FE models developed in the past are based
on the assumed variations over the global/element domain in all considered
directions in space. An attempt is made here to present a general method
starting from the fundamentals, that is, the exact three-dimensional (3D)
partial differential equation (PDE) system of sandwich plate. A novel mixed
partial FE model is developed for static analyses of sandwich plates based
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on the solution of a two-point BVP governed by a system of first-order
ordinary differential equations (ODEs),

d

dz
yðzÞ ¼ AðzÞyðzÞ þ pðzÞ ð1Þ

in the interval �h/2� z� h/2 with any half of the dependent variables
prescribed at the edges z¼�h/2. The solution vector y(z) consists of a set of
primary variables whose number equals the order of PDE system times the
number of discrete FE mesh nodes. Availability of efficient, accurate and
above all proven robust ODE numerical integrators for initial value prob-
lems (IVPs) helps in obtaining the set of primary variables at all nodal points
through the thickness. Ingenuity lies here in transforming the boundary value
problem (BVP) into a set of IVPs [12]. Once the fundamental set is known,
the auxiliary set of dependent variables over the entire nodal set is simply
computed by substitution of the values of the fundamental set of variables on
the right-hand side of algebraic expressions node-by-node. The accuracy of
the model is verified against the literature values for laminated sandwich
plates. New results are presented for the clamped supported sandwich plates
using the standard material properties available in the literature.

PARTIAL FINITE ELEMENT FORMULATION

An anisotropic sandwich laminate consisting of isotropic/orthotropic face
sheets and flexible core with a plan dimension a� b and total thickness
h (hfbþ hcþ hft) is considered (Figure 1). Here hfb and hft are the thicknesses
of face sheets at the bottom and top of a laminate, respectively and hc is the
thickness of core material. The top surface of the laminate is loaded with
transversely distributed load.

The constitutive relations for a typical ith lamina with reference to the
principal material coordinate axes (1, 2, 3) and with the consideration of
each lamina to be in a 3D state of stress are written as:
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¼
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"3ð Þ
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�13
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; and �23ð Þ
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:

ð2Þ
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These can also be written as:

r� ¼ Ce� ð3Þ

where {�}i¼ [�1 �2 �3 �12 �13 �23]
iT and {"}i¼ ["1 "2 "3 �12 �13 �23]

iT are the
stress and strain vectors with reference to the lamina coordinates 1, 2, and 3.
Cmns (m, n¼ 1, . . . , 6) are elasticity constants of the ith lamina defined in
Appendix I.

CORE

FACE SHEET

a

b
x

y 

z 

h

hc

hfb

hft

(b) Sandwich plate reference axes (x, y, z)

x 

13, z2

α

Typical lamina

(a) Lamina reference axes (1, 2, 3)

Figure 1. Sandwich plate geometry with positive set of lamina/plate reference axes and fiber
orientation.
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The stress–strain relations for the ith lamina in reference coordinates
(x, y, z) can be written as:

r ¼ Qe: ð4Þ

Here, {�}¼ [�x �y �z �xy �xz �yz]
T and {"}¼ ["x "y "z �xy �xz �yz]

T are the stress
and strain vectors with respect to laminate axes and

Q ¼
Qij 0

0 Qlm

" #
i, j ¼ 1, 2, 3, 4

l,m ¼ 5, 6

are the transformed 3D elasticity constants for the ith lamina
with respect to the laminate reference axes (Figure 1) defined in Appendix I.

From the linear theory of elasticity, the general 3D linear
strain–displacement relations are:

"x ¼
@u

@x
"y ¼

@v

@y
"z ¼

@w

@z

�xy ¼
@u

@y
þ

@v

@x
�xz ¼

@u

@z
þ
@w

@x
�yz ¼

@v

@z
þ
@w

@y
:

ð5Þ

Further, the 3D differential equations of equilibrium are:

@�x
@x

þ
@�yx
@y

þ
@�zx
@z

þ Bx ¼ 0

@�xy
@x

þ
@�y
@y

þ
@�zy
@z

þ By ¼ 0

@�xz
@x

þ
@�yz
@y

þ
@�z
@z

þ Bz ¼ 0:

ð6Þ

Here, Bx, By, and Bz are components of body force per unit volume in the x-,
y-, and z-directions, respectively.

