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Survival of Φ0/2 periodicity in presence of incoherence in asymmetric Aharonov-Bohm

rings
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Magneto conductance oscillations periodic in flux with periodicity Φ0 and Φ0/2 are seen in asym-
metric Aharonov-Bohm rings as a function of density of electrons or Fermi wave vector. Dephasing
of these oscillations is incorporated using a simple approach of wave attenuation. In this work we
study how the excitation of the Φ0/2 oscillations and the accompanying phase change of π are af-
fected by dephasing. Our results show that the Φ0/2 oscillations survive incoherence, i.e., dephasing,
albeit with reduced visibility while incoherence is also unable to obliterate the phase change of π.
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The Φ0/2 periodicity was a puzzle in mesoscopic
physics in its early days. Among the first experiments1

which were purported to measure the magneto resis-
tance oscillations in normal metal cylinders, observed a
Φ0/2 periodicity. However, theoretical calculations2,3,4

on strictly one-dimensional normal metal ballistic rings
argued that only Φ0 periodicity should be observed. The
experiment which observed these Φ0/2 oscillations were
backed by theoretical work which predicted these based
on weak localization5,6. In the recent works of Pedersen,
et.al.,7 and Hansen, et.al.,8, the AB effect in a one dimen-
sional GaAs/Ga0.7Al0.3As ring at low magnetic fields has
been investigated. In their work they observe the fun-
damental Φ0 periodicity in the magneto-conductance as
expected. Moreover, as the density (in effect the Fermi
energy) is varied they observe phase shifts of π in the
magneto conductance oscillations and Φ0/2 periodicity
at particular values of the Fermi energy. They have found
good agreement of their results with the completely phase
coherent transport theory9 of electrons in an asymmet-
ric Aharonov-Bohm ring in the single channel regime.
Asymmetry of the AB ring was crucial in understanding
these observations. Such behavior has also been observed
in an earlier experiment10, and has generated a lot of in-
terest in relation to the problem of phase measurement.

The endeavor of this work is not on the origin of the
Φ0/2 periodicity but on the effect of inelastic or phase
breaking scattering on these. Our results indicate that
the phase shift of π in AB oscillations and halving of
the fundamental h/e periodicity survives in-spite of de-
phasing albeit with reduced visibility in AB oscillations.
There are many ways to phenomenologically model in-
elastic scattering in mesoscopic devices. Among the first
was by Büttiker11who considered an electron reservoir
coupled by a lead to a mesoscopic system as a phase
breaker or inelastic scatterer (voltage probe). This ap-
proach has been widely used to investigate the effect of
dephasing on the conductance. This method which uses
voltage probes as dephaser’s is interesting because of it’s
conceptual clarity and it’s close relation to experiments.

It provides a useful trick to simulate lack of full coher-
ence in transport properties. This method of addressing
the problem of dephasing has the advantage that inelas-
tic phase randomizing processes can be incorporated by
solving an elastic time independent scattering problem.
Beyond Büttiker’s model, optical potential,12,13 and wave
attenuation (stochastic absorption) models14,15 have also
been used to simulate dephasing. However in the afore-
said models energy relaxation and thermal effects16 are
ignored. Thermal effects can be incorporated by tak-
ing into account thermal distribution (Fermi-Dirac func-
tion) of electrons. In mesoscopic systems, transmission
functions are more often than not constant over the en-
ergy range wherein transport occurs (at low tempera-
tures) and one can ignore energy relaxation or “vertical
flow”17 of electron carrier’s in these systems. Brouwer
and Beenakker have corrected some of the problems as-
sociated with voltage probe and optical potential models,
(see Refs.[14,18] for details), and given a general formal-
ism for calculating the conductance(G) in the presence
of inelastic scattering. Furthermore, methods based on
optical potentials and wave attenuation can make use of
this above formalism. In this work we use the method of
wave attenuation.

This method of wave attenuation has been used ear-
lier to study dephasing of AB oscillations14 and calculat-
ing sojourn times in quantum mechanics19. The wave
attenuation model has been shown to be better than
the optical potential model (which has in built spurious
scattering)14. We use the well known S-Matrix method
to calculate the conductance and therein we see the Φ0/2
periodicity as also the phase change of π across such an
excitation of the h/2e oscillations. The system we con-
sider, is shown in FIG. 1, is an asymmetric Aharonov-
Bohm loop with upper and lower arm lengths l1 and l2
and circumference L = l1+l2, coupled to two leads which
in turn are connected to two reservoirs at chemical poten-
tials µ1 and µ2. Inelastic scattering is assumed to be ab-
sent in the leads while it is present in the reservoirs, and
in the loop we introduce incoherence via wave attenua-
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FIG. 1: Aharonov - Bohm ring geometry.

