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ON GENERALIZING LUTZ TWISTS

JOHN B. ETNYRE AND DISHANT M. PANCHOLI

ABSTRACT. We give a possible generalization of a Lutz twist to all dimensions. This reproves the fact that every
contact manifold can be given a non-fillable contact structure and also shows great flexibility in the manifolds that
can be realized as cores of overtwisted families. We moreover show that R2"*1 has at least three distinct contact
structures.

This version of the paper contains both the texts of the published version of the paper together with an Erratum
to the published version appended to the end.

1. INTRODUCTION

Lutz twists have been a fundamental tool in studying contact structures in dimension 3. They have been
used to construct contact structures on all closed oriented 3-manifolds and to manipulate the homotopy
class of the plane field of a given contact structure. In particular, Lutz [14] used this construction to give
the first proof that all homotopy classes of plane fields can be realized by contact structures. We recall that
a Lutz twist alters a contact structure on a solid torus neighborhood of a transverse curve by introducing
an S'-family of overtwisted disks (see below for a precise definition). An overtwisted disk in a contact
3-manifold (M, €) is an embedded disk in M that is tangent to £ only along its boundary and at one interior
point. A contact manifold is called overtwisted if it contains an overtwisted disk and otherwise it is called
tight. Starting with Eliashberg’s fundamental paper [4] defining the tight versus overtwisted dichotomy,
these notions have taken a central role in 3 dimensional contact geometry. Overtwisted contact structures
are completely classified [2] and exhibit a great deal of flexibility, appearing to be fairly topological in na-
ture. Much of the insight into such structures has come from careful analysis of the Lutz twist construction
and natural questions that arose from it.

There is not a great deal known about contact structures in dimensions above 3. Specifically, there are
few constructions of contact structures and few tools to manipulate a given contact structure. We introduce
one such tool by giving a possible generalization of a Lutz twist to all odd dimensions. As a consequence we
reprove and slightly strengthen a result proved by Niederkriiger and van Koert in [19] that every (2n + 1)—
dimensional manifold that has a contact structure can be given a non-fillable contact structure. The proof in
fact produces an embedded overtwisted family (that is a plastikstufe in the language of [17]) by changing
the given contact structure in a small neighborhood of any (n — 1)-dimensional isotropic submanifold B
(with trivial conformal symplectic normal bundle). The overtwisted family is modeled on B (that is B is the
elliptic singular locus of the family, see Subsection2.3]below). This construction is analogous to creating an
overtwisted disk in dimension three by performing a Lutz twist along a knot in the neighborhood of a point
(an overtwisted disk is a 3—dimensional overtwisted family). Overtwisted families, in dimensions above
three, were first considered in [17] as an obstruction to symplectic fillability of a contact structure, though
precursors of them go back to Gromov’s work [11]. In Presas gave the first examples of overtwisted
families in a closed contact manifold of dimension greater than three.

Our main result is the following.

Theorem 1.1. Let (M, &) be a contact manifold of dimension 2n + 1 and let B be an (n — 1)—dimensional isotropic
submanifold with trivial conformal symplectic normal bundle. Then we may alter £ in any neighborhood of B to a
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contact structure &' that contains an overtwisted family modeled on B. Moreover, we may assume that &' is homotopic
to & through almost contact structures.

A corollary is the following result originally proven, modulo the statement about the homotopy class of
almost contact structures and core of the overtwisted family, via a delicate surgery construction in [19] based
on subtle constructions in [20]. We call a contact structure ps-overtwisted if it contains an overtwisted family.
(We use the prefix “ps” in agreement with the literature where it stands for “plastikstufe”. Though we are
using the more descriptive term “overtwisted family” instead of “plastikstufe”, we retain the word “ps-
overtwisted” for lack of better terminology. Moreover, we can think of the “ps” has referring to “possibly”,
as it is unclearly if this is the correct generalization of overtwisted to higher dimensions.)

Theorem 1.2. Every odd dimensional manifold that supports a contact structure also supports a ps-overtwisted, and
hence non (semi-positive) symplectically fillable, contact structure in the same homotopy class of almost contact struc-
ture. Moreover, we can assume the overtwisted family is modeled on any (n — 1)—dimensional isotropic submanifold
with trivial conformal symplectic normal bundle.

We also observe the following non uniqueness result which can also be found in [18].
Theorem 1.3. There are at least three distinct contact structures on R2"+1 n > 1.

We remark that our proof relies on cut-and-paste techniques and branch cover techniques that seem to
be new to the literature. These techniques should be useful in constructing contact structures on higher
dimensional manifolds and will be more fully explored and systematized in a future paper.
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for valuable comments Klaus Niederkriiger made on a first draft of this paper. We also thank the original
referees of the paper who pointed out a gap in the original proof of our main result and made many other
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also made many valuable suggestions to improve the paper.

2. BACKGROUND AND NOTATION

In this section we recall some well known results and establish notation necessary in the rest of the pa-
per. Specifically in Subsection 2.l we prove various Darboux type theorems about contact structures that
agree on compact subsets. In Subsection 2.3 we define overtwisted families. This definition involves the
“characteristic distribution” of a submanifold of a contact manifold and has various equivalent formula-
tions, just as there are several equivalent definitions of overtwisted disks in a contact 3-manifold. To clarify
these equivalent formulations we discuss characteristic distributions in Subsection 22 In Subsection 2.4]
we recall a few basic facts about almost contact structures. Finally in Subsection 2.5 we recall the notion of
Lutz twist in dimension 3 and set up notation that will be used in the following sections.

2.1. Neighborhoods of submanifolds of a contact manifold. A simple application of a Moser type argu-
ment yields the following result.

Proposition 2.1. Let N be a compact submanifold of M and let £ and & be two oriented contact structures on M
such that &|n = &1|v. Moreover, assume we have contact forms «; for & such that dag|n = day|n. Then there are
open neighborhoods Uy and Uy of N and a contactomorphism ¢ : (Up, ) — (Ui, &) that is fixed on N.

Proof. Set ay = ta + (1 — t)ag. Noting that ker(a;) = ker(ay) along N and da; = dag on N we see that
ay is contact in some neighborhood of N. Thus & = ker oy now gives a family of contact structures in
a neighborhood of N that agree along N. A standard application of Moser’s argument now gives a
family of open neighborhoods V;, V/ of N and maps ¢, : V; — V, fixed along N such that ¢} a; = hyayq for
some positive functions h,. Setting Uy = V{ and U; = V4, the map ¢ is the desired contactomorphism. [

Recall if (M, §) is a contact manifold with contact structure ¢ and « is a (locally defined) contact form
for £ then for all 2 € M the 2—form (dc),, is a symplectic form on &,. Since any other contact form defining
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¢ differs from a by multiplication by a positive function (we always assume a contact form for £ evalu-
ates positively on a vector positively transverse to &), we see there is a well-defined conformal symplectic
structure on &.

A submanifold L C M is called isotropic if T,L C &, for all x € L. If M has dimension 2n + 1 then
the dimension of an isotropic L must be less than or equal to n since T}, L is an isotropic subspace of the
symplectic space (&, (da), ). If the dimension of L is n then L is called Legendrian. Given an isotropic L its
conformal symplectic normal bundle is the quotient bundle with fiber

CSN(L)I = (TwL)L/TwLa

where (T, L)t is the da-orthogonal subspace of T, L in £,. One may easily check that CSN (L), has dimen-
sion 2(n — [) where [ is the dimension of L and as bundles

T.L& & /(T L)t ®CSN(L), bR~ & &R =T, M,

where the R factor can be taken to be spanned by any Reeb field for £. (All bundle isomorphisms preserve
conformal symplectic structures where they are defined.) One may easily check that the bundle ¢/(TL)*
is isomorphic to 7 L. So the only term on the left hand side that is not determined by the topology of L
is CSN (L) which depends on the isotropic embedding of L in (M, &). We now have the following result
that easily follows from the above discussion and Proposition [2.I] (once one notices that the conformal
symplectic normal bundles can be identified such that the symplectic structures induced by given contact
forms agree).

Proposition 2.2 (Weinstein 1991, [21]]). Let (Mo, &o) and (M, &) be two contact manifolds of the same dimension
and let L; be an isotropic submanifold of (M;,&;),i = 0, 1. If there is a diffeomorphism ¢ : Lo — Ly that is covered
by a conformal symplectic bundle isomorphism ® : CSN(Lg) — C'SN(Lq) then there are open sets U; of L; in M;
and a contactomorphism ¢ : (Uy, &o) — (Uy, &1) that extends ¢ : Lo — L. O

2.2. Characteristic distributions. Let C be a k—dimensional submanifold of the (2n + 1)-dimensional con-
tact manifold (M, €). The singular distribution

(Ce) = ToC N &y C T,C

is called the characteristic distribution. Where the intersection is transverse the distribution has dimension
k — 1. We say C is a foliated submanifold if the non-singular (that is transverse) part of C¢ is integrable. We
say C is a maximally foliated submanifold if it is a foliated submanifold and the dimension of C'is n + 1 (so all
the leaves of C¢ are locally Legendrian submanifolds of (M, §)).