Equations (4)–(6) have a total of fifteen unknowns, six stresses
(�x, �y, �z, �xy, �xz, �yz), six strains ("x, "y, "z, �xy, �xz, �yz), and three
displacements (u, v,w) in fifteen equations. It is to be noted that
transverse stresses and the displacements (Figure 2) are to be continuous
at the laminae interfaces for the accurate analysis [1,2]. These conditions
are naturally enforced in the present formulation. Through a simple
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algebraic manipulation, PDEs in terms of only six particular dependent
variables u, v,w, �xz, �yz, and �z are obtained as:
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Figure 2. 3D domain subjected to transverse loading.
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This set of dependent variables is called a ‘primary set’ which is naturally
defined at a plane z¼ a constant, and the secondary variables �x, �y, and �xy
can simply be expressed as a function of the primary set of variables as:

�x ¼ Q11 �
Q13Q31

Q33

� �
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ð8Þ

The primary set of variables u, v, w, �xz, �yz, and �z is a function of
independent coordinates x, y, and z. It is proposed here to carryout FE
discretization in the x- and y-directions only, such that the discrete
dependent vector y(z) will be a function of independent coordinate z and
a system of coupled discrete first-order ODEs connecting all FE nodes
results. This new formulation is described here with reference to a four-
noded bi-linear elements in x- and y-directions with a mixed set of primary
variables as nodal degrees of freedom (Figure 3).
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x
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34
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Figure 3. Bi-linear plate element with dependent variables.
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The approximate variation of the displacement field over the element
domain in the x–y plane can be written as:

u ’ ûðx, y, zÞ ¼
X4
i¼1

uiðzÞNiðx, yÞ

v ’ v̂ðx, y, zÞ ¼
X4
i¼1

viðzÞNiðx, yÞ

w ’ ŵðx, y, zÞ ¼
X4
i¼1

wiðzÞNiðx, yÞ:

ð9Þ

Further, from the basic 3D elasticity relations, it can be shown that,

�xz ’ �̂xzðx, y, zÞ ¼
X4
i¼1

�xziðzÞNiðx, yÞ

�yz ’ �̂yzðx, y, zÞ ¼
X4
i¼1

�yziðzÞNiðx, yÞ

�z ’ �̂zðx, y, zÞ ¼
X4
i¼1

�ziðzÞNiðx, yÞ

ð10Þ

where,

N1ðx, yÞ ¼ 1�
x

lex
�

y

ley
�

xy

lexley
N2ðx, yÞ ¼

x

lex
�

xy

lexley

N3ðx, yÞ ¼
xy

lexley
N4ðx, yÞ ¼

y

ley
�

xy

lexley

and lex, ley are the length and width of element in the x- and y- directions,
respectively.

Substituting Equations (9) and (10) into Equation (7), the domain
residuals are obtained as:

@ûðx, y, zÞ

@z
þ

1

Q55Q66 �Q56Q65ð Þ
Q65�̂yzðx, y, zÞ �Q66�̂xzðx, y, zÞ
� �

þ
@ŵðx, y, zÞ

@x
¼ R1Dðx, yÞ ð11Þ
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@2ûðx, y, zÞ

@x@y

þ Q44 �
Q43Q34

Q33

� �
@2v̂ðx, y, zÞ

@x2

þ Q22 �
Q23Q32

Q33

� �
@2v̂ðx, y, zÞ

@y2
þ Q24 þQ42 �

Q43Q32

Q33
�
Q23Q34

Q33

� �

�
@2v̂ðx, y, zÞ

@x@y

þ
Q43

Q33

@�̂zðx, y, zÞ

@x
þ
Q23

Q33

@�̂zðx, y, zÞ

@y
þ B̂yðx, y, zÞ ¼ R5Dðx, yÞ

ð15Þ

@�̂zðx, y, zÞ

@z
þ
@�̂xzðx, y, zÞ

@x
þ
@�̂yzðx, y, zÞ

@y
þ B̂zðx, y, zÞ ¼ R6Dðx, yÞ: ð16Þ
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Further, with the help of Equations (11)–(16) the strong Bubnov–Galerkin
weighted residual statements [13] can be written as:
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þ
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8>>>>>>>>>>>><
>>>>>>>>>>>>:

9>>>>>>>>>>>>=
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dA¼ 0

ð21ÞZZ
A

Niðx, yÞ
@�̂zðx, y, zÞ

@z
þ
@�̂xzðx, y, zÞ

@x
þ
@�̂yzðx, y, zÞ

@y
þ B̂zðx, y, zÞ

� �
dA ¼ 0: ð22Þ
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Equations (20) and (21) which contain second-order derivatives of û and v̂,
are replaced by their weak forms as:

Z Z
A
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þ
Q13

Q33
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þ
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� �
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�

Z Z
A
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dy
Q44�
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dy
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Q43Q32
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� �
dv̂ðx,y,zÞ

dy

� �
dA

�

Z Z
A

dNiðx,yÞ

dx

Q11�
Q13Q31

Q33

� �
dûðx,y,zÞ

dx
þ Q41þQ14�

Q43Q31
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�
Q13Q34

Q33

� �
dûðx,y,zÞ

dy

þ Q14�
Q13Q34

Q33
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dx

þ Q12þQ44�
Q13Q32
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�
Q43Q34
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� �
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þ
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� �
dv̂ðx,y,zÞ

dx
nxþ Q22�

Q23Q32

Q33

� �
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On substitution of discrete relations from Equations (9) and (10), the
twenty-four coupled first-order ODEs are obtained and can be written as:

Ae
01

� �
Ae

02

� �
Ae

03

� �
Ae

02

� �
Ae

02

� �
Ae

01

� �
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� �
Ae

03

� �
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� �
Ae

02

� �
Ae

01

� �
Ae

02

� �
Ae

02

� �
Ae
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� �
Ae

02

� �
Ae

01

� �

2
666664

3
777775

d

dz

ye1ðzÞ
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2
ðzÞ
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3
ðzÞ
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4
ðzÞ

8>>>>><
>>>>>:

9>>>>>=
>>>>>;

¼
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� �
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02

� �
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� �
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� �
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� �
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� �
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� �
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� �
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� �
Be
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� �
Be
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� �
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� �
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� �
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� �
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� �
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� �

2
666664

3
777775

ye1ðzÞ
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2
ðzÞ
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3
ðzÞ
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4
ðzÞ

8>>>>><
>>>>>:

9>>>>>=
>>>>>;

þ
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1

pe
2
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3
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4

8>>>>><
>>>>>:

9>>>>>=
>>>>>;

ð25Þ

in which vectors yei ðzÞ and pei ðx, y, zÞ are:

yei ðzÞ ¼ uei ðzÞ, v
e
i ðzÞ,w

e
i ðzÞ, �

e
xziðzÞ, �

e
yziðzÞ, �

e
ziðzÞ

h it
pei ðx, y, zÞ ¼ 0, 0, 0, pei4, p

e
i5, p

e
i6

� �t
where, i¼ 1–4. The coefficients of individual submatrices and vectors are
defined in Appendix II.

Equation (25) can be written in a compact form as:

Ce
ðx, yÞ

d

dz
yeðzÞ ¼ Deðx, y, zÞyeðzÞ þ peðx, y, zÞ: ð26Þ

When the total plan area is discretized with nx finite elements in the
x-direction and ny finite elements in the y-direction (Figure 4), then the
semi-discrete system of equations for the entire domain turns out to be:

Xn
k¼1

Ce
ðx, yÞ

d

dz
yeðzÞ ¼

Xn
k¼1

Deðx, y, zÞyeðzÞ þ
Xn
k¼1

peðx, y, zÞ

or

Cðx, yÞ
d

dz
yðzÞ ¼ Dðx, y, zÞyðzÞ þ pðx, y, zÞ: ð27Þ
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Multiplication of Equation (27) by [C(x, y)]�1 on both sides results in,

d

dz
yðzÞ ¼ Kðx, y, zÞyðzÞ þ f ðx, y, zÞ ð28Þ

where, Kðx, y, zÞ ¼ ½Cðx, yÞ��1Dðx, y, zÞ and f ðx, y, zÞ ¼ Cðx, yÞ½ �
�1pðx, y, zÞ:

Equation (28) defines the governing equations of a two-point BVP in
ODEs in the domain �h/2<z<h/2. y(z) is an m-dimensional (m¼ no. of
nodes� 6) vector of dependent variables, K(x, y, z) is an m�m coefficient
matrix (which is a function of element geometry along in-plane directions,
x and y material properties variation all in x-, y-, and z- directions) and
f (x, y, z) is an m-dimensional vector of non-homogeneous (loading) terms.
Any m/2 elements of y(z) are prescribed at the two ends, z¼�h/2 and h/2 as
boundary conditions. It is clearly seen that mixed and/or non-homogeneous
boundary conditions are easily admitted in this formulation.

The basic approach to the numerical integration of the BVP defined by
Equation (28) is to transform the given BVP into a set of IVPs – one particular
(nonhomogeneous) and m/2 complimentary (homogeneous). Clearly the
reason behind this is the availability of a number of successful and well-tested
algorithms for numerical solution of IVPs in ODEs. The solution of the
original BVP defined by Equation (28) is obtained by forming a linear
combination of one nonhomogeneous and m/2 homogeneous solutions to
satisfy the boundary conditions at z¼ h/2. This gives rise to a system of m/2
linear algebraic equations, the solution of which determines the unknown
m/2 components of the vector of initial values y(z). Then a final numerical
integration of Equation (28) with completely known initial vector of
dependent variables y(z) produces the desired results. It is intended here to
extend the applicability of this procedure, which is documented by Kant and
Ramesh [12] and applied in its original form by Kant and Setlur [14], Ramesh
et al. [15], Kant [16,17], and Kant and Hinton [18] for a class of two
dimensions (2D) BVPs of plates and shells.

