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Preface

Spectral theory is the branch of mathematics devoted to the study of matrices
and their eigenvalues, as well as their infinite-dimensional counterparts, linear op-
erators and their spectra. Spectral theory is ubiquitous in science and engineering
because so many physical phenomena, being essentially linear in nature, can be
modelled using linear operators. It draws upon techniques from a variety of other
areas of mathematics and leads to problems in these areas that are of interest in
their own right. Complex analysis is the calculus of functions of a complex vari-
able. The roots of the subject go back to the early 19th century and are associated
with the names of Euler, Gauss, Cauchy, Riemann, and Weierstrass. Of particular
importance are the differentiable functions, usually called analytic or holomorphic
functions. They are widely used in mathematics (for example, in Fourier analy-
sis, analytic number theory, and complex dynamics), in physics (potential theory,
string theory) and in engineering (fluid dynamics, control theory and the theory of
communication).

Both topics are related to numerous other domains in mathematics as well as
other branches of science and engineering. For example, analytic function spaces
arise in various different branches of mathematics and science. The list includes,
but is not restricted to, analytical mechanics, physics, astronomy (celestial mechan-
ics), geology (weather modeling), chemistry (reaction rates), biology, population
modeling, economics (stock trends, interest rates and the market equilibrium price
changes). As a matter of fact, it is hard to find a branch of analysis or applied sci-
ences in which function spaces do not appear. Many mathematicians have studied
this domain and contributed to the field and it is rather impossible to provide a
list.

As another manifestation, functional analysis is the branch of mathematics
concerned with the study of vector spaces and linear mappings acting upon them.
The word “functional” refers to an operation whose argument is a function, integra-
tion, for example. Two of the most important names are Hilbert and Banach, and
the central notions of the subject are named in their honor: Banach spaces (com-
plete normed vector spaces) and Hilbert spaces (Banach spaces where the norm
arises from an inner product). Hilbert spaces, which generalize the notion of Eu-
clidean space to infinite dimensions, are of fundamental importance in many areas,
including partial differential equations, quantum mechanics and signal processing.
From the earliest days, researchers in functional analysis recognized the importance
of studying spaces of functions, as opposed to considering just one function at a
time. Together with the development of the Lebesgue integral, this led to new
techniques, for example, for analyzing the behavior of analytic functions at the
boundary of their domain and for proving the existence of analytic functions with
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certain properties, hitherto difficult or impossible to construct. In turn, complex
analysis repaid its debt to functional analysis by providing methods for defining
functions of operators, for example, the square root or the logarithm of an operator
or a matrix.

There are many other connections, and in the century that has followed this
has become a vast domain of research. In recent years, there has been a tremendous
amount of work on reproducing kernel Hilbert spaces of analytic functions, on the
operators acting on them, as well as on applications in physics and engineering
which arise from pure topics like interpolation and sampling.

In this conference, more than thirty analysts, some up-and-coming, others well-
established, and from Europe and North America, were invited. Many different
topics in complex analysis—operator theory, matrix analysis, spectral theory, func-
tional analysis, and approximation theory—were discussed during the invited talks.
This lively meeting certainly strengthened our understanding of the subjects, how
far the applications range, how much is known, and how much is still unknown.
The goal of our gathering was to discuss a number of fundamental open problems
on Hilbert and Banach spaces of analytic functions and the new ideas that have
been developed as well as the recent progress that has been made. We believe this
event was worthwhile, since the ideas involved were of widespread interest in the
mathematical analysis community.

In this conference, we also celebrated the 60th birthday of Thomas Ransford.
Thomas Ransford is Professor in the Département de mathématiques et de statis-
tique of Université Laval and Canada Research Chair in Spectral Theory and Com-
plex Analysis. He obtained his Ph.D. at Cambridge in 1984, as a student of the late
Graham Allan, and was awarded an Sc.D. by Cambridge in 1999. Before coming to
Québec in 1993, he held teaching positions at Leeds and Cambridge. He has also
held visiting positions at Ann Arbor, Bordeaux, Brown, Lille, Marseille, Oxford,
and UCLA.

Ransford’s research is primarily in complex analysis and spectral theory, though
he has also worked in potential theory, dynamical systems and probability. He has
over a hundred research publications to his name, many written in collaboration
with researchers from around the world (over sixty at last count). He is also the
author of two books, both published by Cambridge University Press: Potential
Theory in the Complex Plane (written sole) and A Primer on the Dirichlet Space
(co-authored with O. El-Fallah, K. Kellay, and J. Mashreghi). Ransford has pre-
sented over eighty invited talks at national and international conferences. Ransford
is or has been a member of the editorial boards of ten different journals, including
the CMS and LMS journals. He has also served on numerous selection committees
for grants, fellowships, and prizes, including grant selection committees of NSERC
and FRQNT.

A major aspect of Ransford’s research career has been the direction of students
at all levels. He has supervised 10 doctoral students, 25 master’s students, and 14
postdoctoral fellows, in addition to co-directing 10 other graduate students. Many
of these students have continued in academia: 22 of them now hold permanent
positions at universities, and five have postdoctoral positions. Of the others, eight
are now college instructors, eight others work in the financial sector, and four are
computer programmers. In addition to graduate direction, Ransford has also su-
pervised 24 summer undergraduate research projects, eight of which have given
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rise to publications. In the course of his career, Ransford has taught undergrad-
uate and graduate courses in over twenty different subjects. He has received the
teaching award “professeur étoile” from the Faculté des sciences et de génie of Uni-
versité Laval ten times and was voted “professeur méritant en mathématiques et
statistique” at the Gala du Mérite Etudiant four times.

Mathematics runs in the family. Ransford’s wife, Line Baribeau, is a mathe-
matician, and they have published six papers together. His eldest son, Julian, is
also a mathematician.

H. Garth Dales

Dmitry Khavinson
Javad Mashreghi
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Licensed to AMS.



Licensed to AMS.

List of Invited Speakers

. Arendt, Ulm University, Germany
. M. Aron Kent State University, USA
. Bénéteau, University of South Florida, USA
. Bourhim, University of Syracuse, USA
halendar, Université Paris-Est Marne-la-Vallée, France
Clma University of North Carolina, USA
. Costara, Ovidius University, Romania
. G. Dales, Lancaster University, UK
. El-Fallah, Université Mohammed V, Morocco
. Esterle, Université de Bordeaux, France
. Forrest, University of Waterloo, Canada
. Fortier Bourque, University of Toronto, Canada
. Fournier, Université de Montréal, Canada
. Fricain, Université Lille 1, France
. Galé, University of Zaragoza, Spain
M. Gauthier, Université de Montréal, Canada
Gorkin, Bucknell University, USA
Guillot, University of Delaware, USA
Jakobson, McGill University, Canada
. Kellay, Université de Bordeaux, France
. Khavinson, University of South Florida, USA
. Kinzebulatov, Université Laval, Canada
Kosinski, Jagiellonian University, Poland
. Levenberg, Indiana University, USA
. Marcoux, University of Waterloo, Canada
. Mashreghi, Université Laval, Canada
. Mbekhta, Université Lille 1, France
. G. O’Farrell, Maynooth Umver31ty, Ireland
. Pouliasis, Aristotle University of Thessaloniki, Greece
. T. Ross, University of Richmond, USA
. Roy, York University, Canada
. Strouse, Université de Bordeaux, France
. C. White, Newcastle University, UK
. Younsi, University of Hawaii at Manoa, USA
. Zorboska, University of Manitoba, Canada
. Zwonek, Jagiellonian University, Poland

)y Q

SZZEZHES PRI 2N UDADO N ICETERSOmAS T FQR S

xi



Licensed to AMS.



Contemporary Mathematics
Volume 743, 2020
https://doi.org/10.1090/conm/743/14954

Additive maps preserving matrices of inner local
spectral radius zero at some fixed vector

Constantin Costara

ABSTRACT. We characterize surjective additive maps on the space of complex
n X n matrices which preserve matrices of inner local spectral radius zero at
some fixed nonzero vector.

1. Introduction and statement of results

For a Banach space X over the complex field C, let us denote by £ (X) the
algebra of all linear bounded operators on it. Fix then a point zqg € X. Given
T € L(X), its local resolvent set pr (xg) at o is defined as the union of all open
subsets U C C for which there exists an analytic function f : U — X such that
(T'—N)f (X) = =g for every A € U. The local spectrum o (x¢) of T at z is defined
as or (zg) = C\pr (z9), and is always a closed subset of the classical spectrum
o (T) of T. Unlike the classical spectrum, which is always non-empty, we may have
or (xg) = 0. If, for example, T has the single-valued extension property (SVEP)
then z # 0 implies o (zo) # 0.

For a closed subset F© C C and an operator T' € L (X), the glocal spectral
subspace of T' associated with F' is defined as

xr (F)={x € X : (T —\)f(A) =z has an analytic solution on C\F'}.
Then the inner local spectral radius of T" at x is defined by

i (z0) = sup{r = 0: zo € xr({|z[ = r})},

and coincides with the minimum modulus of or (zg), provided that T has SVEP.
Even if T does not have SVEP, we still have that ir (z¢) = 0 if and only if 0 €
or (z9); see, for example, [19].

We refer to the books [1] and [I8] for more background information on general
local spectra theory. In this paper, we shall mainly work in the particular case
when X is of finite dimension. So fix a natural number n > 1, and denote by M,,
the algebra of all n x n matrices over C. Then for ' € M,, we have that o (T)
is the set of all its eigenvalues without taking into account multiplicities. Fixing
a nonzero vector g € C™, in this case we have the following nice characterization
of the local spectrum o7 (xg) of the matrix T" at z¢; see, for example, the articles

2010 Mathematics Subject Classification. Primary 47B49; Secondary 47A10, 47A11.
Key words and phrases. Additive map; Preserver; Local spectrum; Inner local spectral radius.
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2 CONSTANTIN COSTARA

[6] and [20]. Let Ay, ..., Ay be the distinct eigenvalues of T' € M,, and denote by
Ny, ..., N, the corresponding root spaces. Then

(1.1) or (z0) = {); : 1 < j <k, Pj(x0) # 0},

where for j = 1,...,k, the maps P; : C" — N; C C" are the associated canonical
projections. Let us observe that in the case of matrices, or (z¢) C o (T) is always
a non-empty subset: this comes from the fact that P, + --- + P, = I, the identity
of C", so that Pj(x¢), j = 1,...,k, cannot all be zero at the same time. In fact,
any operator whose point spectrum has empty interior has SVEP, and in particular
any finite rank operator has SVEP. Thus any matrix has SVEP, and therefore the
inner local spectral radius of the matrix T at zq is

iT(.Io) = mln{\)\| A €E€orp (Io)}
Then (L)) shows that
(12) iT(LL'O) = mln{‘)\” 01 < j < k, Pj(xo) 75 0}

Therefore, for a non-invertible matrix T € M,,, we have that it (z() equals 0 if and
only if P (z¢) # 0, where N C C" is the root space corresponding to the eigenvalue
0and P:C" — N C C" is the associated canonical projection.

Over the last years, the study of linear/additive/nonlinear local spectra pre-
server problems on matrix/operator spaces has been a very active field of research.
The first ones to consider this type of problems were Bourhim and Ransford in
2006. They proved in [5] that for a complex Banach space X, if ¢ : £ (X) — L (X)
is an additive map such that

U¢(T) (.’L’) =0T (.’L’)

for each T' € £ (X) and each x € X, then ¢ is the identity of £ (X). Afterwards,
many different preserver problems stated in terms of the local spectrum/local spec-
tral radius/inner local spectral radius have been considered; see, for example, the
last section of the survey article [8] and the references therein.

Linear surjective maps on L (X) preserving operators of local spectral radius
zero at vectors € X have been characterized by the author in [I0]. This has
been generalized by Bourhim and Mashreghi in [7] and further by Elhodaibi and
Jaatit in [13]. In the case when X is of finite dimension, Bourhim and the author
characterized in [9] linear maps which preserve matrices of local spectral radius
zero at some fixed nonzero vector. It was left as an open question what happens in
the case when we work with the inner local spectral radius [9, Problem 5].

Bendaoud, Jabbar and Sarih in [4, Theorem 1.6] and El Kettani and Ben-
bouziane in [I5 Corollary 3.2] proved that if ¢ : £(X) — £(X) is a surjective
additive map such that

i¢(T) (.’[) =0<=1r (1’) =0

for every T € L (X) and every x € X, then there exists a nonzero complex number
¢ such that ¢ (T') = ¢T for every T € L (X). This was further generalized by Jari in
[17, Theorem 3.1] (keeping the surjectivity assumption on the map ), and then by
Elhodaibi and Jaatit in [14] Theorem 3.7], who proved that if ¢ : £(X) — L (X)
is a map such that

itp(ﬂ)*«p(Tz) (CL‘) =0« Z.Tlsz (.’L’) =0

Licensed to AMS.
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for every Th1,T5 € L(X) and every z € X, then there exists a nonzero complex
number ¢ such that ¢ (T') = ¢ + ¢ (0) for every T € L£(X). They also proved
[14] Corollary 4.2] that if ¢ : £(X) — £ (X) is a linear surjective map such that
¢ (I) is invertible and either

iT (CL‘) =0= i<p(T) (.’L’) =0
for every T € L (X) and every z € X, or
iW(T) (:L‘) =0=1ir (.’L’) =0

for every T € L (X) and every = € X, then there exists a nonzero complex number
¢ such that ¢ (T') = T for every T € L(X).

All the above stated results for maps preserving operators of inner local spectral
radius zero have been obtained in the finite or the infinite-dimensional setting, with
a preserving property supposed true for every x € X. In this paper, we shall
consider the corresponding problems for additive maps in the finite-dimensional
setting, with the preserving property stated at some fized nonzero vector of C™.
This type of preserver problem, in the linear case, has also been considered in
[3l Theorem 3.1].

Before stating the main result of this paper, let us make some notations. If
1 : C — Cis a field automorphism, then for a matrix T' € M,, or a vector x € C™, by
T (respectively, ) we shall denote the matrix (respectively, the vector) obtained
by applying to each entry the map 7 : C — C. Also, by T (respectively, z*) we shall
denote the transpose of the matrix (respectively, the vector). Let us also observe
that for f € C", we have that xof' € M, is the rank one matrix sending z € C"
into (f'x)zy € C™; throughout this paper, the elements of C™ are considered as
column vectors.

THEOREM 1.1. Let n > 2 be a natural number. Let xo € C™ be a fixed nonzero
vector and let ¢ : M,, — M., be a surjective additive map. Then

(13) i (LL'()) =0= iap(T) (:L‘()) =0, (T € Mn)

if and only if there exist a nonzero complex number c, a field automorphism n :
C — C, an invertible matriz A € M,, satisfying A(z() = xo and a vector f € C"
satisfying ftxo # 1 such that

(1.4) ©(T) = cA(T — zo f'T)"A™L, (T € M,,).
We arrive at the same conclusion by supposing

(1.5) i) (20) = 0 = it (20) = 0, (T e My)
instead of (IL3).

The surjectivity assumption cannot be removed from the statement of Theorem
[T}, even in the case when ¢ is supposed to be linear. For example, consider a linear
map v : My — C, fix 29 = (1,0)! € C? and define ¢ : My — Ma by putting
0 T

Then ¢ is a linear non-surjective map such that ¢ (T") is nilpotent for each T', and
in particular i, 7y (29) = 0 for every T. Thus (3] holds and ¢ is not of the form

@2).
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4 CONSTANTIN COSTARA

For the same g € C2, consider now ¢ : My — My given by

(L al)=1e 5]

Once more, the map ¢ is linear and non-surjective. If i, (7) (29) = 0, then ¢(T') is
non-invertible, and therefore ¢ must be zero. Thus

em=10 0]

and since ¢(T")zo = axo then o,y (z0) = {a}. Then i,y (2o) = 0 implies a = 0.
Thus iy7) (70) = 0 implies
0 b
T = { ’ ] .

In particular, Tzg = 0, which gives or (z¢) = {0}. Thus (L3 holds. Still, the map
¢ is not of the form (T4).

Let us also observe that for n = 1 in the statement of Theorem [T any
surjective additive map ¢ : C — C satisfies ([.3]), while surjective additive maps
¢ : C — C satistying (L)) are exactly those which are additive and bijective.

2. Preliminary results

It is well-known the fact that the spectrum function is continuous on matrices;
see, for example, [2], Corollary 3.4.5]. In particular, if (Tj)j C M,, is a sequence such
that T; — T € M,, and \; € o (T}) for each j, then A\; = A € C implies A € o (T).
The local spectrum is not continuous on M,, being only lower semi-continuous;
see, for example, [12, Corollary 2.3]. For zg = (1,0)* € C? and

1 0 .
T]_|:1/j 0:|€M23 (,721),

one can easily check that 0 € o7, (o) for each j, while

1 0

:| S M2
and 0 ¢ o7 (x0) .

Of course, if (T}); € M,, converges to T' € M,, and 0 € o, (zo) for each j, we
have 0 € o (7)) for each j and then necessarily 0 € o (T'). The next result gives a
converse to this observation.

THEOREM 2.1. Let xg € C" be a fixed nonzero vector, and let T € M, be a
non-invertible matrixz. There exist then A, B € M,, such that

(2.1) 0 € oryaj+B/52 (To), (j=>1).

Proof. If o (T) = {0}, then o7 (x9) = {0} and one may take A = B = 0.
So suppose for the remaining of this proof that k& > 2, 0 = Ay, Ao, ..., A\p are the
distinct eigenvalues of T" and Ny, ..., Ni the corresponding root spaces, and denote
once more by Py, ..., Py the corresponding canonical projections. If Py, (xg) # 0
then 0 € o7 (x9) and we may take once again A = B = 0.

Suppose now that Py, (zg) = 0. Then zo € N, where

k

NZ: . Nj,

Licensed to AMS.



ADDITIVE MAPS PRESERVING MATRICES 5

the direct sum being an algebraic one. Let 1 < s < n and {y1,...,ys} an algebraic
basis of N1 and {ys41,...,yn} an algebraic basis of N such that ysy1 = z9. Then
{Y1, ..., yn} is an algebraic basis of C", and consider f € C" such that fly, ; =1
while f'y; =0 for j # s+ 1. Put
R=yf' € M,,
that is R : C" — C™ sends « € C™ into (f'z)y; € C". By construction, R is a rank
one matrix satisfying R? = 0. Let
Uj=I+R/j, (j=1)
Then Uj_1 =1 — R/j for j > 1, and by our construction Uj_1 sends y; to y; for
t#s+1, and ysi1 + y1/J to ys41. For each j, put
T; = UTU;' = (I+R/j)T(I - R/j)
= T+ (RT -TR)/j — RTR/j?,

and denote

A=RT—-TRe M,
and

B=—-RTReM,.
For each j we have
Ut wo) = U; 'yser) = Uy ((yser +91/5) —91/d) = yse1 — w1 /j
= 20— 1/
Then
or, (o) = UUjTUj_l(xO) = o7 (Uj wo) = or(zo — y1 /),
and since Py, (o — y1/j) = —y1/j # 0, by (L)) we have that 0 € or(zo — y1/J),
and therefere 0 € o, (2¢). Thus
0€orya/jrpe (o), (G =>1),

that is (2 holds. O

By a result of Brac¢i¢ and Miiller from [11]), given any T' € M,, and A € o (T,
there exists a sequence (Tj); € M, such that T; — T and A € o7, (20) for
each j. (In fact, the result holds even in the infinite-dimensional setting if A is
taken from the surjectivity spectrum of T!) Since no continuity assumption is
made of the map ¢ in the statement of Theorem [[LI] we cannot use this result
in order to obtain spectrum-preserving properties for the map ¢. The sequence
T; =T+ A/j + B/j* which appears in (2.)), besides the fact that it converges to
T, has the supplementary property that it allows us to use the additivity of the
map ¢ to see that

e (T) =9 (T)+9(A)/j+¢(B)/i* = ¢(T).
This will allow us to obtain invertibility /singularity preserving properties on the

additive map ¢, so that we may use the following results of Fosner and Semrl [16].

THEOREM 2.2. ([16], Theorem 1.2 and Corollary 1.3]) Let n > 2 be a natural
number. Let ¢ : M, — M, be a surjective additive map which preserve singu-

larity. There exist then a field automorphism 1 : C — C and invertible matrices
A, B € M,, such that either

(2.2) o(T)= AT"B, (T € M,),
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(2.3) o (T) = A(T")'B, (TeM,).

We arrive at the same conclusion by supposing that ¢ is additive, surjective
and preserves invertibility.

Before proving our main result, let us also make the following observation. For
an automorphism 7 : C — C, a nonzero vector zg € C" and a matrix T' € M,,, we
have that

(2.4) o (zg) = nlor(zo)).

Indeed, let Aq,..., \x be the distinct eigenvalues of T' € M,, and let once more
Ni, ..., Ni, denote the corresponding root spaces. For j =1, ..., k, we have x € Nj if
and only if (T'—\;I)"x = 0, which is equivalent to (7" —n(X;)I)"z" = 0. Therefore,
the matrix 7" has the distinct eigenvalues (A1), ..., n(Ax), with corresponding root
spaces n(N1), ...,n(Ng). Now (Z4) follows from (LI]).

3. Proof of the main result

We are now ready for the proof of Theorem L1
Step 1. Let us start by showing that any map ¢ of the form (L4 satisfies
(I3) and ([LH). Denoting S = I — zof* € M,,, then S is invertible,

©(T) = cA(ST)"A™*, (T e M,,)
and
ip(ry(0) =0 <= i(sryn (A" mo) =0
= i) =
< igr(x0) =0.

So suppose, for a contradiction, that ir(xg) = 0 and igr(2p) # 0 for some matrix
T. Then T is not invertible, and therefore ST is not invertible. Since igr(x¢) is
supposed to be nonzero, the matrix ST is not nilpotent. So let 0 = A1, Ao, ..., A\x be
the distinct eigenvalues of ST € M, and let Ny, ..., Ni denote the corresponding
root spaces. Put N = @?:2 N;. Then ST sends N into N, and (ST)|y : N - N
is invertible. That igr(xo) # 0 gives Py, (z9) = 0, and therefore g € N. Then
Tx — (f'Tz)xg = STx € N for each z € N implies that T also sends N into N.
That (ST)|n : N — N is invertible implies that T'|y : N — N is also invertible.
So let U be an open disc centered at 0 € C disjoint from the spectrum of 7’|y, and
define the analytic function h : U — N C C" by putting
h(A) = (T|n — M|n)'zo,  (A€U).

Then (T'— A)h(N) = (T — M)|n)h(N) = xo for every A € U, and therefore
0 ¢ or(x0), arriving to a contradiction. Thus (L3) holds.

Since (w0 f")? = (flzo)(zof?) and flwg # 1, then S~! = I — 209" € M,, where
g = f/(flwg — 1) € C" satisfies g'wy # 1. With the same argument as above we
obtain that ip () = 0 implies ig-17(xg) = 0. Thus igr(z) = 0 implies iz (zg) = 0,
that is (CH) holds.

Step 2. Suppose first that ([3]) holds. Let T' € M,, be an arbitrary singular
matrix. By Theorem .11 there exist A, B € M,, such that i 4/;45/;2 (o) = 0
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for 5 > 1, and then (3] together with the fact that ¢ is additive imply that
Go(T)+0(A)/j+0(B) /52 (¥0) = 0 for j > 1. In particular o(T) 4+ ¢(A)/j + ¢(B)/j* €
M,, is not invertible for j > 1. Letting j — 400, we obtain that ¢(T") is singular.
Thus the surjective additive map ¢ sends singular matrices into singular ones. By
Theorem 2.2] there exist a field automorphism 1 : C — C and invertible matrices
A, B € M,, such that ¢ is either of the form (Z2)) or (Z3).

Suppose first that ¢ (T') = AT"B for every T € M,,. If {z], Bxo} were linearly
independent, then {z, (on)nfl} will also be linearly independent, and consider
then T € M,, such that Tzg = 0 and T((Bzo)" ') = (A~ 'xo)" . That Tao = 0
gives it (z0) = 0. Also, that T"(Bxzg) = A~ xg gives ¢ (T) 2o = xo, and therefore
iy (o) = 1, contradicting (L3). Thus Bzg = dx for some nonzero complex
number §. This gives

io(r) (T0) = ip-1(Barn)B(T0) = iBaT" (B20)

= iparn(()

for every T' € M,,. Thus ir(zo) = 0 implies igarn(x]) = 0, which, by 24, gives
i(BA),,_lT(xo) = 0. Denoting S = (BA)" ' € M,,, then S is invertible and

(3.1) ’iT(.To) =0= Z.ST(-TO) =0, (T S Mn)

Suppose, for a contradiction, that {xzg,Sxo} is linearly independent. Then
{29, 120} C C" is also a linearly independent system, and consider a T € M,,
sending x¢ to S~txg and S~ 'z into 0 € C*. That T?x¢ = 0 gives o7 (z0) = {0},
and that ST (zo) = zg gives osr(x9) = {1}, contradicting (BI)). Thus, there exists
a nonzero complex constant « such that Sz = axg.

Suppose, for a contradiction, that for some x € C" we have that {zg,z, Sz} C
C" is linearly independent. Consider then T € M,, sending x to x, the vector z into
0 € C" and Sz to S~1z¢ = z¢/a. Once more, that T%zq = 0 gives or (z9) = {0}.
Also, by our construction, (ST) (zo) = zo. Then osT)2(zo) = {1} and, directly
from the definition of the local spectrum, we also have (os7(x0))? = o(s7)2(20).
Therefore ogr(z9) C {£1}, contradicting BI). Thus, 2,2 and Sz are always
linearly dependent.

Let Y C C™ be a subspace such that C" = Y @(Cx), an algebraic direct
sum. Let P : C® — Y be the corresponding projection. For each y € Y we
have that {zg,y, Sy} C C" is linearly dependent, and by applying P we see that
{y, PSy} C Y is linearly dependent. For I|y and PS|y in £(Y') this implies the
existence of 5 € C such that PS|y = SI]y in L (Y); see, for example, [2] Theorem
4.2.7]. Thus (S — BI)(Y) C (Cuxg), and since we also know that Szo € (Cxy),
then (S — BI)(C™) C (Cxp). This implies the existence of g € C" such that
S = BI + mogt. That S is invertible implies 3 # 0, and putting f = —g/B € C"
we have S = (I — zof!). That S is invertible also implies f‘zg # 1. Therefore
BA =n(B)(I — zof*)", and therefore ¢ is indeed of the form (L4).

Step 3. Let us prove now that (23] cannot occur. Indeed, if p (7)) = A(T")'B

1

for each T, then iy,(7) (20) = iga(rny (Bio) for each T. Denoting S = (BA)" € M,,

and yo = (on)’f1 € C™, then S is invertible, yg is a nonzero vector and

(32) iT(LL'Q) =0= ig7t (yo) =0, (T S Mn)
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Let g € C™ such that {g,z9} C C" is a linearly independent system and g'yo # 0.

Put o
T— g(St ) g
9"Yo
Then Tlyy = S~ lyo, thus STyy = yo, which gives ogp:(yo) = {1}. Observe
also that T is a rank one matrix, its image in C" being generated by g € C*. If
0 ¢ o7(xp), then necessarily g and xo are linearly dependent, and (S~1yg)tg # 0.
Thus by our choice of g we have ip(z) = 0, and we contradict (32).

Step 4. Suppose that ([5) holds. Using the fact that ¢ is surjective exactly
as in the first part of Step 2 we obtain that if ¢ (T) is singular, then T is singular.
Thus T invertible implies ¢(7') invertible, and using once more Theorem [Z2] we see
that ¢ is either of the form ([Z2]) or (Z3)). In particular, ¢ : M,, = M,, is bijective,
and p~! : M, — M, has the property that ip(zo) = 0 implies i,-1(7)(xo) = 0.
Thus ¢! is of the form (L)), and let us prove now that ¢ must be of the same
form. Indeed, denote S = I — xof! and let 7 =n~!:C — C. Then

w(T):%

Denoting d = 1/7(c) € C, B= (A")"! € M,, and R = A(S")"'A~! € M,, then
¢ (T) =dB(RT)"B™*, (T € M,,),
where the invertible matrix B satisfies

Buj = (A" )" = (27)" = o

STUATTITTAT, (T € M,).

and

_ Cwmoft N\ (As) (AT )
e ) b
= 1 _xOQtv
where g := (A™Hf1/(n(ftxg) — 1) € C™ satisfies
()l o)
n(fteo) =1 n(ffwo) -1
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A global domination principle for P—pluripotential theory

Norm Levenberg and Menuja Perera
In honor of 60 years of Tom Ransford

ABSTRACT. We prove a global domination principle in the setting of P—pluri-
potential theory. This has many applications including a general product
property for P—extremal functions. The key ingredient is the proof of the
existence of a strictly plurisubharmonic P—potential.

1. Introduction

Following [1], in [2] and [4] a pluripotential theory associated to plurisubhar-
monic (psh) functions on C¢ having growth at infinity specified by
Hp(z) = dp(log |21, .. log |z4]) where

¢p(x1, ..., q) = sup  (z1y1 + - + Taya)
(Y15e-ya)EP

is the indicator function of a convex body P C (R*)¢ was developed. Given P, the
classes

Lp = Lp(C%) := {u € PSH(C? : u(z) — Hp(z) = 0(1), |z| — oo}
and
L} =LH(CY :={u€ Lp:u(z) > Hp(2) + cy}
are of fundamental importance. These are generalizations of the standard Le-
long classes L(C?), the set of all plurisubharmonic (psh) functions v on C?¢ with
u(z) — max[log |z, ..., log|z4|] = 0(1), |z| — oo, and

LT(CY = {u € L(CY) : u(z) > max[0,log |21], ..., Jog | 24]] + Cu}
which correspond to P = ¥ where
Yi={(x1,...,2q) € R : 2y, eyxqg >0, 2+ +2q < 1}.

For more on standard pluripotential theory, cf., [7].
Given E C C%, the P—extremal function of E is defined as

Vg g(2) := limsup Vp ()
(—z

where
Vp(2) :=sup{u(z) :u € Lp(C?), u <0 on E}.
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For P =X, we write Vg := Vs . For E bounded and nonpluripolar, V; € L (C%);
Vi =0q.e. on E (i.e., on all of E except perhaps a pluripolar set); and (dd°Vz)? = 0
outside of E where (dd°V})? is the complex Monge-Ampere measure of V}; (see sec-
tion 2). A key ingredient in verifying a candidate function v € L*(C%) is equal to
V3 is the following global domination principle of Bedford and Taylor:

PROPOSITION 1. [3] Let u € L(C?) and v € LT (C?) and suppose u < v a.e.-
(dd°v)?. Then u < v on C<.

Thus if one finds v € L1 (C?) with v = 0 a.e.-(dd°v)? on E and (ddv)? = 0 out-
side of E then v = V. For the proof of Proposition [lin [3] the fact that in the def-
inition of the Lelong classes max[log |z1], ..., 10g |zq]] and max[0,log|z1], ..., log |z4]]
can be replaced by the Kéhler potential

d
1 1
(2) = 5 log (1+ [2]%) i= S log(1+ 3 |5/)
j=1

is crucial; this latter function is strictly psh and (dd“ug)¢ > 0 on CY.
We prove a version of the global domination principle for very general Lp and
L} classes. We consider convex bodies P C (RT)4 satisfying

(1.1) ¥ C kP for some k € Z*.

PROPOSITION 2. For P C (RY)? satisfying (IL1)), let w € Lp and v € L}, with
u < v a.e.-(ddv)?. Then u < wv in C.

As a corollary, we obtain a generalization of Proposition 2.4 of [4] on P—extremal
functions:

PROPOSITION 3. Given P C (RT)? satisfying (ILT)), let E1,....,Eq C C be
compact and nonpolar. Then

(12) V;,Elx-uxEd(zl? ceey Zd) = ¢P(Vg‘1 (Zl), ceey ng(zd))-

The main issue in proving our version of the global domination principle (re-
stated as Proposition ] below) is the construction of a strictly psh P—potential
up which can replace the logarithmic indicator function Hp(z) used to define Lp
and L;. To do this, we utilize a classical result on subharmonic functions in the
complex plane which we learned in Tom Ransford’s beautiful book [8]; thus it is
fitting that this article is written in his honor.

2. The global P—domination principle

Following [2] and [4], we fix a convex body P C (RT); i.e., a compact, con-
vex set in (RT)? with non-empty interior P°. The most important example is
the case where P is the convex hull of a finite subset of (Z*)¢ in (R*)¢ with
P° #£ () (P is a non-degenerate convex polytope). Another interesting class con-
sists of the (RT)? portion of an ¢ ball for 1 < ¢ < oo; see ([@2). Recall that
Hp(z) .= ¢p(log|z1],...,1og |z4|) where ¢p is the indicator function of P.

A C?—function w on D C C? is strictly psh on D if the complex Hessian

H(u) := [a,:—auzk]jak=1 77777 d is positive definite on D. We define
d
0?u
ddu = 21 ———dz; NdZ
“ ! Z Zjazk & Zk
J,k=1
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and
(dd°u)? = dd°u A - - - A dd°u = cqdet H(u)dV

where dV = (%)d 2?21 dzj A dz; is the volume form on C¢ and ¢, is a dimensional
constant. Thus u strictly psh on D implies that (dd°u)? = fdV on D where f > 0.
We remark that if u is a locally bounded psh function then (dd“u)? is well-defined
as a positive measure, the compler Monge-Ampére measure of u; this is the case,
e.g., for functions u € LJIS.
DEFINITION 2.1. We say that up is a strictly psh P—potential if
(1) up € L} is strictly psh on C¢ and
(2) there exists a constant C such that |up(z) — Hp(z)| < C for all z € C4.
This property implies that up can replace Hp in defining the Lp and LIJE.
classes:
Lp={uc PSH(CY) : u(z) —up(z) =0(1), |z| = oo}
and
LE={u€ Lp:u(z)>up(z)+cy}
Given the existence of a strictly psh P—potential, we can follow the proof of Propo-

sition Ml in [3] to prove:

PROPOSITION 4. For P C (R*)? satisfying (ILT)), let u € Lp and v € L}, with
u < v a.e (ddv)?. Then u <wv in CZ.

PROOF. Suppose the result is false; i.e., there exists 2o € C¢ with u(z0) > v(z).
Since v € L5, by adding a constant to v we may assume v(z) > up(z) in C?. Note
that (dd°up)? > 0 on C?. Fix §, € > 0 with § < €/2 in such a way that the set

S:={z€C:u(z)+dup(z) > (1+e€)v(z)}

contains zg. Then S has positive Lebesgue measure. Moreover, since § < € and
v > up, S is bounded. By the comparison principle (cf., Theorem 3.7.1 [7]), we
conclude that

/(ddC[uMuP})d < /(ddc(1+e)v)d.
S

S

But fs(ddcéup)d > 0 since S has positive Lebesgue measure, so
(1+ e)d/(dd%)d > 0.
s

By hypothesis, for a.e.-(ddv)? points in supp(dd®v)? NS (which is not empty since
Js(dd®v)? > 0), we have

(14 e)v(z) <ulz) + dup(z) <v(z)+ dup(z),

i.e., v(z) < Jup(z) since § < €/2. This contradicts the normalization v(z) > up(2)
in C<. (]

In the next section, we show how to construct up in Definition 2] for a convex
body in (R*)? satisfying (LI)).
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3. Existence of strictly psh P—potential

For the P we consider, ¢p > 0 on (RT)4 with ¢p(0) = 0. We write
2zl = 2{* 22" where J = (ji,...,ja) € P (the components jj need not be in-
tegers) so that

Hp(2) := sup log |27 | := ¢p(log™ |21], ..., Jog™ |z4|)
JeP
with |27] := |27t - -+ |24)7¢. To construct a strictly psh P—potential up, we first
assume P is a convex polytope in (R*)? satisfying (ILTI). Thus

(al, 0, ...,0), ey (0, ey O7ad) € 0P
for some ay,...,aq > 0. A calculation shows that
log(1+ [z1[*** + -+ + [za]***)

is strictly psh in C9.
We claim then that

1
(3.1) up(z) = 5 log(1+ 1P
JeEuxtr(P)

is strictly psh in C? and the Lp, LJFF, classes can be defined using up instead of Hp;
i.e., up satisfies (1) and (2) of Definition 21 Here, Extr(P) denotes the extreme
points of P but we omit the origin 0. Note that (aq,0, ...,0), ..., (0, ...,0,a4) € Extr(P).
Indeed, in this case,
Hp(z) = suplog |z’ | = max[0, max log|z’
#(2) = sup log<”| = maxl0, | _max  log]+”]

so clearly for |z| large, |up(z) — Hp(z)| = 0(1) while on any compact set K,
su}g lup(z) — Hp(z)| < C = C(K)
ze

which gives (2) (and therefore that up € L}).

It remains to verify the strict psh of up in BI). We use reasoning based
on a classical univariate result which is exercise 4 in section 2.6 of [8]: if u,v are
nonnegative with logu and logv subharmonic (shm) — hence u,v are shm — then
log(u+v) is shm. The usual proof is to show (u+v)® is shm for any @ > 0 — which
is exercise 3 in section 2.6 of [8] — which trivially follows since u,v are shm and
a > 0. However, assume u, v are smooth and compute the Laplacian Alog(u + v)

on {u,v > 0}:
 (utv)(uzz +v2z) — (uz +v2)(uz +vz)
(log(u + 'U))Zg - (u + ,U)Q
 [uugz — [u|? + v,z — |v.|?] + [uv.z + vu,s — 2R (uvs)]
a (u+wv)? '

Now logu, logv shm implies wu.z — |u.|*> > 0 and vv.s — |v.|> > 0 with strict
inequality in case of strict shm. Since log(u + v) is shm, the entire numerator is
nonnegative:

[tz — |uz)? 4+ vv.z — 0. ]?] + [uv.z + vusz — 2R (u vz)] > 0

so that the “extra term”
WUz + vz — 2R (u,vz)
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is nonnegative whenever
(logu).z + (logv).z = wu.z — |u.|* +vv.z — |v.|> = 0.

We show Alog(u + v) is strictly positive on {u,v > 0} if one of logu or logwv is
strictly shm.

PROPOSITION 5. Let u,v > 0 with logu and logv shm. If one of logu or logv
is strictly shm, e.g., Alogu > 0, then Alog(u+v) >0 on {u,v > 0}.

PROOF. We have u,v > 0, u,z,0,z > 0, vv,z — |v,]?> > 0 and uu,z — |u,|?> >0
if u > 0. We want to show that

WU,z + Vs — 2R(uvz) = wv,z + vuyz — (Uvs + vouz) > 0
on {u,v > 0}. We start with the identity

20,05 + viuus — wv(uzvs + vyuz) > 0.