The characteristic distribution can be quite complicated as can be its singularities. Here we clarify a few
points that will show up in the definition of overtwisted families in the next subsection. This allows for
more flexibility in the definition of overtwisted families which, in turn, makes working with overtwisted
families easier. In particular we consider codimension 1 and 2 submanifolds of a maximally foliated sub-
manifold C' that are tangent to &.

By way of motivation we recall the 3-dimensional situation. In particular an overtwisted disk is usually
defined to be a disk D with characteristic foliation D, having 0D as a leaf and a single elliptic singularity.
Alternately one could ask that there is a single elliptic singularity and 0D is an isolated singular set. In
particular the exact form of the foliation near D or whether 0D is a leaf or a singular set is irrelevant in the
sense that given any overtwisted disk of a particular form near 9D we can arrange any other suitable form.
Moreover, on the level of foliations there are many types of elliptic singularities, but again the exact form
is irrelevant for the definition of an overtwisted disk. We will establish similar results for the characteristic
distribution of a maximally foliated submanifold.

2.2.1. Neighborhoods of closed leaves. Suppose L is a compact subset of the (n + 1)-dimensional maximally
foliated submanifold C' of the contact manifold (M, £). Further suppose L is tangent to £ and has dimension
n. Thus L is a Legendrian submanifold and hence has a neighborhood contactomorphic to a neighborhood
of the zero section in the jet space J!(L) = T* L x R. And thus by Proposition Z2studying the characteristic
distribution on C near L can be done by studying embeddings of L x (—¢, ¢) into J!(L).
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Now given any closed manifold B suppose that L = B x S' and that L has a neighborhood N =
L x [—1,1] (or if L is the boundary of C' then N = L x [0,1]) in C' with L = L x {0}. Here we consider the
situation that (N — L) is transverse to the foliation C¢ and N — L is (non-singularly) foliated by leaves of
the form B x R. There are two cases we wish to consider. The first is if L is also a non-singular leaf of C¢
and the second is when L consists entirely of singular points of C¢ and in addition that each leaf in N — L
is asymptotic to B x {#} C L for some # and distinct leaves have distinct asymptotic limits. By working
in J!(L), one can show that either one of these situations is equivalent to the other (that is given one, you
can C° deform C near L, fixing L, so that you obtain the other). Anytime we see an L as in one of these
situations we say the leaves of C,, approach L nicely. This is analogous to the situation in dimension 3 where
the boundary of a Seifert surface for a Legendrian knot with Thurston-Bennequin invariant 0 can be taken
to be a leaf of the characteristic foliation or a circle of singularities.

2.2.2. Singular sets. We now consider the case of a submanifold S of C' of dimension n — 1 that consists
entirely of singularities of C¢. So S is an isotropic submanifold of (M,¢). We also assume that S is an
isolated singular set, that is there are no other singularities of C¢ in some neighborhood of S. We call S
normally symplectic if the conformal symplectic normal bundle is trivial and 7,5 & CSN,(S) = T,,C for all
p € S. Thus we may find a product neighborhood N = S x D? of S in C such that {p} x D? is tangent
to the conformal symplectic normal bundle along S. In this situation S has a neighborhood in M that is
contactomorphic to a neighborhood of the zero section in 7*S in the contact manifold

(T*S x R x D? ker(Acan + (dz + 72 df))

where z is the coordinate on R and D? is the unit disk in the plane with polar coordinate (r, ). (If this is
not clear see the proof of Lemma B.I]below.) Moreover this contactomorphism takes C to a submanifold of
T*S x R x D? that is tangent to the zero section times D? along the zero section times {(0,0)}. We say S is
nicely normally symplectic if C'in T*S x R x D? can be parameterized by a map of the following form

.f(pa Ty 9) - (00(p)v g(pa Ty 9)v (Ta 9))

where oy is the zero section of 7*S and g : (S x D?) — R is some function such that g,(r, 8) = g(p, r,0) has
graph tangent to the 0 map at (0, 0) for all p € S. Since S is an isolated singular set it is easy to see that the
foliation induced on each {p} x D? has a non-degenerate singularity at the origin (since the disk is tangent
to the conformal symplectic normal bundle there) and moreover the type, elliptic or hyperbolic, of the
singularity cannot change for differentp € S. We call S a normally elliptic singular set provided the singularity
on {p} x D? is elliptic. Similarly, we call S a normally hyperbolic singular set provided the singularity on
{p} x D?*is hyperbolic. One may now easily check that if S is an elliptic singular set then we may isotope
C near S such that C is still a maximally foliated submanifold, the topology of the leaves in C'\ S has not
changed and C = S x {0} x D*inT*S x R x D%

2.3. Overtwisted families. Let (1, &) be a contact manifold of dimension 2n + 1. An overtwisted family
modeled on B, a closed (n — 1)-dimensional manifold, (originally called plastikstufe in [17]) is an embedding
P = B x D?in M, where D? is the unit disk in R?, such that

(1) the characteristic distribution P: = T'P N £ is integrable,

(2) B =B x {(0,0)} is an isotropic submanifold and the singular set of P,

(3) B is anormally elliptic singular set of Pk,

(4) OP = B x 9D? is a leaf of P,

(5) all other leaves of P: are diffeomorphic to B x (0,1), and approach 9P nicely near one end and
approach the normally elliptic singularity B at the other end.

We sometimes call B the core of the overtwisted family. It is easy to see from the discussion in the last
section that we may assume that 0P is also an isolated singular set of P with leaves nicely approaching
it, since given this we can slightly perturb P near 0P such that JP is a non-singular leaf of P; as in the
definition above.
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A contact manifold (M, &) of dimension 2n + 1 is called ps-overtwisted if it contains an overtwisted family
modeled on any (n — 1)-dimensional manifold. It is not clear if this is the correct generalization of over-
twisted to higher dimensional manifolds, though it does have some of the properties of 3 dimensional over-
twisted contact manifolds. Currently the main evidence that this is a good generalization of 3-dimensional
overtwisted contact structures is the following theorem.

Theorem 2.3 (Niederkriiger 2006, [17]). If (M., &) is a ps-overtwisted contact manifold then it cannot be symplec-
tically filled by a semi-positive symplectic manifold. If the dimension of M is less than 7 then it cannot be filled by
any symplectic manifold.

Recall that a 2n—dimensional symplectic manifold (X,w) is called semi-positive if every element A €
7o (X) with w(A) > 0 and ¢1(A) > 3 — n satisfies ¢1(A) > 0. Note all symplectic 4 and 6 manifolds are
semi-positive as are Stein and exact symplectic manifolds. It seems likely that the semi-positivity condition
can be removed, but we do not address that issue here.

2.4. Almost contact structures. Recall that an (oriented) almost contact structure is a reduction of the struc-
ture group of a (2n + 1)-dimensional manifold M to U(n) x 1, that is a splitting of the tangent bundle
TM = n® R where 7 is a U(n) bundle and R is the trivial bundle. Clearly a co-oriented contact structure
induces an almost contact structure as it splits the tangent bundle into £ © R.

In dimension 3 any oriented manifold M has an almost contact structure since the tangent bundle is triv-
ial and the homotopy classes of almost contact structures are in one to one correspondence with homotopy
classes of oriented plane fields. In higher dimensions the situation is more difficult. It is known, for exam-
ple, that in dimensions 5 and 7 a manifold A has an almost contact structure if and only if its third integral
Stiefel-Whitney class vanishes: W3 (M) = 0. See [10}15]. Of course this condition is equivalent to the second
Stiefel-Whitney class w2 (M) having an integral lift. In dimension 5 the homotopy classes of almost contact
structures on a simply connected manifold are in one to one correspondence with integral lifts of ws ().
The correspondence is achieved by sending an almost contact structure to its first Chern class (recall any
U (n)-bundle has Chern classes).