NUMERICAL INVESTIGATIONS

A computer code is developed in FORTRAN 90 by incorporating the
foregoing partial FE formulation, for the static analyses of laminated
composite and sandwich plates. A 10� 10 full mesh of the four-noded
bi-linear plate elements has been used in the computation. This scheme is
arrived at on the basis of a convergence study in which mid-plane transverse
displacement and transverse shear stress converge monotonically.
The details of convergence studies are not presented here for the sake of
brevity.
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To demonstrate the efficiency and versatility of the present formulation,
symmetric and unsymmetric sandwich plates with simple (diaphragm)
support end conditions on all four edges are investigated first. Results have
been validated by comparing them with those of the 3D elasticity [2] and
2D/3D FE solutions [5,11,19–21] available in the literature. Further, new
solutions are presented for clamped support conditions on all four edges for
future reference. The boundary conditions used in the present work have been
tabulated in Table 1 and the material properties are presented in Table 2.

Non-dimensionalized displacements and stresses reported in all tables and
figures are defined by:

s ¼
a

h
; �u ¼

E2u

hp0s3
; �w ¼

100E2h
3w

p0a4
; ��z ¼

�z
p0

��x; ��y; ��xy
	 


¼
1

p0s2
�x; �y; �xy
	 


; ��xz; ��yz
	 


¼
1

p0s
�xz; �yz
	 
 ð29Þ

for proper comparison of results in which bar over the variable defines its
normalized value. Here E2 is the modulus of elasticity of face sheet material
presented in Table 2, along the lamina coordinate axis 2 (Figure 1(a)).
Further, the intensity of bi-directional sinusoidal loading considered in the
examples has been expressed as:

pðx, yÞ ¼ p0 sin
�x

a
sin

�y

b
ð30Þ

where p0 is the peak intensity of disturbed load.
Illustrative numerical examples considered in the present work are

discussed next.

Table 1. Boundary conditions (BCs).

Description Edge BCs on displacement field BCs on stress field

Nodes along
simple support

x¼ 0 and a v¼w¼ 0 �x¼ 0 (true)

y¼ 0 and b u¼w¼ 0 �y¼0 (true)
Nodes along
clamped support

x¼ 0 and a u¼ v¼w¼ 0 –

y¼ 0 and b u¼ v¼w¼ 0 –
For all nodes z¼ h/2 – �xz¼ �yz¼ 0 and �z¼p0(x, y)

z¼�h/2 – �xz¼ �yz¼ �z¼ 0

‘–’ indicates no BCs.
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Example 1

A symmetric, square, three-layered (0�/core/0�) sandwich plate, supported
on simple supports (Table 1) on all the four edges and subjected to
bi-directional sinusoidal transverse load (Equation (30)) on its top surface
has been considered here for validation. The material properties of face
sheets and core are presented in Table 2(I). The thickness of each face sheet
is h/10. The numerical results of normalized in-plane normal stresses ( ��x, ��y),
transverse shear stresses ( ��xz, ��yz), and transverse displacement ( �w) for aspect
ratios, s¼ 4, 10, 20, and 50 are tabulated in Table 3 and compared with the
3D elasticity solution given by Pagano [2] as well as 2D/3D FE solutions
presented by various authors [5,11,20,21]. Moreover, through thickness
variations of in-plane normal stress ( ��x), transverse normal stress ( ��z),
transverse shear stress ( ��xz), and in-plane displacement ( �u) for an aspect ratio
of 4 have been shown in Figure 5. The results obtained through the
present investigation have been found to be in good agreement with the 3D
elasticity solution.

Table 2. Material properties.

Set Source Property

I Pagano [2] Face sheet

E1 ¼ 172:4 GPa �12 ¼ 0:25 G12 ¼ 3:45 GPa

E2 ¼ 6:89 GPa �13 ¼ 0:25 G13 ¼ 3:45 GPa

E3 ¼ 6:89 GPa �23 ¼ 0:25 G23 ¼ 1:378 GPa

Core sheet

E1 ¼ 0:276 GPa �12 ¼ 0:25 G12 ¼ 0:1104 GPa

E2 ¼ 0:276 GPa �31 ¼ 0:25 G13 ¼ 0:414 GPa

E3 ¼ 3:450 GPa �32 ¼ 0:25 G23 ¼ 0:414 GPa

II Rao and Meyer- Piening [19] Face sheet

E1 ¼ 172:4 GPa �12 ¼ 0:25 G12 ¼ 3:45 GPa

E2 ¼ 6:89 GPa �13 ¼ 0:25 G13 ¼ 3:45 GPa

E3 ¼ 6:89 GPa �23 ¼ 0:25 G23 ¼ 1:378 GPa

Core sheet

E1 ¼ 0:100 GPa �12 ¼ 0:25 G12 ¼ 0:040 GPa

E2 ¼ 0:100 GPa �31 ¼ 0:25 G13 ¼ 0:040 GPa

E3 ¼ 0:100 GPa �32 ¼ 0:25 G23 ¼ 0:040 GPa
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Example 2