(3.2) (uv, — vu,)(uvs —vuz) = u
Since wu,z — |u.|> > 0 and vv.z — |v.|> >0,
Ulyz > UyUz, VVUyzz > VyUs.
Thus
u v U v
UVyz + VUyz = —VVyz + —UlUyzz > —VUz + —UyUs.
v U v U
Thus it suffices to show
u v
—V, V5 + —U Uz 2> UyVs + UsV,.
v U
Multiplying both sides by ww, this becomes

w?v,vz + v usuz > uv(u,vs + usvy).

This is ([B.2]).

This proof actually shows that
U,z + vz — 2R (uvz) > 0
under the hypotheses of the proposition.

REMARK 3.1. To be precise, this shows strict shm only on {u,v > 0}. In the
multivariate case, this shows the restriction of log(u + v) to the intersection of a
complex line and {w,v > 0} is strictly shm if one of logu,logwv is strictly psh so
that log(u + v) is strictly psh on {u,v > 0}.

Now with up in (BI) we may write

up(z) = log(u + v)
where
(3-3) u(z) =1+ [z + -+ |2g**
— so that logu is strictly psh in C? — and
’U(Z): Z |Z,]‘2_‘Z1|2a1__”_|Zd|2ad.
JEExtr(P)

If v=0 (eg., if P =25%) we are done. Otherwise v > 0 (being a sum of non-
negative terms) and logwv is psh (being the logarithm of a sum of moduli squared

of holomorphic functions) showing that up(z) := 3log(l + > JeBatr(P) |z712) is
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16 NORM LEVENBERG AND MENUJA PERERA

strictly psh where v > 0. There remains an issue at points where v = 0 (coordinate
axes). However, if we simply replace the decomposition up(z) = log(u + v) by
up(z) = log(ue + v.) where

e := 14+ (1 =€) (|29 + ... +]2%|*) and
ver= Y P = (=@ 4+ |25
JeExtrP

for € > 0 sufficiently small, then the result holds everywhere. We thank F. Piazzon
for this last observation.

If P C (RT)?is a convex body satisfying (LI]), we can approximate P by a
monotone decreasing sequence of convex polytopes P, satisfying the same property.
Since P,41 C P, and N, P, = P, the sequence {up, } decreases to the function
up € L}. Since each up, is of the form

up, (2) = log(un + vy)

where u,, () = 1+]21]2%1 4 - - +|z4]?*¢ and ap; > a; for alln and each j =1, ....d
in B3), it follows that up is strictly psh and hence satisfies Definition 211 This
concludes the proof of Proposition [l

REMARK 3.2. Another construction of a strictly psh P—potential as in Def-
inition 2] which is based on solving a real Monge-Ampere equation and which
works in more general situations was recently given by C. H. Lu [5]. Indeed, his
construction, combined with Corollary 3.10 of [6], yields a new proof of the global
domination principle, Proposition [

4. The product property

In this section, we prove the product property stated in the introduction:

PROPOSITION 6. For P C (R™)? satisfying (L), let Er, ..., E4 C C be compact
and nonpolar. Then

(4'1) V;’,El XX Eg (Zlv sy Zd) = ¢P(V]§1 (Zl)v =y Vg‘d (Zd))
REMARK 4.1. One can verify the formula

Vpra(z) = Hp(z) = sup log |2”|
JeP

for the P—extremal function of the torus
Td = {(21, ...,Zd) : |Zj| = 1, j = 1, ,d}
for a general convex body by modifying the argument in [7] for the standard ex-

tremal function of a ball in a complex norm. Indeed, let u € Lp with u < 0 on T¢.
For w = (w1, ...,wq) € T and w; # 0, we consider

v((1y s Ca) = w(wy /1y ooy wa/Ca) — Hp(wi/Chy ooy wa/Ca)-

This is psh on 0 < |¢;| < |wj|, j = 1,...,d. Since u € Lp, v is bounded above
near the pluripolar set given by the union of the coordinate planes in this polydisk
and hence extends to the full polydisk. On the boundary |(;| = |w;|, v < 0 so at
(1,1,...,1) we get u(wy,...,wq) < Hp(wy,...,wq). Note

Hp(z) = iuglog \z‘]| = gi)p(log+ |21, . log® |za])
€

and V1 (¢) = log™ |¢| so this is a special case of Proposition [l
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GLOBAL DOMINATION PRINCIPLE 17

PROOF. For simplicity we consider the case d = 2 with variables (z,w) on C2.
As in [4], we may assume Vg and Vp are continuous. Also, by approximation we
may assume ¢p is smooth. We write

v(z,w) := ¢p(Vg(z), Vr(w)).
An important remark is that, since P C (R*)2, P is convex, and P contains kY for
some k > 0, the function ¢p on (R*)? satisfies

(1) ¢p >0 and ¢p(x,y) =0 only for z =y = 0;

(2) ¢p is nondecreasing in each variable; i.e., (¢p)z, (¢p)y > 0;

(3) ¢p is convex; i.e., the real Hessian Hgr(¢p) of ¢pp is positive semidefinite;
and, more precisely, by the homogenity of ¢ p; i.e., pp(tz,ty) = tdp(x,y),

det Hg(¢p) = 0 away from the origin.
As in [4], to see that
v(z,w) < Vp pxr(z,0),

since ¢p(0,0) = 0, it suffices to show that ¢p(Vg(2), Vr(w)) € Lp(C?). From the
definition of ¢p,

op(VE(2), Vr(w)) = ( SU;IéP[xVE(Z) + yVi(w)]

which is a locally bounded above upper envelope of plurisubharmonic functions.
As ¢p is convex and Vg, Vp are continuous, ¢p(Ve(2), Vr(w)) is continuous. Since
Ve(z) =log|z|+0(1) as |z| = oo and Vr(w) = log |w|+0(1) as |w| — oo, it follows
that ¢p(Ve(2), Vr(w)) € Lp(C?).

By Proposition @ it remains to show (dd“v)? = 0 outside of E x F. Since we
can approximate v from above uniformly by a decreasing sequence of smooth psh
functions by convolving v with a smooth bump function, we assume v is smooth
and compute the following derivatives:

v, = (¢p)2(VE)-,

oy (VE):(VF)a;
Vwa = (PP yy|(VF)w|2 + (¢P)y(VF)wa-

It follows from (2) that vz, v > 0. Next, we compute the determinant of the
complex Hessian of v on (C\ E) x (C\ F) (so (Vg).z = (VF)ws = 0):

VzzVww — |Uzu7‘2 = (¢P)m‘(VE)Z|2(¢P)yy‘(VF)w|2 - [(¢P)wy]2|(VE)Z|2|(VF)w|2
= (V) P|(VE)wl*[(0P) 2 (6P )yy — (9P)ay]?].

This is nonnegative by the convexity of ¢p and, indeed, it vanishes on
(C\ E) x (C\ F) by (3). The general formula for the determinant of the com-
plex Hessian of v is

VzzVww — ‘Uzu7|2
= |(VE):PI(VE)uwl*[(0P)sa(8P)yy — (8P)ay]*] + (0P)aal (VE):1*(6P)y (VF)wa
+ (¢P)yy|(VF)w‘2(¢P)x(VE)z2 + (¢P)x(VE)z2(¢P)y(VF)ww-
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18 NORM LEVENBERG AND MENUJA PERERA

If, eg.,z€ Eand w € (C\ F),
[(VE):lP|(VE)wl*[(6P)ax(0P)yy — (6P)ey]*] = 0
by (3) (since (Vg(z), Vr(w)) = (0,a) # (0,0)) and (VF)ws = 0 so
VazVwn — [Vza|? = (8P )yl (VF)wl*(6P)o(VE):2
However, we claim that

(¢P)yy(07a) =0ifa>0
since we have ¢p(0,ty) = top(0,y). Hence

VzzVww — |Uij;|2 =0
if € E and w € (C\ F). Similarly,
(¢P)ac;c(a70) =0ifa>0

so that
Vzz0ww — |Uz71)|2 =0
ifze¢ (C\E)and we F.
O

REMARK 4.2. In [4], a (much different) proof of Proposition 6l was given under
the additional hypothesis that P C (R*)? be a lower set: for each
n = 1,2, ..., whenever (ji,...,ja) € nP N (Z*)? we have (ki,...,kq) € nP N (Z)?
forall k; <gj;, 1=1,...,d.

Finally, although computation of the P—extremal function of a product set is
now rather straightforward, even qualitative properties of the corresponding Monge-
Ampere measure are less clear. To be concrete, for ¢ > 1, let

(4.2) Pyi={(z1,....,xq) : 1, ..., g > 0, z{ + -+ 28 <1}

be the (R*)? portion of an £7 ball. Then for 1/¢'+1/q = 1 we have ¢p, (z) = ||z||,s
(for ¢ = oo we take ¢’ =1 and vice-versa). Hence if Ey, ..., E4 C C,

Vi, Brxx B (210 2d) = [V, (21), Vi, (22), -, Vi, ()]l 00
_ [VE*1(21)q/ N VE*‘d(Zd)q/]l/q/~
In the standard case ¢ = 1, P, = ¥ and we have the well-known result that
Vglx,,,xEd(zl, vy 2d) = max[VE”‘1 (z1), VEQ (22), .-, VE*d(zd)}.
Then if none of the sets E; are polar,

(ddCVE*lxmed)d =WE, X X B,

where pg; = AVj s the classical equilibrium measure of Ej.

QUESTION 7. What can one say about supp(ddCV;qulxmed)d in the case
when g > 17

As examples, for T% = {(z1, ..., z4) : |zj| = 1, j = 1,...,d} we have
Vr(zj) = log* |z;| and hence for ¢ > 1

d
Vp,1i(2) = ép, (log™ |21, ..., log™ |za|) = Z (log™ |2]) 1/‘1
Jj=1
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GLOBAL DOMINATION PRINCIPLE 19

The measure (ddCVPde)d is easily seen to be invariant under the torus action

and hence is a positive constant times Haar measure on 7¢. Thus in this case
supp(ddCmeTd)d =T for ¢ > 1.

For the set [—1,1]? we have V[_1 1(z;) = log|z; + 23 — 1] and hence for ¢ > 1

a Ve
. q
qu,[,l’l]d(zl, vy Zd) = Z (log Zj+1/%2 — 1 )
j=1
In this case, it is not clear for ¢ > 1 whether supp (ddCqu’[,l’l]d)d =[-1,1)%
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A holomorphic functional calculus for finite
families of commuting semigroups

Jean Esterle

ABsTRACT. Let A be a commutative Banach algebra such that uwA # {0}
for v € A\ {0} which possesses dense principal ideals. The purpose of
the paper is to give a general framework to define F(=A\1Ar,,...,—ALATy,)
where F' belongs to a natural class of holomorphic functions defined on suit-
able open subsets of C* containing the "Arveson spectrum" of the family
(=X ATJ- )i<j<k, where A, ..., Ar, are the infinitesimal generators of com-
muting one-parameter semigroups of multipliers on A belonging to one of the
following classes:

(1) The class of strongly continuous semigroups T = (T (te*®))¢>0 such
that UpsoT (te’®)A is dense in A, where a € R.

(2) The class of semigroups T' = (T'(¢))¢es, , holomorphic on an open
sector Sg such that T'(¢)A is dense in A for some, or equivalently for all,
C € Sa,b~

‘We use the notion of quasimultiplier, introduced in 1981 by the author
at the Long Beach Conference on Banach algebras: the generators of the
semigroups under consideration will be defined as quasimultipliers on A, and
for ¢ in the Arveson resolvent set of Ap the resolvent (Aq — ¢I)~1 will be
defined as a regular quasimultiplier on A, i.e. a quasimultiplier S on A such
that sup,,~; A"||S™u|| < +oo for some XA > 0 and some u generating a dense
ideal of A and belonging to the intersection of the domains of S™, n > 1.
The algebra of quasimultipliers (resp. regular quasimultipliers) on A will be
denoted QM(A) (resp. OM.(A)).

The first step consists in "normalizing" the Banach algebra A, i.e. con-
tinuously embedding A in a Banach algebra B having the same quasimultiplier
algebra as A but for which limsup,_, o+ ||T(te”)||M<B) < +o0 if T belongs to
the class (1), and for which limsup ., [ T(¢)|| < 4oo for all pairs (e, 3)
such that a < a < 8 < b if T belongs ’tﬁo the class (2). Iterating this pro-
cedure this allows to consider (A;Ar; + ¢I)~! as an element of M(B) for
¢ € Resar(—)\jAT].), the "Arveson resolvent set " of —AjATj, and to use
the standard integral ’resolvent formula’ even if the given semigroups are not
bounded near the origin.

A first approach to the functional calculus involves the dual of an algebra
of fast decreasing functions, described in Appendix 2. The action of elements
of this dual, which is an algebra with respect to convolution can also be im-
plemented via representing measures, Cauchy transforms and Fourier-Borel
transforms introduced in Appendix 1.

The second approach to the functional calculus is based on Cauchy’s
formula. We introduce a family M, ; of products of singletons and/or pair
of real numbers associated to the semigroups (T;)i1<;j<k. For (o, 8) € My,

(©2020 American Mathematical Society
21
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we introduce the family of open subsets U of C* which are "admissible" with
respect to («, ), which implies in particular that U + € C U for every € €
Sqa,3, where S;,,B = HlSjSkS,Wn,ajm/QJrBj. Standard properties of the
class H() (U) of all holomorphic functions F on U such that

1Fllyor )= sw [ [F(ollda] < +oo
€Sz 5 JetdU
are given in Appendix 3.
The results of Appendix 3 allow, when an open set U C C* admissi-
ble with respect to (o, 8) € M, satisfies some more suitable admissibility
conditions with respect to T = (T1,...,T;) and A = (A1,..., k), to define

F(=MAT,,..., = \Ar,) for F € HMW(U) by using the formula

F(=MATD, ..., —A\AT,)

k
1
= F(C,. .. ||,\-A. D7Yde ... d
/€+5U (¢1, 7Ck)j:1( JAT; + ¢ 1) dG Ch>

(2mi)k

where OU denotes the "distinguished boundary" of U and where € € S;y 8
is chosen so that e + U still satisfies the required admissibility conditions
with respect to 7" and A. Given T" and A, this gives a family Wr  of open
sets stable under finite intersections and an algebra homomorphism F —
F(=MAT,, .., = AAm,) from Uyew, , HD (U) into the multiplier algebra
M(B) C QM. (A). This homomorphism extends in a natural way to a bounded
algebra homomorphism from Upew, , H®(U) into QM. (B) = QM (A),
and to a bounded algebra homomorphism from Uvewy ,S(U) into QM(B) =
OM(A), where S(U) denotes the class of those functions F' holomorphic on U
such that FG € H° (U) for some "strongly outer" function G € H>(U).If F} :
¢ — ¢ is the j-th coordinate projection, then of course Fj(=A1 A7y, ..., —AzAT,)
= —X\Ag;.

Keywords: analytic semigroup, infinitesimal generator, resolvent, Cauchy trans-
form, Fourier—Borel transform, Laplace transform, holomorphic functional calculus,
Cauchy theorem, Cauchy formula.

AMS Classifications: Primary 47D03; Secondary 46J15, 44A10

1. Introduction

The author observed in [15] that if a Banach algebra A does not possess any
nonzero idempotent then inf{||z? —z| : z € A, ||z|| > 1/2} > 1/4. If z is quasinilpo-
tent, and if ||z|| > 1/2, then ||z| > 1/4. Concerning (nonzero) strongly continuous
semigroups T = (T'(t))¢~o of bounded operators on a Banach space X, these ele-
mentary considerations lead to the following results, obtained in 1987 by Mokhtari
[26].

(1) If imsup,_,o+ |T(t) — T'(2¢)|| < 1/4, then the generator of the semigroup
is bounded, and so limsup,_,o+ |T'(t) — T'(2t)|| = 0.

(2) If the semigroup is quasinilpotent, then ||T(¢t) — T'(2t)|| > 1/4 when ¢ is
sufficiently small.

If the semigroup is norm continuous, and if there exists a sequence (¢,),>1 of
positive real numbers such that lim,,—, o t, = 0 and ||T'(¢,,) — T'(2t,,)]| < 1/4, then
the closed subalgebra Ar of B(X) generated by the semigroup possesses an exhaus-
tive sequence of idempotents, i.e. there exists a sequence (P,),>1 of idempotents
of A7 such that for every compact subset K of the character space of Ar there
exists nx > 0 satisfying x(P,) =1 for x € K, n > ng.
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More sophisticated arguments allowed A. Mokhtari and the author to obtain
later in [I9] more general results valid for every integer p > 1.

These results led the author to consider in [16] the behaviour of the distance
IT(s) — T(t)|| for s > t near 0. The following results were obtained in [16].

(1) If there exist for some § > 0 two continuous functions r — ¢(r) and
r — s(r) on [0,0], such that s(0) = 0 and such that 0 < t(r) < s(r)
and [|T(t(r)) =T (s(r))[| < (s(r)=t(r))s(r)*V/ IO () /() =tr)
for r € (0,4], then the generator of the semigroup is bounded, and so
IT(t) —=T(s)]| > 0as0<t<s,s—0".

(2) If the semigroup is quasinilpotent, there exists § > 0 such that

IT@) = TS| > (s — t)s Tt

for0<t<s<d.

(3) If the semigroup is norm continuous, and if there exists two sequences
of positive real numbers such that 0 < ¢, < s, lim, 4005, = 0, and
such that | T(tn) — T(sp)|| < (sn — tn)se/ En i) e/t hen the
closed subalgebra Az of B(X) generated by the semigroup possesses an
exhaustive sequence of idempotents.

The quantities appearing in these statements are not mysterious: consider the
Hilbert space L2([0,1]), and for ¢t > 0 define Ty(t) : L%([0,1] — L2([0,1] by the
formula To(¢)(f)(z) = z' f(z) (0 <2 <1). Then

ITo(t) = To(s)]| = (s — t)s™/ 7047/ C70,

This remark also shows that assertions (1) and (3) in these statements are sharp,
and examples show that assertion (2) is also sharp.

One can consider T'(t) as defined by the formula 0+OO T(x)dd:(x), where &;
denotes the Dirac measure at t. Heuristically, T'(t) = A7, where A7 denotes the
generator of the semigroup, and since the Laplace transform of §; is defined by the
formula L£(6;)(z) = 0+OO e *%dd(z) = e *t, it is natural to write £(&;)(—Ar) =
T'(t). More generally, if an entire function F' has the form F' = £(u), where u is a
measure supported by [a,b], with 0 < a < b < 400, we can set

“+oo
F(~Ar) = / T(x)dp(z),

and consider the behaviour of the semigroup near 0 in this context.

I. Chalendar, J.R. Partington and the author used this point of view in [9].
Denote by M, (0,+0c0) the set of all measures p supported by some interval [a, b],
where 0 < a < b < +o00. For the sake of simplicity we restrict attention to state-
ments analogous to assertion 2. The following result is proved in [9].

Theorem: Let p € M.(0,+00) be a real measure such that f0+oo du(t) =0 and
let T = (T(t))t>0 be a quasinilpotent semigroup of bounded operators.If i # 0, then
there exists & > 0 such that | F(—sArp)|| > max,>o |F(x)| for 0 < s < 4.

When p = §; — d2 this gives assertion 3 of Mokhtari’s result, and when p =
01 — Op+1 this gives assertion 3 of the extension of Mokhtari’s result given in [19]
(but several variables extensions of this functional calculus would be needed in order
to obtain extensions of the results of [16]).

This theory applies, for example, to ||T'(t) — 27T'(2t) + T'(3t)||, or to the Bochner

integrals || f12 T(tx)dx — f;’ T(tz)dz||, which are not accessible by the methods of
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[26] or [19]. Preliminary results concerning semigroups holomorphic in a sector
were obtained by I. Chalendar, J.R. Partington and the author in [10].

More generally it would be interesting to obtain lower estimates for quantities
of the form F(=MAr,...,—AzAr) as (A1,..., ) = (0,...,0) when the generator
Ar of the semigroup is unbounded, and when F' is an analytic function of several
complex variables defined and satisfying natural growth conditions on a suitable
neighbourhood of 0., (Ar), where o,,-(Ar) denotes the "Arveson spectrum" of the
infinitesimal generator Ar of T. The purpose of the present paper is to pave the
way to such a program by defining more generally F(—AAr,,...,—AzAr, ) when
F belongs to a suitable class of holomorphic functions on some element of a family
Wiy .1, of open sets, and where (T4, ..., Tj) denotes a finite family of commuting
semigroups.

More precisely consider a = (ay,...,a;r) € R¥. b= (by,...,b) € R” satisfying
a; < bj <aj+mforl <j <k, and consider a commutative Banach algebra A such
that uA is dense in A for some u € A and such that uA # {0} for u € A\ {0}. This
allows to consider the algebra QM (A) of all quasimultipliers on .A and the algebra
OM,.(A) of all regular quasimultipliers on A introduced by the author in [15], see
Section 2, and the usual algebra M(A) of all multipliers on A can be identified
to the algebra of all quasimultipliers on A of domain equal to the whole of A. We
will be interested here in finite families (71,...,7T)) of commuting semigroups of
multipliers on A satisfying the following conditions.

e the semigroup 7, is strongly continuous on €'%.(0,+00), and
Ues0Tj(e"t) A is dense in A if a; = bj,

e the semigroup 7} is holomorphic on S, ;, and T}(¢)A is dense in A for
some (or, equivalently, for all) ( € S, p, if a; < bj, where Sg; 5, denotes
the open sector {z € C\ {0} | a; < arg(z) < b;}.

The first step of the construction of the functional calculus consists in ob-
taining a "normalization" A7 of the Banach algebra A with respect to a strongly
continuous one-parameter semigroup (7'(t));~o of multipliers on A. The idea behind
this normalization process goes back to Feller [21I], and we use for this the notion
of "QM-homomorphism" between commutative Banach algebras introduced in Sec-
tion[Z] which seems more appropriate than the related notion of "s-homomorphism"
introduced by the author in [15]. Set wr = ||T'(¢)|| for ¢ > 0. A slight improvement
of a result proved by P. Koosis and the author in Section 6 of [14] shows that the
weighted convolution algebra L'(R*,wr) possesses dense principal ideals, which
allows to construct in Section B] a commutative Banach algebra Ar C QM,.(A)
which contains A as a dense subalgebra and has dense principal ideals such that
the injection j : QM(A) — QM (Ar) associated to the norm-decreasing inclu-
sion map j : A — Ap is onto and such that j(M(A)) € M(Ar) for which
limsup, o+ | T()[| pmcar) < 400

Set & (f) = O+Oo f)T(t)dt for f € L' (R*, wr), where the Bochner integral is
computed with respect to the strong operator topology on M(.A), and denote by Zp
the closed subalgebra of M(A) generated by ®7(L'(RT,wr)). In Section [l we give
an interpretation of the generator Ar of the semigroup 7" as a quasimultiplier on Zr,
and we define the "Arveson spectrum" o,,(Ar) to be the set {X(Ar)}yespec(zr)
where Spec(Zr) denotes the character space if Zr and where X denotes the unique
extension to QM (Zr) of a character x € Spec(Zr), with the convention o, (Ar) =
(@ if the "Arveson ideal" Zr is radical.
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If A € C\ 04r(Ar), then the quasimultiplier Ap — A is invertible in QM,.(Z7)
and (Ar — AI)~! € M(Ar) € OM,(A) if A € C\ 04-(Ar), and we observe in

Section [0 that we have, for ¢ > limsup,_, | log”ti)“,

(Ar —¢I) ' =— /;Oo e 'T(t)dt € M(Ar) C QM,(A),

which is the usual "resolvent formula" extended to strongly continuous semi-
groups not necessarily bounded near the origin.

In Section @ we construct a more sophisticated normalization of the Banach
algebra A with respect to a semigroup 7' = (T'(¢))¢es, , which is holomorphic on
an open sector S, 5, where a < b < a + 7. In this case the normalization Az of A
with respect to the semigroup T satisfies two more conditions.

o T(¢)uAr is dense in Ap for ¢ € S, p if uA is dense in A,

e limsup s 1T (Ol pmary < +oo fora <a < f<b.
a<arg(¢)<

The generator of the holomorphic semigroup T is interpreted as in [8] as a
quasimultiplier on the closed subalgebra of A generated by the semigroup, which is
equal to the Arveson ideal Zy, where Tj denotes the restriction of T" to the half-line
(0, e .00), and the resolvent ¢ — (Ar —(I)~!, which is defined and holomorphic
outside a closed sector of the form z + g_iea‘,a,ieib is studied in Section [7

Consider again (a1, ...,ax), (b1,...,bx) satisfying a; < b; < a; +m for j < k

and a finite family T' = (71, ...,T) of commuting semigroups of multipliers on A
satisfying the conditions given above.
By iterating the normalization process of A with respect to T4, ..., T given in

Sections Bl and [ we obtain a "normalization" of A with respect to the family T,
see Definition Bl which is a commutative Banach algebra B contained in QM,.(A)
for which the injection j : A — B is norm-decreasing, has dense range and extends
to a norm-decreasing homomorphism from M (.A) into M(B), for which the natural
embedding j : QM(A) — QM(B) is onto, and for which

limsup, o+ [|T(te’ | msy < +00 if a; = bj,

limsup ¢ IT(Q)] < +oo for a; < a; < B < b; ifa; <b; -

aj<arg(Q)<h;

Set e, (¢) = eGtF28k for 2 = (2q,...,2x),( = (C1,...,C) € CF. Denote by
M, the set of all pairs (a, ) € RF x R* such that ; = 8; = a; if a; = b; and such
that a; < a; < B; <b; if a; < b;, and set Sq 5 :=1;<;Sa, g, for (a,B) € M.

Let W, be the algebra of continuous functions f on U(a,ﬁ)eMQ,bga,ﬁ such
that e.(¢)f(¢) — 0 as [¢| — 0 in Ij<xSa, g, for every z = (z1,...,2;) € C*¥ and
every (a, 8) € M, p, and such that the maps ¢ — f((1,.-.,¢—1,(, Cj+1, - - - i) are
holomorphic on Sy, 5, if a; < b;. For every element ¢ of the dual space G, = Wé,b
there exists (a, 3) € My, 2 € CF and a measure v of bounded variation on S, g :=
Hjﬁkgaj,ﬁj such that

(f.6) = / FFQOAC) (€ Wap):

Sa,8

This formula allows to extend the action of ¢ to e_,V, g(X) D e_.Uqy p(X),
where X denotes a separable Banach space and where Uy g(X) (resp. Va g(X))
denotes the algebra of continuous functions f : S, s — X which converge to 0 as
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|¢| = 400 (resp. bounded continuous functions f : S, g — X) such that the maps
¢— f(Cy--,¢-1,¢,Cjg1, - - -5 Cr) are holomorphic on Sy, 5, when a; < ;.

Set Up,p 1= Ua g(C). We describe in Appendix 1 some certainly well-known
ways to implement the action of U, 5 on V, 5(X) when (a, 3) € M,y by using
Cauchy transforms and Fourier—Borel transforms, and these formulae are extended
to the action of elements of (e_,U, g)" to spaces e_,V, g(X) in Appendix 2.

If ¢ € (N ecre—zUn,p) , define the domain Dom(FB(¢)) of the Fourier-Borel
transform FB(¢) of ¢ to be the set of all z € C* such that ¢ € (e_.U, ), and set
FB(¢)(z) = {e_, ¢) for z € Dom(FB(¢)). One can also define in a natural way
the Fourier-Borel transform of f € e %V, g(X).

For A € Ugy 5)eM,_oy_nSv.0: et Tn)(Q) = T(Muy- -5 M) (€ € Sap). If
limsupKHJroo le=*||IT(A\)(C)]| < +oo, where 3S, 5 denotes the "distinguished

¢eas
boundary" of Sa,3, then

sup HezCTl()\lgl) e Tk()\kgk)H < 400,
C€§a,5 M(B)

and one can define the action of ¢ on T{,) by using the formula
(T dhu = T d) = [ To(@Quan(o) (e B).
o, B

where v is a representing measure for ge_, : f — (e_.f, @) (f € Un ).

Then (T, ¢) € M(B) C OM.,.(A).

The Fourier-Borel transform of e.T() takes values in M(B) and extends ana-
lytically to —Resar(Ar,,) = Hi<j<k(C\ 0ar(=A;A7;)), which gives the formula

FB(e-Tx)(O) = (1" ] A+ (2 + )N~

1<j<k

Set S5 5 =Hj<kS—z_a;,z-5;, and set

n2

aj+8;\ 2
1<j<k (n+§] —)

forn > 1, = (¢1,..-,¢) € ?ZWB. The results of Section [ give for u € B, if

z € Dom(¢), and if limsup o0 e *$[|T(A)(C)|| < 400, where S, 5 denotes
CGégayg

the "distinguished boundary" of S, g,

<T()\)7 ¢>’LL

= lim | lim ﬂ Wy(o —z) ﬁ D+ NA7) tudo
65;0 n%+oo(27'ri)k 2+dS* " R ’
€ Otyﬁ =

where 55’; 5= ngjgkaﬁajﬁj denotes the "distinguished boundary" of 527 8>
and where 8S;j,ﬂj is oriented from —ie i .00 to ie~ i 00,

If, further, [, 5q. , | FB(¢)(o)|||do| < 400, then we have, for u € B,
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(T, p)u=lim (e_T(y),d)u

Dk T (o e A A
ST B CI0) | (CR R s

j=1
Finally, if 2 € Dom(¢), if [, 5¢- ) | FB(¢)(0)|||do| < +o0, and if

lim sup |€7ZC|||T()‘)(C)|| =0,
[¢l=>+o0
¢eds, N

then we have, for u € B,

k
_ (=DF -1
(Texny, d)yu = W cviss fB((b)(U)jl;[l(ajI + XjAr;) " udo.

The convolution product of two elements of (e_.U, ) may be defined in a
natural way, and if \, ¢1, ¢o satisfies the conditions above we have

(Texy, d1 % d2) = (T(ny, d1)(T(ny, D2),

but there is no direct extension of this formula to the convolution product of
two arbitrary elements of G, p, see the comments at the end of Section B

In Section [@ of the paper we introduce a class U of "admissible open sets" U,
with piecewise C'-boundary, of the form (2 + S}, ;) \ K, where K is bounded and
where (a, 8) € Mg p.

These open sets U have the property that U + € C U for € € 3?;,5 and that
U + € C Resa(—AAr) for some € € 3:5. Also IT%_, (=AAg, — .I)" is bounded on
the distinguished boundary of U + € for € € S, 5 when €| is sufficiently small.

Standard properties of the class H)(U) of all holomorphic functions F on
U such that [|F| g @) == SUPeege f6+5U | F'(o]ldo] < 400 are given in Appen-
dix 3 (when a; = b; for j < k, this space is the usual Hardy space H' on a
product of open half-planes). When an open set U C CF is admissible with re-
spect to (o, ) € M, and satisfies some more suitable admissibility conditions
with respect to T' = (T1,...,Tk) and A € U(’Yﬂs)e]\/la—u,bfﬁ?')/v&’ a quasimultiplier
F(=MAT, ..., —MA7) € M(B) € QM,(A) is defined for F € HY(U) in Sec-
tion @ by using the formula

F(=MAT,...,— A1)

1

k
= 5k -1
= @mr /€+5U (C1y- -5 Ck) 1;[ (NATL + GG - dé,

where U denotes the distinguished boundary of U, and where € € S(’;’ g is
chosen so that €+ U still satisfies the required admissibility conditions with respect
to T and A.

Given T and X € Uga gyen, , Sa—a,b—g, denote by Wy x the family of all open
sets U C C* satisfying these admissibility conditions with respect 7" and A. Then
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Wr,» is stable under finite intersections, Uyew,. , H ™ (U) is stable under products
and we have

(Fle)(f)\lATl ey *AkATk) = Fl(f)\lATl ey 7AkATk)F2(7)\1AT1 yeey *)\kATk)-

This homomorphism extends in a natural way to a bounded algebra homomor-
phism from Uyew, , H*(U) into QM,.(B) = QM. (A), and we have, if ¢ € F, 5
for some (a, ) € M, such that A € ?W; for some (v,9) € My_qp—p, and if
lim\C\g—ﬁ—oc le=*¢Ty (A1) - .. Ti(MeCr)|| = 0 for some z € Dom(FB(4)),

¢€d5,
FB(@)(=MAT, ..., =NAT,) = (T, 9),
so that F(=AArp,...,— A7) = T(v))) if F(¢) = e %, where v); is in the
domain of definition of Tj.

A function F € H*(U) will be said to be strongly outer if there exists a
sequence (F),),>1 of invertible elements of H(>)(U) such that |F(¢)| < |F,.(¢)| and
lim,, 100 F(O)F,;1(¢) =1 for ¢ € U.

If U is admissible with respect to some («, 8) € M, then there is a conformal
map 6 from D* onto U and the map F — Fof is a bijection from the set of strongly
outer bounded functions on U onto the set of strongly outer bounded functions on
DF. Every bounded outer function on the open unit disc D is strongly outer, but
the class of strongly outer bounded functions on D is smaller than the usual class
of bounded outer functions on DF if k > 2.

We then define the Smirnov class S(U) to be the class of holomorphic functions
F on U such that there exists a strongly outer function G € H>(U) for which
FG e H>(U).

The bounded algebra homomorphism F' — F(—=AAgq,...,—A\Ap ) from
Uvew,, H>®(U) into QM,.(B) = QM,(A) extends to a bounded homomorphism
from Uyew, ,S(U) into QM(B) = QM(A). If F': { — (j, is the j-th coordinate
projection then of course F(=A1 A7, ..., = \Arp,) = —\jAr,.

The author wishes to thank Isabelle Chalendar and Jonathan Partington for
valuable discussions during the preparation of this paper. He also wishes to thank
the referees, whose comments and corrections helped to clarify some proofs and to
considerably improve the presentation of the paper.

2. Quasimultipliers on weakly cancellative commutative Banach
algebras with dense principal ideals

We will say that a Banach algebra A is weakly cancellative if uA # {0} for every
u € A\ {0}. In the whole paper we will consider weakly cancellative commutative
Banach algebras with dense principal ideals, i.e. weakly cancellative commutative

Banach algebras such that the set Q(A) := {u € A| [uA]” = A} is not empty.
A quasimultiplier on such an algebra A # {0} is a closed operator

S:Su/v:Ds%A,

where u € A, v € Q(A), where Dg := {z € A | ur € vA}, and where Sz is
the unique y € A such that vy = uzx for © € Dg. Let QM(A) be the algebra
of all quasimultipliers on A. A set U C QM(A) is said to be pseudobounded
if supgey ||Sull < 400 for some u € Q(A) N (NserD(S)), and a quasimultiplier
S € QM(A) is said to be regular if the family {A\"S™},>1 is pseudobounded for
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some A > 0. The algebra of all regular quasimultipliers on A will be denoted

by OM,(A). A multiplier on A is a bounded linear operator S on A such that

S(uv) = (Su)v for u € A, v € A, and the multiplier algebra M(.A) of all multipliers

on A, which is a closed subalgebra of the Banach algebra of bounded operators

on A, is also the algebra of all quasimultipliers on A such that Dg = A, and

M(A) C QM. (A). Also if S = S/, € QM(A),w € D(S), R € M(A), then
u(Rw) = R(v(Sw)) = v(R(Sw)),

so Rw € D(S), and we have
(1) R(Sw) = S(Rw).

If A is unital then Q(A) = G(A), where G(A) denotes the group of invertible
elements of A, and QM(A) = M(A) = A.
We will denote by Spec(A) the space of all characters on a commutative Banach

algebra A, equipped with the Gelfand topology. Recall that A is said to be radical
when Spec(A) = 0.

DEFINITION 2.1. : Let A be a weakly cancellative commutative Banach algebra
with dense principal ideals.

For x € Spec(A), S = Sysn € QM(A), set X(S) = Xt

x(v)?
UA(S) = {)Z(S)}XESpec(A)v (S € QM(.A)),
with the convention o 4(S) =0 if A is radical.

N

and set

Clearly, x is a character on QM (A) for x € Spec(A), and the map x — x(5)
is continuous on Spec(A) for S € QM (A).

The following notion seems slightly more flexible than the notion of s-homomor-
phism introduced by the author in [I15].

DEFINITION 2.2. : Let A be a weakly cancellative commutative Banach algebra
with dense principal ideals, and let B be a weakly cancellative Banach algebra. A
homomorphism ® : A — B is said to be a QM-homomorphism if the following
conditions are satisfied

(i) @ is one-to-one, and ®(A) is dense in B.

(i1) ®(u)B C ®(A) for some u € Q(A).

If the conditions of Definition are satisfied, we will say that ® is a
OM-homomorphism with respect to u. Notice that ®(u) € Q(B), and so the exis-
tence of such an homomorphism implies that B is a weakly cancellative commutative

Banach algebra with dense principal ideals. Notice also that condition (ii) shows
that B may be identified to a subalgebra of QM (®(A)) =~ QM(A).

PROPOSITION 2.3. Let ® : A — B be a homomorphism between weakly can-
cellative commutative Banach algebras with dense principal ideals, and assume that
@ is a QM-homomorphism with respect to some ug € Q(A).

(i) There exists M > 0 such that |1 (®(ug)v)| < M||v|| for v € B.

(i) ®~1(®(ug)v) € Q(A) for v € Q(B).

(#i) Set @(Su/v) = Sq)(u)/(p(v) for Su/v € OM(A).

Then ® : QM(A) — QM(B) is a pseudobounded isomorphism, and

=1
D (Susv) = Sa—1(®(ug)u)/®=1(®(uo)v)
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Jor Sy, € QM(B).

PROOF. (i) Set ¥(v) = &~ 1(®(ug)v) for v € B. If lim,, 1 oo v, = v € B, and if
limy, s 100 ¥(vy,) = w € A, then ®(ug)v = ®(w), so that w = ¥(v) and (i) follows
from the closed graph theorem.

(ii) Let v € Q(B), and let (wy)n>1 be a sequence of elements of A such that
lim,, 1 o0 v®(wy,) = ®(up). Then lim,, o ®7H(P(ug)v)w, = ud € Q(A), and so
O (®(up)v) € Q(A).

(iii) Let U € QM (A) be a pseudobounded set, and let w € Q(A)N(NscuD(S))
be such that supgey [|Sw|| < +00. Then ®(w) € Q(B), and ®(w) € NserD(H(S)).
Since supgey | P(S)@(w)| < ||®[ supgey [|Sw| < 400, this shows that the homo-
morphism ® : QM (A) — QM (B) is pseudobounded.