2.5. Three dimensional Lutz twists and Giroux torsion. As we wish to generalize Lutz twists from the
3-dimensional setting we digress for a moment to recall this construction. Consider the contact structures
sta and &, on ST x R? given, respectively, by

Esta = ker(de + r* db)

and
&ot = ker(cosrdeg + rsinrdf)

where ¢ is the coordinate on S* and (r, #) are polar coordinates on R?. Let Ti;q(a) be the torus S* x {r = a}
in S' x R? with the contact structure ;4 and T,:(a) the same torus in S* x R? together with the contact
structure &,;. Furthermore set Ss:4(a) to be the solid torus in S! x R? bounded by Ti:4(a) with the contact
structure &g and Sy (a) the same torus with contact structure ;. Finally set Agiq(a,b) = Ssia(b) — Ssia(a)
and similarly for A, (a,b). If we are only concerned with the solid torus or thickened torus and not the
contact structure on it we will drop the subscript from the notation. That is for example S(a) is the solid
torus S' x D2 where D? is a disk or radius a.

Given any b > 0 one can use the fact that r tan r takes on all positive values on (, 3 ) and (2, 2f) to see
there is a unique b, € (, 37”) and by, € (2, 57’7) such that the characteristic foliation on T;4(b) is the same
as the characteristic foliation on T, (b, ) and Ty (ba, ). Since the characteristic foliation determines a contact
structure in the neighborhood of a surface, one can find some a with b — a > 0 sufficiently small and an
ar € (m,br) and agx € (27, by, ) such that there is a contactomorphism 1, respectively 2., from Agq(a, b)
to Aoi(ax, bx), respectively Ay (azr, bax). Moreover, one may explicitly construct ¢ and 2, in such a way
that ¢». preserves the ¢ and ¢ coordinates and ) sends them to their negatives.

Now given a transverse curve K in a contact 3-manifold (M, ) there is a neighborhood N of K in M
that is contactomorphic to Ssta(b) in (ST x R% &4). A half Lutz twist on K is the process of changing the
contact structure £ by removing Ssq(a) C N from M and gluing in S, (b-) using ¥ to glue Agq(a,b) C
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(M\ Ssta(a)) to Aoi(ar, bx) C So(by). Similarly a Lutz twist (or sometimes called full Lutz twist) is performed
by gluing S, (b2-) in place of N using ¢2,. The subset S, () of Sy (b2r) is called a Lutz tube.

We now review a similar construction. Consider the manifold 72 x [0, 1] with coordinates (0, ¢,7). A
1-form of the type k(r) d¢+1(r) dO will be contact if k(r)l’(r) — k'(r)I(r) > 0. Moreover the contact structure
is completely determined, see [8][12]], by the slope of the characteristic foliation a = LO) o T2 {0}, the

- k(0)
slope of the characteristic foliation b = —% on T? x {1} and the number, n, of times that — ,i((i)) =
€ (0,1). (Notice that the contact condition implies the curve (k(r),(r)) is monotonically winding around

the origin in R? and thus that — ,i((:)) is monotonically decreasing with r, here of course slope co = —oo
is allowed.) We say that the contact structure has Giroux torsion 5. We denote the corresponding contact
structure by ¢\ and any contact form for this contact structure of the form discussed above by al?),

To connect this new notation to our notation above we notice that A.;(a,b) above is contactomorphic
232 P -
to (T2 x [0,1], " ") and Au(a, b) is contactomorphic to (T2 x [0, 1], €™ ***™)y if p — ¢ < 7 or, more

generally, (T2 x [0, 1], £{* ™ P20y it e < b — a0 < (n+ 1)
Notice that given a transverse curve K as above, we can find in a neighborhood S;.4(b) of K a thickened

a for

1 _1
torus 72 x [0,1] with a contact structure 58 ) et S2™(b) be the solid torus with contact structure

1 1 1 1
obtained from the one on Sy;4(b) by replacing 587"_“"7;) by 5;7"_“"7;). It is easy to show that S?7(b) is
isotopic to Sot(b2r) by an isotopy fixed on the boundary. So a full Lutz twist can be achieved by replacing
Ssta(b) with S27(b). (One may similarly describe a half Lutz twist.) Thus we may think of performing a
Lutz twist as adding Giroux torsion along a compressible torus.
We end this section by recalling that, up to contactomorphism, the tight contact structures on 7 are

&n = ker(ay, = cos(ng) dfy + sin(ng) dos)

where (¢, 0;,6,) are the coordinates on 7 and n is positive, [13]. Notice that &, is obtained from &,_; by
adding Giroux torsion.

3. GENERALIZED LUTZ TWISTS

An isotropically parameterized family of transverse curves in a (2n + 1)-dimensional contact manifold (M, &)
is a smooth map
Yp:BxS'—- M
such that ¢({p} x S') is a curve transverse to ¢ for all p € B and ¢(B x {¢}) is an isotropic submanifold of
(M,¢€) for all ¢ € S*. We say the family is embedded if 1) is an embedding. Proposition 2. easily yields the
following result.

Lemma 3.1. Let (M, &) be a contact manifold of dimension 2n + 1. Suppose we have an embedded isotropically
parameterized family of transverse curves B x S* in (M, £), where the dimension of B is n— 1. Moreover assume that
the isotropic submanifold B x {¢} has trivial conformal symplectic normal bundle. Then B x S* has a neighborhood
N in (M, §), contactomorphic to a neighborhood of Z x S* x {(0,0)} in the contact manifold

(T*B x S* x D? ker(Aean + (d¢ + 7% dh)))

where Z is the zero section in T* B, ¢ is the angular coordinate on S*, D? is the unit disk in the plane with polar
coordinate (r,0) and Acqp, is the canonical 1-form on T*B.

Proof. Choose a diffeomorphism f from B x S'in M to B x S* in T*B x S* x D? that respects the product
structure. We can choose the normal bundle v to B x S! in both manifolds to be contained in the contact
hyperplanes. As the conformal symplectic normal bundle to B is trivial we have v, = &,/ (T, B)* @ R? and
& = T, B @ v,. Thus extending our diffeomorphism f to a neighborhood of B x S! we can assume that it
takes the contact hyperplanes along B x S* in M to the contact hyperplanes along B x S in T*B x S x D?.
In addition, we can scale our bundle map along the conformal symplectic normal direction such that it
actually preserves the symplectic structure induced by the contact forms. Thus our extension of f can be
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assumed to preserve the exterior derivative of our contact forms along B x S*. Now Proposition 2.1 gives
the desired contactomorphic neighborhoods. O

A neighborhood of B x S! as given in LemmaBlis contactomorphic to
N, x S' x D?

where N, is a neighborhood of the zero section in 7 B and D7 is a disk of radius b. Using the notation from
Subsection 2.5} this is contactomorphic to N. x Sg4(b). Denote by P the smooth manifold N, x S(b) with
no particular contact structure on it.

Lemma 3.2. There is a contact structure on P that agrees with the contact structure ker(Acan + (d¢ + r2d0)) near
the boundary and agrees with the one on N. x So(bar) on New x S(b) for some positive €” < e.

We define the (generalized) Lutz twist of (M, €) along B x S* to be the result of removing N, x S(b), with
the standard contact structure, from M and replacing it with the contact structure constructed in the lemma.

We call the contact manifold P, with the contact structure described in Lemma a Lutz tube with core
B. Given that there is a Lutz tube with core B as claimed in Lemma [3.2] the following theorem is almost
immediate.

Theorem 3.3. Let (M, &) be a contact manifold of dimension 2n + 1. Suppose we have an embedded isotropically
parameterized family of transverse curves B x S* in (M, €), where the dimension of B is n — 1. Moreover assume
that the isotropic submanifold B x {¢} has trivial conformal symplectic normal bundle. Then we may alter € in any
neighborhood of B x S* to a contact structure £ that is ps-overtwisted. Moreover there is an S"'-family of overtwisted
families modeled on B in &'

To see how this theorem generalizes a Lutz twist in dimension 3, notice that the only possibility for
a connected B in a contact 3-manifold (M, §) is B = {pt}. So the embedded isotropically parameterized
family of transverse curves in this case is simply a transverse knot K C M. Clearly the Lutz tube S, (7) is
an S'-family of overtwisted disks.

Proof. The modification mentioned in the theorem is, of course, a (full) Lutz twist. It is clear that this can
be performed in any arbitrarily small neighborhood of B x S*. We are left to check that we have an S'-
family of the embedded overtwisted families modeled on B, but this is obvious as one easily checks that
B x {¢} x D%, where B is thought of as the zero section of T* B, is an overtwisted family modeled on B for
each ¢ € S! contained in P. O

3.1. Preliminaries for constructing a Lutz tube with the core B. The purpose of this section is to motivate
as well as set up the preliminaries for the proof of Lemma[B.2 which will establish the existence of the Lutz
tube with core B. We start by setting up some preliminary notation (and will use notation established in
Subsection 2.5).

Suppose we are given the standard contact structure {:q = ker asq, where asrq = do + r2df on S(6) =
St x D%. We can choose 0 < §” < §' < § and set

aor = ker(k(r) do + 1(r) df)

where k and [ are chosen such that I’(r)k(r) — k' (r)l(r) > 0, k(r) = 1and I(r) = r* for r € [0,8”] U[¢', §] and
the curve (k(r),(r)) winds around the origin once as r runs from 0 to ¢.