tion to simulate inelastic scattering. The S matrix for the
left coupler yields the amplitudes O1 = (α′

1, β
′
1, γ

′
1) em-

anating from the coupler in terms of the incident waves
I1 = (α1, β1, γ1), and for the right coupler yields the am-
plitudes O2 = (δ′2, β

′
2, γ

′
2) emanating from the coupler

in terms of the incident waves I2 = (δ2, β2, γ2). The S-
matrix for either of the couplers3 is given by-

S =





−(a + b)
√

ǫ
√

ǫ√
ǫ a b√
ǫ b a





with a = 1
2
(
√

(1 − 2ǫ) − 1) and b = 1
2
(
√

(1 − 2ǫ) + 1).
Herein, ǫ plays the role of a coupling parameter. The
maximum coupling between reservoir and loop is ǫ = 1

2
,

and for ǫ = 0, the coupler completely disconnects the loop
from the reservoir. Inelastic scattering in the arms of the
AB interferometer is taken into account by introducing
an attenuation constant per unit length in the two arms
of the ring, i.e., the factors e−αl1 (or e−αl2) in the free
propagator amplitudes, every time the electron14,17 tra-
verses the upper (or lower) arms of the loop (see Fig. 1).

The waves incident into the branches of the loop are
related by the S Matrices20for upper branch by-

(

β1

β2

)

=

(

0 eikl1e−αl1e
−iθl1

L

eikl1e−αl1e
iθl1

L 0

)

(

β′
1

β′
2

)

and for lower branch-

(

γ1

γ2

)

=

(

0 eikl2e−αl2e
iθl2

L

eikl2e−αl2e
−iθl2

L 0

)

(

γ′
1

γ′
2

)

These S matrices of course are not unitary
S(α)S(α)† 6= 1 but they obey the duality relation

S(α)S(−α)† = 1. Here kl1 and kl2 are the phase in-
crements of the wave function in absence of flux. θl1

L

and θl2
L

are the phase shifts due to flux in the upper and

lower branches. Clearly, θl1
L

+ θl2
L

= 2πΦ
Φ0

, where Φ is

the flux piercing the loop and Φ0 is the flux quantumhc
e

.
The transmission and reflection coefficients are given

as follows- T21 = | δ′

2

α1

|2, R11 = |α
′

1

α1

|2, R22 = | δ
′

2

δ2

|2,
T12 = |α

′

1

δ2

|2 wherein wave amplitudes δ′2, δ2, α
′
1, α1 are

as depicted in FIG. 1.
The transmission coefficient T21 from reservoir 1 to 2

is not symmetric under flux reversal which is in contra-
diction with Onsager’s symmetry condition, and is due
to the fact that current conservation as also unitarity
have been violated (due to wave attenuation). As, is well
known there can be real absorption of photons but there
cannot be any real absorption of electrons. The absorp-
tion is interpreted as electron scattering into different en-
ergy channels and the way these electrons are re-injected
back into the system becomes important21,22. Following
the earlier treatments (see the details in Refs. [14,18]),
the conductance in dimensionless form after proper re-
injection of carriers is given by -

G = T21 +
(1 − R11 − T21)(1 − R22 − T21)

1 − R11 − T21 + 1 − R22 − T12

. (1)

The first term in Eq. 1, i.e., T21 represents the phase
coherent contribution, while the second term accounts for
electrons that are re-injected after inelastic scattering.
This represents the phase incoherent contribution to the
conductance. G respects Onsager’s symmetry G(Φ) =
G(−Φ), and thus the phase of AB oscillations can only
change10 by ±π.

As previously mentioned our interest in this work is to



3

−10.0 0.0 10.0
2πϕ/ϕ0

0.0

1.0

2.0

3.0

4.0

5.0

C
o

n
d

u
ct

a
n

ce
(G

)

104.0
110.0
114.83
118.0
124.0

α=0.0α=0.0
(a)

−10.0 0.0 10.0
2πϕ/ϕ0

0.0

1.0

2.0

3.0

4.0

5.0

α=0.5
(c)

−10.0 0.0 10.0
2πϕ/ϕ0

0.0

1.0

2.0

3.0

4.0

5.0

α=0.3
(b)

FIG. 2: Conductance (G) for lengths l1/L = 0.425, l2/L = 0.575 and coupling parameter ǫ = 0.5 (strong coupling) for different
values of the Fermi wave-vector kfL. The legend in FIG. 2(a) remains same for 2(b) and 2(c).
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FIG. 3: Harmonics for lengths l1/L = 0.425, l2/L = 0.575 and coupling parameter ǫ = 0.5 (strong coupling) as a function of
the dimensionless Fermi wave-vector kfL. The legend in FIG. 3(a) remains same for 3(b) and 3(c).