Now set Q(Su/v) = Sp- L(® (uo)u) /D1 (D (ug)v) = S\p(u Y/ (v for Su/v € OM(B )
It follows from (ii) that 6 : QM(B) — OM(A) is well- deﬁned Let U C QM(B)
be pseudobounded, and let w € Q(B) N (NgerD(S)) be such that

sup || Sw|| < +o0.
seu

We have, for S = S5,,, € U,

0(Su/ow)
v®(ug) (S /pwP(ug)) =
ot (v®(ug)) (2~ (SuypwP(ug))) (v® ()P~ (WP (up)).
So @1 (w®(ug)) € D(A(S)), and 6(S)>~H(wP(ug)) = ~* (Su/pwP(ug)) . Since
sup || (Swb(ua)) | < M sup [Sw] < +oc,

(UO)w‘P(UO)
1

uw
U
o
D(u

this shows that 6 : OM(B) — QM(A) is pseudobounded. We have, for
S = Su/v S QM(A),

(00 @)(S) = Sp—1(0(u)d(uo)) /-1 (@(0)®(u0)) = Suno/vuo = Sujv = S-
We also have, for S = S,,, € QM(A),

(D 00)(Su/n) = S(@-1 (ub(uo)) /(@1 (v5(uo)) = Sud(uo)/vB(ug) = Sujv = S-

Hence @ = QM(A) — QM(B) is bijective, and Ol QM(B) — OM(A) is
pseudobounded, since ®~! = 4. O

The following result is a simplified version of Theorem 7.11 of [15], which will
be used in the next two sections.

PROPOSITION 2.4. Let A be a weakly cancellative commutative Banach alge-
bra with dense principal ideals, and let U C QM(A) be a pesudobounded set sta-
ble under products. Set L = {u € NgcyD(S) | supgey ||Sull < +oo}, and set
l[ullz = supgeyugr ISull for u e L.

Then (L, |.|lz) is a Banach algebra, Ru € L and ||Rullz < [ R apeayllulle for
R e M(A), u € L, and if we denote by B the closure of A in (M(L), ||.llm(c)) the
following properties hold

(i) B is a weakly cancellative commutative Banach algebra, and the inclusion
map j : A — B is a QM-homomorphism with respect to w for w € Q(A) N L.
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(ii) J(M(A)) € M(B), and |j(R)[mm) < [IRlpma) for R € M(A), where
7 OM(A) — QM(B) is the pseudobounded isomorphism associated to j in Propo-
sition 2Z3)(i4i).

(iii) S € M(B), and ||S||pmBy < [ISlmecy < 1 for every S € U.

PROOF. The fact that (L,].]|z) is a Banach space follows from a standard
argument given in the proof of Theorem 7.11 of [15]. Clearly, £ is an ideal of A,

and it follows from the definition of |||z that |u|| < ||u||z for u € £. We have, for
uweLveL,

lwvlle < flullzlloll < llullcllvlle,

and so (L, ||.||z) is a Banach algebra. If R € M(A), u € L, then it follows from the
definition of £ that Ru € NgeyD(S), and that we have

sup [[S(Ru)|| = sup [[R(Su)[| < [[Rl|amcallulc-
SeUu{I} SeUu{I}
Hence Ru € L, and ||Rul|z < ||R|| pmallvllc-

Now denote by B the closure of A in (M(L), ||.|[rm(z)), and let w € Q(A) N L.
Since £ C B, B is weakly cancellative, and B is commutative and has dense principal
ideals since j(A) is dense in B. Since wB C £ C A, we see that the inclusion map
j: A— Bis a QM-homomorphism with respect to w, which proves (i).

Let R € M(A), and denote by R the restriction of R to L.

Then Ry € M(L), and ||Ri||pmz) < [|R||pmay- Set Rou = Ryu for u € B.
Then Rou € B, and || Roul| ams) < [[Rillmee) lullmee) < IRl aacalllull aece)- Hence
Ry € M(B), and || Rz pms) < IRl p(a)-

Now let Sy € U. we have, for u € L, since U is stable under products,

[Soullz = sup [[SoSul| < sup [[Sul| = ||ullz,
SeU Seu

and so Sou € L, and |[Sol[ar(z) < 1. This implies that So(B) C B, so that Sy €
M(B), and ||S|| sy < [|Sollmzy < 1, which proves (iii). O

We have the following very easy observation.

PROPOSITION 2.5. : Let Ay, A1 and A be weakly cancellative commutative
Banach algebras, and assume that ®g : Ag — A1 is a QM-homomorphism with
respect to ug € Q(Ag) and that ®1 : A1 — As is a QM-homomorphism with respect
to uy € Q(Ay). Then ®1 0 @y : Ag — As is a QM-homomorphism with respect to
O, (Do (uo)ua).

ProOF. The homomorphism ®; o & is one-to-one and has dense range, and
it follows from Proposition 24 (i) that @, (®o(ug)u1) € Q(Ap). Let u € Ay, let
veE Ay be such that ®1(v) = ®1(uj)u, and let w € Ay be such that
Do (w) = Pg(ug)v. Then

(@1 [e] q)o) (égl(éo(uo)ul)) u = (@1 [e] <I>0)(u0)<1)1(u1)u = @1(¢0(UO)U)
= (P10 Po)(w) C (P10 Po)(Ao),
and so ®; o @ is a QM-homomorphism with respect to @y (Do (ug)u1). O

We will use the following result in the study of the resolvent of semigroups.
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PROPOSITION 2.6. Let A be a weakly cancellative commutative Banach algebra
with dense principal ideals, and let S € QM(A). If \o—S has an inverse (\gI—5) !
in QM (A) which belongs to A for some Ao € C, where I denotes the unit element
of M(A), then o 4(S) is closed, \I — S has an inverse (A\I —S)~t in QM(A) which
belongs to A for every A € C\ g.4(S), and the A-valued map X — (M — S)~1 is
holomorphic on C\ c.4(S).

PROOF. If A is unital, then QM(A) = A, and there is nothing to prove. So
assume that A is not unital, and set A := A @ CI. Then

Spec(A) = {xo} U{X, s }xespee(a),
where xo(a + M) =X fora € A, )\ € C.
Set a = (Aol — S)"t € A Then x(a) = x(a) = m, so that
X(S) = X — ﬁa) for x € Spec(A). Since o4(a) U {0} = o4 is a compact sub-
set of C, this shows that o 4(5) is closed. We have, for A € C,

A —x(5)
5pec~([+()\—)\)a)—{1}u{—~} .
A ’ )\OI - X(S) XESpec(A)
So I + (A — Ag)a is invertible in A for A € C\ 04(S), and the A-valued map
A = a(I + (A= Ag)a)~! is holomorphic on C \ .4(S). We have, for A € C\ .4(S),

(A = S)a(I+ (A= Xo)a) ™' = (A=) + (Aol — 9))a(l + (A — Xg)a)™*
= (I+ (/\ — /\0)&)(["‘ ()\ — )\0)@)71 =1.

Hence AI — S has an inverse (Al — S)~! € A for A € C\ 0.4(5), and the map
A= (M= S)"t =a(l+ (A= Xg)a)~! is holomorphic on C \ o 4(S). O

3. Normalization of a commutative Banach algebra with respect to a
strongly continuous semigroup of multipliers

A semigroup T = (T'(t))¢>0 of multipliers on a commutative Banach algebra A
is said to be strongly continuous if the map ¢ — T'(¢)u is continuous on (0, 4+o00) for
every u € A. This implies that sup,<,<4 [|T(t)|| < 400 for 0 < a < 8 < 400, and so
|7(¢)||* has a limit py as t — +oo. In the remainder of the section T' = (T'(t))s>0
will denote a strongly continuous group of multipliers on a weakly cancellative
commutative Banach algebra A such that U;~oT'(¢).A is dense in A. Hence if u €
Ni>o ker(T'(¢)), then uv = 0 for every v € U;»oT(t)A, so uAd = {0} and u = 0.

Notice that in this situation if .4 has a unit element 1 then if we set

T(t) := (T(t).1)¢>o0,
then T is a norm-continuous semigroup of elements of A.

Since Uo7 (t)A is dense in A, T(tg).1 is invertible in A for some ¢y > 0, and
so limy_,q+ ||T'(t).1 — 1] = 0, which implies that the generator of T is bounded. So
there exist R € M(A) ~ A such that T(t) = €' for t > 0 if A is unital.

Let w be a positive measurable weight on (0, 4+00), and denote by L. (R") the
space of all (classes of) measurable functions on [0, +00) satisfying the condition
1fllw = 0+°° | f(t)|w(t)dt < 400, so that (L. (RT),|.||.) is a Banach space. Recall
that if w(s +t) < w(s)w(t) for s > 0,¢ > 0, then L. (RT) is a Banach algebra with
respect to convolution.
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Set wr(t) = || T(t)|| for t > 0. For f € L. (RT), define ®7(f) € M(A) by the
formula

+oo
@) Or(f)u = /0 FOT@udt (ue A).

Denote by Zp the closure of ®7 (L}, (RT)) in M(A). Let (fn)n>1 be a Dirac
sequence, i.e. a sequence (f,) of nonnegative integrable functions on R such that
0+°° fn(t)dt = 1 and such that f,(t) = 0 a.e. on (ay, +o0) with lim, 4 ay, = 0.
Since the semigroup 7T is strongly continuous on A, a standard argument shows
that limg, 40 || D7 (fn * 6:)u — T(t)u|| = 0 for every ¢ > 0 and every u € A. This
shows that if v € Q(Z7), and if w € Q(A), then vw € Q(A).
The following result is then a consequence of Theorem 6.8 of [14] and of Propo-
sition 5.4 of [17].

LEMMA 3.1. There exists w € Q(A) such that limsup,_ o+ || T(t)w| < +o0.

PROOF. Let A > log (pr), and set wy(t) = e M supys, e || T(s)|| for ¢t > 0. An
extension to lower semicontinuous weights of Theorem 6.8 of [14] given in [17]
shows that Q(L. (R*)) # (. It follows also from Proposition 5.4 of [17] that
@7 (g)T ()| < 6’\’5||g||L30A for every g € L. (R*) and every t > 0, and that
®r(g9) € QIr) for every g € Q(LL, (RT)). Hence if g € Q (L, (RY)) and if
v € Q(A), then &7 (g)v € Q(A), and limsup,_,o+ [|T(¢)Pr(g)v| < +o0. O

The following result is a version specific to one-parameter semigroups of Propo-

sition 241

PROPOSITION 3.2. Let T := (T(t))t>0 be a strongly continuous of multipliers
on a weakly cancellative commutative Banach algebra A with dense principal ideals
such that UisoT(t)A is dense in A.

Let Lr = {u € A | limsup, o+ |[T(t)u] < 400} D UoT(t)A, choose
A > log(pr), set ||lullx = supssoe || T(s)ul| for w € Lr, with the convention
T(0) = I, and set [|R[|xop = sup{[|Rullx [ w € Lo, [lulx <1} = [Rlsmeyr) for
R € M(Ly). Denote by Ar the closure of A in (M(Lr),|-IIx,0p)-

Then (Lr,|.|x) is a Banach algebra, the norm topology on L1 does not depend
on the choice of \, and the following properties hold

(i) The inclusion map j : A — Arp is a QM-homomorphism with respect to w
for every w € Q(A) N L, the tautological map j : Sujv = Susv 18 a pseudobounded
isomorphism from QM(A) onto QM(Ar) and if w € Q(A) N Ly, then j=1(S) =
Suw/vw fO?” S = Su/'u € QM(-AT)

(ii) J(M(A)) € M(Ar), and ||Rl|smear) < [Rlmay for B € M(A).

(iii) [|[T(t) | mear) < ITE)||nop < €M fort >0, and we have, for u € Ar,

limsup [|T'(¢)u — u||x,0p = 0.
t—0t

PROOF. It follows from Lemma Bl that the family U = {e T (#)}s is pseu-
dobounded for A > log(pr). The fact that (Lr,||.|lx) is a Banach algebra, and
assertions (i) and (ii) follow from Proposition 24 and Proposition 2.5 applied to U,
and an elementary argument given in the proof of Theorem 7.1 of [17] shows that
there exists £ > 0 and K > 0 such that kl|u||x < supg<;<; |T(#)ul] < K|lul/x for
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u € Lp, which shows that the norm topology on L1 does not depend on the choice
of \.
It follows also from Proposition 2.4] applied to U that

IT@)rcazy < NT@lIrop < €

for ¢ > 0, and lim; o+ ||T(t)u — w||x,0p = 0 for every u € Uo7 (¢).A.
Since UssoT (t)Ar is dense in Agp, a standard density argument shows that
limy o+ || T(¢)u — ul|x,0p = O for every u € Ap. O

This suggests the following definition.

DEFINITION 3.3. Let A be a weakly cancellative commutative Banach algebra
with dense principal ideals, let T = ((T'(t))t>0 be a strongly continuous semigroup
of multipliers on A such that UpsoT'(t)A is dense in A for t > 0. A normalization
B of A with respect to T is a subalgebra B of QM(A) which is a Banach algebra
with respect to a norm ||.||g and satisfies the following conditions.

(i) We have ||j(u)|ls < ||ul|la for uw € A, and the inclusion map j: A— B is a
QM-homomorphism. )

(it) j(R) € M(B), and ||j(R)|mps) < |Bllpmeay for B € M(A), where
J: OQM(A) — QM(B) is the pseudobounded isomorphism associated to j intro-
duced in Proposition 23 (ii).

(i) i supy 1 15 (T(0) L aag) < +o0.

For example the algebra Ar constructed in Proposition is a normalization
of the given Banach algebra A4 with respect to the semigroup 7. Notice that if B is
a normalization of A with respect to T, the same density argument as above shows
that lim;_,o+ ||7(t)u — u||g = 0 for every u € B.

4. Normalization of a commutative Banach algebra with respect to a
holomorphic semigroup of multipliers

For a < b < a+m, denote by S, ; the open sector {z € C\{0} | a < arg(z) < b},
with the convention S, , = {re’ | > 0}. In this section we consider again a weakly
cancellative commutative Banach algebra A with dense principal ideals and we
consider a semigroup 7" = (T'(¢))¢es, , of multipliers on A such that Uces, ,T(¢)A
is dense in A which is holomorphic on S, 5, which implies that T'(().A is dense in
A for every ¢ € Sy . So T'({)u € Q(A) for every ¢ € S, and every u € Q(A). We
state as a lemma the following easy observations.

LEMMA 4.1. Let o, € R such that a < a« < B < b, set v := ﬁ%a, and let
u € A such that limsup o [|T(¢)]| < 4oc.

<ESa,b

(i) If A > ﬁ lim, 4 o 7~ Hog(max(||T(re’®), | T (re?|])) then

sup. [lee

CESa,s

T(Qu| < +o0.

_;atB
(#3)limsup | sup [le”*¢ 7 T(Q)ul|| = limsup | T(¢)ul.
A——+o0 Cega,ﬁ CE(g—»o
.8
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PrOOF. We have, for r; > 0,75 > 0,

7)\67'iaJ2rB (r1e*®+rqetf) pres i
e ! 26T (re'™ + e’ )u

< inf {6_)‘“’5(7)” T (rie')ulle 5072 T (rpe™) |,
e AT ) e O T (rpe Y]
Set m := limsup <o IT(t)ul|, and let € > 0. There exists 6 > 0 such that
IT(C)ull < m + € for Seﬁaél < 0,0 € Sap.
We obtain, considering the cases
sup(ri,72) < 8/2,inf(r1,72) < 6/2 and sup(ry,rs) > g

and the case where inf(ry,73) > 3,

Y ’ianrB
sup [le ¢ T(()ul
Cesa,[ﬂ

< max [(m+e€) sup |e_/\C| <1 + sup e~ AT eos(7) max(HT(rew‘)H, |T(rei’8)||> ,

IgI<s r>6/2
C€S4.p
lull | sup e OT (e )| | | sup e =T (re'?)| | |,
r>0/2 r>5/2
and (i) and (ii) follow from this inequality. O

We now follow a method used in Proposition 3.6 of [8] to construct a QM-
homomorphism from A into a weakly cancellative commutative Banach algebra B
such that sup,cs_, [ T(¢)]| < +oo for every a,f satisfying a < a < 3 < b. The

lt1<1
following result is more precise than Proposition 3.6 of [8].

PROPOSITION 4.2. Let A be a weakly cancellative commutative Banach algebra
with dense principal ideals, and let T = ((T'(¢))ces, , be a holomorphic semigroup

of multipliers on A such that T'(¢).A is dense in A for ¢ € Sap. Set a, = a + %,

Br = b— % forn >0, and let p = (n)n>0 be a nondecreasing sequence of
positive real numbers satisfying the following conditions

1 I T (reion T(rethn
B s i (BT T )
cos (ﬁngan> r—-+oo r
and
—jatb adtb —n
(4) sup  [le T E T(CH 27" ) |lugop < €2 0T (0> 1),
(€San b

where ||.|| uy,0p 15 the norm on the normalization Ar, of A with respect to the
semigroup Ty = (T(tei(a;b) ))t>0 associated to pg in Theorem 2.2.
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_(antBn)
Forn > 1 set V,, := {e " Hn¢e © T(O}ees, oo set Wy = V1.V, and
set W = Up>1 Wy, so that W is stable under products.
Set

Ly ={u€ Az, | sup |lwulluy.op < +00,[|ully = sup [Jwullu,op(u € L,).
weW weWU{I}

Denote by A, 1 the closure of Ar, in M(L,).

Then T(C)u € L, for ¢ € Sap,u € Ay, (L ||n) is a Banach algebra, the
inclusion map j : A — A, is a QM-homomorphism with respect to T({)w? for
w € Q(A), and we have the following properties

(i) The tautological map j : Sujo = Suje 18 a pseudobounded isomorphism
from QM(A) onto QM(A, 1) and if ¢ € Sap then j71(S) = Sp(ywu/T()w2w fOr
S = Su/v S QM(AMT), w € QA).

(ii) J(M(A)) C M(A,r) and [|Rl pma, ) < [Rllaca) for R € M(A).

Catb
()T (Ol ama, ) < NT(Ollae,) < e B2 for ¢ € 8, p,,m > 1,
() If a < o < B < b, then we have, for v e A, r,
limsup [ T(¢)v — vl am(a,,r) < limsup | T(C)v — vl pmz,) =0
Cé;:a Césifa

PROOF. Since ||T0(27")||ug.0p < € 0, the existence of a sequence (ji,)n>1
satisfying the required conditions follows from the lemma.

Let t > 0, let ng > 2 be such that 27! < ¢t and let v € W. Since 1 € V,
for n > 1, we can assume that v = vy ...v,, where n > ng and where v; € V; for
1 < j < n. Then |To(277)v) |l ug.op < €20tV for j > ng, and so || Tp(27 0+t —
2™ ong - Unllgop < €@ 0T 72 (0T We obtain

|‘TO(2_n0+1)Uno e UnHuo,OP
< T2 uo,op 1T = 27™)) v - - V| g ,0p
< 2 MO ot )=27" £ 270 (o)

t—2-mot!

Set r = “=—5—. It follows from Lemma [L](i) that for every j < no —1 there
exists k; > 0 such that sup,cv, || T(r)v[9,0p < kj. This gives

HTO(t)”Huo,OP < ||T0(7°)U1||uo,0p i ||T0(7')Un071||uo,0p||TO(2_nO+l)”no . '”nHuo,OP
< kl o kn07162in0+1(l$0+1)’

and so Ty(t)Ar, C £,,. Now let ¢ € S, . Then ¢ — tel s € Se.p for some ¢t > 0,
ath ath

and so T(¢)Ar, = T(¢ —te" = )To(t) A, C T(¢C —te' 2 )L, C L.

Since W is stable under products, the fact that £, is a Banach algebra follows
from Proposition [24] which also implies (ii) and (iii). Let o € Sq,5. Since (iv) holds
for u € T(Co).Ay, 7, and since T'((p) Ay 1 is dense in (A, 1, |-l ), (iv) follows from
(iii) by a standard density argument.

Let ¢ € Sy, and let w € Q(A) C Q(Agr,). Since T(¢/2)w € Q(A), and since
limsup,_, o+ |[To(t)T(Q)w]|| < +oo, it follows from Proposition that the inclu-
sion map jo : A — Ag, is a QM-homomorphism with respect to T'(¢/2)w. Since
T(¢/2)w C M(L,)NQ(Ar,), it follows also from Proposition 25 that the inclusion
map j; : Ap, = A, is a QM-homomorphism with respect to T'({/2)w.
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It follows from Proposition that the inclusion map j = ji10jo: A —= Ay
is a QM-homomorphism with respect to T((/2)wT((/2)w = T()w?.

It follows from Proposition that the tautological map j : S, Jo = Sujv 18 a
pseudobounded homomorphism from QM (A) onto QM (A,, ) and that j7(S,/,)
= ST(C)uw2/T(<j)vw2 for S = Su/v S QM(A%T).

Since T'(¢) A, C T((/2)[T((/2)Aur] C T(¢/2)Az, C A, and since T'({)vA
contains T'(¢)vw?A which is dense in A for v € Q(A, 1), we have T'(¢)v € Q(A) for
¢ € Sap,v € QA 1), which shows that 371S) = ST(yuw? /T(¢)ow? for 8= Sy, €
OM(A, ). O

We will use the following notion.

DEFINITION 4.3. Let A be a weakly commutative Banach algebra with dense
principal ideals, and let T := (T'(())ces, , be an analytic semigroup of multipliers
on A such that T(()A is dense in A for ¢ € Sqp. A normalization of the algebra
A with respect to the semigroup T is a subalgebra B of QM (A) which is a Banach
algebra with respect to a norm ||.|g and satisfies the following conditions.

(i) There exists u € Q(A) such that the inclusion map j : A — B is a
OM-homomorphism with respect to T(Q)u for every ¢ € Sup, and
@ls < lulla forue A i

(ii) J(R) € M(B), and |F(R)ll sy < | Rlaacay for R € M(A), where J
OM(A) — OM(B) is the pseudobounded isomorphism associated to j introduced
in Proposition [Z3] (ii).

) limsupge?oﬁ 17(T ()| mesy < +00 fora < a < f <b.

If B is a normalization of A with respect to the holomorphic semigroup 7' =
(T'(¢))ces, ,» a standard density argument shows that if « < a < 8 < b then
limsup ¢o [|T(¢Q)u —ullg =0 for every u € B

(inSu.ﬂ

Notice that the algebra Ao = Ay, and its norm topology associated to the
norm ||| ,,0p discussed above do not depend on the choice of jo. This is no longer
the case for the Banach algebra A, 7 and its norm topology, which may depend on
the choice of the sequence .

In order to get a more intrinsic renormalization one could consider the Fréchet
algebra £ := Mp>1{u € Az | sup 5, I T(Qullug,0p < +00}, then consider the

lull g, 0p <1
closed subalgebra U of L generated by the semigroup and introduce an intrinsic

normalization of Ap to be the closure of U in M(U) with respect to the Mackey-
convergence associated to a suitable notion of boundedness on subsets of M(U),
but it seems more convenient to adopt the point of view used in Proposition

5. Generator of a strongly continuous semigroup of multipliers
and Arveson spectrum

In this section we consider a weakly cancellative commutative Banach algebra
A with dense principal ideals and a strongly continuous semigroup 7' = (T'(t))¢>0 of
multipliers on A such that U;~oT(t).A is dense in A. We set again wr(t) = ||T'(t)]|
for ¢ > 0. Denote by M, the space of all measures v on (0,+00) such that

0+°° wr(t)d|v|(t) < +oo, and for v € M,,, define &y : M, — M(A) by the

formula
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’

+oo
Or(v)u = /0 T(t)udv(t) (ue A). (2)

The Bochner integral is well-defined since the semigroup is strongly continuous,
My, is a Banach algebra with respect to convolution of measures on the half-line,
and we will identify again the space L}UT of (classes of) measurable functions on

[0, +00) satisfying f0+°° |fO||T(t)]|dt < 400 to the ideal of all v € M,,,. which are
absolutely continuous with respect to Lebesgue measure. Denote by By the closure
of ¢7(M,,) in M(A), and denote again by Zr the closure of &7 (Ll ) in M(A), so
that the "Arveson ideal" Zt is a closed ideal of Br.

The idea of considering the generator of a semigroup as a quasimultiplier on
some suitable Banach algebra goes back to [22] and [23] for groups of bounded
operators and, more generally, for groups of regular quasimultipliers. An obvious
such interpretation was given by I. Chalendar, J. R. Partington and the author in [8]
for analytic semigroups, and the author interpreted in Section 8 of [17] the generator
of a semigroup of bounded operators which is weakly continuous in the sense of
Arveson [2] as a quasimultiplier on the corresponding Arveson ideal Zp. Since in
the present context ®7 (Q(LL,,)) C Q(Zr) and uv € Q(A) for u € Q(Zr),v € Q(A),
the map jr : Sy/u — Suw/vw 18 @ pseudobounded homomorphism from QM (Zr)
into QM (A) for every w € Q(A), and the definition of jr does not depend on the
choice of w.

The generator Ar 7, of T considered as a strongly continuous semigroup of
multipliers on Z7 has been defined in [17], def. 8.1 by the formula

(5) ATzr = S_ar(s5)/91(f0)>

where fo € C1([0,+00)) N Q (L, ) satisfies fo(0) =0, f§ € L,
and an easy verification given in [I7] shows that this definition does not depend

on the choice of f. This suggests the following definition.

DEFINITION 5.1. : The infinitesimal generator Ar 4 of T is the quasimultiplier
on A defined by the formula

Ara = Jr(Ar.zr) = S—0r(£))uo/®r (fo)uos
where fo € C*([0,4+00)) N Q (LY, satisfies fo(0) =0, f§ € L,
QA).

Assume that f; and wup also satisfy the conditions of the definition, and set
f2 = fo* f1,u2 = uouy Since Q (LY ) is stable under convolution, f; € Q (LY ),
and f; = fo* fi = fox f{ € LY, is continuous. Also f2(0) =0, and we have

and where ug €

Q1 (fo)uz®r(fo)uo = @1 (fo) P (f1)ue®r(fo)uo = @1 (fo)uo®r(f2)us

and similarly fI)T(fé)uyI)T(fl)ul = (I)T(f{)ulq)T(fQ)UQ, which shows that the
definition of A 4 does not depend on the choice of fy and wp.

We now give a link between the quasimultiplier approach and the classical
approach based on the study of Thu-u ys¢ — 0+, A proof of the following folklore
result is given for example in [17], Lemma 8.4.
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LEMMA 5.2. Let w be a lower semicontinuous submultiplicative weight on (0, +00),
and let f € C1([0,+00))NLL. If £(0) = 0, and if f' € L., then the Bochner integral
f;roo(f’ * 05)ds is well-defined in L} fort >0, and we have
[0 —f

J X0t —J ’
t +

=0.
L

t
f*ét—f:—/ (f' *ds)ds, and lim
0

t—0+

It follows from the lemma that we have if f € C*([0,+00)) N L}, , and if
f0)=0,feLl,

(6) T(O)0r() = r(f) = = [ T@O()ds (> 0).

T(t)u—u
i

PROPOSITION 5.3. (i) Let u € A. If lim;_,o+ || —v|| =0 for some v € A,

then w € DAy, and Ap qu = v.
(ii) Conversely if u € Da,. ,, and if imy_,o+ [|T(t) Az au — Ag _qul| = 0, then

tmsup, o+ | "2 — Agqul] = .
ProoF. (i) If u € A, and if lim; o+ ||% — || = 0 for some v € A, let

fo € CH([0,400)) NQ (LL,,) satisfying fo(0) = 0, f; € LY, and let ug € Q(A). It
follows from the lemma that we have, with respect to the norm topology on A,

T(t)®r(fo) — ¢T(f0):|
t

—Or(fo)uou = { lim

Uou
t—0t
B . THu—u
-t [ 12

= O (fo)uov,
and so u € Da,. ,, and Ar qu = v.
(ii) Conversely let u € Da,. ., let fo € CH([0,+00)) N (LL,.) such that fo(0) =
0, fy € LL_, and let ug € Q(A). Set v = Ap _qu, and assume that lim,_,o+ | T(t)v —

wr?

v|| = 0. It follows from (@l that we have, for t > 0,
¢ ¢
@T(fo)uo/ T(s)vds = / T(8)®r(fo)vupds
0 0
¢
= —/ T(5)®r(ff)uuods
0

t
=— L/o T(s)q)T(f('))ds] Uou
= [T'(t)2r(fo)uo — D7 (fo)uo]u
= @T(fo)uo(T(t)u — u)
Since ®r(fo)up € Q(A), this shows that T(t)u — u = f(f T(s)vds, and so
T(t)tufu —0. 0

—v

lim; o+

Let T4 = (T1(t))t>0 and T = (T2(t))r>0 be two strongly continuous semi-
groups of multipliers on A such that U;~o77(¢).A and U;soT2(t).A are dense in A.
We will say that Ty and To commute if T1(t)T2(t) = To(t)T1(¢) for ¢ > 0. Then
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Tl (t)Tg(nt) = T1 (t)TQ(t)n = TQ(t)nTl(t) = Tg(nt)Tl(t) for n Z ].,t > 0. This im-
plies that Ty (¢)To(2t) = To(2t)T1(t) for m > 1,n > 1. Let s > 0, and let (rp)y>1
be a sequence of positive rational numbers such that lim, , . r, = s. It follows
from the strong continuity of 75 that we have, for u € A,

To(s)T1(t)u = pEIJ‘rnoo To(rp)Ti(t)u = pEToo Ti(6)T2(rp)u = T1(t)T2(s)u.

So Ta(8)T1(t) = T1(t)Ta(s) for s > 0,¢t > 0, and T1 Ts := (T1(t)Ta(t))e>0 is itself
a semigroup of multipliers, a folklore observation.

Since sup, <<, [|T1(t)|| < +o0o for 0 < x < y < +o0, a standard argument
shows that 1775 is strongly continuous. Let € > 0, and let © € A. There exists
s > 0 and u; € A such that ||T7(s)u; —ul| < €/2, and there exists t € (0, s) and
uz € A such that ||T1(8)Te(s)us — ul| < e. Since T (¢)Ta(s)us € T1(t)Ta(t).A, this
shows that U;so(T172)(t).A is dense in A. The following folklore result shows that
the generator of 7175 is the sum of the generators of 77 and T5.

COROLLARY 5.4. Let Ty and Ty be two strongly continuous semigroups of mul-
tipliers on A such that UssoT1(t)A and UpsoTo(t)A are dense in A. If Ty and Ty
commute, then then App, 4 = A, 4+ Ary a.

PROOF. Let u; € A, us € A, and v; € Q(A), vo € Q(A) be such that Ap, 4 =
Suyjoyy ATy, A = Suy vy, let s > 0 and set wy = T1(s)T2(s)v1v2.
Then wy, € Dom(Arp, a)NDom (A, 4), Ap, aws = T1(8)T2(s)u1ve and Aq, qw;
= Ti(s)T2(s)viug, and so limy_,o+ ||T};(t)Ar; aws — A1, aws| =0 for j =1,2.
It follows then from Proposition (ii) that we have, for j = 1,2,
lim =0.

t—0+ - ATJ'AwS

So we have, for u € A,

(T T2) (t)uws — uw

lim 5 — Aqy auws — Ap, auws
t—01 t
. Tl (t)ws — Ws T2 (t)ws — Ws
= lim |(|[u——"—— —ulAp a4+ Ti(t)u—"—— —uApws|| =0,
t—0t t

and so it follows from Proposition B3] (i) that wws € Aq, 1, 4, and

A1y, Auws = Ay auws + Ary, auws = T1(8)To(s)u(viug + vaur).

Now write Ap 7, 4 = Sy where uz € A, vs € Q(A). We obtain

3/1}37

T1(s)T2(s)uvivaus = T1(s)T2(s)uvs(viug + vauq).

Since Ugs0T1(s)T2(s)(A) is dense in A, and since A is weakly cancellative, we
have vyvous = v3(viug + vauq), which gives

AryTy,4 = Svlv2u3/vlv2vs = S(U1u2+vzu1)/vlv2 = Sul/”1+U2/v2 =Ar 4+ Ar,a

We now consider a normalization A with respect to T', see Definition B.3]
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PROPOSITION 5.5. Let B be a normalization of A with respect to T.
Set vy (t) = te= for X € R,t >0, and let A\ > log(pr).
(1) If u € Q(B), then

Arp = Sf* ()T (t)udt/ [F va ()T (t)udt’
(ii) Let j : OM(A) — QM(B) be the pseudobounded isomorphism given in Proposi-
tion B2 (i). Then j=Y(Arp) = Ar a. Soifu € Q(A), and iflimsup,_, o+ ||T(t)ul| <
400, then

Ara = _Sf+°° )T (t)udt/ fiF° vx(®)T(t)udt®

PROOF. (i) Set ex(t) = e for A € Rt > 0. If A > u > log(pr), then vy €
Léu C LY, , where @p(t) = [|T(t)|| m(ar), and Liu is dense in L} since it contains
the characteristic function of [, 8] for 0 < @ < § < 4o0. It follows for example
from Nyman’s theorem [28] about closed ideals of L*(R™) that vye, € Q(L*(RT))
and so vy € Q(Léﬂ) C Q(L,.)- So vy and u satisfy the conditions of Definition [5.1]
with respect to T' and B, and (i) holds.

(ii) The map j is the tautological map Sujv = Sujv; Whereu € AC Band v €
Q(A) € Q(B). Now let fo € L, NC'([0, +00)) satisfying Definition 5. with respect
to T and A and let ug € Q(A). Since Q(LL, ) € Q(LL, ), and since Q(A) C Q(B),
it follows from Definition [5.1] that E(ATA) = Ar g, and so jfl(AT)B) =Ar 4.

Let u € Q(A) C Q(B), and assume that limsup, .o+ ||T(¢)u| < +oo. Let
w € Q(A) be such that wB C A. Since vy € Q(L[,, ), we see as in the proof of
Lemma BTl that fo va(t)T (t)udt € Q(B), and it follows from Proposition 2] that
w 0+°° oA(t)T(t)udt € Q(A). Using the characterization of j~! given in Proposi-
tion 23] we obtain

Arp = _Sf“’" )T (t)udt/ [F vx(t)T(t)udt’
and

Ara=j ' (Ars)
TPw [Fo0 0l )T (B)udt/w [ vx (8T (t)udt
- _Sf+°° v ()T ()udt/ [F va ()T (t)udt’
|

We will denote by Spec(Zr) the space of characters of Zr, equipped with the
usual Gelfand topology. Notice that if x € Spec(Zr) then there exists a unique
character ¥ on QM (Zr) such that X|z, = X, which is defined by the formula

X(Suyv) = % for w € Ip,v € Q(Zy).

DEFINITION 5.6. Assume that Iy is not radical, and let S € QM(Zy). The
Arveson spectrum o,,.(S) is defined by the formula

car(S) ={A=x(S) : x € Spec(Zr)}.
If v is a measure on [0, +00), the Laplace transform of v is defined by the usual
formula £(v)(z) = 0+°O e *'dv(t) when f0+oo e FeGtg|y|(t) < +oo.
We have the following easy observation.
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PROPOSITION 5.7. Let v € M,,,.. Then we have, for x € Spec(Zr),

™) </ - T(()) = £0)(~¥(Arz,).

Similarly we have, for v e Mg.,.,x € Spec(Ir),

+o0o
®)  W@r() =% ( / T(t)du(t)) = L) —%(Arr,)) = L0 (—X(Ar.zp 5)).

In particular Y(T(t)) = eXAT.20)t for t > 0.

PRrROOF. If y € Spec(Zr), then X| 4, 18 a character on A, the map t — x(T'(t))

(
is continuous on (0, +00) and so there exists A € C such that y(T(t)) = e~ for
t >0, and |e*| < ||T'(¢)||, which shows that Re(\) > —log(pr).
Let u € Q(Zr), and let v € M,,,.. We have

([ rwan) =x (v [ rwin)
_ ( /O o T(t)udy(t)>

+oo
= [ xrewane

+oo
=x(w [ e Navte)

= x(W) L)),
and so x(®r(v)) = L(v)(N).
Let fo € C'((0,+00)) NQ(Zr) such that fo(0) =0, f§ € LL,. We have

AL(fo)(N) = L(fo)(N)
= x(®r(fy))
= =X (Arz, 27 (f0))
= —X(A7z,)x(¢7(fo))
—X(A7 ) L(fo)(N),

and so A = —X(Ar,z, ), which proves (7)), and formula (8] follows from a similar
argument. In particular x(7(t)) = L(5:)(—X(Arz.)) = eXAT.20)t for ¢ > 0. O

The following consequence of Proposition 5.7 pertains to folklore.

COROLLARY 5.8. Assume that Zr is not radical. Then the map x — X(Arz,)
is a homeomorphism from Spec(Ir) onto o4 (Ar 1), and if we set set

At = {\ € 0ur(Arz,) | Re(N) < t},

then At is compact for every t € R, so that o4 (Ar 7, ) is closed.

PROOF. Let fo € C'((0,+00)) N Q(Zr) such that fo(0) = 0,f) € LL,.. We
have x(®(fo)) # 0 and X(Arz,) = —ig;igé;; for x € Spec(Zr), and so the map
X — X(Ar) is continuous with respect to the Gelfand topology on Spec(Zr).
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Conversely let f € L}uT. It follows from Proposition 5.6 that we have, for
X € Spec(Zr),

x(®r(f)) = LU (=X(A1z7))-
Since the set {u = ®¢(f) : f € L}, } is dense in Zp, this shows that the map
X — X(Ar 1) is one-to-one on Spec(Zr), and that the inverse map oo, (Arz,.) —
Spec(Zr) is continuous with respect to the Gelfand topology.

Now let ¢ € R, and set U, := {x € Spec(Zr) : Re(x(Arz,;)) < t}. Then
IX(T'(1))] > et for x € U, and so 0 does not belong to the closure of U; with respect
to the weak® topology on the unit ball of the dual of Zr. Since Spec(Zr) U {0} is
compact with respect to this topology, U, is a compact subset of Spec(Zr), and so
the set Ay is compact, which implies that o, (A1 z,) = Up>14, is closed. O

6. The resolvent

We now wish to discuss the resolvent of the generator of a strongly continuous
semigroup T' = (T'(t))¢>o of multipliers on A, where A is a weakly cancellative
commutative Banach algebra with dense principal ideals, and where U;5 0T (t).A is
dense in A. From now on we will write Ap = Ar 4 and we will denote by Da,. 4
the domain of Ar considered as a quasimultiplier on A. The Arveson ideal Zr is
as above the closed subalgebra of M(A) generated by ®p (L, ).

The Arveson resolvent set is defined by the formula

Resar(Ar,z7) = C\ 0ar(Arzyr),

with the convention o4, (A7 z,.) = 0 if Zr is radical.