Let N¢ be a neighborhood of the zero section Z C T*B and denote the Liouville form by A.,,,. Choose
some 0 < €’ < € < €. Recall we want to replace ker(Acan + vsta) on Newv x S(0) with ker(Acan + aior ).

We begin to define a contact structure £ on N, x S(¢) as follows.

 [ker(Aean + sra)  on ((NE N % 3(5)) U (N, x A(8,8)) U (N, x S(5"))
 \ker(Aean + aor)  on Nuw x S(5).

The left hand side of Figure [l shows the region where the contact structure is already defined. Notice
that ker(Acan +asia) and ker(Aeqrn +or) agree on Nev x A6, 6) and on N x S(6”) and thus ¢ is well defined
where it is defined. Notice that in the case when B is a point we have already defined the contact structure
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S(8")
/—_/\.——\
b
o] 1
a
6// . > 6/
5(5//)

FIGURE 1. On the left is the manifold N, x S(4). The lighter shaded regions are where the
contact form is given by ker(Acan + astq) and the darker shaded regions are where it is
given by ker(Acqn + or). The contact structure needs to be extended over the unshaded
regions. On the right is the rt-coordinates of the manifold (N, — N.») x A(8”,4") written
as W x [a,b] x [0, 6] x S* x S'. The lighter shaded region is where the contact form is given
by A + €'astq and on the darker shaded region the contact form is given by A + e’ The
contact structure needs to be extended over the unshaded region.

on all of P and it clearly corresponds to the (full) Lutz twist. When B has positive dimension we claim that
¢ may be extended over the rest of N, x S(¢). That is we need to extend ¢ over (N — Nov) x A(6”,¢").

To this end we notice that if we denote by A the 1-form A.,,, restricted to the unit cotangent bundle W
of T*B then there is a diffeomorphism from (No — Ne») to [¢”,€'] x W that takes the 1-form Acqp to tA,
where t is the coordinate on [¢”, ¢']. Moreover, A(6”,0') = S* x (D%, — D%,) can be written S* x [§”, 8] x S*,
with coordinates (¢,r,6). Setting @ = —In€’ and b = —Ine” we can write (N.s — Nov) x A(6”,0") as W x
[a,b] x [0, 48'] x S* x S1. This identification is orientation preserving where we have sent ¢ to e ~* and the last
three coordinates are (7,0, ¢). Near t = a,t = band r = ¢”, ¢’ we have (the germ of) a contact form defined
as the kernel of e~ A 4+ a where « is either agq or . Of course this contact structure is also defined by
A + e'a. So we see that we need to construct a contact structure on (N — Nov) x A(6”,8’) that is equal to
the kernel of X plus the symplectization of g near t = a and r = §”,’ and equal to the kernel of X plus
the symplectization of o, near ¢ = b. See the right hand side of Figure[ll

More specifically we can assume that the neighborhoods where «,: and o4 agree and the coordinates

on S x S! are chosen in such a way that near {a} x [§",§'] x §? x S! the 1—form is diffeomorphic to e'a">.

(See Section [0l for the notation being used here. Also notice that we have chosen coordinates on S x S1
so that a00’°°) is the appropriate form to use, instead of the form aé(5//)2 9% which we would have to use if
not for the coordinate change. This simplifies notation and makes the construction easier to follow. To see
that such a choice of coordinates is possible we notice that 6" and ¢’ can be chosen so that the the smallest
integral vectors spanning the characteristic foliations on Ts:4(6”) and Tszq(¢') from an integral basis for Z2.)
Similarly near {b} x [6",5'] x S! x S! the 1—form is diffeomorphic to eta{">")

Now to motivate a possible approach for extending the contact structure £ over all of N, x S(J), we notice
that if we could construct an exact symplectic structure d3 on [0, 1] x [0, 1] x T such that near {0} x [0, 1] x T

and [0, 1] x {0, 1} x T2 the 1—form 8 = e!a{""* and near {1} x [0, 1] x T2 we have 3 = e'a{">*) then we could
extend df3 to an exact symplectic structure on R x [0, 1] x T that looks like the symplectization of a00’°°) for
negative ¢ and like the symplectization of aéo’oo) for ¢ larger than 1. By rescaling the exact symplectic form
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if necessary and choosing a and b sufficiently far apart (notice we can clearly do this as /N, minus the zero
section is exact symplectomorphic to (—oo, ¢) x W for some c) there will be some subset of W x R x [0, 1] x T
with contact form A + 3 that has a neighborhood of its boundary contactomorphic to a neighborhood of the
boundary of W x [a, b] x [, 8"] x S* x S1. Of course it is well known that such an exact symplectic cobordism
(even non-exact) cannot exist as it would allow one to construct symplectic fillings of overtwisted contact
structures. But we will show below that there is a contact structure on W x [0, 1] x [0, 1] x T2 that looks like
this one near the boundary and hence we can finish the argument as above.

3.2. A construction of a Lutz tube with the core B. From the discussion at the end of the last section it is
immediate that Lemma[3.2] and hence the existence of a Lutz tube with core B, will be established once we
demonstrate the following lemma.

Lemma 3.4. In the notation of Section [0 there is a contact structure on W x ([0,1] x [0,1]) x T? such that the
following properties are satisfied:

(1) near W x {0} x [0,1] x T? and W x [0,1] x {0,1} x T? the contact structure is contactomorphic to
A+ etaéo’oo), and

() near W x {1} x [0,1] x T? the contact structure is contactomorphic to A + eta ">,

We establish Lemma B4 by first considering a similar lemma for the manifold W x [0,1] x 7®. Here
the new manifold can be thought of as being obtained from the old one by identifying the boundary of
[0,1] x T? by the identity. Once we prove the lemma stated below, Lemma B4l will follow by removing a
suitable portion of the manifold W x [0, 1] x T3.

Lemma 3.5. There exists a contact structure on W x ([0,1] x S1) x T? such that near one boundary component
W x {0} x S' x T? the contact structure is contactomorphic to X\ + e'ay and near the boundary component W x
{1} x S' x T? it is contactomorphic to X + e'aa. Here oy and s are the contact forms on T defined in Section 2.5

Proof. Consider the cotangent bundle T*T? = R? x T? with coordinates (p1,p2,61,602). The 1-form 3 =
p1 df1 + pa dbs is the primitive of the symplectic form dj on R? x T2. Moreover given any point p in R? the
lift of the radial vector field v, centered at p in R? to R? x T2 is an expanding vector field for d3. Let X be the
disk of radius, say, 10 in R? x 72, and let p = (5,0) € R?. The expanding vector field v, is transverse to 0X
s0 0X = T3 is a hypersurface of contact type. Note T3 in this context is naturally thought of as S x T2 with
coordinates (¢, 01, 02). The contact structure induced on 0X is easily seen to be f(¢) df1 + g(¢) df2 where
(f(¢),9(¢)) parameterize an ellipse about the origin in R?. Thus the contact structure on 7 is the unique
strongly fillable contact structure & on 7 (of course this is also obvious since X is a strong filling of the
contact structure). Similarly if X" is a disk of radius one about p times 7 then it is also a strong symplectic
filling of (72,&;). Moreover, X — X' is an exact symplectic cobordism from the symplectization of (7, &;)
(this is the boundary component of X — X’ coming from the boundary of X’) to the symplectization of
(T3,&1) (this is the boundary component of X — X" that is also the boundary of X). See the left hand side
of Figure2l

LetY = W x X and n = A + §. Clearly 7 is a contact form on Y. We now need an auxiliary observation
whose proof we give below.

Lemma 3.6. [n any open neighborhood of S = W x {(0,0)} x T? in Y, S may be isotoped such that it is a contact
submanifold of Y.

