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Abstract

We compare the high energy behaviour of
hadronic photon-photon cross-sections in dif-
ferent models. We find that the photon-
photon cross-section appears to rise faster
than the purely hadronic ones (pp and pp̄).

1 Introduction

Experimentally, all total cross-sections rise
asymptotically with energy, but it is not clear
whether the rate of increase is the same for
different processes. To appreciate it at a
glance, we show in Fig. 1 a compilation
of available data on pp, pp̄, γp and γγ .
The data span an energy range of four or-
ders of magnitude. To plot them all on the
same scale, we have multiplied the relevant
cross-section by a constant factor 1/Rγ for
each incident photon. In this figure, we have
taken Rγ to be 1/330, purely on the grounds
to have all the cross-sections in the low en-
ergy region to be close in value to each other.
One simple way to estimate this value con-
sists in counting the fermion lines in the pro-
ton and the photon and the probability of
basic quark-antiquark scattering. Through
this the factor is found to be

Rγ ≈ αQED

(

Nphoton
fermion lines

Nhadron
fermion lines

)2

≈ 1

300
(1)
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Figure 1: Proton [2] and photon [3, 4] nor-
malized total cross-sections

The same result is obtained using Vector Me-
son Dominance (VMD) with pure γ − ρ cou-
pling [5]. This scaling is very approximate.
Further there is no reason to expect the scal-
ing factor to be energy independent. This
can be easily understood by noting that at
low energy the photon behaves like a vector
meson in its interactions with matter, while
at high energies QCD phenomena which are
energy dependent will appear. Thus while at
low energies the factor Rγ can be evaluated
through VMD considerations [6, 7] which
may include other Vector Mesons beyond the
ρ, at high energy it is likely to be differ-
ent [8] due to the difference in the quark and
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gluon content of photons [9] and that of the
hadrons.

To understand the role played by the
quark-parton structure of the photon, one
can use a QCD model such as the one devel-
oped in [10, 11, 12, 13, 14], and apply it to
evaluate cross-sections for processes involv-
ing photons. In the following, we shall de-
scribe the model for protons and then apply
it to photons.

2 The Bloch-Nordsieck model

for proton processes

This model is based on the following :

1. QCD mini-jets to drive the rise of the to-
tal cross-section in the QCD asymptotic
freedom regime;

2. resummation of soft gluon emission
down to zero momentum to soften the
rise due to the increasing number of
gluon-gluon collisions between hard per-
turbative, but low-x, gluons;

3. eikonal representation for the total
cross-section (with ℜeχ ≈ 0) to incorpo-
rate the mini-jet cross-section, using an
impact parameter distribution obtained
as the Fourier transform of resummed
soft gluon transverse momentum distri-
bution.

Each of these components will be discussed in
detail, before applying it to obtain the total
cross-section.

2.1 The mini-jet cross-section

The mini-jet cross-section is obtained by inte-
grating the standard QCD inclusive jet cross-
section, using a lower cutoff ptmin ≈ 1 GeV ,

and is given by:

σhard ≡ σAB
jet (s, ptmin) =

∫

√
s/2

ptmin

dpt

∫ 1

4p2

t /s

dx1

∫ 1

4p2

t /(x1s)

dx2

×
∑

i,j,k,l

fi|A(x1, p
2
t )fj|B(x2, p

2
t )

dσ̂kl
ij (ŝ)

dpt
(2)

where A and B are the colliding hadrons.
This cross-section strongly depends on the
value chosen for such ptmin and -for a fixed
cut off- it increases with energy, reflecting the
sharp increase in the number of low-x glu-
ons with increasing energy. This increase is
very rapid and, if left unchecked, the mini-jet
cross-section would surpass the observed to-
tal cross-section. The saturation mechanism
which restores the Froissart bound comes
from another QCD mechanism, soft gluon
emission, which will be described in the next
subsection.

The mini-jet cross-sections are calculated
using realistic parton densities (PDFs). The
most common ones for the proton are GRV
[15], MRST [16], CTEQ [17], whereas those
for the photon are GRV[18], GRS [19], CJKL
[20]. These densities are available both at
leading order (LO) or higher, but in our
model we use only the LO given the fact that
part of the NLO effects are described by the
soft gluon resummation discussed in the next
section. We show in Figure 2 the energy de-
pendence of the mini-jet cross-sections for γγ
collisions, for three different sets of parton
densities, GRV, GRS and CJKL, for a typ-
ical value of the cut-off, ptmin = 1.3 GeV .