The usual "resolvent formula," interpreted in terms of quasimultipliers, shows
that \I — Apz, € OM(Zy) is invertible in QM (Zy) and that its inverse (AI —
Arz,.)"! belongs to the Banach algebra Zr g C QM.,.(Zr) obtained by applying
Theorem 2.2 to Zp with respect to the semigroup T, and that we have, for Re(\) >
log(pr),

+oo

(M = Arz,) ' = / e MT(s)ds € Ir,
0

where the Bochner integral is computed with respect to the strong operator topology
on M(Zr ). Also the Zr g-valued map A — (A — A z,)~! is holomorphic on
Resq (T, Zr). The details of the adaptation to the context of quasimultipliers of
this classical part of semigroup theory are given in [17], Proposition 10.2.

We now give a slightly more general version of this result, which applies in
particular to the case where B is the normalization A7 of A with respect to the
semigroup 7" introduced in Proposition

In the following we will identify the algebras OM(A) and QM (B) using the
isomorphism j intoduced in Proposition 223 (iii) if B is a normalization of A with
respect to T. We set & g(v)u = 0+°° T(t)udv(t) for v € B,v € My, 5, where
wr g(t) = | T(t)]|mp) for t > 0, and we denote by Zr 5 the closure of ®p (LY, )

in M(B). o

PROPOSITION 6.1. Let A be a weakly cancellative commutative Banach algebra

with dense principal ideals, let T = ((T(t))i>0 be a strongly continuous semigroup
of multipliers on A such that T(t)A is dense in A for t > 0, and let B be a
normalization of A with respect to T.
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Set Resqr(Ar) = ReSor(Arzr) = C\ 00r(Arz,). Then the quasimultiplier
M — Ar € QM(A) admits an inverse (A — Arp)~' € Ir g € M(B) € QM,(A)
for X € Res, . (Ar), and the map X — (M — Ar)~t is an holomorphic map from
Resqr (Ar) into Iy . Moreover we have, for Re(\) > log(pr),

+oo
(M —Ap)~t = / e T(s)ds € Ir g,
0

where the Bochner integral is computed wzth respect to the strong operator topology

on M(B), and ||(M — Ar) 1||M B) < f —Re(A)tHT(t)HM(B)dt.

PROOF. We could deduce this version of the resolvent formula from Proposition
10.2 of [17], but we give a proof for the sake of completeness. Set again ey (t) = e
for t > 0, A € C. Assume that

log ||T°(¢
Re(X) > log(pr) > lim log [|T'(#)llmes)

t—+oo t ’

let v € Zp , and set a = @1 p(e_y). We have
—+o0
av = / e MT(s)vds, T(t)av — av
0
—+oo +oo
= / e T (s + t)vds — / e T (s)vds
0 0

+oo +o00
= e)‘t/ e MT(s)vds —/ e MT(s)vds
¢ 0

¢
= (M —1)av — e)‘t/ e MT(s)vds.
0
Since lim;_,o+ || T'(t)v — v||z, 5 = 0, we obtain

T(t)av — av

— Xav +
n av v

lim
t—0+

-0,
Ir.B
and so av € DAy 7, 5, and Az, 5 (av) = Aav — v.

This shows that aZrz C Days, - and that (Al — Az, z)av = v for every
v € Irp. We have \[ — Ar 1, , = Syy, wWhere u € Ipp,v € Q(Zr ), and we
see that ua = v. Hence u € Q(Zr5), \l — A1z, is invertible in QM (Zr 5), and

M —Arp)™' =a = ®rgle_y) = 0+oo e MT(t)dt € Irp, where the Bochner
integral is computed with respect to the strong operator topology on M(Zr g).

Let x € Spec(Zrg). Then x oje Spec(Zr), and 4r(A1,27 ) C Car(A1,27).
It follows then from Proposition that A\I — Ap 5 has in OM,.(Zy ) an inverse
(M — Arp)~t € Iy for X € Resq(Arz,) and that the Zr g-valued map A —
(M — Ar )t is holomorphic on Resq(Ar,g).

Fix ug € Q(A) C Q(B), and set jr(S) = Syug/vu, for S =S, € QM(Ir ).
Then jr : OM(Zrp) — QM(B) is a pseudobounded homomorphism, and
Jr(Arz, ) = Ars.

Identifying Zr g to a subset of QM (Zr ) as above in the obvious way, we see
that the restriction of jr to Zr g is the identity map, and so AI — Ar is invertible
in QM(B) for A € R@SGT(AT), we have (AI — AT)il = ()\I — A’LIT’B)il S IT7B7
and the Zr g-valued map A — (A — Ar )~ ! is holomorphic on Res,,(A7).
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If Re(A\) > log(pr) > limy oo M, then if u € Zr g, v € B, we have
“+o0
(M — Ap)tuw = (M — Ar ) tu)o = / e MT(t)uvdt.
0

Since uv € Q(B) for u € Q(Zr ), v € Q(B), uB is dense in B for v € Q(Zr ), and
we obtain (Al — Ap)~t = f0+oo e MT(t)dt € I, where the Bochner integral is
computed with respect to the strong operator topology on M(B), so that

+oo
I = Ar) sy < / e RO (1) | s . =

If we consider A as a quasimultiplier on B, the fact that the multiplier (AI —
A7)™1 € M(B) is the inverse of A\I — A for A € Res(Ar) means that (M —
Ar)~'v € D, and that (A —Ag) (A — Ar)~'v) = v for every v € B, and that
if w € Dag s, then (AI — Ap) ™' (A — Ar)w) = w. The situation is slightly more
complicated if we consider Ar as a quasimultiplier on A when limsup,_, o+ || T(¢)|| =
+00. In this case the domain Diy;_a-1,4 of (A — Ap)~! € QM (A) is a proper
subspace of A containing L7 D U;~oT(t)A, and we have (AI — Ar)~lv € Day 4
and (A] —Ar) (A — Ap)~'v) = v for every v € D(xr_ap)-1,4. Also if w € Da, .
then (A\I — Ap)w € Dixj—az)-1,4, and we have (A — Ap) ™! (A — Ap)w) = w.

In order to interpret (A — Ar)~! as a partially defined operator on A for
Re(\) > log(pr), we can use the formula

(9) M —Ar) o= /Om e MT(tywdt (v e Lr),

which defines a quasimultiplier on A if we apply it to some v € Q(A) such
that limsup,_,o+ [|T(¢)v|| < 4+o00. The fact that this quasimultiplier is regular is not
completely obvious but follows from the previous discussion since (A — Ar)~! €
M(B) C QM ,.(A). Notice that since U;~oT(t).A is dense in Uz, ||.|j1), (M —A7) 1
is characterized by the simpler formula

1 ae [T e
(10) (M —-Ar) T(s)v=e S/ e "T(t)vdt (s >0,veA).

7. The generator of a holomorphic semigroup and its resolvent

Assume that a < b < a + 7. In this section we consider a holomorphic semi-
group T' = (T'(¢))¢es, , of multipliers on a weakly cancellative commutative Banach
algebra A having dense principal ideals such that T'({).A4 is dense in A for some, or,
equivalently, for every ¢ € Sg p.

Denote by Zr the closed span of {T'({)}¢es, , in M(A), which is equal to the
closed span of {T'(t{)}i>0 for ¢ € Sqp. For ¢ € Sup, set T = (T(t())t>0, let
r s Moy, — M(A) be the homomorphism defined by (2).

Set wr(€) = ||T(¢)|| for ¢ € Sap, denote by M,,,.(Sq.») the space of all measures
pon Sgp such that || pl|w, = fSa , wr(¢)d|u[(¢) < +oo, which is a Banach algebra
with respect to convolution on the additive semigroup S, p, see [27] for convolution
of measures on semigroups. The convolution algebra L&)T(Sa,b) is defined in a
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similar way and will be identified to the closed ideal of M,,,. consisting of measures
which are absolutely continuous with respect to Lebesgue measure in S, .

Define the Banach algebra homomorphism &7 : M. — Zr C M(A) by the
formula

Br() = /S T(Q)du(0),

which is well-defined since the map ¢ — T(({) is continuous with respect to the
norm topology on M(A) and since Zr is separable.

Let ¢ € Sq . Since the semigroup T¢ is continuous with respect to the norm
topology on M(A), a standard argument shows that we have, for every Dirac
sequence (fn)n>1,

+oo
lim sup / (fn xds) ()T (tC)dt — T(SC)H =0,
n—-+o0o 0
and so T'(sC) € Iy, for every s > 0, which implies that Zr, = Zr.
A similar argument shows that Zp is the closure in (M(A), ||.||rca)) of
D1 (M, (Sap)), as well as the closure of @7 (L, (Sa,)) and the closure of @, (L}UTC )

in (M(A), ||/ m(a)), and the notation Zr is consistent with the notation used to de-
note the Arveson ideal associated to a strongly continuous semigroup of multipliers
on the half-line.

The following interpretation of the generator of a holomorphic semigroup as a
quasimultiplier follows the interpretation given in [8] in the case where A = Zr.

PROPOSITION 7.1. Set

Ar,a 7= 5706 /T(Go)ue € LM(A),
where (o € Sap, up € Q(A).

Then this definition does not depend on the choice of (o and ug, and we have,
fOT C e Sa,b)

(11) A7, 4 =CAr 4,

where the generator Ar, 4 of the semigroup T is the quasimultiplier on A
introduced in Definition 4.1.

Moreover if T1 = (Th(¢))ces,, and To = (1»(C))ces, , are two holomorphic
semigroups of multipliers on A such that Ty(C)A and Ty (C)A are dense in A and

such that T1(¢)T(¢) = T2(0)T1(C) for ¢ € Sa,p, then T1 Ty := (T1(¢)T2(¢)ces, , is
a semigroup holomorphic on Sqp, (T1T2)(C)A is dense in A for ¢ € Sy, and we
have

Armya = Ar 4+ Aq, A

ProoF. We have, for ( € S,

T'(C)T(¢) =T (Co + ¢) = T'(O)T (),
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and so the definition of Ay _4 does not depend on the choice of (y, and an easy
argument given in the comments following Definition 4.1 shows that this definition
does not depend on the choice of uy € Q(A) either.
Now let ¢y € Sap, and let f € C1([0, +00)) N Q(L}UTC ) such that f(0) =0 and
0
e L}”Tco' We have, integrating by parts, since lim,—, o | f(np)|[|T(npC0)|| = O for

some strictly increasing sequence (n,),>1 of integers,

+oo
() / F(OT (o)t

= lim /Onpf’(t)T(Co+tC0)dt

p——+oo

= im ([ FOT(Co + 1)1 — o /0 " HOT (G + L‘Co)dt)

p——+oo

+oo
= —COT/(CO)/O F@®)T(tco)dt,

and formula (1)) follows since (f0+oo f(t)T(t(o)dt) u = ¢t (flu € Q(A) for
u € Q(A).

Now let T1 = (T1(¢))¢es,., and T = (T2(())ces,,, be two holomorphic semi-
groups of multipliers on A such that T7(¢).A and T»(¢).A are dense in A and such
that T1(¢)T2(¢) = T2(¢)T1(C) for ¢ € S, 5. As in section [l we see that if ¢ € S,
then T1(¢)Ta(t¢) = To(t¢)T1(¢) for t > 0, and it follows from the analyticity of T
that T1(()T2(¢") = T2(¢")T1(¢) for ¢’, € S, . This shows that T1T5 is a semigroup
on Sqp, which is obviously holomorphic. Since T3 (¢).A and T5(A) are dense in A,
(ThT2)(¢)A =T1(¢)T2(¢)A is dense in A for ¢ € S .

The last assertion of the corollary follows then immediately from the Leibniz
rule. ]

The following corollary follows then from Proposition 5.3

COROLLARY 7.2. (i) Letu € A, and let ¢ € Sy p. Iflim; o+
for some v € A, then u € Da,. ., and (Ar qu =v.

Ttu— _
T(Qu-u _ @H —0

(ii) Conversely if ¢ € Sqp, then lim; o+ H% - CAT,AUH = 0 for every
u € Da,., satisfying the condition limy_,q+ ||T(t¢)u — ul| = 0.

In the remainder of the section we will denote by B a normalization of A
with respect to the semigroup T, see Definition 3l Since QM (A) is isomorphic
to QM(B), we can consider the generator Ap 4 as a quasimultiplier on B, and
it follows immediately from Definition 7.1 that this quasimultiplier on B is the
generator of the semigroup 7" considered as a semigroup of multipliers on B. From
now on we will thus set Ar = Ay 4 = A . Applying Corollary to T and B,
we obtain the following result.

COROLLARY 7.3. (i) Let uw € B Then the following conditions imply each other
(i) There exists (o € Sap and v € B such that lim; g+ w - vHB =0,

(i) w € Da, B, and in this situation lim, o+ w — CATUHB =0 for

every ( € Sgp.
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Denote by Spec(Zr) the space of characters on Zp, equipped with the usual
Gelfand topology. If x € Spec(Zr), the map ¢ — x(7T'(¢)) is holomorphic on S, p,
and so there exists a unique complex number ¢, such that y(T(¢)) = e*“x for
¢ € Sap. We see as in Section [l that there exists a unique character x on QM (Zr)
such that x|, = x, and since Ar, 7, = (At 1z, it follows from Proposition [5.7]and
Proposition [T that x(T'(#¢)) = ' X(A7cmr) — tCxX(Ar.22) for ¢ € Sy, ¢ > 0, and
s0 ¢y = X(Ar,z, ).

Since Ar, 7, = (Ar 1, for ¢ € Sup, we deduce from Corollary (.8 and Propo-
sition the following result.

PROPOSITION 7.4. Let T = (T'({)¢es,, € M(A) be a holomorphic semigroup.
Set 0ar (A1, 2;) = {X(AT.27) }veSpec(zr)s With the convention o4, (A7 1) = 0 if the
semigroup is quasinilpotent.

Set Resqr(Ar) = Resar(Arz) = C\ 00r(Arz,.). Let B be a normalization of
A with respect to the holomorphic semigroup T, and let It g be the closed subalgebra
of M(B) generated by the semigroup.

(i) The set Aye = {X € 04 (Ar,Ir) | Re(X) < t} is compact for
(e Sa,ba teR.

(i1) If X\ € Resqr(Ar), then the quasimultiplier \I — Ar has an inverse in
OM(A), (M — Ar)™t € Irg € M(B) C QM,(A), and the Iy -valued map
A = (M — Ar)~! is holomorphic on Resq,(Ar).

(111) If ¢ € Sap, then A € Resqr(Ar) for Re(A() > limy_, 4o w, and

we have
1 G- A
(12) (M —Ar)” :/ e *T(s)ds,
0
so that
1 T tRe(N0)
(13) (A = A7) lmes) < \(I/ e EINT(EC) | msydt.
0

PRrROOF. (i) Let ¢ € Sy, t > 0, and set
V ={X € (our(Ar,r) | Re(N) <t} ={\ € 0ur(A1,,71) | Re(N) < L}

It follows from Corollary 4.7 that V is compact, and so Ay ¢ = 7'V is compact.
(i) Fix (o € Sqp- We have Al — Ap = M — (5 ' Ag,, = ¢y " (Mol — Ag, ). If
X € Resq - (Ar), then A\l — Ar is invertible in QM (A), and we have
M =T)"" =¢5 (Mol — Az, )™ € Irs C M(B) C QM. (A),

since in this situation A(o € Res(Ar, ), and it follows also from Proposition .11
that the Zp g-valued map A\ — (A — T)~' = (5 (MGl — Ar, )~" is holomorphic
on Resq - (Ar).

(iii) This follows from Proposition applied to A and T¢. O

8. Multivariable functional calculus associated to linear functionals

In the following definition, we write by convention T;(0) = I for 1 < j < k. Set
oC=01C + -+ opy for o = (01,...,01),( = (C1y- .., () € CF.
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Let a = (ay,...,ax) € R¥, b= (b1,...,b) € RF such that a; < b; < a; + for
1 <j <k. As in Appendix 2 we set

Moy = {(a,B) € RF x R” la; <a; <Bj<bjifa; <bj,a; =0; =a;ifa; =b;}.
We will say that a family T'= (T3, ...,T})) of semigroups satisfying the conditions

below is commuting if T;(¢)T}(¢") = T;(¢")T;(C) for j' # j whenever ( is in the
domain of definition of 7} and ¢’ is in the domain of definition of Tj.

DEFINITION 8.1. : Let a = (ay,...,a;) € R¥, b= (by,...,bx) € R¥ such that
a; <bj <aj+m forj <k, let Abe a weakly cancellative commutative Banach
algebra with dense principal ideals, and let T = (Ty,...,Ty) be a commuting family
of semigroups of multipliers on A which possesses the following properties

T; = (T5(¢))ce(0,e% .0) 15 strongly continuous on (0, €% .00), and
UisoT (te'% ) A is dense in A if a; = b;,
T; = (T(C))Cesaj,bj is holomorphic on Sq, p
if a; < bj.

> and T(C)A is dense in A
for every ¢ € Sa‘j,bj

For (= (<1, ceey Ck) S U(a,,B)GMa,bSoc,,B set

T(¢) = T1(C1) - - - Ti(Cr)-
A subalgebra B of QM(A) is said to be a normalization of A with respect to T if
the following conditions are satisfied

(a) (B, ||.||8) is a Banach algebra with respect to a norm ||.|5 satisfying ||u|lg <
lulla for v € A, and there exists a family (w1,...,wg) of elements of Q(A)
such that the inclusion map j : A — B is a QM-homomorphism with respect
to Ty (¢1) ... Tk (Cr)wy . .. wy for every family (Cq,...,Ck) of complex numbers such
that C; € Sa;p; if aj < bj and such that ¢; = 0, if a; = b;.

(b) J(M(A)) € M(B)), and ||j(R)[|pms) < [[Rllacay for every R € M(A),
where j : QM(A) — QM(B) is the pseudobounded isomorphism associated to j in
Proposition 23] (ii).

(c) limsupcézo 1T (Ol ) < +oo fora; < v < 6 < b; if aj < b;, and

.8

limsup,_,q+ |T(te')|| pmem) < +o0 if a; = b;.

It follows from Proposition and Proposition that there exists a normal-
ization B; of A with respect to T7. Also if B, is a normalization of A with respect to
(Th,...,T,,) and if B,,41 is a normalization of B,,, with respect to T},1, it follows
from Proposition and Definitions B.3] and B3] that B, 1 is a normalization of A
with respect to (11, ..., Tint1). It is thus immediate to construct a normalization of
A with respect to T' by a finite induction. Notice that if B is a normalization of A
with respect to T, then B is a normalization of A with respect to T, := (T'(t0))t>0
for every o € U(a,ﬁ)eMa,bga,ﬂ

Since UzsoT'(te'®)B is dense in B, when a; = b;, and since T(¢)A is dense
in A for ¢ € Sy, if a; < b, it follows from Definition M0.I] that the map
¢ = T(Quy ... uk is continuous on gaﬁ for (o, B) € Myp, u1,...,ur € B. Since
up...up € QB) for ug,...,ur € QB), it follows again from Definition [I0.1] that
the map ¢ — T'(¢)u is continuous on S, g for (o, B) € M, for every u € B. Let
(o, B) € M,y and assume that a; < b;. Since the semigroup T is holomorphic
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on S, p, the map n — T(C1, 2, -+, Cj—1,7, Cj+1,Ck)u is holomorphic on S, s, for
every (Clv ey Cj—lv <j+1, Ck) S Hl%iﬁ_ksasw@s'

Notice that if uw € B, where B is a normalization of A with respect to T, then
the closed subspace By, spanned by the set {T'({)u | ( € S, } is separable, and
so the function ¢ — T'(¢)u takes its values in a closed separable subspace of 5.

With the convention T;(0) = I for 1 < j < k, we see that if (a, ) € Mgy
and if A € U('Y;[s)eMa—a,b—ﬁS’%(S then TO\) : C — T()\C) = (T1(>\1<1)a Ce ,Tk(Aka)) is
well-defined for ¢ € S, g.

PROPOSITION 8.2. Let (o, ) € May. For A € Ugy syem S..s, denote by

N(T,\,, B) the set of all z € C* such that

a—a,b—f

limsup [ ||| T3 (tX;€™) || < +00 fora; <w < B;,1<j <k
t—-+o0
and denote by No(T, )\, i, B) the set of all z € C* such that

iw
tzje

1T (tA;e)|| =0 for oy <w < B;,1<j <k

lim e
t—+oo
Then z € N(T, )\, «, 8) if, and only if, we have, for 1 < j <k,

lim sup \etzjemj |5 (tA ;€9 || < 400
t—+oo
and ”
limsup [ 7 ||| T;(tA;e"%)]|| < 4-o0.
t——+o0
Also = € No(T, N, , B) if and only if Re(z;¢°) < —limy. 4., 21700

log || T(t\; efi
t

and Re(z;ePi) < —limy_ 1o )l for1 <j<k.

Proor. Let j < k such that o; < 3;. If a; < w < j;, there exists vy > 0 and
sp > 0 such that e™ = rpe’® + spe’”i, and we have, for zj € C,

iag

zielw iw rotzie o sotzjetPi iB;
(14) |55 | Ty (€™ || < €75 || T (rotAse ™ |||e%0%5 | T (sotAse™™ ||,

and we see that z € N(T, \, o, 8) if and only if we have, for 1 < j <k,
io g . 18, .
limsup e 7 ||| T5(tAj€"7)|| < 400 and limsup | 7 [||T;(tA ;") < 400,
t—-+o0 t—-+o0
which implies that we have
. ot ) B
Re(z;¢") < — lim log [|T(tA;e™ || and Re(z;e7) < — lim M_
t—+oo t—+oo t

A similar argument shows that z € No(T, \, o, 8) if and only if

o log || T(t\,;e*i . log | T () B
Re(zje'*) < — lim log |[T(tA;e™ || and Re(zje'®) < — lim log [T(tAse™ | H,
t—+oo t—+oo t

so that Re(zje™) < —limy_y 4 o0 w for a; <w < p;,1<j<k. O

Notice that it follows from equations (I6]) and () in Section 10 that we have
the inclusions

N(T,\ o, B) — E;E CN(T,\a,p) and N(T,\, a, B) — S:;Mg C No(T, \, o, B).

Licensed to AMS.



A HOLOMORPHIC FUNCTIONAL CALCULUS FOR FINITE FAMILIES 51

Set again e,(¢) = e*¢ for z € C*,¢ € C*. If B is a normalization of A with
respect to 7', then sup o<1 [|T(C)[|ms) < +oo for (a, B) € My p.

CESa,p
It follows then from (I4) that if A € U(y 5yem

S5, we have

a—a,b—3§

sup ez (OTA) | ms) < +oo for z € N(T, a, B, M),

€S5a,8

|<\1im+ |€Z(€)‘HT()‘C)HM(B) =0forz € NO(Tv)‘7O‘7 6)
CESa,p

With the notations of Sections 10 and 11, we obtain the following result, which
involves the Fourier—Borel transform introduced in Section 10.

PROPOSITION 8.3. Let (o, 8) € My, and let X € Ugy s)enr,_ 5576
(i) If z € N(T, \,«, B), then eZT(/\.)u|§aﬁ € Va,5(B), ¢j — zj € Resqr(NAT,)
for ¢ € 55y, ue B, 1<j<k, and we have

}'B(ezT()\.)u‘ga a)(C) = (—1)* H ((z7 — G + NjAr,)  tu
’ 1<j<k
(iW)If z € No(T', A\, v, B) then e;T'(A\.)u , € Uea,p(B), FB(e-T(A)u, ) has a
continuous extension to gzﬁ, —2j +(j € Resqr(N;A;) for1 < j <k, and we have,
for ¢ e gz,m u € B,
}'B(ezT()\.)u‘ga a)(C) = (—1)* H ((z7 — G + NjAr)  tu
’ 1<j<k
PROOF. It follows from the discussion above that e, T'(\.)u. , € Va,3(B) if
2 € N(T A\ a.f), and that e.T(\Jug € Uap(B) if 2 € No(T, A\, a, B). Let
z € N(T,\ «,3), and let u € B. It follows from Definition [[03] (iii) that we have,

for ¢ € 554,
FBe.T(Mu, )(0)
€1 .00 ek 0o
= / / H e(zﬂ'_(f)”ij()\ij)udal...dak,
0 0 1<j<k
where a; < wj < f; and where Re((je™i) > 0 for 1 < j < k.
Since

Re((¢j — zj)e™7) > lim log([|T°(¢Ajw5|

t——+oo t

by Proposition[8.2 it follows from Proposition[6.Iland Proposition[Z4lthat (; —z; €
Resar(AjAT,) for j <k, and that we have, for v € B,

/ =N T (N jo5)vdoy = =((zj — () + X Ar,) "o,
0

Using Fubini’s theorem, we obtain
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FB(e.T(A\Jus  )(C)

a,B

= (—1)k((21 — CI)I + )\IAT1)71 N ((Zk — Ck:)l + )\k,ATk)ilu.
Since No(T', A, o, B) C N(T', A\, 0, B) — S5, 5. (ii) follows then from (i). O

We now consider the space Fo g = (N ecre—Uap) = U, ccr(e—:Uq p)" intro-
duced in Section 11, Definition [[T.3l If ¢ € F, g, then Dom(FB(¢)) is the set of all
z € CF such that ¢ € (e_.U, ), and the z-Cauchy transform C.(¢) is defined ac-
cording to Definition [IT3] (iv) for z € Dom(FB(¢)). In the following definition the
action of ¢ € F, 5 on an element f of e_,V, g(X) taking values in a closed separa-
ble subspace of B, where z € Dom(FB(¢)), is defined according to Definition IT.3l
by the formula

<fa ¢> = <ezf7 ¢e—z>7
where (g,¢e_.) = (e_,g,¢) for g € U, p. It follows from the remarks following
Definition [IT.3] that the above definition does not depend on the choice of z.

DEFINITION 8.4. Let (o, B) € May, let X € Uy syenm Sys, let ¢ € Fop,
and let B be a normalization of A with respect to T.

For C S Saﬁ, set T(/\)(é') = T(Alcla . ~7>\k<k) = T1(>\1C1) . Tk(Aka)}, with
the convention T;(0) = I.

If N(T, )\, «, B) N Dom(FB(¢)) # 0, set, for u € B,

a—a,b—f

<T()\), ¢>u = <T(/\')u‘§a,ﬁ 5 ¢>

For (a, ) € M,y, 21 € C*, 2(?) € CF, we set as in Definition [T1]
sup(zV, 2@y .= {zeCF |z —1—5;5 = (W +§;5) N (z® +§;5),
so that sup(z1), 2(?)) is a singleton if a; < b; for j < k.

LEMMA 8.5. Let ¢1,¢2 € Fqo g, and assume that we have

N(T, X\ «, B) N Dom(FB(¢1)) # 0, N(T, X\, ex, B) N Dom(FB(¢p2)) # 0.
Then if 21 € N(T,\, a, ) N Dom(FB(¢1)), 22 € N(T, \, a, B) N Dom(FB(¢2)),
we have
sup(z1, (2¥) € N(T, \, o, B) N Dom(FB(é1)) N Dom(FB(pz))
C N(T, A\, a0, B) N Dom(FB(¢1 * ¢2)),
and the same property holds for No(T, A, «, ).
PROOF. Assume that 20) € N(T,\, , 8) N Dom(FB(¢;)), for j = 1,2, set
z € sup(z1), 2(?), and let j < k. There exists s; € {1,2} and s5 € {1,2} such that
zj € (zj(-sl) + 0, e(’%’ai)i.oo))ﬁ([z§s2) + [0, e(%*ﬁi)i.oo)) , and it follows from (7))
and from Proposition that z € N(T, A, «, B). The fact that z € Dom(¢1 * ¢2)

follows from Proposition A similar argument shows that the same property
holds for No(T, A\, o, B). |

The following theorem involves the notion of z-representative measures and the
notion of z-Cauchy transform, which are introduced in Section 11.
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THEOREM 8.6. Let A be a weakly cancellative commutative Banach algebra with
dense principal ideals, let a,b € R¥, let T = (T, ..., Ty) be a family of semigroups of
multipliers on A satisfying the conditions of Definition Bl let B be a normalization
of A with respect to T. Also let (a, ) € My and let X € U('Yvé)EMa—a,b—ﬁg'Ya(s'

If N(T, X\, e, B) N Dom(FB(¢)) # 0 for some ¢ € Fy, then the following
properties hold

(i) (T(xy, @) € M(B) C QM,.(A), and we have, if v is a z-representative mea-

sure for ¢,

(T #) = / FTO)(C) (2 € N(T, A a, ) N Dom(FB())),

Sa,B

where the Bochner integral is computed with respect to the strong operator topol-
ogy on M(B). Also, if x is a character on A, then we have

)2 (<T()\)7 ¢>) = ‘FB((ZS)(_)‘l)Z(ATl)’ R _)‘kX(ATk))a
where X denotes the unique character on QM(A) such that x|, = x.
(i)
lim [{e—cT(ny, @ * dp)u — (T(xn), P)ulls = 0 for u € B.

n—(0,..., 0),7/650“5
e—(0,..., 0),e5§g 8

(1) If aj < Bj < aj +m for 1 < j < k, then we have, for n € Sop,€ € S 5,
z € N(T,\ «, 8) N Dom(FB(¢)),

(e—cTpny d % 8y) = / =97 ($)(0 — )T (Ao)do

89S a5
where the Bochner integral is computed with respect to the strong operator topol-
ogy on M(B).
(iv) In the general case, set

2

WR(C): H PR
1<j<k (n+gj€i it J)

Then we have, for z € N(T, A, a, ) N Dom(FB(¢)),

<T()\)7 (b)
— o D N A )l
- 661;’?]5 (”El}rloo W ~/z+§S:;,/f Wnlo =2 7B@) 1531_'[9((03 Sy ATj) dU)

where the Bochner integral is computed with respect to the norm topology on M(B).
(v) Assume, further, that [, 5. ) |FB(¢)(o)||do)| < +o00. Then we have, for

z € N(T, A, a, B) ' Dom(FB(¢)),

<T()\)a¢>
= lim (e T, 9)

4
6650«5

— OO T
~ ,/ZJFéS;BFB((b)()H((g D+ AAg,) o,

es¥ (2mi)* 1<j<k
.8 <<
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where the Bochner integral is computed with respect to the norm topology on M(B).
(vi) If the condition of (v) is satisfied by z € No(T, A, a, ) N Dom(FB(¢)),
then we have

_ S
O = s, ZEO@ T (o1 +258m)

(vii) If o1 € Fag,¢2 € Fap, and if N(T,\,«, 3) N Dom(FB(¢1)) # 0 and
N(T, X\, o, B)NDom(FB(¢2)) # 0, then N(T, A, o, 8) N Dom(FB(¢1 % p2)) # 0, and

(Txy, d1 % @2) = (T(xny, d1){T (), P2)-

PROOF. (i) Let z € N(T, X\, a, ) N Dom(FB(¢)), and set

m:= sup |ezc|||T>\(()HM(5) < +o00.
€Sa.p

We have
(T, dulls < mlle L ulls.

and so (T, ¢y € M(B). The integral formula in (i) follows then immediately
from the definition given in Proposition and from Definition [T.3}

Assume that A is not radical, let y be a character on A, and let ¥ be the
unique character on QM (A) such that x(u) = x(u) for every u € A. Set f,(t) =0
ito <t< %ﬂorift> %,andfn(t):n(n—i—l)ifn%rl <t < 1 andlet ¢
be an element of the domain of definition of T};. Set Tj ¢ := (T;(t())s>0. Then

(fn)n>1 C Li,TM(R‘*) is a Dirac sequence, and since the map t — Tj(t¢)u is

continuous on (0, +00), a standard argument shows that we have, for s > 0, u € A,

limsup || @7,  (fn)T;(s)u — Tj(sC)ul|

n—-+oo

+o00o
[ s, 0t~ 1,51 0.

= limsup ‘
n——+00

Since U;»0T;(t¢)(A) is dense in A, t X(Pr, . (fn)) # 0, for some n > 1, and
the restriction of X to the Arveson ideal Zr, . is a character on Zr, .. It follows
then from Propositions (7] and [T1] that x(T}(t¢)) = AT ) = (HX(ATy) fop
t > 0, and so x(7;(¢)) = eSX(A75) for every ¢ in the domain of definition of T;.
Let w € M(B). By continuity, we see that x(T;({)u) = XA 5 () for every
¢ € Sa,.p,- Set ACX(Ar) = MGX(An) + -+ + MCeX(Ag,). Consider again z €
N(T, )\, e, B) N Dom(FB(¢)). Since

FB(ge-:)(C) = (e—¢, pe—z) = (e—=—c,8) = FB(#)(C + 2)

for ¢ € gz’ﬁ, we obtain
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X({(Tny, )X (u) = X (/ eZCT(/\C)udV(C)>

= e X(T(A)X(w)dv(C)

—( | eesanan) ) s
ga,ﬁ

f

f

B(ge—-)(=Ax(Ar) — 2)x(u)
B(¢)(=Ax(Ar))x(w),

which concludes the proof of (i), since x(u) # 0.

(ii) Let u € B, and set f(¢) = T(A)u for ¢ € S, . Using Definition [1.3] we
see that (ii) follows from (B4)) applied to f.

(iii) Define f as above. We have, for € € S, 5,m € Sa 5, u € B,

(e=eTin); @ * On)u = (e—cf, ¢ x 6n) = ((e—e)nfn, &) = e Ne—cfn, d),
so (iii) follows from (B7).
(iv) The result follows from Proposition IT.9l (i) applied to T} NUs o2 and ¢

for u € B.

(v) The result follows from Proposition (ii) applied to T(yyu - o7 and ¢
for uw € B. ’

(vi) Now assume that z € No(T, A, o, ) N Dom(FB(¢)) satisfies the condition
of (v).

There exists € € S, 5 such that z + € € No(T, A, o, 8) N Dom(FB(¢ec)). We
have

/ RGO T (o) s o]
0Sa,p

< (sl_lp eRe((z+6)C)||T()\)(C)|M(B)> /_ e—Re(eo)|d0—|<+oo,
(€Sa,p I

and (vi) follows from Proposition (iii) applied to T(xyuig Lz and ¢ for
u € B. 1
(vii) Now assume that ¢1 € Fo,¢2 € Faop satisfy the hypothesis of (vi)

with respect to T and A, and let z(1) € N(T,/\,o’z,ﬁ) N Dom(FB(¢1)) and 22 ¢
N(T, \, o, B) N Dom(FB(3)). Set z = sup(z(D, 2(2)).
It follows from Lemma that

z € N(T, X\ o, ) N Dom(FB(¢1)) N Dom(FB(p2)) C N(T, A, 0, B) N Dom(FB(p1 * ¢2)).

Let v1 be a z-representative measure for ¢, and let v5 be a z-representative measure
for ¢o. Then vy x5 is a z-representative measure for ¢ *¢o, and we have, for u € B,
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(T(x), 1 * P2)u

ez<T()\C)ud(V1 *12)(€)

«,B

= [ TOIT((G + G)udn (C)dn(G)
Sa,BxSa,B

[
T

Sa,ﬁ

/_ ezng(/\Cl)dl/l(Cl)] l /g ¥ T (AC2)udv ()

= <T()\)7 ¢1> (<T()\)7 ¢2>U) )
which proves (vii). O

Let Gap = Ua,p)eM, ,Fa,p be the dual space introduced in Definition 11.2,
which is an algebra with respect to convolution according to Proposition If
o1 € fa(l)ﬁ(n, and if ¢ € fa@),ﬁ(?)a where (Oz(j),ﬁ(j)) € M,y for j = 1,2, then
@1 * o is well-defined.

But in general the fact that N(T,\,a¥), 30))N Dom(¢;) # 0 for j = 1,2 does
not seem to imply that N (T, \, inf(a™, a®), sup(81), B2))) N Dom (¢, * ¢2) is not
empty, which prevents from obtaining a direct extension of (vi) to the case where
?1 € Gaps P2 € Gqp. This difficulty will be circumvented in the next section by
using Fourier—Borel transforms.

9. Multivariable functional calculus associated to holomorphic
functions of several complex variables

In the following definition, the generator Az, of the strongly continuous semi-
group T; and its Arveson spectrum o,,(A7;) are defined according to Section [l if
a; = bj, and the generator Az, of the holomorphic semigroup 7; and its Arveson
spectrum o,,(A7;) are defined according to Section [ if a; < b;.

DEFINITION 9.1. Let a = (ay,...,a;) € RF b = (by,...,b) € R¥ such that
a; < bj < aj+m7 forj <k, let Abe a weakly cancellative commutative Ba-
nach algebra having dense principal ideals, and let T = (Ty,...,Tk) be a family
of semigroups of multipliers on A satisfying the conditions of Definition Bl Let
(a, B) € Myp and let A € U(’Yvé)eMa—a,b—BS'Ysé'

An open set U C CF is said to be admissible with respect to (T, \,a, B) if
U = lli<j<iU; where the open sets U; C C satisfy the following conditions for
some z = (z1,...,2x) € No(T, t, 3, \)

(Z) Uj + Saj,ﬂj C Uj

(it) Uj C 2 + S5 5,5 and

U,
= (zj+eTEF7) o0 2 + (79T E)ig) ) U ([0, 1])
U(z; + e(%_ﬁj)isma zj + 6(%_/3]%-00)7

where sg j > 0,51, > 0, and where

s

7 10,1 =5 25+ Bl 5, \ (T F T 00, el By ) U (B, B0 o))
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is a one-to-one piecewise-C' curve such that

7(0) = e sy and{y(1) = €' 2 s .

(1) NjOar(=A1;) = 0ar(=Ar;r,.)) C Uj.

Conditions (i) and (ii) mean that U is admissible with respect to (a, ) in the
sense of Definition [Z1] and that some, hence all elements z € C* with respect to
which U satisfies condition (ii) of Definition I2.11belong to No (T, a, 5, A). Hence U;
is a open half-plane if «; = §;, and the geometric considerations about OU; made
in Section 12 when a;; < §; apply.

For a = (aq,...,a;) € R¥ B = (B1,...,5:) € R*, we will use as in Appendix
3 the obvious conventions

inf(ay ﬂ) = (inf(alvﬂl)v s 7inf(0‘kaﬁk))7 Sup(a7 ﬁ) = (Sup(ala ﬂl)a R ,sup(ak,ﬂk)).

PrOPOSITION 9.2. If UM is admissible with respect to (T, \,aM), V) and if
U@ s admissible with respect to (T, \,a? B2)), then UM N UP) is admissible
with respect to (T, \, inf(aM), a?), sup(B1), 5(2))).