A square, unsymmetric sandwich plate consisting of angle-ply face sheets
and flexible core (�45�/core/45�) with simple support end conditions on all
four edges (Table 1) and bi-directional sinusoidal load (Equation (30)) on
its top surface has been considered next for numerical investigation.
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Figure 5. Variation of normalized (a) in-plane normal stress ��x, (b) transverse normal stress
��z, (c) in-plane displacement �u, and (d) transverse shear stress ��xz through thickness of a
simply supported, symmetric sandwich plate (0�/90�/0�) subjected to bidirectional
sinusoidal load.
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The thickness of each face sheets is h/10. Thematerial properties are presented
in Table 2(II). The ratio of shear modulus of the face sheet material with that
of the core material is as high as 86.20 in the present example. Normalized in-
plane normal stress ( ��x), transverse shear stress ( ��xz), and transverse
displacement ( �w) for aspect ratios, 4, 10, 20, and 50 are tabulated in Table
4. Through thickness variations of normalized in-plane normal stress ( ��x), in-
plane shear stress ( ��xy), transverse shear stress ( ��yz), and transverse
displacement ( �w) have been shown graphically in Figure 6 for an aspect
ratio of 4. The graphical results presented by Rao andMeyer-Piening [19] and
Ramtekkar et al. [11] have been used for proper comparison. It is observed
that though there is good agreement in the through thickness variation
of numerical results for all quantities in the core region of the plate, there
are small discrepancies in the face sheet regions (top as well as bottom
face sheets).

Example 3

Clamped (Table 1) (a) symmetric (0�/core/0�) and (b) unsymmetric
(�45�/core/45�) sandwich plates, subjected to bi-directional sinusoidal load
(Equation (30)) on the top surface are considered here to show the ability of
the present formulation to handle problems with general boundary
conditions and high stress gradients. All geometrical and materials details
are kept the same as in Examples 1 and 2. The numerical results of normalized
in-plane normal stress ( ��x), transverse shear stress ( ��xz), and transverse
displacement ( �w) for different aspect ratios are documented in Table 5.
Through thickness variations of normalized in-plane stress ( ��x) and
transverse shear stress ( ��xz) for an aspect ratio of 4 are presented in
Figures 7 and 8 for 0�/core/0� symmetric sandwich plate and �45�/core/45�

unsymmetric sandwich plate, respectively. These results should serve as
benchmark solutions for future reference.

Table 4. Maximum stresses and transverse displacement ( �rx, �sxy, �sxz, and �w)
of unsymmetric (�45�/core/45�) square sandwich plates under transverse

loading simply supported on all four edges.

s Source �rx
a

2
,
b

2
;�

h

2

� �
�sxy 0,0,�

h

2

� �
�sxz 0,

b

2
,0

� �
�w

a

2
,
b

2
,0

� �

4 Partial FEM 2.7746 �2.3294 �4.1390 0.7818 0.1166 0.6770 (0.44) 41.6800
10 Partial FEM 0.9622 �0.9529 �0.8256 0.7678 0.1684 0.2097 (0.44) 10.7694
20 Partial FEM 0.6201 �0.6205 �0.5613 0.5100 0.1933 5.0595
50 Partial FEM 0.5075 �0.5077 �0.4145 0.3941 0.2084 3.3118

Number within ‘( )’ indicates the position in the thickness dimension where the stress is maximum.
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CONCLUSIONS

A novel, mixed partial FE formulation resulting in a solution of two-point
BVP governed by a system of coupled first-order ODEs through thickness of
plate is presented for the static analyses of sandwich plates for the first time.
The present formulation is seen to be unique in its approach. The accuracy of
the present model is evaluated by obtaining the solutions and comparing them
with the available 3D solutions. Further, numerical investigation has also
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Figure 6. Variation of normalized (a) in-plane normal stress ��x, (b) transverse displacement
�w, (c) in-plane shear stress ��xy, and (d) transverse shear stress ��xz through thickness of a
simply supported, unsymmetric sandwich plate (�45�/90�/45�) subjected to bidirectional
sinusoidal load.
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Figure 7. Variation of normalized (a) in-plane normal stress ��x and (b) transverse shear
stress ��xz through thickness of a clamped supported, symmetric sandwich plate (0�/90�/0�)
subjected to bidirectional sinusoidal load.

Table 5. Normalized in-plane normal stress ( �rx), transverse shear stresses
(�sxz), and transverse displacement ( �w) of symmetric and unsymmetric

clamped supported square sandwich plates subjected to
bi-directional sinusoidal load.