2.2 Soft Gluons and the infrared limit

We stress the distinction between low-x glu-
ons which participate in hard parton-parton
scattering described by the mini-jet cross-
section discussed in the previous section,
and the soft gluons emitted in any given
parton-parton process. Soft gluons by def-
inition need to be resummed, and hence
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Figure 2: Photon-photon jet cross-sections
for different densities and a typical ptmin

value.

their momentum integrated up to a maxi-
mum value. The maximum value should typ-
ically be 10÷ 20% of the emitting parton en-
ergy, the lower value is usually taken to cor-
respond to the intrinsic transverse momen-
tum scale of the scattering hadron. Instead
we extend the integration down to the zero
momentum modes. To do so, we need there-
fore to make an ansätz as to the behaviour of
the strong coupling constant in the infrared
region, where the usual asymptotic freedom
expression for αs(Q

2) cannot be used. Our
proposal is that in the infrared limit, one can
phenomenologically use the expression

αs(kt) = constant ×
(

Λ

kt

)2p

kt → 0 (3)

where Λ is the QCD constant in the scheme
chosen for the hard scattering calculation,
and p is a parameter which embeds the in-
frared behavior with p < 1 so that the soft
gluon integrals converge. The constant in
front of Eq. 3 should be chosen to provide
a smooth extrapolation to the perturbative
expression for αs. Our choice for the inter-
polating function is

αs =
12π

33 − 2Nf

p

ln[1 + p(kt

Λ )2p]
(4)

This expression is used in the soft gluon re-
summation formula in the transverse momen-
tum variable which reads:

d2P (K⊥) = d2K⊥

∫

d2b

(2π)2
eiK⊥·b−h(b,qmax)

(5)
with

h(b, qmax) =

∫ qmax

0

d3n̄(k)[1 − e−kt·b] (6)

In QED d3n̄(k) ∝ α log( 2qmax

melectron
) and resum-

mation in transverse momentum variable is
well approximated by first order expansion in
α. In QCD, the situation is completely differ-
ent because αs is (i) not a constant and (ii)
can become very large as the gluon transverse
momentum goes to zero. In phenomenologi-
cal applications, resummation is typically ex-
ploited by splitting the integral between the
very soft and the non-infrared region so that

h(b, qmax) = c0b
2 +

∫ qmax

µ
d3n̄(k)[1 − e−ikt·b]

≈ c0b
2 + c1

∫ qmax

µ
dk2

t

k2

t

αs(k
2
t ) log(2qmax

kt
) (7)

As mentioned before, our approach is differ-
ent. We use Eq. 4 and

h(b, qmax) = 16
3

∫ qmax

0
dkt

kt

αs(k2

t )
π

(

log 2qmax

kt

)

[1 − J0(ktb)] . (8)

The energy dependent quantity qmax repre-
sents the maximum energy allowed to a soft
gluon in a given parton-parton interaction,
and it depends upon the kinematics, i.e. the
parton energy fractions x1 and x2, and from
the emitted parton momentum pt. (This is
described explicitly in [11] ).

2.3 Embedding QCD in the eikonal

A convenient formalism to calculate total
cross-sections is provided by the eikonal inte-
gral for the elastic amplitude, valid for small
angle scattering. Using the optical theorem,
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the total cross-section can be written as

σtot = 2

∫

d2b[1 − e−ℑmχ(b,s) cosℜeχ(b, s)]

(9)
A simple model for calculating the eikonal
function χ(b, s) consists in evaluating the
probability of inelastic processes, obtained by
summing over all possible Poisson distributed
collisions. One then obtains

σinel =

∫

d2b[1 − e−n(b,s)] (10)

where n(b, s) is the average number of inelas-
tic collisions. Neglecting the real part of the
eikonal, one finds

σtot = 2

∫

d2b[1 − e−n(b,s)/2] (11)

This expression has the advantage of satisfy-
ing unitarity, but it requires knowledge of the
impact parameter distribution of the scatter-
ing particles. We propose this distribution to
be given by the Fourier transform of the soft
gluon distribution discussed in the previous
section, namely