PROOF. Set

a® Zinf(a®,a®), O = sup(8®, 5O, U = M .
Then

[U(W:é)eMaia(l),biﬁ(l)S’sz] n [U(%é)eMa%Y@),be(z) 5%5] c [U(%&)eMafa(s),b,ﬁ(s) S%J] )

so it makes sense to check whether U®) N U® is admissible with respect to
(T, )\, a®, B3). The fact that U®) satisfies (i) and (ii) follows from Proposi-
tion T2 and the fact that U®) satisfies (iii) is obvious. O

If an open set U C C* is admissible with respect to (T, \, a, 3), we denote as
in Section 12 by H()(U) the set of all holomorphic functions F on U satisfying the
condition

1Pl o) = sup / F(0)||do] < +oo.
oc€OU+e

€€Sy 5

Notice that Ula,B)eMa s (U(%5)€Ma—a,b—ﬁsﬁﬂ) = U(a,ﬁ)eMa,bSa—oc?b—,B- The inclu-
sion U(Wg)eMkMfﬁglg,7 - ga_mb_g for (o, ) € M, is obvious. Conversely as-
sume that A € S,_, s for some (o, B) € Moy If aj = b; then a; = a; = 55 = b,
and so A; is a nonnegative real number. In this situation set a; = ﬂ; = a;,v; =
0; =0.If aj < bj, then a; < oj < B < bj, and aj —a; < arg(N;) < bj — B if
Aj # 0.

In this situation set o = %,’yj =aj —a;j,0; = bj — B and f = bj'gﬁj.
Then (o', 8") € Mayp, (v,8) € Ma—or p—pr, and X € S, 5, which concludes the proof
of the reverse inclusion.

DEFINITION 9.3. For A € U(a g)eM,,, Sa—a.b—p = Ua,8eM,, (U(r,6)eMu_an5975) 5
denote by N the set of all (a,3) € Mgy such that \ € U(1.8)eMa_ap_sOv.6, and

denote by Wr., the set of all open sets U C C* which are admissible with respect
to (T, \,a, B) for some (a, B) € Ny.
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COROLLARY 9.4. Let
A € U(a,8)eMasSa—ab—8 = Ua,peMa, (U,6)eMaai—s97.6) -

The family Wr » is stable under finite intersections, and UUEwTAH(l)(U) 1s stable
under products.

PROOF. The first assertion follows from the proposition and the second asser-
tion follows from the fact that the restriction of F' € H™"(U) is bounded on U + ¢ if
U is admissible with respect to (o, 8) € M, and if € € S}, 5, see Corollary 24 O

A set £ C Upewy, HY (U) will be said to be bounded if there exists U € Wy
such that & ¢ HMW(U) and such that suppeg £l gy < +o0, and bounded
subsets of Uyew,. , H>(U) are defined in a similar way. A homomorphism ¢ :
Uvewr, HV(U) = M(B) will be said to be bounded if ¢(€) is bounded for every
bounded subset € of Uyew,. , H (U). Also a homomorphism ¢ : Uy, , H®(U) —
OM,.(B) = OM,(A) will be said to be bounded if ¢(£) is pseudobounded for every
bounded subset £ of Uyew,. , H*(U).

Similarly let S(U) be the Smirnov class on U € Wy, introduced in Defini-
tion

A set £ C Upew,,S(U) will be said to be bounded if there exists U € Wr x
such that £ C S(U) and such that suppeg [|[FG| ooy < +oo for some strongly
outer function G € H>(U).

Also a homomorphism ¢ : Uyew,. ,S(U) = QM(B) = QM(A) will be said to
be bounded if ¢(€) is pseudobounded for every bounded subset £ of Upew,. ,S(U).

Let U = II;<,U; € Wr 5, and let (o, 8) € Ny such that U is admissible with
respect to (T, A, o, B). Let OU; be oriented from e~ 3% 00 to eZ Pi.co. This gives
an orientation on the distinguished boundary oU = I1;<;0U; of U, to be used in
the following theorem.

THEOREM 9.5. Let a = (ai,...,a;) € R let b= (by,...,by) € R¥ such that
aj <bj <a;+m forj <k, let Abe a weakly cancellative commutative Banach
algebra with dense principal ideals, let T = (T1,...,Tx) be a family of semigroups
of multipliers on A satisfying the conditions of Definition [B1] with respect to (a,b)
and A and let B be a normalization of A with respect to T.

(i) For A € U(a,ﬁ)eMa,bga,ﬂv UcWry, Fc f[(l)(U)7 set

F(—=MA7p,...,— A7)
= L/ F(Gyoo ) MAn + G (M Ap + GD) M dC,

(271-Z)k OU+¢€
where U is admissible to respect to (T, \, a, 3), with (c, B) € N, and where € € Sas
s such that U 4+ € € Wr . Then this definition does not depend on the choice of U
and €, and the map F — F(=MAr,,...,—AeAr,) is a bounded algebra homomor-
phism from Uyew, , HV(U) into M(B) C QM,.(A).

(ii) For every U € W there exists G € HV(U) N H*(U) such that
G(—=MAT, ..., = A7) (B)

is dense in B, and for every F' € H*(U) there exists a unique Rp € QM,(B) =
OM,.(A) satisfying

RrG(=MTh, ..., = Tk) = (FG)(=MTy,...,—\Ty) (G e HV(U)).
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The definition of Rr does not depend on the choice of U, and if we set

F(—M\Ti,...,—XTx) = Rp,
the definition of F(—M Ay, ...,—\Ar,) agrees with the definition given in (i)
if I e UUGWT‘AH(I)(U), and the map F — F(=MTh,...,—\Tg) is a bounded

homomorphism from Uyew,. , H>(U) into QM,.(B) = QM,(A).
(iii) If (o, B) € N, if ¢ € Fap, and if No(T, A\, o, 8) N Dom(FB($)) # 0, then

]:B((b)(_)‘lATU X _)\k:ATk) = <T()\)7 ¢>
In particular if F(() = e~"%, where v € C satisfies v\; € U(n;,6,)EMa. 4. g.yj,gj then
F(—)qATl, ey _AkATk) = Tj(l/)\j).

(iv) If (0, 8) € N, if 6 € Faps and if N(T, \,, ) N Dom(FB(@)) # 0, then

<T(/\),q$>u = lim ]:B(QZ/))(—AlATl +€e11,. --a_/\kATk —|—ekl)u (u € B)
s
(v) If U € Wra, and if F € H™(U) is strongly outer on U, then there exists
u € QB) N Dom(F(=MAT,...,— \:Ar,)) such that
F(—)\IAT“ ey —)\kATk)u (S Q(B)

(vi) For every U € Wy x and every F € S(U) there exists a unique quasimul-
tiplier Rp € QM(B) = QM(A) satisfying
RFG(—)\lTl, ey —)\ka) = (FG)(—)\lTl, ey —)\ka)

for every G € H®(U) such that FG € H>®(U). The definition of Rp does not
depend on the choice of U, and if we set

F(—MTh,...,~\T:) = R,
the definition of F(—=MAry, ..., — A1, ) agrees with the definition given in (ii) if
F e Uyew, ,H>*(U), the map F — F(=M\T,...,—=\T}) is a bounded homomor-

phism from Uyew, ,S(U) into QM(B) = QM(A), and we have, for x € Spec(A),

)Z(F(_)‘ITI» [EER) _Aka)) = F(—)\IX(ATJ, SRR _AkX(ATk)) (F € UUEWT,,\S(U))v
where X is the character on QM(A) such that x|, = X.
(Uii) If F(Cl, ey Ck) = _Cj then F(—>\1A1, ey _)\kAk) = )\jATj.

PrOOF. In the following we will use the notations
d¢ = d¢y ... dCe, \Ar = (M Ay, ..., \Ax,),

R(=AA7, Q) = (=) (MAr + D7 (e, + D)7
for ¢ = (C1,...,Ck) € —Resar(AAD) := —H?ZlResar(ATj(M‘)) With these nota-
tions, the formula given in (i) takes the form
Fiaan =0 [ pomeasr o
@mi)* Jsu4e ’

Clearly, F(—=AAr) € M(B) € QM. (A). Let U, U’ € Wry, let (o, 8) and (o, 5)
be the elements of M, ; associated to U and U’ and let € € Sy p and € e So g
such that U + € € Wy, and U’ + ¢’ € Wr 5. Set

V=U+eV =U 4+, V' =vnV.
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Then the function G : { = F({)R(—AAr,() is holomorphic on a neighborhood
of V\ V", and it follows from (41) that there exists M > 0 such that |G({)| < M
for ¢ € V' \ V”. The open sets V = IL;<;V; and V" = <, V;" have the form
(248 5) \ K and (2" + S 5.) \ K" where K and K" are compact subsets of C*,
and where o = inf(a, ') and 8" = sup(B, 8'). Choose € € S}, 5., and denote
by Vi i the intersection of Vj \VZ with the strip having for boundaries the lines
D} = Le'=37%) L Re! and D? = Le!(G+P%) 4+ Re. Set

n2

W () =

a8

(n+1+(Cj—Zj)€z 2 )2’

and set W,,({) = Wy,1(¢1) - .- Wi k(Cx). Then |W,(¢)] < 1 and lim,,—, 4o W, (¢) =1
for e V.
It follows from Cauchy’s theorem that we have, when L is sufficiently large

o= {/ Wmomo«%dg“dgl,
Mcp—10V; [Jove

We have, for s =1, 2,

< M

Wi (Q)G(¢)dC

/ |Wn,k
oViyNDs$

L

/(Hj<k18Vj)><(8VkﬁDi)

|G,

Mex s /3 Wy (C)11G)

Vj

and so limp, 4 f(ngk,lavj)x(ava;) Wn(Q)G(¢)d¢ = 0. We obtain
_m&mmxz/ W (O)G(Q)dC.
5V I <1V, X0V}

It follows then from the Lebesgue dominated convergence theorem that we have

~G(Qdcz/ G(O)dc.
v <, 10V; X0V}

Using the same argument and a finite induction, we obtain

G(Q)d¢ = G(Q)dc.

v avr
Similarly [5,,, G()d¢ = [5,,, G(¢)d¢, which shows that the definition of
F(=MAT,...,— \:AT,)

does not depend on the choice of U and e.

Now let F' € Upew, , HV(U), let G € Uyew, , H (U). There exists an open
set U € Wr x such that F}, € HM(U) and G|, € HO(U).

Choose € € S 5, where (a, 3) is the element of M, ; associated to U, such that
U+eceWrpy,andset V=U+§, V' =U+e For M C {1,...,k}, denote by |M|
the cardinal of M, and set M* :={1,...,k} \ M. Then |M*| =k — |M|. Since
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(VAL + G (NA + o D)7
1
= 70_ —C, ((/\jATj +<jl)71 — ()\jATj —|—O'jI)71) ,
J J
we have

F(-MNGAA) = s [ FIOG0) R OR(-AAr. 0)dCde

1
= (2mi)%* Z Las,

McC{1,...,k}
where
(—1)‘M‘L]u =
1 B _
/— ] = r©c@ [Tvan +6D™ T vy, +o5D) " dldo
OV XAV 1 i<y 97 J JEM J'€Cym

Assume that M # (0, and for op = (0)jem, set

Wom(om) = H PR
jeM <n—|— 1 —+ (G’j — zj)ei%)

n2

where z € C* is choosen so that z + S5 2 U. 1t follows from Corollary 24 that
G is bounded on V, and so the function

1
om = Wa m(om) H

e 03T G

G(o)

belongs to HW( ] V; + 5(¢j)jen) for onre = (0j)jem= € [ 0V/ and ¢ €
jEM jeM~

dV. Here we associate to oy = (0j)jem and oy = (0j)jem~ the k-uplet o =
(i)1<j<k-

The open set ILjcp/V; is admissible with respect to the family {(a;, 8;)}jem,
and it follows from Theorem [IZ2.5] that we have, for every oa« € Il ¢ M*an’ and

every ( € oV

1
/ Wa m(om) H G(o)doy =0,
e ndV) jen 93 6
where doys = Iljepdoj. We then deduce from the Lebesgue dominated conver-
gence theorem that we have

Py (¢ om+)) =0, <O’M* € H ovj, ¢ e 5V> ,
jeEM*

where
1

P(C,on) = / Go)donr,
e 0V jg, oj — G

Define (as, dCps and dops+ as above and set

Qu(Cryones) == [[ VAL +¢D™ T AyrAr, +o D)7

jEM jreM*
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‘We obtain

(=)L

- / H #F(C)PM(QGMQQM(CM,UM*)dCMdUM*

3 ’ . O;r — (47
avX(j/gM*avj,)j,eM* i — G

= 0.
We obtain
F(—=AAT)G(=AAT)
1
@m0
1 F(¢) . 1D A+ onl)"do
= (gm')zk/év, [/g)v (UlfCl)...(gkick)dC G(o)(MAL + o1 D) " (MeAk + or D) Nd
1 B -
_ WAV/F(U)G(J)()\lAl-Fgl]) w4 onD) " dor
= (FG)(=AA7).

So the map F — F(—AAr) is an algebra homomorphism from UUGWT’AH(D(U)
into M(B).
Let £ be a bounded subset of UUEwT,AH(l)(U)7 let U € Wr,y such that £ is a

bounded subset of H1)(U), let (a, 8) be the element of M, associated to U, and
let € € S 5 be such that U 4+ ¢ € Wrx. Set K = sup, 5,  [[R(=AA7, Q)| ms)-
We have

K
sup ||[F(—AA < ——sup||F < 40
F(:‘lz' H ( T)HM(B) = (27T)k FGI; H ”H(l)(U) )

which shows that the map F' — F(—AAr) is a bounded homomorphism from
Uvewr, HV(U) into M(B) C QM.,.(A).

(ii) Let U € Wr,y, and let (o, 8) € M, and z € CF be such that U C z + Sas
and (z + S}, 5) \ U is bounded. For j <k, set

o +B;
il G| |
—Re( ajﬁv)

i
zje

sj=1+sup| lim

t—+oo t

~ Aaz'+51' . . o
Set Tj(t) = T'(tAje' = ) for t > 0, with the convention T};(0) = I, and set, for
f S ﬂcecke,d/{a,g,

oy 4B
2

<fa¢>:/(R+)kf(t16 s, tre

i &k tPE
2

)eisltlimisktkdh . dtk.

Then z € Dom(FB(¢)), and we have, for ¢ € Dom(FB(¢)),

ap+Bk

}-B(@(C) — / e—tlcle&l%l& et Ceet T2 e_sltl"'"'_s’“tkdtl . diy
(RT)*

1
Lo +B81 ap+Bg

(Gret= = +51) ... (Creé 2k—|—sk)7
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<T()\)a ¢>
= / Tt he ™) L Tt hed 5 5 e st =setu gy,
(R+)

+oo +oo
- U Tl(tl)esltldtl} [/ Tk(tl)eSktkdtk] ,
0 0

where the Bochner integrals are computed with respect to the strong operator
topology on M(B).
It follows from the observations in Section [l that ( e T»(t)e_sftdt> (B) is

0 J
dense in B for 1 < j <k, and so < T{y),¢ > (B) is dense in B. Now set ¢1 = ¢ * ¢.
It follows from Theorem (vii) that we have

<T()\)a ¢1> = <T>\, ¢>2a
and so (T(y), ¢1)(B) is dense in B.
Set F = FB(¢1) = FB(¢)?. Then F € HO(U — €) N H®(U — ¢€) for some
€ € S}, 5, and we have, using assertion (vi) of Theorem

(2mi)k
= <T()\)> ¢1>7
which shows that F'(—AAr)(B) is dense in B.
Now consider again U € Wr y, and let ' € H>®(U). Let Gy € HY)(U) be such
that Go(—AA7)(B) is dense in B, and let u € Q(B).

Then Go(—AA7)u € Q(B), FGo € HV(U), and so there exists a unique Ry €
OM,.(B) = QM. (A) such that

RFG’()(—)\AT)U = (FG())(—)\AT)U c M(B),

and Rp = F(=\A7) if F € HO(U).
Let U’ € Wr, and let G € H(U). We have

—1)k
F(=\A7) = (=1) / - F(OWA7 + o) (MAgy + o) Mo .. doy,
z+8$’;5

ReG(=AAD)Go(=AA7) = ReGo(—AAT)G(=AA7)
= (FGo)(=AAT)G(=AAT)
= (FGoG)(—AAr)
= (FG)(=AA71)Go(—=AA7),

and so RpG(—AAT) = (FG)(—AAr), which shows that the definition of Rr does
not depend on the choice of U. The map F' — Rp is clearly linear. Now let
Fi € UerTV\HOO(U), let Fy € UerT’AHOO(U), and let G € UUeWTy/\H(l)(U)
such that G(—AA7)(B) is dense in B. We have

Rp, 7, G2 (= AAT) = (FLF,G?) (=\A7)
= (F1G)(=AA7)(F2G)(=AAT)
= Rp, Rp,G*(—\A7),
and so Rp, r, = Rp, R, since G?>(—\A7)B is dense in B.
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Now let £ be a bounded family of elements of Uyew, , H*(U). There exists
U € W and M > 0 such that F € H®)(U) and ||[F|| gy < M for every
F € & Let G € HY(U) such that G(—AAr)(B) is dense in B. Then the family
{FG}pee is bounded in HM)(U), and it follows from (i) that there exists u € Q(B)
such that suppce ||(FG)(=AAr)u|p < +o0.

We obtain

sup ||RrG(—=AA7)ul|s = sup ||(FG)(—AAr)u||s < o0,
Fee Fee

and so the family {Rp}rce is pseudobounded in OM(B) = OM(A) since
G(—XAr)u € Q(B). Since the family {A\""F"},>1 is bounded in H*(U) for
F e H®(U), A > (1+||F| go(y)~", this shows that Rp € QM,.(B) = QM.,.(A)
for F € UyerH*>(U), and that the map F — Rp is a bounded algebra homomor-
phism from UyerH*(U) into QM,.(B) = QM,(A), which concludes the proof of
(i)

(iii) Let (v, B) € N, let ¢ € Fo 5, with No(T, A\, o, 8) N Dom(FB(¢)) # 0, and
let z € No(T, A\, o, B) N Dom(FB(¢)). Then z + S%  is admissible with respect to
(T, A\, o, B). As in the proof of (ii) we can construct ¢; € F, g having the following
properties

o 2z € No(T, A\, o, B) N Dom(FB(¢1)),
o G:=TFB(¢1) € HV (2 + S ) NH® (2 + S 4),
o (T()),¢1) = G(—AAr), and G(—AAr)(B) is dense in B.

Let € € S}, 5 be such that z + €+ S}, 5 is admissible with respect to (7', A, o, 8).
It follows from assertlons (v) and (vi) of Theorem Bl and from (i) and (ii) that we
have

(T(ny, 9) FB(p1)(—AAT)
= (Tix), 9){T(n)> P1)
= (T(n), ¢+ ¢1)

- (2731')16 /+ e FB($)(0)FB(¢1)(0) [[ (NjAr, +0,0)  doy ... doy,

1<5<k
= (FB(¢)FB(¢1))(=AA7) = FB(¢)(—AAT) FB(p1) (= A1),

and so (T(y), ¢) = FB(¢)(—=AAr) since FB(¢1)(—AAr)(B) is dense in B.

Now let v € C such that vA; € Uy;.6,) €M 1, S% ;5 let vy = (Y1, Vk)
be the k-tuple defined by the conditions v;, = 0 if s # j, vj; = v. There exists
(vj,6;) € Na, such that v € S, 5,, and there exists (a, 8) € Ny such that a; =
v; and B; = d;. Set F(¢) = e_”@ for ¢ € CF, and set (f,¢) = f(v;) for f €
N.ecke—2Ua 5. Then Dom(FB(4)) = C*, and we have, for ¢ € CF,

FB($)(C) =(e—¢,d) =e ¢ =e "%,
and so F' = FB(¢). Let z € No(T, A\, o, ) = No(T, A\, e, ) N Dom(FB(¢)). Let
d,; be the Dirac measure at v;. Since e_.d,, is a representing measure for ¢e_, we
have

F(=AAr) = (T, @) = Ti(vA)),

which concludes the proof of (iii).
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(iv) Let (o, B) € Ny, let ¢ € Fy g, with N(T, X\, at, 8) N Dom(FB(¢)) # (. Set
e_T =(e_e,Th,...,6—¢,Tk). Then N(T,\, e, ) C No(e—eT, A\, ex, B) for € € Sh g
and it follows from Theorem (ii) and from (iii) that we have, for u € 5,

(Tiny,pu=lim (e_T, d)u
= lim )fB(QS)(e_ET()\))u

= lim FB(@)(—MTh +eal,...,— Tk + exd)u,
)

which concludes the proof of (iv).

(v) Let U € Wy, let F € H*®(U) be strongly outer, and let (F,),>1 be a
sequence of invertible elements of H>(U) satisfying the conditions of Definition [2.6]
with respect to F. It follows from (ii) that there exists G € HM(U) N H*(U) such
that G(—AA7)(B) is dense in B. Let (o, 8) € My and z € No(T, A, a, B) such that
U C z+ S}, 5 and such that (2 + 5} 5) \ U is bounded. There exists € € C* such
that U + ¢ C U is admissible with respect to (T, A, o, ) and we have

F(=AA7)F,H(=AA7T)G?(—AAr)

_1\k
- ( 1) /+5UF(O')Fn_1(U)G2(U) H (/\jATj+UjI)_1d01"'d0k’

Nk
(2m1) Sk
and it follows from the Lebesgue dominated convergence theorem that

lim [|[F(=AA7)E, ' (=AAT)G*(=AAT) — G*(=AAT) || m() = 0.

n—-+oo

Let u € Q(B). Then G(—AAr)u € Dom(F(—AAr)) N Q(B). Set
Un = F, ' (=AAT)G(=A\Ar)u € B.

We have
G(=AAD)’W? = lim F(=AAD)G(=AAT)uun,.

n—-+4oo
Since G(—AA)?u? € Q(B), we have F(—AA7)G(—=AA7)u € Q(B), which proves
(v).

(vi) Let U € Wy a, let F € S(U), let Gy € H>*(U) be a strongly outer function
such that FGy € H*(U), and let w € Dom(Go(—AAr)) such that Go(—AAr)u €
Q(B). Let v € Q(B) N Dom(FGo(—AAr)). There exists a unique Rp € OQM(B) =
OM(A) satisfying the equation

(FGo)(=MA7r)uv = RpGo(—=AAr)uv,

and we have
(FGo)(—AA7) = RprGo(—AAr),

so that Rp = F(—AAyp) if F € H®(U).
Let G € Uyew, ,H>®(V) such that FG € H>®(W) for some W € Wr y, and
let w € Q(B) N Dom(G(—=AAr)). We have
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(FG)(=AA7)vw)Go(—=AAr)u = (FGo)(—AAT)G(—AAr)uvw
= RFG()(—AAT)G(—AAT)U’UU)
= (RFG(—)\AT)’U’U})G()(—)\AT)U.

Since vw (Go(—AAr)u) € Q(B), we have (FG)(=AAr) = RpG(—AAr). So
if we set F(—AAr) = Rp, we obtain F(—AA7)G(=AAr) = (FG)(—=AAr) for
every F' € Uyew, ,S(U) and for every G € Uyew, ,H*(U) such that FG €
Uvew,, H®(U). The map F' — F(—AAr) is clearly linear.

Now let Fy € Upew,,S(U), Fo € Uyew, ,S(U). There exist strongly outer
functions G1 € Upew,,H*(U) and G2 € Upew, ,H*(U) for which we have
G, € UerT»\HOO(U) and FyGs € UerT,AHOO(U). Then

(F1F)(—AAT)G1(—=AAT)Ga(—AAT)
(FLF2G1G)(=MA7)

= (F1G1)(=AA7)(F2G2)(—AAr)
Fi(=AAT)Fo(=AAT)G1(=AAT)G2(—AAT).

Since Dom(G1(—=AAT1)) N Q(B) # @ and Dom(Ga(—AAr)) N QB) # 0, this
shows that (FlFQ)(—)\AT) = Fl(—)\AT)FQ(—)\AT)

So the map F' — F(—AAr) is an algebra homomorphism from Uyew, ,S(U)
into QM(B) = QM(A).

Now let £ be a bounded family of elements of Uyew, ,S(U). There exists
U € Wr» and a strongly outer function G € H>(U) such that FG € H*(U) for
every I' € £ and such that suppcg [|FG|| gy < 4-00.

So the family {(FG)(—AAr)}rece is a pseudobounded family of elements of
OM,.(B) = OM,(A), and there exists u € Q(B) N (Npeg Dom((FG)(—AAr)))
such that suppce ||(FG)(—AAr)u||p < +00. Let v € Dom(G(—AAr)) NQ(B), and
set w = G(—AArp)uv. Then w € Q(B) N (Npeg Dom(F(—AAr))) and

sup [|[F(=AAr)w||s = sup [[(F(=AA7)G(=AA7)uvs
Fe& Fe&
< sup [[(FG)(=AA7)ul|s|[v]s < +oo,
Feg

and so the family {F(—AAr}pce is pseudobounded in QM(B) = QM(A), and the
map F' — F(—AAr) is a bounded algebra homomorphism from Uyewy,. ,S(U) into
OMB) = QM(A), which concludes the proof of (vi). '

Now assume that A is not radical, let x € Spec(.A), and let ¥ be the unique
character on QM (A) such that y(u) = x(u) for every u € A.

Let '€ HM(U), where U € Wr .y, let (a, 3) be the element of M, associated
to U, and let € € S}, 5 be such that U + € is admissible with respect to (T, M\, «, B).
Since Bochner integrals commute with linear functionals, we have

)Z(F(—)\lATl,...,—)\kATk))
_ D" / FGonG) [ MR(AL) + DG . G
(2mi)k dU+e 1<j<k ’

Since U + € is admissible with respect to (T, A, a, §), we have
(—Al)Z(ATl ), cey —)\k)z(ATk)) e U +e,
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and it follows from Theorem that we have
RE(=MATL - =MeA1)) = F(—MT(AD), - —MeX(A7,).

Now let F € H>(U), where U € Wr, and let G € H®(U) such that
G(=MA7)(B) is dense in B. Then x(G(—AAr)) # 0, and we have

. _ X((FG)(=AAT)) _ (FG)(=AX(AT)) _ ”
WA =5 Gaan) — aaxan) MG

Finally let F' € S(U), where U € Wy, and let G € H>(U) be a strongly
outer function such that FG € H>®(U). It follows from (v) that there exists some
u € B such that G(—AAr)u € Q(B), and so X(G(—AAr)) # 0. The same argument
as above shows then that X(F(—AAr)) = F(=AX(Ar)), which concludes the proof
of (vi).

(vil) Set F(Ci,...,Ck) = —Cj, choose v > vy > limy_, 4o , and set
again vy, (t) = te= 0. It follows from Proposition [28(ii) that F' € S(U) for every
U € Wr., and it follows from Proposition [£.5](i) that we have

log |7 (tA;) ]
t

—+oo

+oo
NAT / Voo ()T (2t = — / v (DT (EN )d,
0

0

where the Bochner integrals are computed with respect to the strong operator
topology on M(B).
Now choose (a, 8) € Ny, and set, for f € N ccre_ .Uy g,

<f7¢)0> :/ f(O,...,O,tj,O,...,O)Uuo(tj)dtj,
[0,+c0)k

(f, é1) :/ f(0,...,0,t;,0,...,0)v,, (t;)dt;.
[0,+00)k

Then ¢0 S ]:O¢7,57¢1 S f(y,ﬂ~
Also —v1Aj + S5 5 € No(T, A, v, B) N Dom(FB(¢o)) N Dom(FB(¢1)), and it
follows from (iii) that we have

| e O3 () = (T, b0} = FBon) (A,
/O+oo Vi (T (t0;)dt = (T(), 1) = FB(d1)(=AA7).
But FB(¢0)(¢) = Gareye: FBO1)(Q) = Goteyp = —F(QFB(d0)(¢), which
gives
—+o0o

“+o0
)\jATj / Vyg (t)Tj(t)\j)dt = F(—)\AT)/ Vyg (t)Tj(t)\j)dt7
0 0

and so F'(—=AA7) = \jAr;, since (f[o o0y Uy (0) T (tA;)dt)(B) is dense in B, as
observed in Section O
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10. Appendix 1: Fourier—Borel and Cauchy transforms

In this section we present some certainly well-known results about Fourier—
Borel and Cauchy transforms of linear functionals on some spaces of holomorphic
functions on sectors. The notion of Fourier—Borel transform is classical for elements
6 of the dual of H(C¥), [3], |25], and the Cauchy transform of
6 € H(CF)’ can be interpreted as the "indicatrice" of its Fourier—Borel transform
FB(0), see [25], Lemme 3, p.85.

For a < 8 < ar+ 7 denote as usual by S, s the closure of the open sector S, g,
and set by convention S, o = {te’*};>0.

We set

(15) S:;,B - S*‘rr/2fo¢,7r/27ﬁ75a,6 - S*‘rr/2foz,7r/27ﬁ-

Notice that S}, , . = 0, while gz,wrﬂ =5 _n/2—a—nj2—a = {—tie"}>0.

Now asssume that @ < B < a + 7 Let A = [Ae™ € S, 5 and let

= [¢|e? ESag,Wlth—E—a<w< T—B,a<f0< B Wehave -3 <w+60 < T,
\e A = e~ Iceos(w+0) “and we obtain

(16) e <1 (A€ S5,¢ € Sap\{0}).

(17) le™™] <1 (A€ Sas¢€Sap).

DEFINITION 10.1. Let oz,ﬂ € R* such that aj < B < aij +7 for 1 < j < k. Set

* F —x
Sap = H S(yj”@], Su = H ]’ﬁ] Saps =11 Se, .8, Ifs further, aj < B; for
j=1

=1
1<j<k, setSyp:= HS(%BJ

Let X be a Banach space. We denote by U g(X) the set of all continu-
ous X-valued functions f on Sa satisfying lim. ... ||f(2)[x = 0 such that

zeSmB
the map ¢ — f(C1,C2,--+,¢-1,C,Cjv1,- -+, C) 8 holomorphic on Sy, 5, for every
(C17 cee 7§j—1;€j+1; e aCk) € H Sas,,@s when Qg < 6]

1<s<k

e
Similarly we denote by Vo g(X) the set of all continuous bounded X -valued
functions f on Sy g such that the map ¢ — f(C1,¢2, -+, C=1,€, 41, - - -, Ck) @5 holo-

morphic on Sa, g, for every (C1,..., i1, Gty -+, Ck) € [ Sa..p. when a; < fj.
1<s<k
S#]

The spaces Uyap(X) and Vap(X) are equipped with the norm
[flloc = sup.ez, , 1f(2)lx, and we W’” write Un,p := Ua,5(C), Va5 := Va,5(C).
A representing measure for ¢ € U 5 is a measure of bounded variation von

Sa.p satisfying

(18) (f.6) = /, FQOdUC) ([ € Unp).
a,B
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Set I:'={j<k|a;=p0;},J:={j<k|a; <pB;} Since separate holomorphy
with respect to each of the variables z;,j € J implies holomorphy with respect
to z; = (2j)jes, the map z; — f(zr,2s) is holomorphic on Ilc;S4, g, for every
z1 € UjerSa;,a,-

For z = (21,...,21),( = (C1,...,Cr) € CF, set again e, (¢) = e*1¢+2Ck . Also
set, if X is a separable Banach space, and if a, 8 € RF satisfy the conditions above

(19) Ua3(X) =U—rj2—ar,...—m/2—ar) ()2~ B1,..om /2 83) (X)),

(20) Va,8(X) =V r/2—an,,—n/2—ag),(n/2=B1,0ym/2—85) (X))

with the conventions U; 5 = U; 5(C), V7 5 =V} 5(C).

PROPOSITION 10.2. Let ¢ € U(;ﬁ, and let X be a separable Banach space. Set,
for f € Vo (X)),

(f.6) = / F(Q)d(©),

Sa,p

where v is a representing measure for ¢. Then this definition does not depend
on the choice of v, and we have

(21) <f7 ¢> = lgl(lj <676f7 ¢>

EEEZ,B

ProOF. It follows from (I6) and (I7) that if f € Vo p3(X),e € S5 5, then
e_ef €Uy p(X). If f €U, p(X), then we have, for [ € U, s(X),

< [ f(C)dV(C)J>— /, (O D) = ((F(0), 1), 6),
Sa,p

Sa,ﬁ

which shows that the definition of (f,¢) does not depend on the choice of v.
Now if f € V, g(X), it follows from the Lebesgue dominated convergence theorem
that we have

[ r@ave) = tim [ e Qw0 = lim (e-f,0)
Sa,p se%ﬁgﬂ Sa,p 5665;5

and we see again that the definition of (f, ) does not depend on the choice of
the measure v. (]

We now introduce the classical notions of Cauchy transforms and Fourier—Borel
transforms.

DEFINITION 10.3. Let ¢ € U, 5, and let f € Vo, 5(X).
(i) The Fourier—Borel transform of ¢ is defined on 3;5 by the formula

FB(@)(A) = (e-x,4) (A € Fap)-

(ii) The Cauchy transform of ¢ is defined on ngjgk(C\gajﬁj) by the formula
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1 1

DN = Gl Tn

7¢C>

1 1 1
= (2ﬂ_i)k<<1_)\1...ck_)\k7¢ﬁ ,,,,, Ck>

A=01x) € ] (€©\Sa8)-

1<5<k

(11t) The Fourier-Borel transform of f is defined on II;<;<x(C\ S% 5,) by

the formula
FEHW = [ e

el oo 9k oo
::/ / eiklgli.'.iAkaf(<17'"7Ck)d<1...de
0 0

A=01ox) e [ ©\=55,.6)),

1<j<k
where o; < w; < B; and where Re(\;e™i) >0 for 1 < j <k.

It follows from these definitions that C(¢) is holomorphic on
M<j<i(C \ Sa,,) for ¢ € U, 4 and that FB(f) is holomorphic on
IMi<j<x(C\ —g;ﬁj) for f € Vaﬂ(X). Also using Proposition we see that
FB(¢) €Vy g =V _z_qaz_pforp el

PROPOSITION 10.4. Let ¢ € U, 5. For 1 < j <k, set I, ; = (5 —n,5 — Bj]
form € (Bj, o5 + 7|, In; = (=5 —ay,5 — B5) forn € (o + 7, BJ + 7], and set
L= (-%—a;, 3 —n) forne (Bj+m a;+2n). Then I,,; C [-F —a;, T — B,
cos(n+s) <0 forsel, , andif \=(A1,..., ) € ]I ((C\Saj,gj), we have for

1<j<k
w = (Wlu-'wwk) € H Iarg()\j),j7
1<j<k

iw

C(o)(N) = #),C / C T B (0)do

(2mi
) w1 oo i@k oo

- Aot Aok T3 doy ...doy.

(27T2)k A /0 e (¢)(017 7Uk) g1 Ok
PRrOOF. It follows from the definition of L7 i, that I, ; C [-5 — o, 5 — B3;]. In
the second case we have obviously § <7+ s <3 for sely, In the first case we
have 3 <n+s< 5 +n— BJ§3—+01] B; < forwteandmthethlrd
case we have 3T > n+s>nm+8; - — oy > for w € I, ;. We thus see that

cos(n+s) <0 forne (6;,2r+ o), w € I ;.

Now assume that A € Ii<;<x(C\ Sa,.5,), let ; € (8,27 4+ a;) be a deter-
mination of arg();), let v be a representing measure for ¢ and let w € Il <j<x ;.
Then FB(¢) is bounded on S_z_, =5, and since cos(n; +w;) < 0 for j < k, we
have
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(2731,),6 /08 - e FB(¢)(0)do = ﬁ /06 - er l/_ e"cdu(C)] do

Sa,p

iw

1
- /§ ™o
— C()(N).

h e”(’\_C)dU] dv(¢)

O

Now identify the space M (S, g) of all measures of bounded variation on S, g
to the dual space of the space Co(Sq,g) of continuous functions on S, s vanishing
at infinity via the Riesz representation theorem.The convolution product of two
elements of M(S, ) is defined by the usual formula

/ F(Q)d(vy * v2)(C) :=/§ . FC+dvi(Q)dva(C") (f € Co(Sa,p))-
a,BXPa,B

Sa,8

PROPOSITION 10.5. Let X be a separable Banach space.

(i) For f € Vag(X),\A € Sag, set f(C) = F(C+ N). Then fr € Vo (X) for
f € Vap(X), fr € Uap(X) and the map X — fx belongs to Uy g(Ua (X)) for
f € Uap(X). Moreover if we set, for ¢ € U&”@,

f¢()‘) = <f)\7¢>7

then fg € Vo g(X) for f € Vag(X), and fy € Un g(X) for f € Ua p(X).
(ii) For ¢y € M&Vﬁ,cﬁg € Ll;ﬁ, set

<f7 (;bl * ¢2> = <f¢17¢2> (f € u&ﬂ)'

y . ) . .
Then ¢1 % g2 € U, 5, 11 * v is a representing measure for ¢1 * o if v1 is a
representing measure for ¢1 and if vo is a representing measure for ¢o, and we have

(frd1 5 da) = (fo1,02)  (f € Va (X)),
FB(¢1 * d2) = FB(¢1) FB(¢2)-

PROOF. These results follow from standard easy verifications which are left to
the reader. We will just prove the last formula. Let ¢ € U(;ﬁ, ¢ € Lléﬁ. We have,

for z € 3;5, A€ Sap,C € Sap,

(e—2)x(C) = e 1M HC) =2 (A +Cr) e_.(Ne_-(0),

s0 (e—2)x = e—z(Ae—z, (-2)4,(A) = ((e—2)x, d1) = e—=(N)FB(¢1)(2), (e—2)g, =
FB(¢1)(z)e—, and
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FB(¢1 % ¢2)(2) = ((e=2)g1, d2) = FB(¢1)(2)(e—z, ¢2) = FB(¢1)(2) FB(¢2)(2).
]

For 1 € S, 5, denote by 0, the Dirac measure at 7. We identify 4, to the linear
functional f — f(n) on U, g. With the above notations, we have, for f € V, g(X),
(,b € Z/{& B

flsn = f”]?<f7¢*677> = <f777¢>

If f €eUpp(X), wehavelim o |le—ef — flloo =0=1m .0 [|fy — flloo. We
eES;ﬁ ne§uﬁ

obtain, since [le_cf|loo < || flloo for f € Unp,e € S, 5

(22) im — fle—cfy = flloo =0 (f € Ua,p(X).
s—)O,eGSmB
n—0,m€Sq 3

Now let f € Vi 5(X), let ¢ € Uy, 5, and let v be a representative measure for
¢. Since

(e—e; f) = /g e F(¢+m)dv(C),
.8

and since (e_.f, ¢ x 0,) = e~ e_cfy, #), it follows from the Lebesgue dominated

convergence theorem that we have

(23) (fi0)= lim (e—efy,0)= lim (e-cf,¢xdy) (f € Vas(X), ¢ € Usp)

sao,ee§(’;ﬁ eﬁO,EGEZYB

nao,nei)‘ﬁ nao,negaﬁ
In the following we will denote by 55% g = Ili<< k(??aj .3, the distinguished bound-
ary of Sq , where 9S4, 3, = (€/*/.00,0] U [0,€".00) is oriented from €' .co to-
wards "% .0o.