It is well known, and easy to prove [7], that if 7 : Y' — Y is any two-fold cover branched over a contact
submanifold S then Y’ has a contact structure that agrees with the pullback contact structure away from a
neighborhood of the branch locus. We briefly recall this general construction as the details will be needed
below. If a is a contact form on Y then 7*« is a contact form on Y’ away from the branch locus. Near the
branch locus let v be a connection 1-form on the normal circle bundle and let f : Y/ — R be a function that
is 1 near the branch locus, zero outside a slightly larger neighborhood and radially decreasing in between.
For small € the form 7*a + ef(z)(d(z))?y where d(z) is the distance from x to the branch locus, can easily
be shown to be contact.
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Yll

FIGURE 2. The disks X and X" in the p;pa-plane are shown on the left, together with the
point p and the curves v; and ~, used in the proof of Lemma[3.4 On the right the p;ps-part
of Y’ and X7 is shown. The entire shaded region is the pipe-part of Y. The lighter shaded
region is the py po-part of the manifold C' constructed in the proof of Lemma[3.4l

SetY” =Y’ — X| where X is one of the two connected components of 7~ (W x X’). See the right hand
side of Figure[2l Notice that Y has two components B; U B,. A neighborhood of one of them, B; say,
is also the boundary of W x X{ and it is clearly contactomorphic to a neighborhood of W x {0} x 7% in
W x [0,1] x T with the contact form A + e’a; and B; = W x {0} x T?. The other boundary component By
is also the boundary of Y’ and has a neighborhood contactomorphic to a neighborhood of W x {1} x T3
in W x [0,1] x T? with contact form \ + efay and By = W x {1} x T%. Thus Y” is the desired contact
manifold. 0

We now establish our auxiliary lemma.

Proof of LemmaB.6l We adapt a construction from [1]]. In particular see that paper for more on open book
decompositions, but briefly an open book decomposition of a manifold M is a codimension two submani-
fold N with trivial normal bundle together with a locally trivial fibration 7 : (M — N) — S* such that the
closure of the fibers are submanifolds of M whose boundaries are N. A contact structure £ is supported
by the open book decomposition if there is a contact 1-form « such that « is contact when restricted to NV
and da is a symplectic form on the fibers of 7. In addition, we also need the orientation induced on N by
a and on N by the fibers, which are in turn oriented by dc, to agree. As every contact structure £ on M
has an open book decomposition supporting it, see [9], it was shown in [1] that one can use this structure
to construct a contact structure on M x T?. We show that the construction in that paper can be used to give
the desired embedding of W x T? into Y.

Let (IV, m) be an open book decomposition of W that supports the contact structure ker . So 7 : (W —
N) — S'is a fiber bundle. Choose a function f : [0, 00) — R that is equal to the identity near 0, increasing
near 0 and then constant. Fixing a metric on W, let p be the distance function from N and set ' : W — R?
to be F(z) = f(p(x))m(x). Denote the coordinate functions of F' by F; and F5. (Even though m(x) is not
defined for x € N we can still define F(z) since f(p(z)) = 0 there.) We define the embedding of W x T?
into W x X' by,

(I)({E, 91 s 92) = (CL’, F1 (CL’), F2 ((E), 91 s 92)
Notice that *(A + 8) = A + Fi(x) db1 + F>(z) df2. One may easily check that this is a contact form, or see
. a

We finish the proof of Lemma [B2by establishing Lemma 3.4l
ProofofLemma Set vy = {(pl,p2> :p1 = H,p2 > 0} NX and vy, = {(p17p2> p1 =p2+5,p2 < 0} nx.
Notice that v;,i = 1,2, is a flow line of v,. We consider the lift of H; = W x v; x T2 to Y’ that intersects
X7. Let C be the closure of the component of Y — (H; U Hy) containing the branch locus. Notice that
topologically C'is W x [0,1] x [0,1] x T. One easily sees that a neighborhood of W x {0} x [0,1] x T? is
contactomorphic to the kernel of A plus the symplectization of the 1-form a((JO’l) on [0,1] x T?. Similarly
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a neighborhood of W x {1} x [0,1] x T? is contactomorphic to the kernel of \ plus the symplectization
of the 1-form ago’l). Moreover, since the branched covering map is a local diffeomorphism away from the

branch locus we see that near W x [0,1] x {0,1} x T the contact form is A plus the symplectization of the

1-form """, Notice that there is a diffeomorphism of [0, 1] x T2 that takes o\’ to a{”>*). We can use this
diffeomorphism to pull back the contact structure just constructed to the contact structure described in the
lemma. O

4. FROM ISOTROPIC SUBMANIFOLDS TO PARAMETERIZED FAMILIES OF TRANSVERSE CURVES

In this section we prove our main theorem concerning Lutz twists by finding an embedded isotropically
parameterized family of transverse curves given an isotropic submanifold of dimensionn —1lina (2n+1)—
dimensional contact manifold.

Lemma 4.1. Let (M, &) be a contact manifold of dimension 2n + 1. If B is an (n — 1)—dimensional isotropic sub-
manifold of a contact manifold (M, &) with trivial conformal symplectic normal bundle then B has a neighborhood
contactomorphic to a neighborhood of the zero section of T B in the contact manifold

(T* B x R?  ker(Aean + (dz + 1% df))),
where (r, 0, z) are cylindrical coordinates on R and Aoy, is the canonical 1-form on T*B.

Proof. By Proposition 2.2l we know that the conformal symplectic normal bundle of an isotropic submani-
fold determines the contact structure in a neighborhood of the submanifold. The lemma follows as the zero
section of T B sitting inside T* B x R clearly has trivial conformal symplectic normal bundle (in fact it can
be readily identified with ker(dz + 72 df) in TR® C T(T*B x R3) which along the zero section is just the
r6—plane in R?). O

Suppose B is an (n — 1)-dimensional isotropic submanifold of a contact manifold (M, §) with trivial
conformal symplectic normal bundle. Let N be the neighborhood of B in M that is contactomorphic to
a neighborhood of the zero section in 7*B x R? given in Lemma [l If K is any transverse curve in
(D3, ker(dz + 12 df)) then consider B’ = B x K inT*B x D? 2 N C M where we are thinking of B as the
zero section of T* B. Clearly B’ is an embedded isotropically parameterized family of transverse curves.

We are now ready to prove our main result.

Proof of Theorem[L1l Given an (n — 1)-dimensional isotropic submanifold B of (M, £) with trivial conformal
symplectic normal bundle, Lemma £.Tland the discussion above yield the desired embedded isotropically
parameterized family of transverse curves B’ = S! x B in any arbitrarily small neighborhood of B. Theo-
rem .3 now allows us to perform a generalized Lutz twist on B'.

In order to show that the homotopy class of almost contact structure is unchanged during this operation
we will construct a 1-parameter family of almost contact structures that starts with the contact structure ob-
tained by performing a generalized Lutz twist and ends with the original contact structure. The homotopy
will be through confoliations. In the construction we use the notation from SubsectionB.I]and the proof of
Lemma

We begin by making a preliminary isotopy of our contact structures that will simplify our argument later.
Denote by 3, the contact form on P = N, x S(b) satisfying the properties described in Lemma[3.2]and let
Bst denote the standard contact form on P. Let k(¢, ) be a function with support in [0, ¢”) x (6”,4’) where
it is strictly positive. Consider the forms S, + k(t,r) dr and S, + k(t, r) dr. Notice that if the supremum of
k is sufficiently small they define contact structures isotopic to the contact structures defined by the contact
forms (s and B¢, respectively. Abusing notation slightly we will continue to denote these forms by S, and
Bot, respectively.

We will break the rest of the argument into three steps. In the first step we homotope the Lutz twisted
contact structure (all homotopies will be through almost contact structures) to a confoliation on W x [a, b] x
[6",8"] x T? given as the kernel of a particularly simple 1-form. This homotopy is fixed near the boundary
so extends over all of M. In the second step we further homotope the confoliation to agree with £ on W x
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[a,b] x [6”,8"] x T? in such a way that the homotopy clearly extends over all of M except No» x S(§). In the
last step we complete the homotopy to £ by extending the homotopy from step two to N.» x S(9).

Step 1: In this step we homotope our contact structure to a confoliation on W x [a, b] x [6”,6] x T? that is
given as the kernel of a particularly simple 1-form. To this end we set S; to be the embedding of W x T?
into Y given by

(I)S(xa 917 92) = (xu SFl (:E)u SFQ(I'), 917 92)7

where we use the notation from Lemma Using a Riemannian metric on Y we can extend this to a 1-
parameter family of embeddings of the normal disk-bundle W x D? x T? into Y. (Notice that we can assume
each of the disk-bundles have the same radius r < 1.) Let w5 : Y/ — Y be the two fold branched cover of
Y over Ss;. We have the 1-parameter family of 1-forms as = mfa on Y”. Fix a function f : [0,1] — [0,1]
that is 1 near 0, 0 past r and decreasing elsewhere. Let ¢, = f(ds(z))(ds(x))?vs where ds : Y’ — R is the
distance from the branch locus of 75, and ~5 is the connection 1-form on the normal disk bundle to the
branch locus. We can extend (; to all of Y’ and they will be a smooth family of 1-forms. As discussed
above, or see [7], for small enough ¢, the 1-form a, + ¢5(s will be contact for s # 0. We can choose the ¢,
smoothly so that they are decreasing with s and ¢y = 0. Thus &, = ker(a; + ¢5(,) is a 1-parameter family of
hyperplane fields on Y’ that are contact for s # 0 and give a confoliation for s = 0. We claim that & has an
almost complex structure that makes it into an almost contact structure that is homotopic through almost
contact structures to the almost contact structures on &, for s # 0. To see this fix a metric on Y’ and let v
be the (oriented) unit normal vector to &,. Since &, is a smooth family of hyperplane fields there is some
small s such that &, is also transverse to v. We can now project {5 along v onto . This projection will be a
bundle isomorphism & — & thus we can use it to define an almost complex structure on &p. Similarly if
we take &/, = ker((1 — u)(as + ¢5Cs) + u(ao + ¢oCo)), for u € [0, 1], then we can use this projection to define
an almost complex structure on ¢, for all u. That is & with this almost complex structure is homotopic
through almost contact structures to &;. We notice that oy is A + 8 where 3 is a 1-form on D? x T?. (Recall
that Y/ = W x D? x T?2.) So &, can be decomposed as ¢’ & D where D is a 4~dimensional distribution. The
projection map p : Y/ — D? x T? maps D isomorphically onto the tangent space of D? x T?. We can use
this isomorphism to put an almost complex structure on D? x T2 which will be used below.