0�/core/0� unsymmetric sandwich plate

s Source �rx
a

2
,
b

2
;�

h

2

� �
�sxz 0,

b

2
,�

h

2

� �
�w

a

2
,
b

2
,0

� �

4 Partial FEM 0.6590 �0.6305 0.9433 0.9239 5.5864
10 Partial FEM 0.3954 �0.3932 1.0912 1.0941 1.2993
20 Partial FEM 0.3737 �0.3732 1.2667 1.2678 0.4935
50 Partial FEM �0.3656 1.3408 1.3409 0.2142

�45�/core/45� unsymmetric sandwich plate

s Source �rx
a

2
,
b

2
;�

h

2

� �
�sxz 0,

b

2
,�

h

2

� �
�w

a

2
,
b

2
,0

� �

4 Partial FEM 1.9791 �1.6403 2.3597 1.7668 32.3627
10 Partial FEM 0.6346 �0.6468 0.8536 0.8444 8.0303
20 Partial FEM 0.3920 �0.3917 0.6687 0.6710 2.8666
50 Partial FEM �0.2915 0.6686 0.6692 1.3117
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been carried out to show the generality of the formulation to handle different
boundary conditions. The main advantage lies in the proposed model that
both displacements and interlaminar stresses are evaluated simultaneously
at a finite node with the same degree of accuracy through the numerical
integration process. Post-processing module, which is required in other ESL
models for the calculation of transverse stresses from in-plane stresses is
altogether eliminated.

It is to be emphasized here, very clearly, that the semi-discrete form of
Equation (27) is unique as long as all but one independent coordinates
(z here) are discretized in a BVP. From this viewpoint also the proposed
methodology can be considered as a novel and standard (modular) one.

APPENDIX I

Coefficients of [C] Matrix

C11 ¼
E1ð1� �23�32Þ

�
; C12 ¼

E1ð�21 þ �31�23Þ

�
; C13 ¼

E1ð�31 þ �21�32Þ

�
;

C22 ¼
E2ð1� �13�31Þ

�
; C23 ¼

E2ð�32 þ �12�31Þ

�
; C33 ¼

E3ð1� �12�21Þ

�
;

C44 ¼ G12; C55 ¼ G13; C66 ¼ G23
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Figure 8. Variation of normalized (a) in-plane normal stress ��x and (b) transverse shear
stress ��xz through thickness of a clamped supported, unsymmetric sandwich plate (�45�/
90�/45�) subjected to bidirectional sinusoidal load.
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where

� ¼ ð1� �12�21 � �23�32 � �31�13 � 2�12�23�31Þ

and
�21
E2

¼
�12
E1

;
�31
E3

¼
�13
E1

;
�32
E3

¼
�23
E2

:

Coefficients of [Q] Matrix

Q11 ¼ C11c
4 þ 2ðC12 þ 2C44Þc

2s2 þ C22s
4

Q12 ¼ C12ðc
4 þ s4Þ þ ðC11 þ C22 � 4C44Þc

2s2

Q13 ¼ C13c
2 þ C23s

2

Q14 ¼ ðC11 � C12 � 2C44Þc
3sþ ðC12 � C22 þ 2C44Þcs

3

Q22 ¼ C22c
4 þ 2ðC12 þ 2C44Þc

2s2 þ C11s
4

Q23 ¼ C23c
2 þ C13s

2

Q24 ¼ ðC12 � C22 þ 2C44Þc
3sþ ðC11 � C12 � 2C44Þcs

3

Q33 ¼ C33

Q34 ¼ ðC31 � C32Þcs

Q44 ¼ ðC11 � 2C12 þ C22 � 2C44Þc
2s2 þ C44ðc

4 þ s4Þ

Q55 ¼ C55c
2 þ C66s

2

Q56 ¼ ðC55 � C66Þcs

Q66 ¼ C55s
2 þ C66c

2

where

c ¼ cos�

s ¼ sin �

and � is the angle between the fiber axis 1 and reference axis x (Figure 1(a)).
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APPENDIX II