ABN (b, s) = N

∫

d2K⊥
d2P (K⊥)

d2K⊥
e−iK⊥·b

=
e−h(b,qmax)

∫

d2be−h(b,qmax)
(12)

and approximate n(b, s) as

n(b, s) = nsoft(b, s) + nhard(b, s) =

nsoft(b, s) + ABN (b, s)σjet(s, ptmin) (13)

where nhard(b, s) represents the average
number of collisions with outgoing partons
with pt > ptmin, with all other colli-
sions of non perturbative description in-
cluded in nsoft(b, s). This quantity is often
parametrized by factorizing completely the
b− and s− dependence, and using the Fourier
transform of the relevant hadron form factor
to describe the impact parameter distribu-
tion. Instead, in our model, we do not use a

factorised form in b and s, and write

nsoft(b, s) = Asoft
BN (b, s)σ0[1 + ǫ

2√
s
] (14)

with σ0 a constant to fix the overall nor-
malization, and ǫ = 0, 1 depending upon
the process being proton-proton or proton-
antiproton respectively. Here, Asoft

BN (b, s)
is obtained from the Bloch-Nordsieck (BN)
model with qsoft

max parametrized so as to al-
ways remain < 10 ÷ 20% of the value
of ptmin. For proton-proton and proton-
antiproton scattering we show the results of
our model in Figure 3, where we also show
comparison with other models [21].
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Figure 3: Proton-proton and proton-
antiproton total cross-sections from the
Bloch-Nordsieck model described in the text.
A discussion of comparison with other mod-
els and explanation of symbols can be found
in [14].

3 Photon processes

The model described previously can now be
applied to the photon processes. An ex-
tremely simple exercise is to use factorization
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as

σγγ =
(σγp)

2

σpp
. (15)

One can then either parametrize σγp or
choose an appropriate constant as we did
in Fig. 1. The result is shown in Figs. 4
and 5 where the green band corresponds to
the band for proton-proton scattering of Fig.
3 multiplied by 1/330 and (1/330)2 respec-
tively.
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A more involved exercise is to follow the
same eikonalization procedure as outlined for
the proton cross-sections, using the experi-
mentally determined photonic parton densi-
ties, and then compare it with data, as well
as other model predictions. In such case, one
needs to know how to apply to the photon a
typically hadronic description like the eikonal
representation. Quite a while ago [6], the fol-
lowing expression was proposed for photon
processes:

σtot = 2[Phad]
l

∫

d2b[1 − e−nγ(b,s)/2] (16)

with

nγ(b, s) = [
2

3
]lnsoft(b, s) + nγ

hard (17)

and with

nγ
hard = Aγ

BN (b, s)
σjet(s, ptmin)

[Phad]l
(18)

with l = 1, 2 for γp and γγ respectively,
σjet(s, ptmin) to be calculated using current
photon densities, and Aγ

BN (b, s) given by
Eq.12 with the appropriate qmax for the pho-
ton processes.

In the above described expressions, there
appears the quantity Phad, which represents
the probability that the photon behaves like
a hadron in the eikonal formulation. A pos-
sibility is to use VMD models, namely

Phad = PV MD =
∑

V =ρ,ω,φ

4πα

f2
V

=
1

250
(19)

where the sum extends to all vector mesons,
not just the ρ. As the photon energy in-
creases, the contribution from the other, re-
solved, components also increases and one
can expect Phad to differ from the VMD
proposal. Using a phenomenologically fixed
value Phad = 1/240 we obtain the results
shown in Fig. 5 for the γγ case, using GRS
densities.
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Figure 5: γγ total cross-sections from fac-
torization (green band) or using the Eikonal
with GRS densities and soft gluon resumma-
tion.

Please notice that the parameter Rγ ap-
pearing elsewhere in this note is a purely phe-
nomenological multiplicative factor between
the total photon and proton cross-sections,
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and it is different from Phad, which is de-
fined through the eikonal and not through
the cross-sections. It is however to be ex-
pected that both parameters be of the same
order of magnitude, namely of O(α).

4 Conclusions

We notice that while factorization a’ la Gri-
bov could still hold for γp, the same cannot
be said for γγ where present data do ap-
pear to be higher than the curve obtained
by the simple factorization hypothesis. On
the other hand a more detailed model, like
the Mini-jet cum soft gluon resummation ap-
pears better suited to describe the present
photon-photon data.
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