We have homotoped our contact structure to an almost contact structure on W x [a, b] x [§”, '] x T that
is given as the kernel of A + /3, but notice that the homotopy is fixed near the boundary of our manifold so
this is a homotopy of almost contact structures on our entire manifold.

Step 2: We will further homotope the almost contact structure on W x [a,b] x [0”,6'] x T? to be A + efaga.
For this consider the 1-parameter family of 1-forms 8, = A + e (sasiq + (1 — s)3) . Notice that £ = ker
is always a hyperplane field and & = ¢’ @ D, where ¢’ = ker X is the contact structure on W and D; is a
4-dimensional distribution. Moreover if p : W x [a, b] x [6”,6'] x T? — [a,b] x [§”, '] x T* is the projection,
then dp is an isomorphism from D; to the tangent space of [a, b] x [0, '] x T?. We can use this isomorphism
to induce an almost complex structure on D for all s and thus &; is an almost contact structure (as &’ clearly
has an almost complex structure since it is contact).

Step 3: We are left to extend the homotopy above over the region N.» x S(J). Notice that we can assume
that there is some 7 such that

W x [a,a+n) x [6",6'] x T? = (W x [a,b] x [6",68'] x T?) N (N x S(5)).

Thus we already have our homotopy defined on part of N.» x Ds. If we consider the 1-forms 8; = Acan +
(sasig + (1 = s)aor) + k(t,r) dr then & = ker (3, is a hyperplane field on N.» x S(9) that extends the above
homotopy, so we are left to see there is an almost complex structure on these hyperplane fields. (Notice
that here is where we needed the term & so as to guarantee that §; is non-singular.) To that end notice that
& =&+ Dy where Dy = ker((sasta + (1 — 8)aor) + k(t,7) dr) on St x D? and &, is a 2(n — 1)-dimensional
bundle that maps under the differential of the projection map N.» x S(0) — N~ isomorphically onto the
tangent space of N.». Since d).., gives the tangent space to N, a U(n — 1) structure, we can use this
isomorphism to give £, an almost complex structure. Moreover, D; is an oriented 2-dimensional bundle
and hence has an almost complex structure. Thus &, has an almost complex structure for all s. It is clear
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that where 3, is contact this almost complex structure agrees with the one induced by d, and hence agrees
with the one constructed in Step 2. Thus we see this is a homotopy of almost contact structures and our
proof is complete. O

Using Theorem[I.TJlwe may now easily show all manifolds admitting contact structures admit ps-overtwisted
ones.

Proof of Theorem[L2l Let ¢ be a contact structure on M. In a Darboux ball inside of M with coordinates
(1,91, - -+, Tn,Yn, 2) and contact structure ker(dz — > y; dz;) take a unit sphere B in the {z; }-subspace. It
is clear that B is an isotropic submanifold of M with trivial conformal symplectic normal bundle. Thus we
may apply Theorem[L.T]to alter ¢ to a contact structure containing an overtwisted family parameterized by

The statement about finding an overtwisted family with any core is proven in Theorem 5.6/ below. O

Proof of Theorem[IL3] Let & = ker(dz — Y., y; dx;) be the standard contact structure on R*"*! where we
are using Cartesian coordinates (z1,y1, ..., Zn, Yn, 2). Let ¢’ be the result of performing a Lutz twist along
some embedded isotropically parameterized family of transverse curves contained in some compact ball
in R?"*1. Let B; be a ball of radius 1 about the integral points on the z-axis and let £’ be the result of
performing a Lutz twist along some embedded isotropically parameterized family of transverse curves
contained in each of the B;. Clearly ¢ can be contact embedded in any contact 2n+-1 manifold (by Darboux’s
theorem), but neither ¢’ nor £’ can be embedded in a Stein fillable contact structure (like the standard
contact structure on 52" 1), thus they are not contactomorphic to £. Finally notice that ¢’ has the property
that any compact set in R?"*1 is contained in another compact set whose complement can be embedded in

any contact manifold, whereas £’ does not have this property. Thus ¢’ is not contactomorphic to £”. O

Remark 4.2. From Lemma 7] it is almost immediate that we can construct a contact structure on R?"+!
which has an embedded overtwisted family modeled on any core which is parameterized by a closed em-
bedding of R. This is analogous to the unique “overtwisted at infinity” contact structure ker(cosr dz +
rsinr df) on R3 obtained by performing a “Lutz twist along the z-axis” in three dimension. In a con-
tact structure on R?"*1! is constructed which contains a generalized overtwisted family at infinity (termed
a generalized plastikstufe in that paper). With this in mind, it would be interesting to know the answer to
the following question:

Question 4.3. Is there a unique contact structure on R*" 1 which contains an embedded overtwisted family param-
eterized by R in the complement of any compact subset of R?"+1,

5. FURTHER DISCUSSION

In the first subsection below we discuss a crude form of a half Lutz twist in high dimensions. The
problem with this form of a Lutz twist is that it involves altering not only the contact structure on a manifold
but the manifold itself. None the less this construction illustrates other ways the techniques in this paper
can be used in constructing contact structures with various properties.

From our main theorem we see that the generalized full Lutz twist discussed in this paper does not affect
the homotopy class of an almost contact structure, but one could ask how other modifications of a contact
structure near a submanifold could affect the homotopy class of an almost contact structure. In the second
subsection we discuss this issue. In the last subsection below we consider which submanifolds of a contact
manifold can be the core of an overtwisted family (that is, which submanifolds can be the elliptic singularity
of an overtwisted family).

5.1. Generalized half Lutz twists. It is interesting to observe that the branched cover construction in
Lemma [3.2] cannot be used to perform a half Lutz twist. However one can modify that construction to
perform a half Lutz twist at the expense of changing the topology of the ambient manifold.

Let (M, &) be a contact manifold of dimension 2n + 1 and let B be an (n — 1)-dimensional isotropic
submanifold with trivial conformal symplectic normal bundle. According to the discussion in Section @
we can, in any neighborhood of B, find a contact embedding of a neighborhood N, x Sg4(d) in M where
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N, is a neighborhood of the zero section in 7% B and Ss:4(d) is the solid torus with contact structure from
Section2Z5 Let W be the unit conormal bundle for B in T* B which we may think of as a submanifold of
the neighborhood above. Taking an S* from the S;4(d) factor we see an embedding of W x S! in the above
neighborhood. The submanifold W x S* has a neighborhood W x S! x D? in M. Let M’ be the manifold
obtained from M by removing W x S x D? and gluing in its place N, x S x 52

Proposition 5.1. Let (M,§) be a contact manifold of dimension 2n + 1 and let B be an (n — 1)-dimensional
isotropic submanifold with trivial conformal symplectic normal bundle. With the notation above we may extend
ElM—(N.xS,.a(d)) Over M' to obtain a contact structure ' such that for some € < e the contact structure ' on
Nev x S(d) is contactomorphic to Nev X Soi(dr).