Coefficients of Vector, pei ðx, y, zÞ

pei4 ¼ �

Q11 �
Q13Q31

Q33

� � H
s Niðx, yÞ

duðx, y, zÞ

dx
nxdsþ Q44 �

Q43Q34

Q33

� �

�
H
s Niðx, yÞ

duðx, y, zÞ

dy
nyds

þ Q14 �
Q13Q34

Q33

� �H
s Niðx, yÞ

dvðx, y, zÞ

dx
nxdsþ Q42 �

Q43Q32

Q33

� �

�
H
s Niðx, yÞ

dvðx, y, zÞ

dy
nyds

þ Q14 þQ41 �
Q13Q34

Q33
�
Q43Q31

Q33

� �H
s Niðx, yÞ

duðx, y, zÞ

dy
nxds

þ Q12 þQ44 �
Q13Q32

Q33
�
Q43Q34

Q33

� �H
s Niðx, yÞ

dvðx, y, zÞ

dy
nxds

þ
RR

A Niðx, yÞBxðx, y, zÞdA

2
666666666666666666664

3
777777777777777777775

pei5 ¼ �

Q41 �
Q43Q31

Q33

� � H
s Niðx, yÞ

duðx, y, zÞ

dx
nxdsþ Q24 �

Q34Q23

Q33

� �

�
H
s Niðx, yÞ

duðx, y, zÞ

dy
nyds

þ Q44 �
Q43Q34

Q33

� �H
s Niðx, yÞ

dvðx, y, zÞ

dx
nxdsþ Q22 �

Q23Q32

Q33

� �

�
H
s Niðx, yÞ

dvðx, y, zÞ

dy
nyds

þ Q12 þQ44 �
Q23Q31

Q33
�
Q43Q34

Q33

� �H
s Niðx, yÞ

duðx, y, zÞ

dx
nyds

þ Q24 þQ42 �
Q23Q34

Q33
�
Q43Q32

Q33

� �H
s Niðx, yÞ

dvðx, y, zÞ

dx
nyds

þ
RR

A Niðx, yÞByðx, y, zÞdA

2
666666666666666666664

3
777777777777777777775

pei6 ¼ �

ZZ
A

Niðx, yÞBzðx, y, zÞdA

where, nx, ny, and nz are the direction cosine of the outward normal.

Coefficients of Diagonal Submatrices ½Ae
s � (for s¼ 1–3)

Ae
01 ¼ 2Ae

02 ¼ 4Ae
03

Ae
03 ¼ ae01I
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where, ae01 ¼ ðlexley=36Þ and I is 6� 6 identity matrix.

Coefficients of Submatrices ½Be
j � (for j¼ 1–16)