observe the effect of incoherence on the Φ0/2 oscillations
in single channel ballistic rings. We choose an asymmet-
ric AB ring with degree of asymmetry denoted by the
difference in arm lengths ∆ = l1 − l2 = 0.15, and cir-
cumference L = 1.0 in accordance with the experimental
realization as in Ref. [7]. The change in Fermi energy
of injected electrons implies varying the density of elec-
trons in the system. So, when we scan the whole range
of the dimensionless wave vector kfL from 0.0 to 200.0
we come across Φ0/2 periodicities at particular values of
the Fermi wave vector kfL, notably at 10.83, 114.8302
and 136.5. We now restrict ourselves to the particular
range(Fermi energy) and parameters (length’s and cou-
pling) corresponding to the experimental situation stud-
ied earlier as in Refs. [7,8]. In our treatment α repre-
sents the incoherence parameter (degree of dephasing).
The plot of the dimensionless conductance G as a func-
tion of flux in the range 104.0 ≤ kfL ≤ 124.0, with de-

gree of incoherence α = 0 is shown in FIG. 2(a). Sim-
ilarly in FIG. 2(b) and 2(c) we plot G for α = 0.3 and
α = 0.5., for the same system parameters and range of
kfL. The plots for kfL > 104.0 are each shifted by a
factor of 1 for clarity. The Φ0/2 periodicities are clearly
marked at kfL = 114.8302, and also across this range of
kfL and excitation of the h/2e harmonic, phase changes
by π. Thus phase shift of π along with halving of the
fundamental h/e period is clearly seen as a function of
Fermi-wavevector (density) consistent with the experi-
mental observations. Importantly, this observed behav-
ior survives dephasing with reduced visibility, therefore
the observed results need not be attributed to complete
phase coherence in the system. One conclusion which can
be drawn from the afore drawn figures is that incoher-
ence reduces the visibility of AB oscillations as expected.
However, this dephasing is unable to shift the position of
the Φ0/2 oscillations noticeably, for the chosen coupling
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parameter.
The reason why we observe Φ0/2 periodic oscillations

at these particular values of kfL is because at these values
both h/e as well as h/3e harmonics are extremely weak
as also the higher harmonics and therefore exclusive Φ0/2
oscillations are seen. The kfL values wherein exclusive
Φ0/2 oscillations are seen are at kfL = 10.8335, 114.8302
and 136.5, in the range 0.0 < kfL < 200.0 for the same
physical parameters. In FIG.3(a),(b) and (c), we plot
the harmonics as a function of the dimensionless Fermi
wave-vector kfL for α = 0.0, 0.3 and 0.5. The harmonics
are calculated as follows-

an =
1

π

∫ 2π

0

Gcos(nθ)dθ (2)

At the ’kfL’ value, wherein Φ0/2 oscillations domi-
nate, the first and third harmonic’s do not contribute at
all to the conductance as can be seen from the FIG’s.3(a)-
(c). We observe that increasing dephasing (α) does not
noticeably shift the ’kfL’ value, wherein Φ0/2 oscilla-
tions dominate. We also see that the higher harmonic
a3 = h/3e goes faster to zero and therefore these contri-
butions are washed out and Φ0/2 oscillations survive de-
phasing albeit with reduced strengths. The fact that the
Fermi-wavevector kfL (at which Φ0/2 oscillations occur)
does not noticeably shift is peculiar to the coupling pa-
rameter chosen, which for the above cases is 0.5(maximal
coupling). However, for some other physical parame-

ters there may be a small shift in Fermi-wavevector kfL
with increasing incoherence. For example, for the case
ǫ = 0.44 (waveguide coupling) the Φ0/2 oscillations are
observed at kfL = 52.0 at α = 0.0, for the same length
parameters as in FIG. 2, but when this incoherence pa-
rameter is increased we see these oscillations are shifted
to different values of kfL, e.g., for α = 0.5 these are seen
at kfL = 51.95. For this coupling too we indeed observe
phase change of π in AB oscillations along with period
halving, consistent with our previous observations. Shifts
in Fermi-wavevector are small for maximal coupling but
when coupling strength is decreased these shifts become
more noticeable.

In conclusion, we have observed Φ0/2 oscillations as we
vary the density of electrons which is similar to varying
the Fermi wave vector consistent with experimental ob-
servations. The Φ0/2 oscillations are shifted by dephas-
ing (noticeably small for maximal coupling), apart from
the reduction of their strengths. The phase change of
π which occurs across the excitation of h/2e oscillations
is seen to be independent of dephasing. Thus complete
phase coherence of electron over the entire sample is not
necessary to observe these effects.
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