Proof. Following the outline in Subsection 3] we can define the desired contact structure on N, x S(d)
everywhere except on W x [a, b] x [§”, 8] x S* x S!. In the paper [6], Gay and Kirby construct an exact near
symplectic structure on [a, b] x [6”,6'] x S x S! that can be used as described at the end of Subsection B.1]
to try to extend the contact structure on all of N. x S(d). More precisely, there is a 1-form 3 such that d is
symplectic on [a, b] x [6”,6'] x ST x St away from a curve {(c,,0)} x S*, where ¢ € (a,b),c’ € (6”,8') and
0 € S'. Thus X + 3 is a contact form on W x [a,b] x [0”,8'] x ST x S away from W x {(c,¢/,0)} x S and
has the necessary boundary conditions to glue to the desired contact structure. Let U be a neighborhood
of W x {(¢,,0)} x S'. It is shown in [6] that a neighborhood of the boundary of U is contactomorphic to
W x [z,y] x S* x §? with the contact form A+ e’/ where o is a contact form on S* x S? giving the minimally
overtwisted contact structure (that is the one in the same homotopy class of plane fields as the foliation of
St x $? by S%’s). Consider U as [—y, —x] x W x St x S? where we use the identity diffeomorphism on most
factors and ¢ — —t on the interval factor. Notice this is an orientation preserving diffeomorphism and the
contact form in these coordinates can be taken to be e’ A + o. Now we can glue in a neighborhood of the
zero section in 7% B times S! x S? and extend the contact structure over this (using Acqp, + o). O

Since the construction given in the proposition above changes the topology of the ambient manifold, it
is not reasonable to think of it as a “real” half Lutz twist. So we are left with the following question.

Question 5.2. Is there a way to perform a half Lutz twist without changing the topology of the manifold?

5.2. Almost contact structures and Lutz twists. As discussed in Subsection 2.4] an obstruction to two al-
most contact structures being homotopic is the Chern classes of the almost contact structure. In dimension 3
it is well known that Lutz twisting affects the first Chern class of the contact structure. In higher dimensions
this is not the case.

In the proof of Theorem [Tl above we showed that the homotopy class of almost contact structure is
unchanged by a Lutz twist, but one might ask if the homotopy class can be affected with a generalized half
Lutz twist (should one ever be defined that, unlike the construction in the previous subsection, does not
change the topology of the ambient manifold).

Proposition 5.3. Let (M, &) be a closed contact (2n + 1)-manifold for n > 1. Suppose B x S* is an embedded
isotropically parameterized family of transverse curves in (M, &) with B of dimension n — 1. If ¢’ is obtained from &
by altering the contact structure in a neighborhood of B x S* then the Chern classes of cy(€) and ¢, (&) are equal for
k< 2

Note that the proposition implies that the first Chern class of a contact structure cannot be affected by a
Lutz twist except in dimension 3.

Proof. One can easily construct a handle decomposition of M in which a neighborhood of B x S* can be
taken to be a union of handles of index larger than or equal to n + 1. Moreover the contact structures £
and ¢’ are the same outside a neighborhood of B x S, that is away from the handles that make up the
neighborhood. As ¢y, is the primary obstruction to the existence of a (n — k + 1)-frame over the 2k skeleton
of M we see that ¢, of £ and £ must be the same for 2k < n + 1. O

In dimension 3 one can use Lutz twists to produce contact structures in any homotopy class of almost
contact structure. One might hope to do this in higher dimensions as well, but clearly Proposition[5.3lshows
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our notion of Lutz twist (even a more general one than defined here) cannot achieve this. So we ask the
following question.

Question 5.4. Is there some other notion of Lutz twisting that affects all the Chern classes of a contact structure?
Or more to the point we have the following question.

Question 5.5. Is there some notion of Lutz twisting, or some other modification of a contact structure, that will
guarantee that any manifold M admitting a contact structure admits one in every homotopy class of almost contact
structure?

5.3. Cores of overtwisted families. In [20] the ps-overtwisted contact structures came from ps-overtwisted
contact structures of lower dimension. More precisely, the core of the overtwisted families constructed in
dimension 2n + 1 were constructed as a product of S and an overtwisted family in dimension 2n — 1.
Starting in dimension 3 where the core is just a point, one sees that all the cores of overtwisted families
constructed in [20] are tori of the appropriate dimension. The ps-overtwisted contact structures constructed
in were constructed by taking the previous examples and performing surgery on the ambient manifold
without affecting the overtwisted family. Thus, once again, we see that all the overtwisted families are
modeled on tori. From our construction we can show the following result.

Theorem 5.6. Let (M, €) be a contact manifold of dimension 2n + 1. Given any (n — 1)—dimensional isotropic
submanifold B in (M, §) with trivial conformal symplectic normal bundle there is a contact structure &' on M that
contains an overtwisted family modeled on B. Moreover, if B is any abstract (n — 1)—dimensional manifold (that is
not necessarily already embedded in M) with trivial complexified tangent bundle, then there is a contact structure on
M with overtwisted family modeled on B.

Proof. The first statement is clear as we can find an embedded isotropically parameterized family of trans-
verse curves B x S! as in Section[and then use Theorem[B3to perform a Lutz twist to produce a contact
structure ¢’ with an overtwisted family modeled on B.

For the second statement we need to see that given a B with the required properties we can embed it in
(M, &) as an isotropic submanifold with trivial conformal symplectic normal bundle. It is clear, due to the
dimensions involved, that B can be embedded in a ball in M. It is well known that isotropic submanifolds
of dimension less than n satisfy an h-principle [3]. This h-principle states that if an embedding v : B — M
is covered by a bundle map 7B to ¢ sending the tangent planes of B to isotropic spaces in & then the
embedding can be isotoped to an isotropic embedding. Thus we need to construct a bundle map 7'B to
*¢ sending T, B to an isotropic subspace of (¢*¢),. In the end we will also want the conformal symplectic
normal bundle to be trivial. This implies that we need to see a bundle isomorphism from T(7*B) @ C to
1*€. Since ¢ can be taken to have its image in a Darboux ball of M we can assume that ¢)*¢ is the trivial
bundle C™. Now it is clear that if T'(7T" B) = T B ® C is trivial then we have such an isomorphism. O

From this theorem we see that it is easy to produce overtwisted families modeled on many manifolds. In
particular, any oriented 2-manifold, respectively 3-manifold, can be realized as the core of an overtwisted
family in a contact 7, respectively 9, manifold. Moreover, the vanishing of the first Pontryagin class of
the tangent bundle of a simply connected 4-manifold is sufficient to guarantee it can be made the core of
an overtwisted family in a contact 11-manifold. (To see this, notice that the vanishing of the Pontryagin
class implies the vanishing of the second Chern class of the complexified tangent bundle and thus there
is a complex 3-frame for the complexified tangent bundle. Thus the complexified tangent bundle splits as
a trivial complex 3—dimensional bundle and a line bundle. The complex line bundle must also be trivial
for if not the first Chern class of the complexified tangent bundle would be non-zero.) It would be very
interesting to know the answer to the following question.

Question 5.7. If (M2 &) contains an overtwisted family modeled on B does it also contain an overtwisted family
modeled on any, or even some, other (n — 1)—manifold B’ (satisfying suitable tangential conditions)?

In dimension 3, overtwisted contact structures are very flexible and various questions about them usually
have a topological flavor. That is, if something is true topologically then it is frequently true for overtwisted
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contact structures. For example, if two overtwisted contact structures are homotopic as plane fields in
dimension 3 then they are isotopic, [2]. We also know that any overtwisted contact structure is supported by
a planar open book (just like any 3—manifold), [5]. Thus if overtwisted families are the “right” generalization
of overtwisted disks to higher dimensional manifolds then we would expect to have similar results. An
affirmative answer to the question above would essentially say you have a lot of flexibility in the cores of
overtwisted families. TheoremB.@lis a step in that direction.
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Erratum to: “On generalizing Lutz twists”

The proof of Lemma 3.4 in [EP] is incorrect. Below we will describe the problem with the proof and then
show how it can easily be repaired in dimension 5. We then observe that Lemma 3.4, and thus the main
results of the paper, is true in all dimensions based on recent work of Borman, Eliashberg and Murphy
[BEM]. However this approach does not give an explicit construction and hence goes against the sprit of
the original paper and in addition all the results of [EP] follow directly from [BEM].

Acknowledgement: We thank Yasha Eliashberg for pointing out the error in the proof of Lemma 3.4 in [EP].
The first author was partially supported by a grant from the Simons Foundation (#342144) and NSF grant
DMS-1309073.

6. EXACT LAGRANGIANS, LIOUVILLE FLOWS, AND THE ERROR IN THE PROOF OF LEMMA 3.4

We begin by recalling the statement of Lemma 3.4 from [EP]. To state the lemma we first establish some
notation (that is slightly different that what was used in [EP]). Consider 7% x [0, 1] with coordinates (6, ¢, r)
and the contact structure &; = ker «;, i = 1,2, where

a; = ki(r)do + 1;(r) do.
Here we have k1 () = cos 7 and I(r) = sin §r, and for i = 2 we have k; and [, agreeing with k; and /; near

r = 0 and 1, and the curve (k2(r),l2(r)) in R? has 57/2 winding about the origin. In particular notice that
&, is obtained from &; by adding Giroux torsion. Lemma 3.4 from now reads as follows.