Be
01 ¼

0 0 2ke01 4ke03 �4ke04 0

0 0 2ke02 �4ke04 4ke05 0

ke06 ke07 0 0 0 4ke08

ke09 ke10 0 0 0 ke06

ke10 ke11 0 0 0 ke07

0 0 0 2ke01 2ke02 0

2
666666666664

3
777777777775

Be
02 ¼

0 0 �2ke01 2ke03 �2ke04 0

0 0 ke02 �2ke04 2ke05 0

ke12 ke13 0 0 0 2ke08

ke14 ke15 0 0 0 ke12

ke16 ke17 0 0 0 ke13

0 0 0 �2ke01 ke02 0

2
666666666664

3
777777777775

Be
03 ¼

0 0 �ke01 ke03 �ke04 0

0 0 �ke02 �ke04 ke05 0

ke18 ke19 0 0 0 ke08

ke20 ke21 0 0 0 ke18

ke21 ke22 0 0 0 ke19

0 0 0 �ke01 �ke02 0

2
666666666664

3
777777777775

Be
04 ¼

0 0 ke01 2ke03 �2ke04 0

0 0 �2ke02 �2ke04 2ke05 0

ke23 ke24 0 0 0 2ke08

ke25 ke26 0 0 0 ke23

ke27 ke28 0 0 0 ke24

0 0 0 ke01 �2ke02 0

2
666666666664

3
777777777775
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Be
05 ¼

0 0 2ke01 2ke03 �2ke04 0

0 0 ke02 �2ke04 2ke05 0

ke29 ke30 0 0 0 2ke08

ke31 ke32 0 0 0 ke29

ke33 ke34 0 0 0 ke30

0 0 0 2ke01 ke02 0

2
6666666666664

3
7777777777775

Be
06 ¼

0 0 �2ke01 4ke03 �4ke04 0

0 0 2ke02 �4ke04 4ke05 0

ke35 ke36 0 0 0 4ke08

ke37 ke38 0 0 0 ke35

ke38 ke39 0 0 0 ke36

0 0 0 �2ke01 2ke02 0

2
6666666666664

3
7777777777775

Be
07 ¼

0 0 �ke01 2ke03 �2ke04 0

0 0 �2ke02 �2ke04 2ke05 0

ke40 ke41 0 0 0 2ke08

ke42 ke43 0 0 0 ke40

ke44 ke45 0 0 0 ke41

0 0 0 �ke01 �2ke02 0

2
666666666664

3
777777777775

Be
08 ¼

0 0 ke01 ke03 �ke04 0

0 0 �ke02 �ke04 ke05 0

ke46 ke47 0 0 0 ke08

ke48 ke49 0 0 0 ke46

ke49 ke50 0 0 0 ke47

0 0 0 ke01 �ke02 0

2
666666666664

3
777777777775

Be
09 ¼

0 0 ke01 ke03 �ke04 0

0 0 ke02 �ke04 ke05 0

�ke18 �ke19 0 0 0 ke08

ke20 ke21 0 0 0 �ke18

ke21 ke22 0 0 0 �ke19

0 0 0 ke01 ke02 0

2
666666666664

3
777777777775
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Be
10 ¼

0 0 �ke01 2ke03 �2ke04 0

0 0 2ke02 �2ke04 2ke05 0

�ke23 �ke24 0 0 0 2ke08

ke25 ke26 0 0 0 �ke23

ke27 ke28 0 0 0 �ke24

0 0 0 �ke01 2ke02 0

2
666666666666664

3
777777777777775

Be
11 ¼

0 0 �2ke01 4ke03 �4ke04 0

0 0 �2ke02 �4ke04 4ke05 0

�ke06 �ke07 0 0 0 4ke08

ke09 ke10 0 0 0 �ke06

ke10 ke11 0 0 0 �ke07

0 0 0 �2ke01 �2ke02 0

2
666666666666664

3
777777777777775

Be
12 ¼

0 0 2ke01 2ke03 �2ke04 0

0 0 �ke02 �2ke04 2ke05 0

�ke12 �ke13 0 0 0 2ke08

ke14 ke15 0 0 0 �ke12

ke16 ke17 0 0 0 �ke13

0 0 0 2ke01 �ke02 0

2
666666666666664

3
777777777777775

Be
13 ¼

0 0 ke01 2ke03 �2ke04 0

0 0 2ke02 �2ke04 2ke05 0

�ke40 �ke41 0 0 0 2ke08

ke42 ke43 0 0 0 �ke40

ke44 ke45 0 0 0 �ke41

0 0 0 ke01 2ke02 0

2
666666666666664

3
777777777777775

A New Partial Finite Element Model for Statics of Sandwich Plates 513

 © 2007 SAGE Publications. All rights reserved. Not for commercial use or unauthorized distribution.
 by Sandeep Pendhari on November 6, 2007 http://jsm.sagepub.comDownloaded from 

http://jsm.sagepub.com


Be
14 ¼

0 0 �ke01 ke03 �ke04 0

0 0 ke02 �ke04 ke05 0

�ke46 �ke47 0 0 0 ke08

ke48 ke49 0 0 0 �ke46

ke49 ke50 0 0 0 �ke47

0 0 0 �ke01 ke02 0

2
6666666666664

3
7777777777775

Be
15 ¼

0 0 �2ke01 2ke03 �2ke04 0

0 0 �ke02 �2ke04 2ke05 0

�ke29 �ke30 0 0 0 2ke08

ke31 ke32 0 0 0 �ke29

ke33 ke34 0 0 0 �ke30

0 0 0 �2ke01 �ke02 0

2
6666666666664

3
7777777777775

Be
16 ¼

0 0 2ke01 4ke03 �4ke04 0

0 0 �2ke02 �4ke04 4ke05 0

�ke35 �ke36 0 0 0 4ke08

ke37 ke38 0 0 0 �ke35

ke38 ke39 0 0 0 �ke36

0 0 0 2ke01 �2ke02 0

2
6666666666664

3
7777777777775

where,

ke01 ¼
ley

12

ke02 ¼
lex
12

ke03 ¼
lexley
36

Q66

Q55Q66 �Q56Q65

� �

ke04 ¼
lexley

36

Q65

Q55Q66 �Q56Q65

� �
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ke05 ¼
lexley

36

Q55

Q55Q66 �Q56Q65

� �

ke06 ¼
ley
6

Q31

Q33
þ
lex
6

Q34

Q33

ke07 ¼
lex
6

Q32

Q33
þ
ley
6

Q34

Q33

ke08 ¼
lexley
36

1

Q33

� �

ke09 ¼
ley

3lex
Q11 �

Q13Q31

Q33

� �
þ
1

4
Q14 þQ41 �

Q13Q34

Q33
�
Q43Q31

Q33

� �

þ
lex
3ley

Q44 �
Q43Q34

Q33

� �

ke10 ¼
ley

3lex
Q14 �

Q13Q34

Q33

� �
þ
1

4
Q12 þQ44 �

Q13Q32

Q33
�
Q43Q34

Q33

� �

þ
lex
3ley

Q42 �
Q43Q32

Q33

� �

ke11 ¼
ley
3lex

Q44 �
Q43Q34

Q33

� �
þ
1

4
Q24 þQ42 �

Q23Q34

Q33
�
Q43Q32

Q33

� �

þ
lex
3ley

Q22 �
Q23Q32

Q33

� �

ke12 ¼ �
ley
6

Q31

Q33
þ
lex
12

Q34

Q33

ke13 ¼
lex
12

Q32

Q33
�
ley

6

Q34

Q33

ke14 ¼ �
ley

3lex
Q11 �

Q13Q31

Q33

� �
þ
1

4
Q14 þQ41 �

Q13Q34

Q33
�
Q43Q31

Q33

� �

þ
lex
6ley

Q44 �
Q43Q34

Q33

� �

ke15 ¼ �
ley
3lex

Q14 �
Q13Q34

Q33

� �
þ
1

4
Q12 þQ44 �

Q13Q32

Q33
�
Q43Q34

Q33

� �

þ
lex
6ley

Q42 �
Q43Q32

Q33

� �
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