The following standard computations allow to compute in some cases (f, ¢) by
using the Cauchy transform when «; < §; for j < k.

PROPOSITION 10.6. Assume that o; < B; < aj +7 for 1 < j < k, and let
peU;, 5. If f € Vap(X), and if

[ 15@)lxlde] < +oc,

9S4,

then we have, for n € Sq g,

(24) ) = (L.6%8) = [ C@)lo —m)f(o)don
9Sa,p
In particular we have, for f € Vo g(X),€ € S}, 5,1 € Sa,p,
(25) ek d) = le-cfe 60} = [ )0 - ) (0)do
Bsaﬁ
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PROOF. Let f € V, 5(X) such that sup, 5 ﬁ(1 +|o))2 | f(o)|| < +00, and let

vE M(?avﬁ) be a representing measure for ¢. For R > 0,j < k, we denote by I'g ;
the Jordan curve {Re™}q,<w<p, U[Re,0]U [0, Re'®/], oriented counterclockwise.
We have, for n € Sq.5, 0 € Ili<;j<k0S54,; 5,

1 . _
WHQSHM(;B H dZSt(aSO‘jaﬁj _77178511_7‘7[%') g

(27) 1<j<k

C(@)(o —m)| <

It follows then from Fubini’s theorem and Cauchy’s formula that we have

[ C(d)(o—n)f(0)do
0Sa,p

[ | / o),

. f(o)
/§a,ﬁ Rgr}rloo l/rm /rm (o1 =G —m).. (Uk—Ck—nk)dU W)

L tcenano = (r.648).

dv(¢)

Formula (28] follows from this equality applied to e_.f. Taking the limit as ¢ —
0,¢ € S}, 5 in formula (26), we deduce formula (25) from the Lebesgue dominated
convergence theorem. O

The following result is indeed standard, but we give a proof for the convenience
of the reader.

]+.7

PROPOSITION 10.7. Set Enp:={f =e_, : 0 € IL;<(0,e7" 00)}. Then
the linear span of E, g s dense in Uy, g, and the Fourier—Borel tmnsform is one-
to-one on U,, 4

PROOF. Set Jl = {] € {17,]{3} | Qa :Bj}v JQ_: {] S {17_,]{3} | Qi <Bj}7
denote by U; the space of continuous functions on Sy = Ilje 5, Sy, g, vanishing at
infinity, set S := Ilje ,Sq, 5, and denote by Uy the space of continuous func-

tions on Sy vanishing at infinity which satisfy the same analyticity condition as in
Definition [[0.1] with respect to S5. Also set

nz +[-}

Ei:=<f=e_,: O'EH T .0) g,
JE€N
as+6.
Ey =X f=¢e,: O'EH e i ].oo)
JEJ2

Assume that J; # (). Then the complex algebra span(E}) is self-adjoint and sep-
arates the point on U;, and it follows from the Stone—Weierstrass theorem applied
to the one-point compactification of S that span(FE;) @ C.1 is dense in U; & C.1,
which implies that span(FE7) is dense in U; since U is the kernel of a character on
U, e C.1.

Now assume that Jo # 0, set S5 = 1,8z o, z5;, let ¢ € Uj, and define
the Cauchy transform and the Fourier—Borel transform of ¢ as in Definition [10.3
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Assume that (f,¢) = 0 for ¢ € Es. If j € Jy, then g = 0 for every holomorphic

La;+B;
P S B |

function g on S7 5 which vanishes on (0,e 00). An immediate finite in-
duction shows then that FB(¢) = 0 since FB(¢) is holomorphic on Sj. It follows
then from Proposition [[04] that C(¢) = 0, and it follows from (23]) and (28] that
(f,¢) = 0 for every f € Us. Hence ¢ = 0, which shows that span(FEs) is dense in
Us,. This shows that span(FE, g) is dense in U, g if J; =0 or if Jo = 0.

Now assume that J; # 0 and J # 0, and denote by E C U, g the set of products
f = gh, where g € U; and h € Us. The space U; = Cy(S1) is a closed subspace of
codimension one of C(S; U {oco}). Since the space C(K) has a Schauder basis for
every compact space K, [4],[33], the space U, has a Schauder basis. Identifying the
dual space of U; to the space of measures of bounded variation on Sy, this means
that there exists a sequence (g )n>1 of elements of Uy and a sequence (v,),>1 of

measures of bounded variation on S such that we have

—+oo

=3 (/g o)) an (9 € )

n=1
where the series is convergent in (U, |-lleo)-
Set P, (fsl 7)dvp( ))gn for g € Uy,m > 1. Then P, : Uy — Uy

is & bounded linear operator and limsup,, .. [[Pn(9)|| < gl < 400 for every
g € U;. It follows then from the Banach—Steinhaus theorem that there exists M > 0
such that ||Py|[gey) < M for m > 1, a standard property of Schauder bases in
Banach spaces.

Now let ¢ € U;, 5 such that (f,¢) = 0 for f € E, let v be a representing measure

for ¢, and let f € Uy, g. The function fr =n — f(n,() belongs to Uy for ¢ € S5,
and a routine verification shows that the function h, : ¢ — fs felo)dvy (o) =

fSl n)dvn(n) belongs_to Uy for n > 1. Since the e\fluatlon map g — g(n) is
contlnuous on U, for n € Sy, we obtain, for n € S1,( € S,

S =m£r2m29n

We have, for m >1,n€ 51,( € So,

>0

It follows then from the Lebesgue dominated convergence theorem that

S 1Pm(f)lloe < M| felloo < M| f oo

fm,Q)dv(n, () = lim zn: Gn(Mhn(¢)dv(n, ) = 0.
J ).

ga,ﬁ m——+o00 a 8

This shows that span(F) is dense in U, g. Since span(E;) is dense in U; and
span(Es) is dense in U, span(E, g) is dense in span(E), and so span(E, g) is
dense in U, 3.

Now let ¢ € Uy, 5. If FB(¢) = 0, then (f,¢) = 0 for every f € FE,p, and
so ¢ = 0 since span(Eq ) is dense in U, g, which shows that the Fourier-Borel
transform is one-to-one on Uy, g. O
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We will now give a way to compute (f,¢) for f € V, 5(X), ¢ € U&”@ by using

Fourier-Borel transforms. For o € II1< <k ((C \ E;,ﬁj) , define e, € U], ;5 by using
the formula

(26) (f.eq) = FB(f)(-0).
Also for ¢ € U], 5, g € Ua,p, define ¢g € U/, 5 by using the formula
(f,09) =(fg,90) (f €Uap).

It follows from Definition that if 0 = (01, ...,0k) € H1<<k ((C \ S ) ,

a;,B;

we have, for f € U, g,

(foe) = / C T e 0de,

where w = (w1, ...,wy) satisfies a; < w; < B;, Re(oje™i) < 0 for 1 < j < k,
which gives

oo i 1
6; - < etRe(a']e J)dt: )
leslle < 11 / T (—Re(o,2)))

1=j<k 1<j<k

The same formula as above holds with the same w to compute (f,e%,) for
o' € Ili<j<k (C\g;,ﬁj) when |0 — o] is sufficiently small, and so the map o —
e, € U], 5 is holomorphic on IT;<;< ((C \Eljﬂ) since the L'(R*)-valued map

A — e_, is holomorphic on the open half-plane P := {\ € C | Re(\) > 0}.
Now let € € S% 5 and let w € Ili<j<k[oy, B;] such that Re(e;je™s) > 0 for

1<j <k Theno—e € Migjer (C\ Sy, 4, ) for o € DS, 5, and we have Re((o; -
€j)e™i) < —Re(e;e™i) < 0 for 1 < j < k. We obtain

1

[T Re(ejei)’
<5<k

llea—ell <

and so SUP,egs: lles_clloo < +oo (e €S} 5)-
We now give the following certainly well-known natural result.

PROPOSITION 10.8. Let ¢ € U/, 5. Assume that

[ iFB@ @)l < +oc.
a98*

o,B

Then we have, for e € S}, 5,

oe= 1 / FB(6)(0)€—odo,

S
(2mi)* Jasz ,

where the Bochner integral is computed in (U, g, |-l|o0), which gives
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@) (fe_ed) = —L / FB(&)(0)FB(f)(~0 +do (f € Vas(X)).

N |-

@mi)* Jass

PROOF. Since the map o — e;_, € U, 5 is continuous on 582,67 and since

SUP, g | les _cllc < 400, the Bochner integral [5o. FB(¢)(o)e) _.do is well-
a, o,

defined in (U], g, [|-[|oc)- Set ¢, = (; fésé,g FB(¢)(o)es_.do € U, 5. Since the

27i)k

map ¢ — FB(¢)(() is continuous on Uj, 4, we have, for ¢ € Sa.p

FB(3)(C) = ﬁ / FB(0)(0) FB(e;_)(()do

R
S / FB($)(0)le_c, e )do.
2mi)* Jas: e
It follows from (7)) that (e_¢,el_.) = FB(e_¢)(e — o). Let w € i< ;<ley, Bj]
such that Re(eje™i) > 0 for j < k. Since Re((0j — €j)e™i) < —Re(eje™i) < 0 for
1 < j <k, we have, for o € 85’;‘[7&

FBle_c)(e— o) = / T e (n)dy

iw

- / ' elr=<=Ongp
0

1
[T (§+e—05)

1<j<k

this gives

. . 1 1
Using the notation w--— := e, <r (¢ ¢, —0;)

_ 1 FB(¢)(o)
fBWJ@)—(%@k[¥*ﬁc+eada
As in Appendix 3, set W; ,,((;) = " forn> 1,¢ € §Zjﬁj, and

aj+Bj .
nte 2 (¢;

set W (Q) = 1< Wi ;(() for ¢ € S, 4.
Then |W, ;(¢;)] < 1 for ¢ € ?Zjﬁj,

compact sets of ?;B, and lim ;. Wy(¢) = 0. The open set S}, ; is admissible

Ces;,{f
with respect to (o, 8) in the sense of Definition [2.1] and, since FB(¢) is bounded
on S} 5, FB(¢)W,, € HI (S, ) for n > 1. It follows then from Theorem [ZF] that

we have, for ¢t € (0,1),¢ € gz’ﬁ,

W,(¢) — 1 as n — oo uniformly on

do

1 / FB(¢)(o + te)W, (o + te)
(2mi)k 8s: (+(1—-t)e—0

- FBO)0)Walo) ,, _ .
B (2m’)k/55;ﬁ+te (+e—0 do = FB($)(¢ + €)W, (C +¢),

and it follows from the Lebesgue dominated convergence theorem that we have
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1 FB(#)(0)Wn(o) , ) )
(2mi)k /gszﬁ (+e—0 do = FB(¢)(¢ + € )Wn(¢ +€).

Taking the limit as n — +o00, and using again the Lebesgue dominated conver-
gence theorem, we obtain, for € g; 85

1 FB(¢)(0)
= 761 =
FBO)O) = (g [, T emgte = FBOC+
= <67C675; ¢>
= (e—¢, pe—c) = FB(de_e)(¢),
and it follows from the injectivity of the Fourier—Borel transform on L{éﬁ 5 that
e = Pe_e.
This gives, for f € V, 5(X), since (f,e;_.) = FB(f)(—0 +¢€) for 0 € S, 5,

FB(#)(0)(f, e5_c)do

05} 5

1
<f€—e7¢> = <f7 ¢6—e> = W/

_ 1 /  FB(8)(0)FB(f)(~o + e)do.

For J C {1,...,k}, set
© Pj=C\=S_5_q,3-0,ws;=0a;forjer,
® Prj=C\=S_z_p, 2 p,ws;=0;forje{l,....k}\J,
o Py=1licj<xPrj, wy= (Wit ., Wik)-

If f € Vaps(X),and if [55 , I (Ollx|d¢| < 400, then the formula

FB(f)(0) = / T e (o

defines a continuous bounded extension of FB(f) to P;, and so FB(f) has a
continuous bounded extension to Ujcqy,.. 13 Pr = Thi<j<k ((C \ —S;j’ﬁj) . Apply-
ing formula (28) to the sequence (e,) = () for some € € S 5, we deduce from
the Lebesgue dominated convergence theorem and from formula (23) the following
result.

COROLLARY 10.9. Let f € V,5(X), and let ¢ € Uy, 5. Assume that the following
conditions are satisfied

@ [ I©lxlde] < +oc.

9Sa,8

(4) ~/E§S;$B |FB(¢)(0)|ldo| < +o0.

Then
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In the following we will denote by © the functional f — fs . f(Q)dv(¢) for

v € M(Sq4,). In order to give a way to compute (f, o) for ¢ € U&”@,f € Va,p(X),
we will use the following easy observation.

PROPOSITION 10.10. Let v be a probability measure on So g, let R > 0, and let
Xbe a separable Banach space. Set vr(A) = v(RA) for every Borel set A C S, p.
Then Uimp_,+ o0 || fop — flloo = 0 for every f € Uq p(X).

PROOF. Let f € U, 3(X). Then f is uniformly continuous on S, 5, and so
for every § > 0 there exists 7 > 0 such that ||f(C +7n) — f(Q)|lx < ¢ for every
¢ € Sa.p and for every n € S, 5N B(0,7). It follows from the Lebesgue dominated
convergence theorem that

li B = i B =v(Sap) =1
pim vr(B(0,r)) = lim v(B(0,rR))=v(5a,s)

This gives

/_ (F(C+m) — F(O)dvr(n)

Sa,8

)

< limsup < sup /_ 1£(C+mn) - f(C)HXdVR(??))

limsup || fo, — flloo = limsup | sup
R—+o00 R—+00 \CESq 5

R—+00 \¢eS, 3 Sa,psNB(0,r)
+ 2| flloo limsup/ dvr(n) < 6.
R—+00 JS, s\(Sa,sNB(0,r))

Hence limpg o0 || f5r — flloo = 0. O

It follows from the definition of vg that (f,7r) = (f1,7) for f € Va,g(X),
where f1(¢) = F(R7YC) (€ € Sa,). In particular FB(vg) = FB(v)y, and (in)g *
(D2)gr = (D *2)R = (V/l_;_/VQ)R for R > 0 if v; and vy are two probability measures
on Sy 3.

Wg deduce from Proposition [[0.8] and Proposition 10.9 the following corollary,
in which the sequence (W,,),>1 of functions on S:;,B introduced in Appendix 3
and used in the proof of Proposition [[0.§ allows to compute (f,¢) for ¢ € U&”@,
f € Va p(X) in the general case.

2

COROLLARY 10.11. Set W,,(¢) = IIi<j<p——"2——~7 forn >1,( € ?Z’ﬂ.

o 1hy
<7L+(j e’ 2 )

Wi (o) FB(¢)(o)FB(f)(e — O’)d(}') .

Then we have, for ¢ € U, 5, f € Va,p(X),

eeeioﬁ n—+oo (2i)* J5

29)  (f,4) = lim <1im L/

Sa.p

PROOF. Define a measure vy on S, 5 by using the formula

a1+81 io‘k;ﬁk)

(f,yo):/ ke_tl"'_t’“f(tlei T L. tke dti...dty (f € Co(Sap)).
[0,+00)

Then vy and v = 1y * 1y are probability measures on ?a’[;, and we have, for
C € gz, B
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ap+Bi

i21thr i
]-'B(DO)(C)z/ e TR Ge R e B gy dty,
[0,400)k

1

Lai+B4 "
1<<k L+ (et 7=

Hence FB(v) = FB(in)? = W1, and FB(i,) = (Wh)
(29) that we have, for € € ?;B,

= W,. It follows from

1
n

<fe—ea¢>: hm <(fe—e)13n;¢>

n—-+4oo
= Jim (fec.dx7n)
= li ! FB(¢ * i) () FB d
T notee (20 /(%;ﬁ (¢ % 0)(0) FB(f)(e — 0)do

1

T g, | TN TB( e = o)

and the result follows from the fact that (f, ¢) = lim 0 (fe_e, d). O
€€Sq,B

11. Appendix 2: An algebra of fast-decreasing holomorphic functions
on products of sectors and half-lines and its dual

In this section we will use the notations introduced in Definition 4.1 for o, 8 €
RF satisfying a; < B < a; +mfor 1 < j < k. Notice that is x € C,y € C, there
exists z € C such that (m + 3;,@) N (y + g;,m) =z+ ?Zjﬁj. Such a complex
number z is unique if a;; < §;. If a; = B;, then ?Zjﬁj = gaj_ﬁ/laﬁﬂp is a closed

half-plane, the family {m + gzj ﬁj} - is linearly ordered with respect to inclusion
’ x€

and the condition (x +§aj,/3j) N (y + gzjﬁj) =z+ §2J_7ﬁj defines a real line of
the form zy + €* R, where 29 € {z,y}.

The following partial preorder on CF is the partial order associated to the cone
§Z,g if oy < Bjfor1 <j<k.

DEFINITION 11.1. (i) For z = (21,...,2;) € C* and 2’ = (21,...,2,) € CF, set
227 if2 € z—i—?:;ﬁ.

(ii) If (z(j))lgjgm is a finite family of elements of C* denote by SUP<j<im 209)

the set of all z € C* such that Ni<j<k (z(j) + §2’5> =z —i—?;ﬂ.

For z = (21,...,2;) € Ck set e = (e*!,...,e*), and denote again by e, :
CF — C the map ((1,...,C) — €3¢ = e Gt Hzrte,

It follows from (IT) that e_.Unp C e_ Uy p if 2 < 2.

For f € e_.Vapg,set || flle_.v. s = |lezf]loo, Which defines a Banach space norm
on e_,Uyp and e_.V, .

PROPOSITION 11.2. (i)Set vy, = ne=i*3” forn > 1. Then the sequence (Yn)n>1
is cofinal in (C¥, <).
(i) If z X 2/, then e_. Uy p is a dense subset of (e_.Uap,||-lle_.tss 5)-
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(111) The set N,ecre—Uq g is a dense ideal of Ua g, which if a Fréchet algebra
with respect to the family (||.le_. ty 5)n>1- 4
(iv) If X is a separable Banach space, and if z € suplgjgmzm, then

e—:Uap(X) CMicjcme (HUa,s(X),e-2Va,s(X) C Ni<j<me_ i) Va,8(X),

and maxi<j<m | flle__ ;v a0 S Iflle_va o(x) for f € e—2Va,p(X).
If, further, k =1, then

e—xUo,p(X) = Nicj<me_ (i Ua,p(X), e—2Va,5(X) = Nigj<me_ () Va,p(X),
and maxi<j<m ”fHeiz(j)Va,ﬁ(X) = ||f||efzva,g(X) for f € e—zVaﬂ(X)'

PrOOF. (i) Let z = (21,...,2;) € C¥, and let j < k. Since

(g - 5;‘) + (—g - aj) = —(aj + B8)),
,i(ajJrﬂj) —* —i
to,j€ 7 €0(z + 5,,,3,) for some to; € R, so te
every t > to ;, and (i) follows.

(ii) Assume that z < 2’. The fact that e_, U, g C e_,U, g follows from (IQ).
Let 2" € 2/ + Syp C 2+ 85 5. We have 2" = z + re" where r > 0, and where
n=(n,...,n) satisfies =5 —a; <n; <5 —f; for j <k.

The semigroup (e_yein)¢>0 is analytic and bounded in the Banach algebra U, g,
and limy_,o+ || f — fe_tein|loo = 0 for every f € Uy p.

It follows then from the analyticity of this semigroup that

(a

jt+B85) —x
T €z + 8, p, for

[e—rei” a,ﬁ]_ = [Ut>067te“7u&7[3]_ = Ua,B-
Hence e_,»U, g is dense in e_.U, g, which proves (ii) since e_, Uy g C e_Uq p.

(iii) Denote by i, . : f — f the inclusion map from e_, U, g into e_.U, g
for z < 7. Equipped with these maps, the family (e_.Uu g).ccr is a projective
system of Banach spaces, and we can identify (N.ccre—Uag, (||.|le.tr 5)zccr) to
the inverse limit of this system, which defines a structure of complete locally con-
vex topological space on (N, ecre—:Ua,g, (||-le_.tsn 5)zecr ). It follows from (i) that
the sequence (||.|[c_. u, ;)n>1 of norms defines the same topology as the family
(II-Nle—thn 5 )zecr) o0 Nyecre—Ua,g = Np>16—r,Uq g, which defines a Fréchet alge-
bra structure on N, ccre—.Uy 8-

It follows from (ii) that e_., , Ua s is dense in e_, U, p for n > 0, and a
standard application of the Mittag-Leffler theorem of projective limits of complete
metric spaces, see for example Theorem 2.14 of [14], shows that N, ccre_Un g =
Nn>16—~, Ua g is dense in e_y Ua g = Uy .

(iv) Let 2,2’ € C*, and let 2” € sup(z,2’'). Then
€242 € Va,ﬁyefz”ﬁ»z’ € Va,By He—z”-&-z”oo < ]-7 ||e—z”+zHoo < ]-7
and so

E,Z”uawg(X) C C_ZUQ,B(X) n e,zluaﬁ(X),efzv Va’ﬁ(X) C e_zVayﬁ(X) n E,Z/Vayﬁ(X),

and maX(”fHEsza,ﬁ(X)? Hf”e,z/va,ﬁ(X)) < ||f||€—z“Vu,[3(X) for f € e—z”VOtﬁ(X)'
Now assume that k = 1. ) _ .
We claim that [e*¢| = max(|e*|, |e*¢|) for ( € 0Sas. If 2 € 2/ + 5, 4, or if

9

2 e z+ 52,5, this is obviously true. Otherwise we have o < ( and, say, 2”7 =
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z+re7e73) = 2/ 4 /ef=B+3) with r > 0,7 > 0. Let ¢ = pe’® € S, 5, where
p>0,6€ {a, B} We have

Re((2” — 2)¢) =rpcos(f — a — g) >0, and Re((2” — 2')¢) =1'pcos(d — B + g) > 0.

So le*¢| < [e*¢| = [e*"¢| if § = a, and |e*¢| < [e*'¢| = [e*"¢| if 6 = B, which proves
the claim.
We now use the Phragmén—Lindel6f principle._Let s € (1, ﬁ%a) and let ¢* be
a continuous determination of the s-power of ¢ on Ss-o o—s which is holomorphic
5

on ngTaﬁqug ifao<p. Let fee_,Vap(X)Ne_Va, (X)?and let € > 0. Set

—ekBNT X
g(¢) G f)

for ( € Sa,3. Then g. € U p(X), and it follows from the maximum modulus
principle that there exists (o € 05, s such that

19 et 00 = llge ()1l < 17" [1F(Go)| = max(e*°1F (o)l [e* 1 £ (Go)))-
’ Va)g(X), and

Since lim_,ge~ " =1 for every ¢ € Sa,3, this shows that f € e™
I flle_ova sx) = max([| flle_.va sx)s 1 flle_Lvasx))-
Now let f € e_,Uy g(X)Ne_ Uy g(X). Then f € e_,»V, (X), and

lim [e”° f(¢)]| = 0.
[¢]—0
C€d5, 3

The Banach algebra U, g possesses a sequential bounded approximate identity

(gn)n>1, one can take for example g, (¢) = —%—. We have
h n¢+e' 2
Iim |le,» fgn — €. flloo = lim  max ||e,» n(C) — ey =0,
e fon = e floo = T max e (OF(Q90(0) ~ e (O£

and so e, f € Uy p(X) since Uy g(X) is a closed subspace of V, g(X). This con-
cludes the proof of (iv) when m = 2. The general case follows by an immedi-
ate induction, since sup(¢,z®) = SUp; << 2(9)) for every ¢ € SUpPy<j<i—1 2 if
(zV,...,2W) is a finite family of elements of C¥. O

Notice that assertions (ii) and (iii) of the proposition do not extend to the
case where 8; = a;; + 7 for some j < k. It suffices to consider the case where a; =
—%5,Bj = 5. Set \j(t) = (As,t)1<s<k, Where Ay ; = 0 for s # j and A;; = t. Then the
map f — e_y, () f is an isometry on U, g for every t > 0 and Nouy,(Ua,p = {0}
since the zero function is the only bounded holomorphic function f on the right-
hand open half-plane satisfying lim,_, o [e!" f(r)| = 0 for every t > 0.

Let i¢ : f — f be the inclusion map from N,ccre—.Uq g into e_ Uy 5. Since

i¢c has dense range, the map i : ¢ — ¢ is a one-to-one map from
¢ N, ccke—zUa,p

(e—cUn,p)" into N ccre— .Uy g)’, which allows to identify (e_Uqy )’ to a subset of
(N.ecke—zUa g), so that we have

(30) (Nzecke—:Ua,p) = U ecnr (e—Ua,p) = Unza(e

DEFINITION 11.3. Set Fo 5 := (Nyecre—-Uap) . Let ¢ € Fy g, and let X be a
separable Banach space.

(i) The domain of the Fourier—Borel transform of ¢ is defined by the formula
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Dom(FB(¢)) :=={ze€CF | ¢ € (e_.Uap)'}.

1) For z € Dom the functional gpe_, € 18 define the formula
F D FB(p)) the fi l ¢ U, 3 d d by the f l

<f7 ¢€72> = <e*2f7 ¢> (f € Z/[Oz,ﬁ)v

and (g, ¢) is defined for g € e_. Vo 5(X) by the formula
<ga d)) = <€zg, ()be*Z)'

(iii) The Fourier—Borel transform of ¢ is defined for z € Dom(FB(¢)) by the
formula

FB(#)(2) = (e-z,9).

(iv) The z-Cauchy transform of ¢ is defined on Ck\—§;B forz € Dom(FB(¢))
by the formula

C:(¢) = Cde—z).

(v) If z € Dom(FB(¢)) a measure v of bounded variation on S, g is said to be
a z-representing measure for ¢ if v is a representing measure for ¢e_.

Since the map ¢ — e_¢ is holomorphic on Sj 5, the map z — e_. is a holomor-
phic map from A + S7, 5 into e_xU, 3 for every )\ € Dom(FB(9)), and so FB(¢)
is holomorphic on the 1nter10r of Dom(FB(¢)) for ¢ € F, 5. Also the z-Cauchy
transform C,(¢) is holomorphlc on C\ Sa.p if 2 € Dom(FB(¢)). Notice also that
if € U, 4, then S, 5 C Dom(FB(¢)) and so the function FB(¢) defined above is
an extension to Dom(}' B(¢)) of the Fourier-Borel transform already introduced in
Definition 03 on S,

Assume that g € e_ Va,8(X) Ne_Vy 5(X), where z,2" € Dom(FB(¢)). Let
2" € sup(z, 2’) C Dom(FB(¢)). Then g € e_,»V, g(X). Let v be a z-representative
measure for ¢.

We have, for h € Nyccre—\Ua g, since e_, = e_.ne n_,,

<h,¢>:/§

Since e,_ .~ v is a measure of bounded variation on S, g, e,_.»v is a z”’-representa-
tive measure for ¢. Similarly if v/ is a 2’-representative measure for ¢ then e, _,n1/
is a z'’-representative measure for ¢, and we have

e-(OR(Q)dr(() = /§ e (OVR(C)es— o () Q).
a,B

a,B
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/_ ez(C)g(C)dV(C):/ ez (€)g(¢)ez—z (C)dr(C)

Sa,p

ez (€)g(Q)ezr—2n(C)dv' ()

e (Q)g(¢)dv'(¢),

which shows that the definition of (
Dom(FB(¢)) such that g € e_,V, s(

,¢) does not depend on the choice of z €

).

>

PROPOSITION 11.4. Let ¢ € Fq .

(i) The set Dom(FB(¢)) is connected.

(i) = —|—§;5 C Dom(FB(¢)), and FB(¢p) is continuous on z + 3;5 and holo-
morphic on z + S}, 5 for every z € Dom(FB(¢)).

PROOF. (i) The fact that Dom(FB(¢)) is connected follows from the fact that
the arcwise connected set (21 +§Z75) U (22 +§Zﬁ) is contained in Dom(FB(¢)) for
z1 € Dom(FB(9)), z2 € Dom(FB(¢)).

(ii) Let = € Dom(FB(¢)). It follows from (I7) that z + S, 5 C Dom(FB(¢))
and so FB(¢) is holomorphic on the open set z + S5 5 C Dom(FB(¢)). Let v be
a measure of bounded variation on S, s which is z-representing measure for ¢. We
have, for n € S, g,

Sa,p

FB@)(z 1) = (e—sns @) = (e, de_) = / e dw(Q),

and the continuity of FB(¢) on z + ?; 3 follows from the Lebesgue dominated
convergence theorem. O

Notice that Dom(FB(¢)) is not closed in general: for example if we set

(frd) = /_ CF(Q)dm(Q)

i
for f € N.ecre—.U-z =, where m denotes the Lebesgue measure on C, then

t € Dom(FB(¢)) for every t > 0, but 0 ¢ Dom(FB(¢)). Notice also that if v is a
measure supported by a compact subset of S, g, and if we set

(fr6) = /S F(Q)dv(<)
o, B

for f € N ccre—.Ua g, then ¢ € N, ccr(e—.Ua ), so that Dom(FB(¢)) = CF, and
FB(¢) is the entire function defined on C* by the formula

FB(9)(2) = / = du ().
a,B

We now introduce the convolution product of elements of 7, g.

If ¢ € Fap,f € Necke—Unp, X\ € Sap, set again fr(¢) = f(¢ + A) for
¢ € Sap. Then fy € N eere—2Ua p, and we can compute (fy, ). The map A — fy
is a continuous map from S, s into the Fréchet algebra M, ccre— U, s which is
holomorphic on S, g. We obtain
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LEMMA 11.5. Let ¢ € Fo 5. Then the function fg : X — (fx, @) belongs to
N.ecre—.Uq g for every f in N ccre_ Uy g, and the linear map f — fy is contin-
uous on Nyecre—Uq g

PROOF. Let f € N, core_Uy g, let zg € Dom(FB(p)), let v be a zp-representing
measure for ¢ on S, g, and let 2z € C*.

Let z1 € sup(zo,2), so that (zo + ?:)5) N (z+ ?:)5) =2z + ?Z)ﬁ, and set
Mo = 21 — 20,M = 21 — 2. We have, for A € S, 3,

Sa,8

My ) = [ eMCF(C 4 N)dw(C) = / eI AEEN F( 4 A)d(C).
Sa,B

Since [e= M0z (CHN) £(¢ + N)| < ez, flloo, it follows from Lebesgue’s domi-

nated convergence theorem that lim | . [€**(fx, ¢)| = 0, and so f, € N, ccre—.Ua g
NES, 8

Also |le; fglloo < ll€z, flloo [ , dIv[(C), which shows that the map f — f, is con-
tinuous on N kcce—Ua,g- 7 O

Notice that it follows from the Hahn-Banach theorem that if ¢ € (e_.,Ua,3)’
there exists a zg-representing measure v for ¢ such that

/_ A1) = 8l oyt

Smﬁ

The calculation above shows then that we have, for z € CF, f € N, ccr e_.Ua g,
¢ € Fa,g, 20 € Dom(FB(¢)), z1 € sup(zo, 2),

(31) lle=folloo < llezy flloo 1ol e gtra -

PROPOSITION 11.6. For ¢1 € Fu p,¢2 € Fu g, define the convolution product
@1 * P2 € Fo g by the formula

<f7 ¢1 * ¢2> = <f¢1v¢2> (f € mzeckefzuaﬁ)'
Then

sup(z1,22) C Dom(FB(d1 * ¢2)) (21 € Dom(FB(¢1)), z2Dom(FB(¢2)),
and we have, for z € sup(z1, 22),

61 % P2ll(e_tta ) < ND1llesytta gy 1 D2]l ey tha -

More generally Dom(FB(¢1)) N Dom(FB(¢p2)) C Dom(FB(¢p1 * ¢2)), and if
z € Dom(FB(¢1)) N Dom(FB(¢2)) then (1 x dp2)e_, = (dre_,) * (p2e_.), so that
V1 % Vo 18 a z-representative measure for ¢1 * ¢o if 1 is a z-representing measure
for ¢1 and if vy is a z-representing measure for vo, and we have

FB(¢1 + ¢2)(2) = FB(¢1)(2) FB(¢2)(2) (2 € Dom(FB(¢1)) N Dom(FB(¢2)).

PROOF. Let z1 € Dom(FB(¢1)), let zo € Dom(FB(¢2)), and let z € sup(zy, z2).
It follows from (B2) that we have, for f € N, ccrela g,
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I(f, 01 % d2)| = [{fo,, P2)
< ||6fo¢1||oo||¢2||(e,22ua,ﬁ)'
< lezfllocll@nlle- .y tha sy 192l ety
Hence ¢1 * ¢2 € Fop, sup(zi,22) C  Dom(FB(¢1 * ¢2)), and
61 % d2ll(e_.tt p)r < NP1l e th o) P2l (e the ) fOr 2 € sUP(21, 22).
Let z € Dom(FB(¢1)) N FB(¢2)). Then z € sup(z, z) C Dom(FB(¢1 * ¢2)).

Let v1 be a z-representing measure for ¢; and let v be a z-representing measure
for ¢o. We have, for f € Nyecre—slUa g,

(f, 1% d2) = (for, P2)
= [ e am)

Sa,p |/ Sa,

= /_ l /_ e f(C+ Ndin (V)| e dva(N)
:/ /— _ VL N (Qdra(N)
Sa,pXSa,8

= /_ e*d(v1 * 1) (s),

Sa,p

and so vy * v is a representing measure for (¢; * ¢2)e_,, which means that
V1 % Vg is a z-representative measure for ¢ * ¢o. Since v; is a representative mea-
sure for ¢re_,, and since ¢ is a representative measure for ¢oe_,, it follows from
Proposition M0H (ii) that (¢1 * ¢2)e_, = (Pre_.) * (d2e_.).

It follows also from Proposition [[05(ii) that

FB(¢1 * ¢2)(2) = FB((¢1 * dp2)e—2)(1)
= FB((¢re—2) * (¢2e—2))(1)
= FB(¢re—»)(1)FB(¢2e—-)(1)
= FB(¢1)(2) FB(¢2)().
O

Using Proposition [[0.4] we obtain the following link between z-Cauchy trans-
forms and Fourier-Borel transforms of elements of F, g.

PROPOSITION 11.7. Let ¢ € Fop. For j < k, set I, ; = (5§ —n,5 — B;] for
n € Bjaj+7], I; = (=5 —a;,5 = B;) forn € (a; + 7, 8; + 7], and set
T = (—5 = g, 3 =) for 0 € (8, + w0, +2n). Then Iy © 5 5,5 - 6
cos(n+s) < 0 for s € I, and if X\ = (A1,...,\,) € CF\ S, 5, we have for
w= (w1, wk) € icj<rlarg(n,).jr 2 € Dom(FB(¢)),

iw

BN = - / = P FB(9)(o + 2)do

1 el oo ek .00

0 0
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PRrOOF. We have C,(¢) = C(¢e_.), and, for o € E;B,
]:B(¢)(U + Z) = <e—a—za¢> = <e—U€—Z7¢> = <€_U,¢€_z> = ]:B(¢e—z)(0-)'
The result follows then from formula ([22]) applied to ¢e_,. O

Let X be a separable Banach space. For 1 € S,3, 2 € CF, f € e_,V, 5(X),
set f,(C) = f(C+n) (C € Sap). If ¢ € Fup, and if 2 € Dom(FB(¢)), we have

(f,dx0y) =(e-f,(dxdy)e_z)

= (e=f, (¢e—2) * (dne—2))
=e¢ e f, (Pe—z) * Oy)
e {(exf)y, (de-2))
= (e. [y, pe_z)

= (fn, ®)-
We also have, for f € e_.Uq s(X),

lim {1 fy = Fllestta s (0

1€Sa,s

= lim sup [[e*f(C+n) — e f(O)llo

774»0
n€54,5 (€Sa.p

< }g% (H(QZf)U_€Zf||oo+|1_e_ZTIl”(er)n)HOO)

= 0,

and so, since (e_cf), = e~ Te_.f,

m  [(e—cf)n = flle_ .t s(

77%0,7165&,&
=
s—)O,eGSaﬁ

= dmlewefy — flle 00 =0 (F € emslho5(X), 2 € CH),
n—0,m€Sy,
5*}0,66?2,5

Now let f € e_.Va3(X), and let ¢ € (e_.Usp) . If v is a z-representative
measure for ¢, we have, for n € gaﬁ, €€ EZ,B’

((e—cf)ny @) =€ Te—cfn, ) = e T2 [ e e (¢ +n)dv(C),

Sa,p

and it follows from the Lebesgue dominated convergence theorem that we have

lim ||<(e—ef)17)¢> - <f’¢>HX

77%0,716?&,&
=
s—)O,eGSaﬁ

= lim [{e—cfy ¢) = (£,9)llx =0 (f € e—2Vap(X), 6 € (e—:lap)’, 2 € CY).
n—)O‘nESaYB
sﬂO,eEgj;YB

The following consequences of Proposition allow to compute in some cases
(f.¢) for ¢ € Uy, 5, € Va,5(X),z € Dom(FB(¢)) by using the 2-Cauchy trans-

form.
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PROPOSITION 11.8. Assume that a; < B; < aj+m for1 < j <k, let ¢ € Fop,
let z € Dom(FB(¢)), and let X be a separable Banach space.
If f€e_Vop(X), and if

/ G| (o) | x|do] < +oo,

9Sa,B

then we have, for n € Sq g,

9S4,

(32) (o) = (f, &5 80) = / N () (o —n)f(o)do.

In particular we have, for f € Vo 5(X),€ € S}, 5,1 € Sa,p,

(33) € Momefurd) = (oefsdxby) = / E=ITNC, (4 (0 — 1) f(0)do

9S4,

PROOF. Assume that f € e_,V, g(X) satisfies the condition

[ 15@lldol <+

9Sa,p
We have, for n € Sqa,8, € € 5], 5,

<fn7¢> = <52fm¢€—z> = eizn<(€zf)m¢e—z>:e—€fn = een(e—ef)n

so (32) follows from (25) applied to e, f and ¢e_., and [B3) follows from (B2
applied to e_.f. |

For 2 € CF f € e_,Va p(X), recall the Fourier—Borel transform of f is defined
for ( =(¢1...,¢) € MMi<j<k ((C \ (—z; — g:v,-,ﬁ,-)) by the formula

iw

FB()(C) = FBlesf)(z +C) = /O C T e f(o)do

el 00 ek 0o

. —¢101+—Cro

= / / e 1ok *f(o1,...,0k)doy ... do,
0 0

where o; < w; < f3; and where Re((z; + (;)e™i) >0 for 1 < j < k.
The following consequences of Proposition 0.8 Corollary and Corol-

lary 0.1 allow to interpret the action of ¢ € F, g on e_.Uqy g for z € Dom(FB(¢))
in terms of Fourier—Borel transforms.