Lemma 6.1. Let W be a manifold with contact form \, there is a contact structure on W x [0, 1] x ([0, 1] x T'?) such
that the following properties are satisfied:
(1) near W x {0} x [0,1] x T? and W x [0, 1] x {0, 1} x T? the contact structure is contactomorphic to A\+e'aq,
and
(2) near W x {1} x [0, 1] x T? the contact structure is contactomorphic to X + e'a.

Here t is the coordinate on the first [0, 1] factor.

See [EP] for details on how the main constructions and theorems of the paper follow from this lemma.
The strategy of the proof in was:
(1) To construct a contact structure on W x [0, 1] x T that near W x {0} x T is given by A + ¢, and
near W x {1} x T%is given by A+e' x 31, where 3; is the contact structure on T3 with Giroux torsion
i and we are thinking of 7% as S x T? with the S!-factors Legendrian curves.
(2) Then cut W x [0,1] x 7% along W x [0,1] x ({6,601} x T?) so that one of the resulting pieces is as
described in the lemma.
To try to arrange this let 8 = p; df; + p1 df be the Liouville form on T*T? = R? x T? with coordinates
(p1,Ppa2, 01, 02). Notice that « = A + 3 is a contact form on W x T*T2. We will see below that we can arrange
the two items above that are needed for our proof if there is a radial vector field v in R? centered at a
point p whose flow expands df3 (that is, L,d3 = dj3) and a Lagrangian torus 72 in a small neighborhood of
{q} x T? C T*T? that is exact with respect to ¢, df3 that is isotopic to {g} x T? by an isotopy disjoint from
{p} x T2 One may easily arrange all of this except for either the last requirement of disjointness or the
exactness of the Lagrangian torus. In [EP] we assumed this could be arranged (though in the presentation
there it was not clear these were precisely the conditions necessary), but to the best of our knowledge this
cannot be done. More explicitly in [EP] we took the Lagrangian torus 72 x {(0,0)} and the radial vector
field v to be centered at a point disjoint from the origin. Notice that the torus is exact with respect to 5 but
not with respect to ¢,df3, and thus the construction does not work. In the next section we will see that the
condition of having an exact Lagrangian torus can be removed in the 5 dimensional setting. (For simplicity
or presentation below we will take p = (0,0).)
Let X = D x T? where D is a disk of radius R about the origin in R? and R > 2 is some constant. The
form f3 restricts to the contact form 8y on T2 = 0X. Now let X’ = D’ x T? where D’ is a small disk about
the origin in R?. By noticing that since the radial vector field v = p; 8%1 + po 6%2 is the Liouville field for 5 on



18 JOHN B. ETNYRE AND DISHANT M. PANCHOLI

T*T? one easily sees that X — X’ is a piece of the symplectization of the minimally twisting tight contact
structure on 7.

Let v, be the intersection of D with the ray leaving the origin in R? that forms an angle of 7/2 with the
positive p;-axis and similarly let 7> be the intersection of D with the ray in R? that forms an angle of —37 /4
with the positive pi-axis. Setting Y equal to the component of X — X' cut along the ; x T2 that contains
points lying above the negative p;-axis in R?, one easily sees that Y is a piece of the symplectization of a;
(using the notation from above) on T x [0, /2] (here we have rescaled [0, 1] to [0, 7/2]) and the parts of V'
lying above ~; and v, are the “vertical” or flat boundaries of the symplectization).

If there is an exact Lagrangian torus 72 in 77" as discussed above then Lemma 3.6 in shows there
is an embedding ®: W x T? — W x T*T? so that ®(W x T"?) is contact, disjoint from Z = W x {(0,0)} x T
and isotopic to F, = W x {q} x T? in the complement of (a neighborhood of) Z. (For convenience we take
q to be a point on the negative p;-axis in D. If this were not the case we might need to re-choose the ~;.)
We can then let C be the 2-fold cover of W x X branched over ®(W x T?). It is well known that C has a
contact structure that away from the branched locus is just the lift of the contact structure on W x X, see for
example [G| Theorem 7.5.4]. Moreover it is clear that the cover is diffeomorphic to W x X. Notice that the
boundary of C'is W x T and in a neighborhood of the boundary the contact structure is simply W times a
piece of the symplectization of the Giroux torsion 1 contact structure on 7%, so that the boundary of C'is W
times the convex end of the piece of the symplectization.

Notice that we can take W x X’ to be a neighborhood of Z in W x X that is disjoint from ®(W x T?) and
the isotopy of ®(W x T?) to F,. Clearly W x X" lifts to two disjoint copies of W x X’ in C. Let N be one of
these and set C" = C'\ N. Itis clear that 9C’" — JC has a neighborhood in C” where the contact structure looks
like W times a piece of the symplectization of the standard minimally twisting contact structure on 73, so
that the boundary component is W times the concave end of the piece of the symplectization. Furthermore
notice that each v; x T2 lifts to two copies in C’. The copies that intersect with N will divide C” into two
pieces. Let C" be the piece that contains the branch locus. Notice that the branched covering map restricted
to a neighborhood of (0C” — ((0C) N C")) in C” is mapped diffeomorphically (and contactomorphically)
to a neighborhood of (9Y — ((0X) NY)) in Y. Moreover the remaining boundary component of C” can
easily be seen to have a neighborhood that is contactomorphic to W times a piece of the symplectization of
as. From this discussion it should be clear that the contact structure on W is the structure described in the
lemma.

7. FIXING THE ERROR IN DIMENSION 5
In this section we show how to fix the proof of Lemma 3.4 from [EP] in the 5 dimensional case.

Lemma 7.1. There is a contact structure on S* x [0, 1] x ([0, 1] x T2) such that the following properties are satisfied:

(1) near S*x {0} x[0,1] x T?and S* x [0, 1] x {0, 1} x T the contact structure is contactomorphic to df+e'ay,
and
(2) near ST x {1} x [0,1] x T? the contact structure is contactomorphic to df + e' s,

where 0 is the angular coordinate on S* and t is the coordinate on the first |0, 1] factor.
Proof. We will be considering S* x T*T? with the contact structure o = df + py df; + pa dfs. From the
discussion in the previous section we only need to check that there is an embedding ®: 73 — S x T*T?
so that ®(73) is contact, disjoint from Z = S x {(0,0)} x T2 and isotopic to F, = S* x {g} x T? in the
complement of (a neighborhood of) Z where ¢ = (—1 — ¢, 0), for some small € > 0, is a point in R?.

Using coordinates (¢, ¢1, ¢2) on T we define

O(p, p1,$2) = (¢ + P2,8in ¢, —1 — € + cos ¢, p1, Pa).
Now we see
B =0 a=dp+dps + (sing) dgr + (—1 — €) dgo + (cos ¢) dg
= d¢ + (sin @) dp1 + (cos @) dpa — € ds.
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and
df = (cos @) dop A dpy — (sin @) dp A dos.
Thus

BAdB = (sin? ¢ 4 cos® @) dp A dpy A da — €(cos @) dp A dpy A depa
= (1 —ecos@)dp A dp1 A dps.
Since (1 — ecos ¢) > 0 we have a contact embedding. Also note

Qs(¢, 1, P2) = (¢ + ¢2,0(sin @), =1 — € + 0(cos @), ¢1, P2)

is an isotopy from ® to a map with image the 72 above (0, —1 — €) in R? and the isotopy is disjoint from the
T3 above (0,0). a

8. OVERTWISTED CONTACT STRUCTURE APPROACH

In this section we show that Lemma 3.4 from [EP], recalled as Lemma above, is indeed true due to
Borman, Eliashberg, and Murphy’s recent breakthrough [BEM].

We first note that Lemmal[6.Jlexplicitly defines a contact structure near the boundary of W x [0, 1] x ([0, 1] x
T?). Tt is easy to check that as and «; are homotopic, rel boundary, as plane fields, cf. [G, Lemma 4.5.3]. Let
o be the homotopy. Now e~ *A+a f(;), for some function f(t), extends the contact form from a neighborhood
of the boundary of W x [0,1] x ([0,1] x T?) to a nonsingular form on the whole manifold. Moreover its
kernel splits as &2 @ ¢’ where ¢ is contained in the tangent space of [0, 1] x T2 and ¢’ projects isomorphically
onto the tangent space of W x [0,1]. Thus ¢ inherits a complex structure from e\ and £? inherits one as
an oriented plane field. Thus we have constructed an almost contact structure on W x [0,1] x ([0, 1] x T?)
that extends our given contact structure. The main result of implies this almost contact structure is
homotopic to an actual contact structure by a homotopy that is fixed outside any open neighborhood of the
“non-contact” region. The resulting contact structure can be taken to be the one promised by Lemma 3.4 in

[EP].
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