PROPOSITION 11.9. Let ¢ € Fo p, let z = (21,...,2,) € Dom(FB(¢)), and let
f €e_Vap(X). Set again, for ( = (C1,...,C) € S} 5,m > 1,

T’LQ

a8\ 2
(n—i—@-el 3 ]>
Then

(i) {f,¢) = lim ( lim =t -4+05" Wn(a—z)fB(qb)(a)fB(f)(—a—l—e)da).

Wi (¢) = icj<k

e—0 n— 400 (2mi)*
c€Sn.p
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(i) If, further, féS;B |FB(¢)(o))||do| < +o0, then we have, for e € S}, 4,

O p— / FB($)(0)FB(f)(~0 + e)do,

+35%
and so
. 1
(o) = lim e [ FBO@FB() (o + e
&35 i) 24857, 5
If, further, 555 eRez9)|| f(o)|||do| < +oo, then

(iii)
1

(1 8) = e | sy TBOFB) (o)

PROOF. We have (f,¢) = (e, f,¢pe_.). Since (fb(f)(—C — z) = FB(e.f)(—¢)
for ¢ € Ili<j<k (C\gzﬁﬁ) , and since FB(de_.)(¢) = (e—¢c—»,0) = FB(¢)(¢ + 2)
for ¢ € §; 3, it follows from Corollary [0.11] that we have

<f7 (b) = <€zf7 ¢e—z>

1
= lim |
= ((2m)k asz ,

im (e [ Wa(QOFB@)(z + OFBU) (= + e — O)dc |
(2mi)* Jas:

Wi () FB(¢e—2) () FB(e=f)(e - C)dC>

e—0
665215
and we obtain (i) by using the change of variables 0 = z + ( for ¢ € 55;ﬁ. Using
the same change of variables we deduce (ii) from Proposition [[0.8 and (iii) from
Corollary O

LEMMA 11.10. Let o, ¢/, 3, 5" € R* such that o <oy < By < B <o+ for
J < k. Then N,ccre— Uy g is dense in Nyecre—_ Uy g.

PROOF. Let ¢ € F, g, and assume that (f, ¢) = 0 for every f € N ccre—.Unr g
Let z € Dom(FB(¢)). Then FB(¢p)(2+¢) = 0 forevery ¢ € Ez,ﬁ/. Since Dom/(FB(¢))
is connected, we have FB(¢) = 0. Hence ¢ = 0, since the Fourier-Borel transform
is one-to-one on F, g. O

So we can identify F,, g to a subset of Fos g if o < ay < 8 < [3} < oz;- + 7 for
1<j<k.

A standard application of the Mittag-Leffler theorem of projective limits of
complete metric spaces, see for example [14], Theorem 2.14, shows that we have
the following result, where as before

Ma,b:{(a,/j')GRk x RF la; <a; <Bj<bjifa; <bj,a; =0; =a;if a; =b;}.

PROPOSITION 11.11. Let a = (ay,...,a;) € R¥. b= (by,...,by) € R¥ such that
a; <b; <a;+m forj < k. Then Nar prem, , reck€—\Uar,p is dense in e_Uq g
for every z € CF and every (o, B) € M.
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Let (a,b) € R* x R* be as above, and denote by A, the set of all triples
(o, B, 2) where («,8) € M, and z € C*. Denote by < the product partial order
on R¥ associated to the usual order on R. If (v, 3, 2) € Auyp, (o/,8,2') € Ay, set
(o, B,2) X (o, 8,2)if @/ <, < and 2’ € z +§Z,”3,. For every finite family
F={(a®,p®, z(l))}lglgm of elements of A, , set

sup(F) ={ inf a®}x{ sup SO} x sup 2V,
1<i<m 1<I<m 1<I<m

where sup;<;<,, 2 denotes the set of all z € C* satisfying the condition

2+ Sinficicm o supy<japm BO = M<i<m (27 + Sinty oy cp a® supy<jcp 8O ) 5

so that sup;«;<,, 2" is the set introduced in Definition @.I}ii) when
o =infi<i<p a® and g = SUP <j<m BW . Notice that SUP| <j<m 2U)_ is a singleton
if (inf1<i<m a(l))j < (Sup1<i<im 5(1))j for 1 <j<k.

It follows from the proposition that we can identify the dual of the projec-
tive limit N(q,g,2)en, ,€—zUa,p to the inductive limit Ui, g 2)en, , (6—2Ua,p)’- This
suggests the following definition.

DEFINITION 11.12. Let a = (ay,...,a;) € R¥ b= (by,...,by) € R¥ such that
a; <bj <a;+m forj <k. Set

’

Gap = (N(ap.x)eng 46— Uas) = Ula,p.2)ea, , (€—Ua,p)

For ¢ € Gup, set dom(¢) = {(o,8,2) € Anp | ¢ € (e—:Unp) }.

We thus see that the inductive limit G,; = U(a,ﬁ)eMQ,b}—a,ﬁ is an associative
unital pseudo-Banach algebra with respect to the convolution product introduced
above on the spaces F, g. A subset V of G, is bounded if and only if there exists
(o, B) € M, and z € CF such that V is a bounded subset of (e_ .U, )"

The proof of the following proposition is left to the reader.

PROPOSITION 11.13. Let ¢ € Gqp, and let (o, 8, z) € dom(¢).

Then (o, ', 2") € dom(9) if (a, B,2) <X (o, 5, 2).

In particular if (¢;)1<j<m 18 a finite family of elements of Gup, and if
(D), B0) 2()) € dom(¢;) for 1 < j < m, then

supi<jem (@, B9, 29) € Nicjcmdom(e;) C dom(gr % - - % dm).

12. Appendix 3: Holomorphic functions on admissible open sets

DEFINITION 12.1. Let a = (ay,...,a;) € R¥ b = (by,...,b;) € R* such that
a; <bj<a;+m forj<k.

An open set U C CF is said to be admissible with respect to (o, B) € Mgy if
U = Ili<j<iUj, where the open sets U; C C satisfy the following conditions for
some z = (21,...,2) € Ck,

(i) Uj + S, 5, CUj

(it) Uj C 2+ 53, 5,5 and

OU; — z; = (72729 00,7 72750 YU 0;(]0,1]) U (e'2 ~Pi)ig, (2 7F o0,
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where sg j > 0,51, > 0, and where
10,1] = 5o 0, \ (7 00, el Dig ) U (B85 500 o)
is a one-to-one piecewise-C' curve such that

0;(0) = e "2 s, o and 0;(1) = ' 2 P)ig, .

If U is an admissible open set with respect to some (a, ) € My, HV(U)
denotes the space of all functions F' holomorphic on U such that

1Pl = sup / |F(0)||do] < +oo.
oU+e€

For example if o; = 3; then conditions (i) and (i¢) are satisfied if an only if U;
is a half-plane of the form {z; € C | Re(z;e!*/) > A} for some \ € R.
If a; < B, define &; = £;(¢;) and g; = y;(¢;) for ¢; € C by the formula

34 =7 +j.e(7%70‘j)i +g.e(%*ﬁj)i.
J J J J

Notice that ( € z; + S, 5 C U; if ¢; € Uj, and if &;(¢}) > #;((;) and
9;(¢;) > 9;(¢;)- This shows that there exists ¢;0 € [0,s;0] and ¢;1 € [0, ;1] and
continuous piecewise C!-functions f; and g; defined respectively on [0,¢;0] and
[0,¢;,1] such that

Uj —Zj
= {G €55,.5 | 2(¢) €(0,t0],5(¢) > f3(Z(G))} VLG € 54, 5, | 2(¢5) > L0}
= {CJ € Sa],ﬂ] ‘ Q(CJ) € (Ovtj,l]vj(gj) > gj (y(CJ))} U {CJ € Saj,ﬁj | y(CJ) > 1, 1}'

We have f;(0) = t;1, fi(t;0) =0, 9;(0) =t;1,9;(t;1) =0, f; and g; are strictly
decreasing and f; = gj_1 if t; ¢ > 0 for some, hence for all s € {1,2}.

For a = (a1,...,a;) € R¥ B = (By,...,B) € R*, we will use the obvious
conventions

inf(a7 B) = (inf(a17/81)7 ot 7inf(ak’ﬂk))7 Sup(a7 ﬂ) = (Sup(a17ﬂl)7 et 7sup(ak7ﬂk)).
Clearly, if (o), (V) € M, and (a(?,3?)) € M, ;, then
(inf(a'”, a?), sup(8", ) € My .

PROPOSITION 12.2. If UM is admissible with respect to (oM, B(V) € M, and
if U is admissible with respect to (a(?, 3?)) € Mg, then UDNUD s admissible
with respect to (inf (oM, o) sup(BM, 32))).

PROOF. Set a® = inf(aM a?),3G) = sup(3M,32), and UG = UM n
U®). The fact that U®) satisfies (i) follows from the fact that

S =5 ns: )
045.3),[3;3) Ot;l),ﬁ](-l) 045.2),[352)
The fact that U®) satisfies (ii) follows easily from the fact that
[Z(l) + S;(l),ﬁ(l)] n [Z(2> +SL@ 3(2)]

is itself admissible with respect to (a(®), 3®3)) if UM satisfies Definition [Z1] with
respect to z(1) and if U satisfies Definition 2] with respect to z(2). O
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LEMMA 12.3. Let U be an admissible open set with respect to (o, ) € Mgy,

and let F € HY(U).
(i) We have, for e = (e1,...,ex) € S} 5,

[ EOlm©O < el el
1<k (U \(Uj+¢5))
where m denotes the Lebesgue measure on CF ~ R2¥,

(i) We have, for ¢ € U,

ok I <j<rdist(C;, 057, 5,)

~ 1| g0 o7y -
7k cos (61;"1) ...COS (3’7%) [Ty <j<xdist(¢;, OU;)]? HO(U)

PO <

PROOF. (i) Let F € HO(U), let € = (e1,...,&) € S5 for j < k let
v € (=5 —a;, 5 — ;) be a determination of arg(e;), and set r; = |¢;| > 0.

Set Uj71 =z + tjvoe(igiaj)i + S,%,ajﬁj, Ujﬁg =z + tjﬁle(%iﬁj)i + S’Yﬁ%*ﬁj?

and U3 = zj + Upso (pe'“i + (8Uj N S;j,ﬁj)) , with the convention U, 3 = 0 if

tio="1tj1= 0. Also for (:j € Cset z; = Re(Cj),yj = Im((:J)
For t; < 0,0 < p; <7y, set

G =Glpinty) = pse™ + (ty0 — ty)e 1 ET)

This gives a parametrization of U \ (Uj1 + €;), and we have

e = | cos(u)sin(ag) | Ve dis
drjdy; = sin(v;)  cos(a;) dpjdt; = cos(a; + v;)dp;dt;.

Similarly for ¢; > t;1, 0 < p; < 7j, set
G =Glpsty) = pye™ + e 30,
This gives a parametrization of U \ (Uj2 + €;), and we have
s = | cosCu) sin(Bi) | B v Vdpadt
dxjdy; = sin(y;)  cos(B;) dt;dp; = cos(B; + vj)dp;dt;.

Now assume that U; 3 # 0, so that t;o > 0 and ¢;; > 0. For 0 < ¢; < t;1,
0 < pj <rjset
s 1) = etV (o) (5 =Bj)i

G =Cilps t;) = pje™ + g;j(ts)e +ije .
This gives a parametrization of U; 3 \ (U; 3 + €¢;), and we have
cos(v;) —gg-(t) sin(cy;) + sin(53;) dp-dt
sin(y;)  —gj(t) cos(a;) + cos(;) ad)
= (cos(B; + ;) — g;(t) cos(a; + 7;))dp;dt;.

We have 0 < cos(a; +7;) < 1, 0 < cos(a; +7;) <1, gj(t;) <0, and using the
Cauchy-Schwartz inequality, we obtain

d.Tj dyj =
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0 < cos(B; + ;) — g5(t) cos(ey + ;)
= cos(;)(cos(B;) — g;(t) cos(a;)) — sin(;)(sin(B;) — g;(¢) sin(a;))

< \/(cos(8;) — g}(t) cos(a;))? + (sin(8;) — g (1) sin(a))?

= /1 20}(t) cos(8; — ) + g} (1)
On the other hand we have

2
_ (g;(t)e(—%—am + e(%—@)i) (g;_(t)e@wj)i + e(—%wm)

=1- 2g§-(t) cos(B; —aj) + g}(t)Q.

The boundary OU; + p;e™7i being oriented from e~ 372 5o to e(Z2 78 00, we

a¢; L
’f)tj (pjvtj)

obtain
[ Rl
ngk(Uj\(Uj+5j))
< / l/ ~ |F(oj)l|do] ... |dok|| dp1 ... dpk
(0,71) X+ x(0,m%) | /TL;< (BU;+pje"7)
S T1.. .’I‘kHFHH(l)(U),

which proves (i).

(ii) Let F € HO(U), let ¢ € U, set r; = dist((;,0U;), set r = (r1,...,7%),
and set B((,r) =1I,<xB({j,r;). Using Cauchy’s formula and polar coordinates, we
obtain the standard formula

1
1B e

where |B((,r)| = 7%r}...r2 denotes the Lebesgue measure of B((,r).

Denote by u; the orthogonal projection of ¢; on the real line z; + Re(=%—a3),
denote by v; the orthogonal projection of (; on the real line z; +Re(Z=F) and let
wj € {uj,v;} be such that |{; — w;| = min(|(; — u;l, |{; — v;]). An easy topological
argument shows that w; € 95 J.8;0 SO that

(35) F(Q) = F(n)dm(n).

¢ —wj| = dzst(§j785ajﬁj) > dist(¢,Uj;) = rj.
For A € R, we have
G ¢ Says; + 2 420G —wy) + X —wy) DT+ 2(G — wy) + NG — wy).
If 7 — B +a; > 35, then ¢ —w; € S}, 5B If 7 — B + a; < 3, then we can choose
A € Rsuch that ¢; —w; +Xi((;—w;) € Sa 8, and such that |CJ w;+Mi((—w;)| =

|¢j —wj|

—4—4~. So there exists in both cases €; € S;jﬁj such that ¢; ¢ U; + ¢; and

CcOoSs 5

2dist(¢;,05  p.)

ol = e
cos

Using (40) and (i), we obtain

Bi—y
2
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1

FOI< sz | [F(ldm{n)
ﬂ-kr% s TI% ngk(Uj\(ﬁj"‘fj))
2k ngjgkdist((j,aS(’;jﬁj)
< . 5 1F ([ o w),
7k cos (@) ...COS (@) [Ih <j<kdist(;,0U;)]
which proves (ii). O

COROLLARY 12.4. (HW(U), -l g ) is @ Banach space, F . is bounded on
U + €, and limy;..c.o0) -1 F() = 0 for every F € HM(U) and every e € S5

CET+e
PrOOF. It follows from (ii) that for every compact set K C U there exists
mg > 0 such that maxcer [F'(¢)| < mi|/F| ga ). So every Cauchy sequence
(Fp)n>1 in (HO(U), [l 0y) is a normal family which converges uniformly
on every compact subset of U to a holomorphic function F : U — C. Since
f5U+6 |F(o) — Fy(0)||do] = limg_s o fB(O,R)m(5U+e) |F(0) — F,(0)|do|, an easy
argument shows that F € H)(U) and that lim, o0 | F = Fy || ey = 0.
Now let € > 0. For 1 < j < k, there exists m; > 0 such that
dist(Cj,0U) > m;dist((;,084; 5,)

for every ¢; € Uj + ¢;, which gives, for ¢ € U +e,

2k

mFmy ... my cos (61;11) ...CO8 (ﬁkga’“) I < j<kdist(¢;, 0U;)

[F(O] < 11l e vy

Since infcj €T, +e, dist(¢;,0U;) > 0 for j < k, this shows that F is bounded on

U + ¢, and that limgisrc00y 5100 F(C) = 0. O
CeU+e

THEOREM 12.5. Let U be an admissible open set with respect to (o, B) € My,
and let F € HY(U). Then

/ F(o)do =0

AU +e
for every e € S}, 5, and

F(e) = 1 / F(o)do

@mi)* Jau e Hici<i(( — 05)

for every e € S, 5 and for every ¢ € U +e, where OU; is oriented from (=3 ~%) oo
to e Z=P1) oo for j < k.

PROOF. Let z € C* satisfying the conditions of Definition [ZI] with respect
to U, let € € S} 5, let L > 1 such that (z; + ¢'*.00,2; + Le*| C 9U; and
[zj + Letfi, z; 4+ ei.o0) C U; for j < k, and let M > 1. Set
M;j = ((zj + € + Le™™, z; + €; + €9.00) U (2; + €; + Le7 zj + ¢ + €P1.00)) ,
Nj := ((zj + Lej + Le" .00, z; + Lej + Le*™) U(zj + Lej + Le 2z + e + e’ﬁ".oo)) ,
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Lpja = (€ +0U;) \ Mj,
Tp o=z +e + Lei 2 + Lej + LeP],
FLJ?,— LEJ +(9U)\Nj,
FL,j,4 = [Zj + Léj + Let® 25 T €5+ Leiaj],

'z =Ui<s<al'r s,

where the Jordan curve I'y ; is oriented clockwise.
2

Forn>1,(; € §;,5],, set W; ,(¢j) = ——"——, and set

a;+B;
nte 2 ¢;

Wi (€) =<k Wi ; (&), (C € Sap).

Then |W, ;(¢;)| <1 for ¢ € Ej;j,ﬁj, Wn(¢) — 1 as n — oo uniformly on compact sets of
S 5, and thHoc W.(¢) =0.

Cest 5
Denote by VL .j the interior of I'y ; and set Vi = Ili<;j<xVr,;. If ¢ € V1, it follows
from Cauchy’s theorem that we have

/ Wolo —2z—€)F(o)do= | Wy(o—2—¢€)F(o)do =0.
1e{1,2,3,43k i<k TL 5.105) vy,

Set lo(j) = 1 for j < k. It follows from the corollary that there exists M > 0
such that |F(¢)] < M for ( € U + ¢, and there exists R, > 0 such that, for every L
satisfying the conditions given above, we have fr \W (05 — z; — €5)||do] < Rn. Also
limsupy_, fFL [Wh,i(o; — 2z — €;)||d(o;)| =0 for s >25<k.

Let 1 # lo, and let 41 < k such that j; > 2. We have

lim sup / |Wh(o —z—€)F(o)do
Lotoo VI <k L j,1(5)
< MESU[ WG - )lldail = o
TrgniGn
This gives
/ Wr(oc —z—¢€)F(o)do = lim Wn(o — 2z —¢)F(o)do
AU+ L—+oco

<kTL,5,00)

= Lgm Z / . Wi(o — 2z —¢€)F(o)do
1€{1,2,3,4}F J<kS L,5,1(5)
=0.

It follows then from the Lebesgue dominated convergence theorem that f8U+E F(o)do = 0.
Similarly, applying Cauchy’s formula when ¢ € U + € is contained in V7, we obtain
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(2mi)k G-01). (Ge—on)
. . 1 / Wi(oc —z—¢)F(0) o

lim ——
LoYoo (2mi)F Llo(h) (&1 —a1) ... (Ck — on)

= lim 1, Z / Wa(o =z = 9 F(0) do
1e{1,2,3,43k " i<kT'L 5,00 (G =) (G —ox)

e k/ Walo — 2= F(0) 4,
Lo+oo (2mi)F Jay, (€1 —o01)...(Ck — ok)
= WalC—2-6F(().
It follows then again from the Lebesgue dominated convergence theorem that we have

F(Q)= lim Wa(¢ 2= 9F()

o 1 Wnlo —2=)Flo) .
B nllf-!r—loo (27T7/)k /E)U+é (<1 - Ul) T (Ck - Ok) !

1 Wa(o — 2z —¢€)F(o)
~/8U+e ( d

1 F(o) o
— (2m)* /8U+e (G —o1)..- (G —Uk)d '
([l

Let ¢ € U, and let € € S}, 5. It follows from the theorem that there exists p > 0
such that
1 1E g @)

|F(<)| S (27r)k ngkdist(cj, 8Uj + tej)

for t € (0, p]. Since
lirél+ dist((;,0U; + te;) = lim dist((; — te;, OU;) = dist((;, 0U;),
t—

t—0+

we obtain, for F € HM(U), ¢ € U,

1 1Fl o0
(2m)F I < dist(Cj, OU;)
which improves inequality (ii) of Lemma [T2.3]

If aj = B; for j < k, then every («, 8) admissible open set U is a product
of open half-planes and the space H(!)(U) is the usual Hardy space H'(U). The
standard conformal mappings of the open unit disc D onto half planes induce an
isometry from the Hardy space H'(D*) onto H!(U). It follows then from standard
results about H'(DF), see Theorems 3.3.3 and 3.3.4 of [31], that F admits a.e. a
nontangential limit F* on AU, and that

(36) IF(¢)] <

lim | |F*(0) — F(o + ¢)||do| = 0.
=0 J5u
This gives the formula
1 F*(o)do
F(¢) = fi .
e R e e R A

We did not investigate whether such nontangential limits of F' on AU exist in
the general case.

Licensed to AMS.



96 JEAN ESTERLE

Recall that the Smirnov class Nt (P7) on the right-hand open half-plane P+
consists in those functions F holomorphic on PT which can be written under the
form ' = G/H where G € H>(P") and where H € H>®(P") is outer, which
means that we have, for Re(¢) > 0,

[ 1 —1y¢ .y >
F(¢) = — - log |F’ d
©=eon (2 [ e onl lay )
where F*(iy) = lim, .o+ F'(z + iy) if defined a.e. on the vertical axis and
satisfies fjoos Wcﬂy < +o00.
Set , for Re(¢) > 0,

Foo .
Fa© =eon (2 [ S suplog [P )], ~n)dy )

It follows from the positivity of the Poisson kernel on the real line that we have
F(O < [Fa(Q)] and lim i Fa(¢) = F(C) for Re(C) > 0. Also the
nontangential limit ) (iy) of F’ at iy exists a.e. on the imaginary axis and |F}} (iy)| =
sup(e™",[F™(iy)|) a.e., which shows that sup.cp+ [Fn(C)] = supeep+ [F/(¢)| when
n is sufficiently large. Hence lim,, o, F({)F, 1(¢) =1 for ¢ € P*.

This suggests the following notion.

DEFINITION 12.6. Let U C C* be a connected open set.

A holomorphic function F € H*(U) is said to be strongly outer on U if there
exists a sequence (Fp,)n>1 of invertible elements of H*(U) satisfying the following
conditions

() IF(Q)] < |Fu(Q)] (€U > 1),

(ii) limy - oo FOF;1(Q) =1 (C € D).

The Smirnov class S(U) consists of those holomorphic functions F' on U such
that FG € H>®(U) for some strongly outer function G € H>*(U).

It follows from (ii) that F({) # 0 for every ¢ € U if F is strongly outer on U,
and Fj, is strongly outer on V if V' C U. Similarly if F' € S(U) then F}, € S(V).
Also it follows immediately from the definition that the set of bounded strongly
outer functions on U is stable under products, and that if there is a conformal
mapping @ from an open set V' C CF onto U then F' € H*>(U) is strongly outer on
U if and only if F o @ is strongly outer on V, and if G is holomorphic on U then
GeSWU)ifand only Fof e S(V).

Now let (o, 8) € M, and let U = II;<,U; be an admissible open set with
respect to (¢, §). Then each set U; is conformally equivalent to the open unit disc
D, and so there exists a conformal mapping 6 from D* onto U, and the study of
the class of bounded strongly outer functions on U (resp. the Smirnov class on
U) reduces to the study of the class bounded strongly outer functions (resp. the
Smirnov class) on D*.

Let F' € H>*(D*) be strongly outer, and let (F},),,>1 be a sequence of invertible
elements of H°°(ID*) satisfying the conditions of Definition with respect to F.
Denote by T = 9D the unit circle. Then H>(D¥) can be identified to a w*-closed
subspace of L>°(T*) with respect to the w*-topology o(L'(T¥), L>°(T*)).

Let L € H*(D*) be a w*-cluster point of the sequence (FF,1),>1. Since the
map G — G(() is w*-continuous on H°(D*¥) for ¢ € D*, L = 1, and so FH>(DF)
is w*-dense in H*°. When k = 1, this implies as well-known that F' is outer, and
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the argument used for the half-plane shows that, conversely, every bounded outer
function on D is strongly outer, and so S(D) = N (D).
Recall that a function G € H>(DF) is said to be outer if

1 3 3
1og(|c:(o,...,o)|):W/T log |G (€1, ... &™) dts . .. dtx,

where G* (et ... ei'*) denotes a.e. the nontangential limit of G at (e'1, ... ei*),
see [31], Definition 4.4.3, and G is outer if and only if almost every slice function
G,, is outer on D, where G, (¢) = G(w() for w € T*, ¢ € D, see [31], Lemma 4.4.4.
If follows from Definition that every slice function F,, is strongly outer on D if
F € H*(D*) is strongly outer on D*, and so every strongly outer bounded function
on D is outer. It follows from an example from [31] that the converse is false if
k> 2.

SESET
PROPOSITION 12.7. Let k > 2, and set F(C1,...,Cx) = etire—z for (C1y. -, Ck)
€ D*. Then F is outer on DF, but F is not strongly outer on D*.

PROOF. Set f(¢) = e&T for ¢ € D. Then f € H*>°(D) is a singular inner
function. Since f(¢) # 0 for ¢ € D, it follows from [31], Lemma 4.4.4b that the
function

e GG 8

Fi(G,G)— (===

is outer on D2. Hence we have

log |F(0,...,0)| = log | f(0,0)|

1 A
= e S e
1 _ _
= W/qu F(e™, ... e"™)dt, ...dty,

and so F is outer on DF,
Now set w = (1,...,1). Then F,, = f is not outer on D, and so F is not strongly
outer on DF. ]

The fact that some bounded outer functions on I are not strongly outer is not
surprising: The Poisson integral of a real valued integrable function on T is the
real part of some holomorphic function on D¥ if an only if its Fourier coefficients
vanish on ZF \ (ZT)* U (Z7)¥, see |31], Theorem 2.4.1, and so the construction of
the sequence (F),)n>1 satisfying the conditions of Definition with respect to
a bounded outer function F on D* breaks down when k > 2. We conclude this
appendix with the following trivial observations.

PROPOSITION 12.8. Let U = I;<,U; C C* be an admissible open set with
respect to some (o, 3) € Mg p.

(i) Let 0; : U; — D be a conformal map and let mw; : (C1,...,Cx) — ¢ be the
j-th coordinate projection. If f € H* (D) is outer, then fo8;om; is strongly outer
on U.

(i) The Smirnov class S(U) contains all holomorphic functions on U having
polynomial growth at infinity.

PROOF. (i) Since f is strongly outer on D, there exists a sequence (f,,)n>1 of in-
vertible elements of H°° (D) satisfying the conditions of Definition [[2.6] with respect
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to f. Then the sequence (f,, o 6; o 7;),>1 satisfies the conditions of Definition
with respect to fo6; om;, and so f o 6; om; is strongly outer on U.

(ii) For j < k there exists 7; € [—m,7) and m; € R such that open set U; is
contained in the open half plane P; := {¢; € C | Re({;e"7) > m;}. The function

o — 152 is outer on I, since [15%| < ‘Hl/#} for o € D, and the function ¢; —

1 (Z,ei7j7m2.71

VG s
¢je I —mj+1 _

maps conformally U; onto D. Set Fj((i,...,Ck) = 5

Cj ei—yj —my —1
Cj ei“’j —mj-‘rl
N S
G —m;+17
outer on U.
Now assume that a function F' holomorphic on U has polynomial growth at
infinity. Then there exists p > 1 such that FILj<,F f is bounded on U, and so

FeS®U). O

It follows from (i) that Fj is strongly outer on II;<xP;, hence strongly
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An integral Hankel operator on H'(DD)

Miron B. Bekker and Joseph A. Cima

ABSTRACT. An integral Hankel operator generated by a Carleson measure with
support on [0, 1) is investigated. We show that this operator boundedly maps
the Hardy space H'(D) into the space of Cauchy Transforms. We also study
some properties of the corresponding measure on the unit circle T.

1. Introduction

Perhaps the best place to begin this article is a significant result of Ch. Pom-
merenke [I7]. He asked (and successfully answered) the following question: for
which analytic functions g in the unit disk D is the linear operator

f—>/f

continuous on the Hardy space H?(ID)? His answer was that this operator is contin-
uous on H2(D) if and only if g € BMOA. This lead to others asking this question in
the more general setting of the Hardy space HP(D), 0 < p < co. The answers in this
setting were settled in papers by A. Aleman and A. Siskakis [3] and A. Aleman and
J. Cima [2]. This lead to a great flurry of activity for introducing several different
types of linear, integral operators and investigating their behaviour on many other
spaces, such as Bergman spaces, Dirichlet spaces, Analytic Morrey spaces, Fock
spaces, etc .... The references given at the end of this paper give an abbreviated
selection of some of the papers written over last 15 or so years and the interested
reader will find a fairly complete background list of pertinent publications in the
references to the listed papers.

It is the goal of this print to consider one such operator on the Hardy space
H'(D). This will neccesiate introducing some material from the setting of the
Cauchy transform of finite Borel measures on the unit circle T, and some tools
from that discipline. We will make the definitions and supply necessary background
material in the next section.

2. Definitions and pertinent background material

There are many good references available for theory of Hardy spaces and we
suggest a book by J. Cima, A. Matheson and W. Ross [6] as one such. In that text
there is a detailed discussion of the Banach space known as the space of Cauchy
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transforms (on the unit circle), denoted as CT. Namely, a function f analytic in
the unit disk D belongs to CT if it can be represented in the form

) 1) = [ = (K)o,
T1—2¢
where v is a finite Borel measure on the unit circle T, and z € D.

It is easy to see that the measure v involved is not unique and adding the
complex conjugate of any analytic polynomial against Lebesgue measure dm(({) to
v will yield the same analytic function f. The space CT can be realized as the dual
of the Banach space A of all functions analytic in I and continuous on D. This
requires that the norm be a coset norm, namely

(2.2) a* = (LY(1)/Hf) & M,

where M, denotes the singular measures. The norm in question for our f is given
as

(2.3) [fllor = nf{[|p]l = f(2) = (Ku)(2)},

where ||| is the total variation norm of the measure p. In this situation there is a
measure, say p, such that ||f|lcr = ||p]|. Further, if the measure giving f, say v, is
singular then it is unique among the singular measures, and || f|cr = ||V

For a given measurable function ¢g on the unit circle the distribution function
for g is defined as follows. Put

Aly,9) = A(y) ={C € T: [g(Q)] > y}-

The distribution function d(y), y > 0 is given as d(y) = m(A(y)), where m is the
normalized Lebesgue measure on the unit circle 7. Recall that the function d is a
non-increasing and right-continuous function.

There is an important result due to Poltoratski [16] relating the size of the
total variation of the singular part of the measure in question and a distribution
function.

THEOREM 2.1. Assume y > 0, f(z) = (Ku)(z), and that the lebesque decom-
position of p is given as du(¢) = F({)dm(¢) + dus(C), where s is the singular part
of the measure p. Then the measures TYX{ K (u)>y|ydm converge weak™ as y tends
to infinity to |ps|.

Finally, in this section let us mention the motivation for the operator we wish
to consider. The Hilbert matrix H = (a;;), where a;; = 1/(i+j +1) is well studied
and it maps the Hilbert space [ boundedly into itself. There is a natural way to
lift this matricial operation to an operator on the Hardy space H?(D) as follows.
Namely, if f(z) =", Anz" is an analytic function on the unit disk, then define
a transformation of f by setting

If)(2) = Lk o,

HIOEDY (Zn—l-k—i—l)Z
n=0 \k=0

It is straightforward to check that for f € H?(D) the following holds

i) dt.

(24) (e = | 77
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We refer to [14] where some questions related to the transformation ([2.4]) are inves-

tigated. Since fol titidt = 1/(i + j + 1) this easily generalized to Hankel matrices
and the analogous integral operators where one uses the integral

1
f@®)
H = ———du(t
H0):) = [ L,
where 1 is a finite Borel measure on the interval [0,1), and f € L'(u). In the next
section we will discuss one such extension for the Hardy space H!(DD).

3. The embedding result

Assume y is a positive Borel measure on the interval [0,1) and f € L([0,1), ).
The operator we wish to study is the integral Hankel operator defined for f(z)
analytic on D and is given by

(3.1) = [ Y

du(t), ze€D.
[071)1_t2 ()

Even in the most basic case where p is the Lebesgue measure on [0,1) and f €
H!(D) (and consequently by the Fejer-Riesz theorem in L'((—1,1)dt)) there is a
class of examples given by Diamantopoulos and Siskakis ([7]), that shows that H,
need not map H'(D) into itself. Namely, the functions

1 J1 1]
i) = o |Show |

:1—2 z 1-—

are in H'(D) for € > 0 (see [8]), but H,, f. are not in H'(D).
Hence one can ask for which of the classical Banach spaces the range of H,, will
be continuously embedded. The following statement answers this question.

THEOREM 3.1. Assume the positive Borel measure u is a Carleson measure
with support in [0,1). The Hankel operator H, is a continuous linear mapping
from the Hardy space H'(D) into the space of Cauchy Transforms.

Proof. It suffices to prove that for f € H'(D) the function H,f defines a
bounded linear functional on the disk algebra A.To this end we will show that for
geA

lim | (H,f)(re'?)g(e®)dm(¢)
r—1 T

exists. For the notational purposes set

M) = [ (1) el m(e).
Rewriting M we have
M) = [ )
[0,1)
Since ¢ is uniformly continuous on [0, 1], we may use the assumption that p is a

Carleson measure to conclude that given ¢ > 0 there is an ' € (0,1) so that for
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r < ry <ry <1 we have

|M(r1) = M(rz)| = F@)lg(rit) = g(rat))dpu(t)

[0,1)

€ d
< /[) FO)du()
< Cel fll,

from which it follows that
lim M (r)

r—1
exists.
This proves that H, is in the CT space. Hence there eixsts a finite Borel
measure, say v, for which
dv(¢)
= (Kv)(2).

(32 )6 = [ 2% =

We show that the mapping f — H,f is continuous by using the closed graph
theorem applied to the product space H'(D) x CT with the appropriate norms.
First, assume for f, € H'(D) and H,, f, = F,, there are two functions, f € H'(D)
and F' € CT for which

(fn: Fn) = (f, F)
in the graph norm of the product space. In particular we have convergence of both
sequences uniformly on compacta,
fu(z) = f(2) and F,.(z) = F(2).

If v,, denote the measure that corresponds to Fy, (n = 1,2,...) with ||Fy,|lcr = ||vall,
then they are bounded in total variation norm (choose z = 0 in the integral repre-
sentation). Then the sequence {v,} contains a subsequence (again written as {v,})

that converges weak™ to a measure, say v. Since, for each z € D the function 7 z
—z
as a function of (, is continuous on the closed unit disk, we conclude

. dvn(Q) [ dv({)
lim /Tl—zf'

n—o0o Tl—zg_

_ [ dv(Q)
Fe = [ 15

But this implies that

and this is what was to be proved. [J

4. The corresponding measure

Now let us consider the equality, for |z| < 1, of

(e = [ L2 = (e

for ¢ € (0,27).

THEOREM 4.1. The singular part of the measure v in the above representation
s a point mass at the point ( = 1.
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Proof. By rewriting the denominator (1 — trei®) = (1 — te'®) — (tre'® — te'?)
one can expand about the point z = €’ and see that there is a neighborhood of
this point where H, is analytic. Assuming this one has that H,f is analytic on

T\ {1}. Then the integral
[0
r1—rel

can be extended to be analytic on the closed disk near any point in T\ {1}. Hence,
the integral is bounded on any compact subset of T which does not contain the point
¢ = 1. Thus, given any measurable subset of T, say E, such that there is an n > 0
for which EN(|¢—1] < 2n) = 0 there is an M such that |(H,f)({)| = |(Kv)(¢)| < M
for all ¢ € E. Choose a non-negative continuous function g on T which is one on F
and zero on TN(|¢—1| < n). Consider the statement of the Poltoratski theorem [16]
in this context. First, note that if y > M, the set A(y) = {¢| [(Kv)({)| >y} =0
and hence, X{|(xv)|>y}(¢) = 0 for ¢ € E. Consider now

Ag(()xu<z<v>|>y}(<)dm(0

= / 9(O)xq 1K wv)|>y1 ()dm(C) +/ 9(O)x{1(Kv) >y} (C)dm(C).
[¢—1]<n T\{l[¢-1]<n}

Since g(¢) = 0 in the first integral and x{|(xuv)|>y}(¢) = 0 for y > M in the second
integral, we have

Jim. 7Ty/Tg(C)X{KKV)\>y}(C)dm(C) =0
~ [ o)
T

> vl (E).
Hence, |vs| is a singular measure with support at ¢ = 1, and so must be a point
mass, |vg|(¢) = |¢[01(¢). Consequently
vs(¢) = c61(C)

where ¢ is a complex constant. This establishes the result. O
From the above results we see that if the measure

dv(¢) = F(¢)dm(¢) + ch1(C)

corresponds to the integral operator then the function

(4.1) F) = [ im0

is continuous on D\ {1}. We can make more remarks concerning this function.

PROPOSITION 4.2. The function F defined by @I has the following property:

(4.2) li%rll(l —r)F(r) = —c
Proof. For 0 < r < 1 we have
H A (UIFPa- ¢
(B = [ 75 Gt = Fo) +

Let € > 0 be given. For 0 < § < 1 we have

IX(1-s.1) () F ()] < [£(D)]
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and
161%1 IX(1-s,1) () f(t)] = 0.

Using the assumption f € L'(du) for f € H' and the Lebesgue dominated conver-
gence theorem we conclude that there is a dp € (0,1) with

/1 F@O)ldu) < c.

—do

[1 ;ﬂﬁﬂmuﬂ<e.

—5o 1—Tt

Hence

(1—=7)

Also
(I—-r)

r(1l

1—-6o
lim(1 — ) /0 lfﬂdu(t) = 0.

0] 1—r
/0 T )| < mc||f|‘H1

implying that

11 —rt
Thus
. ) c
lim(L —)(H,f)(r) = 0 = lim(1 ~ 1) {m) T }
for f € H'. This yealds the desired equality. O

REMARK 4.3. The Proposition implies that
ll—%(l —2)F(z) = —c

for all z € D for which (1 — 2)/(1 — zt)] < M with ¢ near the point 1 (e.g. a
truncated cone in D with vertex in 1 and ¢ > 1/2).

REMARK 4.4. If ¢ # 0 Proposition implies that F' can not be in H'.

Finally, it is possible to make one more comment about the correspondence
between the function f € H'(D) and the Lebesgue decomposition of the measure
in question.

PROPOSITION 4.5. There is a choice of the measures in the Lebesgue decompo-
sition of v so that the map of H*(D) into My and L*(T)/H (D) is continuous.

Proof. It suffices to assume that f, € H'(D) and f,, — 0 in H'(D) and then
prove that the map f, — v is continuous, where v} is an appropriate singular
measure corresponding to f,, in the integral decomposition. We choose F,, € L*(T)
and v}’ as mentioned above, so we have

[Hyfllor = 1Fally @ + IV =0

implying the continuity in question. O

The following fact may be worthwhile noting.

PROPOSITION 4.6. Assume p is a Carleson measure on [0,1) and H, is the
associated Hankel operator. Then H,, maps polynomials into BMOA.
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Proof. It suffices to prove that H,z*, k € Z,, is in BMOA. Let p(z) be a

polynomial. As above it suffices to prove that for 0 < r < 1

< CHPHHl

| EGETCp(dm (@

where C is independent of p.

Write

1 tk
L] g ) poam

_ [ Q) g [ @@,
= [ tante) [ Eoimio) = [ dute) [ L am(o

= /01 thrtp(rt)du(t).

Taking absolute value one obtains

(1]

(10]
(11]
(12]
(13]
[14]

[15]
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A panorama of positivity. II: Fixed dimension

Alexander Belton, Dominique Guillot, Apoorva Khare, and Mihai Putinar

ABSTRACT. This survey contains a selection of topics unified by the concept
of positive semidefiniteness (of matrices or kernels), reflecting natural con-
straints imposed on discrete data (graphs or networks) or continuous objects
(probability or mass distributions). We put emphasis on entrywise operations
which preserve positivity, in a variety of guises. Techniques from harmonic
analysis, function theory, operator theory, statistics, combinatorics, and group
representations are invoked. Some partially forgotten classical roots in metric
geometry and distance transforms are presented with comments and full bib-
liographical references. Modern applications to high-dimensional covariance
estimation and regularization are included.
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This is the second part of a two-part survey; we include on p. the table of
contents for the first part [9]. The survey in its unified form may be found online;
see [8]. The abstract, keywords, MSC codes, and introduction are the same for
both parts.

1. Introduction

Matrix positivity, or positive semidefiniteness, is one of the most wide-reaching
concepts in mathematics, old and new. Positivity of a matrix is as natural as
positivity of mass in statics or positivity of a probability distribution. It is a notion
which has attracted the attention of many great minds. Yet, after at least two
centuries of research, positive matrices still hide enigmas and raise challenges for
the working mathematician.

The vitality of matrix positivity comes from its breadth, having many theoret-
ical facets and also deep links to mathematical modelling. It is not our aim here to
pay homage to matrix positivity in the large. Rather, the present survey, split for
technical reasons into two parts, has a limited but carefully chosen scope.

Our panorama focuses on entrywise transforms of matrices which preserve their
positive character. In itself, this is a rather bold departure from the dogma that
canonical transformations of matrices are not those that operate entry by entry.
Still, this apparently esoteric topic reveals a fascinating history, abundant charac-
teristic phenomena and numerous open problems. Each class of positive matrices
or kernels (regarding the latter as continuous matrices) carries a specific toolbox
of internal transforms. Positive Hankel forms or Toeplitz kernels, totally positive
matrices, and group-invariant positive definite functions all possess specific positiv-
ity preservers. As we see below, these have been thoroughly studied for at least a
century.

One conclusion of our survey is that the classification of positivity preservers is
accessible in the dimension-free setting, that is, when the sizes of matrices are un-
constrained. In stark contrast, precise descriptions of positivity preservers in fixed
dimension are elusive, if not unattainable with the techniques of modern mathe-
matics. Furthermore, the world of applications cares much more about matrices of
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fixed size than in the free case. The accessibility of the latter was by no means a
sequence of isolated, simple observations. Rather, it grew organically out of dis-
tance geometry, and spread rapidly through harmonic analysis on groups, special
functions, and probability theory. The more recent and highly challenging path
through fixed dimensions requires novel methods of algebraic combinatorics and
symmetric functions, group representations, and function theory.

As well as its beautiful theoretical aspects, our interest in these topics is also
motivated by the statistics of big data. In this setting, functions are often applied
entrywise to covariance matrices, in order to induce sparsity and improve the qual-
ity of statistical estimators (see [33134.[53]). Entrywise techniques have recently
increased in popularity in this area, largely because of their low computational
complexity, which makes them ideal to handle the ultra high-dimensional datasets
arising in modern applications. In this context, the dimensions of the matrices are
fixed, and correspond to the number of underlying random variables. Ensuring that
positivity is preserved by these entrywise methods is critical, as covariance matrices
must be positive semidefinite. Thus, there is a clear need to produce characteri-
zations of entrywise preservers, so that these techniques are widely applicable and
mathematically justified. We elaborate further on this in the second part of the
survey.

We conclude by remarking that, while we have tried to be comprehensive in
our coverage of the field of matrix positivity and the entrywise calculus, there are
very likely to be some inadvertent omissions. Even if our survey is not complete
in terms of results and connections, we hope that it serves to impress upon the
reader the depth and breadth, the classical history and modern applications, and
the influence and beauty of the many facets of positivity.

2. A selection of classical results on entrywise positivity preservers

We begin by mentioning some results from the first part of the survey ([9]
or [8]), which are used or referred to in this part.

2.1. From metric geometry to matrix positivity. As discussed in the first
part of the survey, the study of entrywise positivity preservers naturally emerged
out of considerations of metric geometry. We recall here some early results of
Schoenberg, beginning with the following connection between metric geometry and
matrix positivity.

THEOREM 2.1 (Schoenberg [55]). Let d > 1 be an integer and let (X, p) be a
metric space. An (n+ 1)-tuple of points xo, 1, ..., T in X can be isometrically
embedded into Euclidean space R?, but not into R*~', if and only if the matrix

(2.1) [p(z0,25)% + p(xo, x1)* — p(xj, Tk) ]} e

is positive semidefinite with rank equal to d.

The positivity of the matrix [2.1) is equivalent to the statement that the asso-
ciated (n+ 1) x (n + 1) matrix
2
[—p(Ij,Ik) ]?,k:()
is conditionally positive semidefinite: recall that a real symmetric matrix A is con-

ditionally positive semidefinite if u” Au > 0 whenever the coordinates of the real
vector u sum to zero.
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Schoenberg’s Theorem 2 Tlmarks an early appearance of positive and condition-
ally positive matrices in the analysis literature. It says that applying the function
—2? entrywise transforms Euclidean-distance matrices into conditionally positive
semidefinite matrices. A natural next step is to remove the word “conditionally”
and ask which functions transform distance matrices, from a given metric space
(X, p), into positive matrices. This is precisely the definition of positive definite
functions on (X, p).

Schoenberg showed [56] that Euclidean spaces are characterized by the prop-
erty that Gaussian kernels with arbitrary variances are positive definite on them.
He similarly showed [55] that among metric spaces of diameter no more than T,
the unit spheres 4! ¢ R? and S C 4112@ admit a similar characterization in terms
of just one function, cosine. Following this result, and the work of Bochner [141[15]
in classifying positive definite functions on Euclidean and compact homogeneous
spaces, Schoenberg was interested in understanding classes of positive definite func-
tions on these spheres.

THEOREM 2.2 (Schoenberg [67]). Let f: [—1,1] — R be continuous.

(1) For a given dimension d > 2, the function f o cos is positive definite on
the unit sphere S~ if and only if it has a distinguished Fourier-series
decomposition with non-negative coefficients. That is,

(2.2) fleost) = cxrPM(cost) (0 €R),
k=0
where P,g)\) are the ultraspherical orthogonal polynomials with A = (d—2)/2
and the coefficients ¢, > 0 for all k > 0 with >3-, cx < 00.
(2) The function f(cos®) is positive definite on all finite-dimensional spheres,
or, equivalently, is positive definite on S°°, if and only if

(2.3) f(cos) = i ¢y cost 6,
k=0

where ¢, > 0 for all k >0 and > "7~ cp < 00.

By freeing the previous result from the spherical context, Schoenberg obtained
his celebrated result on positivity preservers.

THEOREM 2.3 (Schoenberg [57]). Let f : [-1,1] = R be continuous. If the ma-
triz [f(a;i)|} p—1 is positive semidefinite for all n > 1 and all positive semidefinite
matrices [a;i]}.—, with entries in [—1,1], then, and only then,

f@)=Y ezt (zel-11),
k=0

where ¢, > 0 for all k>0 and Y ;- cp < co.

2.2. Entrywise functions preserving positivity in all dimensions. The-
orem 2.3 provides a definitive answer to one version of the following central question,
which is the driving idea throughout this survey.

Which functions, when applied entrywise to certain classes of matrices, preserve
positive semidefiniteness?

The fundamental result for answering this question is the Schur product the-
orem [58]: if A and B are positive semidefinite matrices of the same size, then
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their entrywise product is positive semidefinite too. As observed by Pdlya and
Szego [61], the fact that the set of positive matrices forms a closed convex cone
immediately implies, by Schur’s result, that every power series with non-negative
Maclaurin coefficients is a positivity preserver; they asked if there are any other
functions with this property. It follows from Schoenberg’s Theorem [Z3] that there
are no additional continuous functions, and Rudin [54] subsequently removed the
continuity hypothesis for real-valued functions on (—1,1).

A similar variant was proved by Vasudeva [60], for a different domain. To state
this result, and for later, we recall some notation from the first part of the survey
[9].

DEFINITION 2.4. Fix a domain I C C and integers m, n > 1. Let P, (I) denote
the set of n x n Hermitian positive semidefinite matrices with entries in I, with
P, (C) abbreviated to P,. A function f: I — C acts entrywise on a matrix

A= ajrlicj<m, 1<k<n € ™"
by setting
fIA] := [f(aje)]i<j<m, 1<k<n € CT7
Below, we allow the dimensions m and n to vary, while keeping the uniform notation

f[=]- We also let 1,,x, denote the m x n matrix with each entry equal to one.
Note that 1,x, € Pn(R).

Now we can state Vasudeva’s result.

THEOREM 2.5 (Vasudeva [60]). Let f : (0,00) — R. Then f[—] preserves
positivity on Py, ((0,00)) for all n > 1, if and only if f(x) = > p_ o ckx® on (0,00),
where ¢, > 0 for all k > 0.

A final variant is for matrices with possibly complex entries. This result was
conjectured by Rudin in [54] and proved four years later.

THEOREM 2.6 (Herz [37]). Let D(0,1) denote the open unit disc in C, and sup-
pose f: D(0,1) — C. The entrywise map f[—] preserves positivity on Py, (D(0,1))
for alln > 1, if and only if

f(z) = Z cjkzjik for all z € D(0,1),

J:k=>0
where c;i, > 0 for all j, k> 0.

2.3. The Horn—Loewner theorem and its variants. The first part of this
survey [9] focuses on various refinements of our central question when the matrices
under consideration are of arbitrary dimension (the “dimension-free” setting). Here,
we consider the situation where the dimension N of the test matrices is fixed. This
turns out to be highly challenging, and remains open to date for each N > 3. The
following necessary condition was first published by R. Horn (who in [40] attributes
it to his PhD advisor C. Loewner), and is essentially the only general result known.

THEOREM 2.7 (Horn-Loewner [40]). Let f : (0,00) — R be continuous. Fix
a positive integer n and suppose f[—] preserves positivity on Pn((O,oo)). Then

fe 0"73((0, oo)),

F® () >0 whenever x € (0,00) and 0 < k <n —3,
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and f"=3) is a convex non-decreasing function on (0,00). Furthermore, if f €
C"1((0,00)), then f*®)(z) > 0 whenever x € (0,00) and 0 < k <n — 1.

This theorem has produced several variants: the arguments are purely local,
they involve low-rank matrices, and continuity need not be assumed. Another
possibility involves working with real-analytic functions, and we use this below.

LEMMA 2.8 (Belton-Guillot-Khare-Putinar [6] and Khare-Tao [43]). Let n
be a positive integer, suppose 0 < p < oo and let f(x) = Zkzo cxx® be a conver-
gent power series on I = [0, p) that preserves positivity entrywise for all rank-one
matrices in Py, (I). Suppose further that ¢,y <0 for some m/.

(1) If p < 00, then ¢, > 0 for at least n values of m < m’. (Thus, the firstn
non-zero Maclaurin coefficients of f, if they exist, must be positive.)

(2) If p = o0, then ¢, > 0 for at least n values of m < m’ and at least n
values of m > m'. (Thus, if [ is a polynomial, then the first n non-zero
coefficients and the last n non-zero coefficients of f, if they exist, are all
positive.)

These results, and others in the literature for smooth functions, admit a com-
mon generalization that was recently obtained.

THEOREM 2.9 (Khare [42]). Let a € Ry and € € (0,00), and suppose
f:a,a+e€) = R is smooth. Fix integersn, p, q such thatn >1 and0 <p < q<n,
with p =0 if a = 0, and such that f has g — p non-zero derivatives at a of order at
least p; let

My < Mpy1 < - < Mg—1
be the orders of these derivatives.

If there exists u := (uq,...,up)? € (0,1)™ with distinct entries and such that
flalpxn + tuu”] € P, (R) for all t € [0,¢), then the derivative f*)(a) is non-
negative whenever 0 <k <mg;_q.

The proof of Theorem [Z.9] involves a determinant computation that generalizes
one by Horn and Loewner, and leads to an unexpected connection to symmetric
function theory. See Theorem B.22] for more details.

2.4. Preservers of positive Hankel matrices. Finally for this chapter,
we consider entrywise maps preserving the set of positive Hankel matrices. A
distinguished subset of these matrices arise as moment matrices for measures on
the real line; we collect some concepts from the first part of the survey.

DEFINITION 2.10. A measure p with support in R is said to be admissible if
is non-negative and all its moments are finite:

sk(p) == /R:vk dp(x) < o0 (keZy).

The sequence s(u) := (sk(u))zio is the moment sequence of u, and the moment
matriz of p is the semi-infinite Hankel matrix

so(p)  si(p)  s2(p)
si(p)  s2(p)  s3(p)
Hy = 1sy(p)  ss(p)  sap)
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A function f: R — R acts entrywise on moment sequences, so that

Fls()] == (f(so(w)), .-, f(sk(p)),-.),

and f[H,] = H, if f[s(u)] = s(o) for some admissible measure o.

Working with positive moment matrices and their entrywise preservers provides
a route to proving stronger versions of Vasudeva’s and Schoenberg’s theorems. We
conclude this section by stating these results.

THEOREM 2.11 (Belton-Guillot-Khare—Putinar [7]). Suppose I = (0,00) and
f: I —=R. The following are equivalent.

(1) The entrywise map f[—| preserves positivity on Pp(I) for alln > 1.

(2) There exists ug € (0,1) such that f[—] preserves positivity for all moment
matrices of the form H,, where i = ady + bd,, and a, b € I.

(3) The function f has a power-series representation Y, cpx® valid for all
x € I, where the Maclaurin coefficients ¢, > 0 for all k > 0.

THEOREM 2.12 (Belton—Guillot-Khare—Putinar [7]). Suppose 0 < p < oo, let
I=1(—p,p) and suppose [ : I — R. The following are equivalent.

(1) The entrywise map f|—| preserves positivity on Py (I), for all n > 1.

(2) The entrywise map f[—] preserves positivity on the set of Hankel matrices
in Pn(I) of rank at most 3, for all n > 1.

(3) The function f is real analytic, and absolutely monotonic on (0, p), so
that f(x) =Y pegcrx® for all x € I, with ¢, > 0 for all k > 0.

3. Entrywise polynomials preserving positivity in fixed dimension

Having discussed at length the dimension-free setting, we now turn our atten-
tion to functions that preserve positivity in a fixed dimension N > 2. This is a
natural question from the standpoint of both theory as well as applications. This
latter connection to applied fields and to high-dimensional covariance estimation
will be explained below in Chapter

Mathematically, understanding the functions f such that f[—] : Py — Pn
for fixed N > 2, is a non-trivial and challenging refinement of Schoenberg’s 1942
theorem. A complete characterization was found for N = 2 by Vasudeva [60]:

THEOREM 3.1 (Vasudeva [60]). Given a function f : (0,00) — R, the entrywise
map f[—] preserves positivity on P2((0,00)) if and only f is non-negative, non-
decreasing, and multiplicatively mid-convex:

F@)f) > f(vag)®  for all z,y > 0.

In particular, f is either identically zero or never zero on (0,00), and f is also
continuous.

On the other hand, if N > 3, then such a characterization remains open to
date. As mentioned above, perhaps the only known result for general entrywise
preservers is the Horn-Loewner theorem 27 or its more general variants, some of
which are stated above.

In light of this challenging scarcity of results in fixed dimension, a strategy
adopted in the literature has been to further refine the problem, in one of several
ways:
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(1) Restrict the class of functions, while operating entrywise on all of Py
(over some given domain I, say (0,p) or (—p,p) for 0 < p < o0). For
example, in this survey we consider possibly non-integer power functions,
polynomials and power series, and even linear combinations of real powers.

(2) Restrict the class of matrices and study entrywise functions over this class
in a fixed dimension. For instance, popular sub-classes of matrices include
positive matrices with rank bounded above, or with a given sparsity pat-
tern (zero entries), or classes such as Hankel or Toeplitz matrices; or in-
tersections of these classes. For instance, in discussing the Horn-Loewner
and Schoenberg-Rudin results, we encountered Toeplitz and Hankel ma-
trices of low rank.

(3) Study the problem under both of the above restrictions.

In this chapter we begin with the first of these restrictions. Specifically, we
will study polynomial maps that preserve positivity, when applied entrywise to
Pn. Recall from the Schur product theorem that if the polynomial f has only
non-negative coefficients then f[—] preserves positivity on Py for every dimension
N > 1. It is natural to expect that if one reduces the test set, from all dimensions
to a fixed dimension, then the class of polynomial preservers should be larger.
Remarkably, until 2016 not a single example was known of a polynomial positivity
preserver with a negative coefficient. Then, in quick succession, the two papers [6,
43] provided a complete understanding of the sign patterns of entrywise polynomial
preservers of Py. The goal of this chapter is to discuss some of the results in these
works.

3.1. Characterizations of sign patterns. Until further notice, we work
with entrywise polynomial or power-series maps of the form

(3.1) f(x) =coz™ +crz™ +---, with0<ng<ng <---,

and ¢; € R typically non-zero, which preserve Py (I) for various I. Our goal is
to try and understand their sign patterns, that is, which c¢; can be negative. The
first observation is that as soon as I contains the interval (0, p) for any p > 0, by
the Horn—Loewner type necessary conditions in Lemma 2.8, the lowest N non-zero
coefficients of f(x) must be positive.

The next observation is that if I ¢ R, then, in general, there is no structured
classification of the sign patterns of the power series preservers on Py (I). For
example, let k£ be a non-negative integer; the polynomials

fee(z) =t(1+2% 4+ + xRy — g2k HL (t>0)
do not preserve positivity entrywise on ’PN((—p, p)) for any N > 2. This may be
seen by taking u := (1,—1,0,...,0)7 and A := puu’ for some 0 < 1 < p, and
noting that
u’” fi. 1 [Alu = —4p?k+L <.

Similarly, if one allows complex entries and uses higher-order roots of unity,
such negative results (vis-a-vis Lemma [2.§)) are obtained for complex matrices.

Given this, in the rest of the chapter we will focus on I = (0, p) for 0 < p < ooll
As mentioned above, if f as in (BI]) entrywise preserves positivity even on rank-one
matrices in Py ((0, p)) then its first IV non-zero Maclaurin coefficients are positive.

1That said, we also briefly discuss the one situation in which our results do apply more
generally, even to I = D(0, p) C C (an open complex disc).
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Our goal is to understand if any other coeflicient can be negative (and if so, which
of them). This has at least two ramifications:

(1) It would yield the first example of a polynomial entrywise map (for a
fixed dimension) with at least one negative Maclaurin coefficient. Recall
the contrast to Schoenberg’s theorem in the dimension-free setting.

(2) This also yields the first example of a polynomial (or power series) that
entrywise preserves positivity on Py (I) but not Pyy1(I). In particu-
lar it would imply that the Horn-Loewner type necessary condition in
Lemma [28](1) is “sharp”.

These goals are indeed achieved in the particular caseng =0, ..., ny_1 = N—1
in [6], and subsequently, for arbitrary ng < --- < ny—_1 in [43]. (In fact, in the
latter work the n; need not even be integers; this is discussed below.) Here is a
‘first” result along these lines. Henceforth we assume that p < oo; we will relax this
assumption midway through Section below.

THEOREM 3.2 (Belton-Guillot—-Khare-Putinar [6] and Khare-Tao [43]). Sup-

pose N > 2 and ng < --- < ny—_1 are non-negative integers, and p, co, ..., CN—1
are positive scalars. Given ey € {0, %1} for all M > ny_1, there exists a power
series

f(x) =cox™ + -+ ez 4 Z dya™
M>nn_1
such that f is convergent on (0, p), the entrywise map f[—] preserves positivity on
'PN((O,p)) and dp; has the same sign (positive, negative or zero) as ey for all
M >nn_1.

OUTLINE OF PROOF. The claim is such that it suffices to show the result for
exactly one €y = —1. Indeed, given the claim, for each M > ny_; there exists
oy € (0,1/M!) such that Z;y:_ol cjz™ + dz™ preserves positivity entrywise on
PN((O, p)) whenever |d| < 0. Now let dps := epdps for all M > ny_1, and define

Ny
fu(z) = chx”j +dpyz™ and  f(z) = Z onv-1=M (),
j=0 M>nn_1
Then it may be verified that |f(z)| < Z;.V:Bl c;jx" + 2"N-1¢%/2 and hence f has
the desired properties. ([l

Thus it suffices to show the existence of a polynomial positivity preserver on
PN((O, p)) with precisely one negative Maclaurin coefficient, the leading term. In
the next few sections we explain how to achieve this goal. In fact, one can show a
more general result, for real powers as well.

THEOREM 3.3 (Khare-Tao [43]). Fiz an integer N > 2 and real exponents
ng < ---<ny_1 <M in the set Zy U[N —2,00). Suppose p, cg, ..., cN—1 >0 as
above. Then there exists ¢ < 0 such that the function

f(x) = cox™ + - +ey_12™ - 4 2 (z €(0,p))
preserves positivity entrywise on PN((O, p)) [Here and below, we set 0° :=1.]

The restriction of the n; lying in Z4 U [N — 2,00) is a technical one that is
explained in a later chapter on the study of entrywise powers preserving positivity
on Py ((0,00)); see Theorem E.1l
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REMARK 3.4. A stronger result, Theorem [B.15] which also applies to real pow-
ers, is stated below. We mention numerous ramifications of the results in this
chapter following that result.

The proofs of the preceding two theorems crucially use type-A representation
theory (specifically, a family of symmetric functions) that naturally emerges here
via generalized Vandermonde determinants. These symmetric homogeneous poly-
nomials are introduced and used in the next section.

For now, we explain how Theorem B.3] helps achieve a complete classification
of the sign patterns of a family of generalised power series, of the form

oo

flx) = ch:rnﬂ', n; € Zy U[N —2,00) for all j >0,

j=0
but without the requirement that that exponents are non-decreasing. In this gener-
ality, one first notes that the Horn-Loewner-type Lemma 2.8 still applies: if some
coefficient ¢;, < 0, then there must be at least N indices j such that n; < n;, and
¢;j > 0. The following result shows that once again, this necessary condition is the
best possible.

THEOREM 3.5 (Classification of sign patterns for real-power series preservers,
Khare-Tao [43]). Fiz an integer N > 2, and distinct real exponents ng, ni, ...in
Zy J[N —2,00). Suppose €; € {0,%1} is a choice of sign for each j > 0, such that
if €5, = —1 then €; = +1 for at least N choices of j such that n; < nj,. Given any
p > 0, there exists a choice of coefficients c; with sign €; such that

o0
_ on
)= E c;a™
Jj=0

is convergent on (0, p) and preserves positivity entrywise on PN((O, p))

Notice this result is strictly more general than Theorem [3.2] because the se-
quence ng, n1, ... can contain an infinite decreasing sequence of positive non-integer
powers, for example, all rational elements of [N — 2, 00). Thus Theorem covers
a larger class of functions than even Hahn or Puiseux series.

Theorem is derived from Theorem in a similar fashion to the proof of
Theorem [3.2] and we refer the reader to [43] Section 1] for the details.

3.2. Schur polynomials; the sharp threshold bound for a single ma-
trix. We now explain how to prove Theorem 3.3l The present section will discuss
the case of integer powers, and end by proving the theorem for a single ‘generic’
rank-one matrix. In the following section we show how to extend the results to
all rank-one matrices for integer powers. The subsequent section will complete the
proof for real powers, and then for matrices of all ranks.

The key new tool that is indispensable to the following analysis is that of Schur
polynomials. These can be defined in a number of equivalent ways; we refer the
reader to [16] for more details, including the equivalence of these definitions shown
using ideas of Karlin-Macgregor, Lindstrém, and Gessel-Viennot. For our purposes
the definition of Cauchy is the most useful:

DEFINITION 3.6. Given non-negative integers N > 1 and ng < --- < ny_1, let

n:= (ng,...,nn_1)", and Ny, = (0,1,..., N —1)T
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and define V(n) := [o<;j<n_1(nj — ns).

Given a vector u = (uy,...,ux)? and a non-negative integer k, let u°* :=
(uf,...,uk)T, and let u™ be the N x N matrix with (j, k) entry u;”“’l.

The Schur polynomial in variables uq, ..., uy of degree n is given by

det u°®
3.2 n = —
( ) s (u) det uCPmin

Notice that the numerator is a generalized Vandermonde determinant, so a
homogeneous and alternating polynomial, while the denominator is the usual Van-
dermonde determinant in the indeterminates uq, ..., uy. Hence their ratio s,(u)
is a homogeneous symmetric polynomial in Zlus,...,uy]. It follows that Schur
polynomials are well defined when working over any commutative unital ring.

Schur polynomials are an extremely well-studied family of symmetric functions.
Their appeal lies in the important observation that they are the characters of all
irreducible (finite-dimensional) polynomial representations of the complex Lie group
GL,(C) (or of the Lie algebra sl,1(C)). In this setting, the definition of Cauchy
is a special case of the Weyl character formula. Thus, its specialization yields the
corresponding Weyl dimension formula, which will be of use below:

(3.3) s, )= [ E=F= V(n)

0<i<j<N—1 g V(0min)

An alternate proof of [B3]) comes from the principal specialization formula: for
a variable ¢, one has that

N—1\T q" —q"
(3.4) sa((Lg,- a0 = ]I g
0<i<j<N-1

this follows from ([B:2)) because now the numerator is also a standard Vandermonde
determinant. We also refer the reader to [48] for many more results and properties
of Schur polynomials.

Returning to polynomial positivity preservers, we wish to consider functions of
the form

f(z) = cox™ + -+ eyt + 2™

with non-negative integers ng < --- < ny_1 < M and positive coefficients cy, ...,
cn_1. We are interested in characterizing those ¢ € R for which the entrywise
map f[—] preserves positivity on Py ((0, p)). By the Schur product theorem, this is
equivalent to finding the smallest ¢’ such that f[—] is a preserver. We may assume
that ¢/ < 0, so we rescale by t := |¢/|~! and define

N-1
(3.5) pi(x) =t Z cjx™ — M.
=0

The goal now is to find the smallest ¢ > 0 such that p:[—] preserves positivity on
Pn ((0,p)). We next achieve this goal for a single rank-one matrix.

PROPOSITION 3.7. With notation as above, define
— T
l’lj = (no, e ,nj,l,nj,n]qu, o1, M)

for 0 < j < N —1. Given a vector u € (0,00)N with distinct coordinates, the
following are equivalent.
7]

(1) The matriz p[uu’] is positive semidefinite.
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(2) detp;[uu’] > 0.
N-1 Snj (11)2

®¢2 cjsn(u)?’

j=0
In particular, this shows that for a generic rank-one matrix in Py ((O7 p))7 there
does exist a positivity-preserving polynomial with a negative leading term.
In essence, the equivalences in Proposition B hold more generally; this is
distilled into the following lemma.

LEMMA 3.8 (Khare-Tao [44). Fiz w € RN and a positive-definite matriz H.
Fiz t > 0 and define P, :=tH — ww?. The following are equivalent.
(1) P is positive semidefinite.
det(H — wwT)
Nt>wH'w=1—-—" —— 7/
(B) tzwiH W det H
We refer the reader to [44] for the detailed proof of Lemma B8 remarking
only that the equality in assertion (3) follows by using Schur complements in two
different ways to expand the determinant of the matrix |:V\I/'{T vlv] .
Now Proposition B follows directly from Lemma B8] by setting

N-1
H = E cju’™ (w7’ and w=u"M,
J=0

where H is positive definite because of the following general matrix factorization
(which is also used below).

PROPOSITION 3.9. Let f(x) = ZkM:o frx® be a polynomial with coefficients in
a commutative ring R. For any integer N > 1 and any vectors u = (uy,...,uy)’
and v = (v1,...,v5)T € RN, it holds that

M
(3.6) fltuv?] = Z futFuk (vor)T

k=0
1 wp - u{” fo 0 - 0 1 vy - v{” T
1 wuy ud! 0 fit 0 1 vy e
1 ouy - ulf 0 0 - futM| |1 vy - oM

where 1 is a multiplicative identity which is adjoined to R if necessary.

Now to adopt Lemma [B8|(3), this same equation and the Cauchy—Binet for-
mula allow one to compute det(H —ww?’) in the present situation, and this yields
N-1 2

(u)

precisely that ¢ > Z as desired.
j=0

¢jsn(u)?’

2The work [44] is an extended abstract of the paper [43], but some of the results in it have
different proofs from [43].
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3.3. The threshold for all rank-one matrices: a Schur positivity re-
sult. We continue toward a proof of Theorem B3l The next step is to use Propo-
sition 3.7 to achieve an intermediate goal: a threshold bound for ¢’ that works for
all rank-one matrices in Py ((0, p)), still working with integer powers. Clearly, to
do so one has to understand the supremum of each ratio R; := sq, (u)?/sn(u)?, as
u runs over vectors in (0, \/ﬁ)N with distinct coordinates. More precisely, one has
to understand the supremum of the weighted sum ., R;/c;.

This observation was first made in the work [6] for the case
n; = j, that is, n = nyi,. It led to the first proof of Theorem B3] with all of
the denominators being the same: sn,, (u) = 1. We now use another equivalent
definition of Schur polynomials, by Littlewood, realizing them as sums of monomi-
als corresponding to certain Young tableaux. Every monomial has a non-negative
integer coefficient. It follows by the continuity and homogeneity of s,; and the Weyl
Dimension Formula ([B3]), that the supremum in the previous paragraph equals the

value at (/p, ..., /p)’, namely

V(n,;)? ,
sup sy, (u)® = % M=n;
ue(0,,/p)N (Dnin)
Since all of these suprema are attained at the same point /p(1, ..., 1)T, the weighted
sum in Proposition B7Y(3) also attains its supremum at the same point. Thus, we
conclude using Proposition [3.7] that
N—

flx)= Z cjx"i 4 M

—

[

preserves positivity entrywise on all rank-one matrices uu? € PN((O, p)) if and

only if
N-1 -1
V(n,)? ,
c > — ( —JpM_nJ .
jzz(:) ¢;V (Nmin)?
In fact, if n = ny,;;, then the entire argument above goes through even when one
changes the domain to the open complex disc D(0, p), or any intermediate domain
(0,p) € D C D(0,p). This is precisely the content of the main result in [6].

THEOREM 3.10 (Belton-Guillot-Khare-Putinar [6]). Fiz p > 0 and integers
M >N >2. Let

N-1
f(z) = E ¢t +c2M, where cg,...,cn—1,¢ €R,
7=0

and let I := D(0,p) be the closed disc in the complex plane with centre 0 and
radius p. The following are equivalent.

(1) The entrywise map f[—] preserves positivity on Py (I).

(2) The entrywise map f[—] preserves positivity on rank-one matrices in
(3) Either co, ..., cn—1, ¢ are all non-negative, or ¢y, ..., cN_1 are positive
and
N-1 -1
V(n;)? )
/ J M—
c 2 - — 5’ )
(; ij(nmin)2
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where nj := (0,1,...,5—1,5,j+1,...,N=1,M)T for0<j < N —1.

This theorem provides a complete understanding of which polynomials of degree
at most N preserve positivity entrywise on Py ((0, p)) and, more generally, on any
subset of Py (D(0, p)) that contains the rank-one matrices in Py ((0, p)).

REMARK 3.11. Clearly (1) = (2) here, and the proof of (2) <= (3) was
outlined above via Proposition 77l We defer mentioning the proof strategy for
(2) = (1), because we will later see a similar theorem over I = (0, p) for more
general powers n;. The proof of that result, Theorem [B.I5] will be outlined in some
detail.

Having dealt with the base case of n = ny,i,, as well asn = (k,k+1,...,k+
N —1) for any k € Z, which holds by the Schur product theorem, we now turn to
the general case. In general, s,(u) is no longer a monomial, and so it is no longer
clear if and where the supremum of each ratio sy, (u)?/sn(u)?, or of their weighted
sum, is attained for u € (0, \/ﬁ)N . The threshold bound for all rank-one matrices
itself is not apparent, and the bound for all matrices in PN((O, p)) is even more
inaccessible.

By a mathematical miracle, it turns out that the same phenomenon as in the
base case holds in general. Namely, the ratio of each s,; and s, attains its supre-
mum at \/p(1, ..., 1)T. Hence one can proceed as above to obtain a uniform thresh-
old for ¢/, which works for all rank-one matrices in Py ((0, p)).

ExaMpPLE 3.12. To explain the ideas of the preceding paragraph, we present
an example. Suppose

N =3, n=(0,2,3), M =4, and u= (uy,uz,u3)”
Then
n3 = (07274)7

sn(u) = ugug + ugusz + usuq,

and  spy(u) = (u1 + u2)(u2 + usz)(uz + uq).

The claim is that sy, (u)/sn(u) is coordinatewise non-decreasing for u € (0, 00)3;
the assertion about its supremum on (0, ,/p)" immediately follows from this. It
suffices by symmetry to show the claim only for one variable, say us. By the
quotient rule,

$n(1)0yy Sm (1) — Sm (W) Oy, sn (1) = (u1 + ug)(urus + 2uzus + usug)us,

and this is clearly non-negative on the positive orthant, proving the claim. As
we see, the above expression is, in fact, monomial positive, from which numerical
positivity follows immediately.

In fact, an even stronger fact holds. Viewed as a polynomial in ug, every
coefficient in the above expression is in fact Schur positive. In other words, the
coefficient of each u} is a non-negative combination of Schur polynomials in u; and
Uu9:

(u1 + u2)(uruz + 2uiug + ugug)uz = ij(ulvu2)uéa
Jj=0
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where
25(1,3)(u1, uz2) ifj =1,
pj(ur,uz) = q s0,3) (U1, u2) + 5(1,2)(u1,uz) if j =2,
0 otherwise.

In particular, this implies that each coefficient is monomial positive, whence numer-
ically positive. We recall here that the monomial positivity of Schur polynomials
follows from the definition of s,(u) using Young tableaux.

The miracle to which we alluded above, is that the Schur positivity in the
preceding example in fact holds in general.

THEOREM 3.13 (Khare-Tao [43]). Ifno < - - <mny-1 and mg < -+~ < my_1
are N -tuples of non-negative integers such that mj; > nj forj =0, ..., N—1, then
the function
sm(u)
sn(u)
is mon-decreasing in each coordinate. Furthermore, if

(3.7) $n (W) 0y Sm (1) — S (1)y  $n (1)

is considered as a polynomial in un, then the coefficient of every monomial )y is
a Schur-positive polynomial in uy,..., un_1.

fmn: (O,OO)N - R, u—

The second, stronger part of Theorem follows from a deep and highly
non-trivial result in symmetric function theory (or type-A representation theory)
by Lam, Postnikov, and Pylyavskyy [45], following earlier results by Skandera. We
refer the reader to this paper and to [43] for more details. Notice also that the
first assertion in Theorem [3.13] only requires the numerical positivity of the expres-
sion ([B77). This is given a separate proof in [43], using the method of condensation
due to Charles Lutwidge Dodgson [18]@ In this context, we add for complete-
ness that in [43] the authors also show a log-supermodularity (or FKG, or MT P,)
phenomenon for determinants of totally positive matrices.

3.4. Real powers; the threshold works for all matrices. We now return
to the proof of Theorem [3.3] which holds for real powers. Our next step is to
observe that the first part of Theorem .13 now holds for all real powers. Since
one can no longer define Schur polynomials in this case, we work with generalized
Vandermonde determinants instead:

COROLLARY 3.14. Fiz N-tuples of real powers n = (ng < -+- < ny_1) and
m = (mg < --- < my_1), such that n; < my for all j. Letting u™ := [u}* "N, _,
as above, the function
det u°™
fi{ue(0,00)" tu; #uj ifi#j} =R u— Tetuon
is mon-decreasing in each coordinate.

We sketch here one proof. The version for integer powers, Theorem B.13] gives
the version for rational powers, by taking a “common denominator” L € Z such
1/L

that Lm; and Ln; are all integers, and using a change of variables y; := u;""". The

3This article by Dodgson immediately follows his better-known 1865 publication, Alice’s
Adventures in Wonderland.
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general version for real powers then follows by considering rational approximations
and taking limits.

Corollary B.14] helps prove the real-power version of Theorem B.3] just as The-
orem [3.13] would have shown the integer-powers case of Theorem [3.3] Namely, first
note that Proposition BT holds even when the n; are real powers; the only changes
are (a) to assume that the coordinates of u are distinct, and (b) to rephrase the
last assertion (3) to the following:

NZ (det u®™i)?

= det u°n)?
These arguments help prove the first part of the following result, which is the
culmination of these ideas.

THEOREM 3.15 (Khare-Tao [43]). Fiz an integer N > 1 and real exponents

ng <---<ny_1 <M, as well as scalars p >0 and ¢y, ..., cy_1, ¢'. Let
N—1
flx) = Z cjx™ + M.
=0

The following are equivalent.

(1) The function f preserves positivity entrywise on all rank-one matrices in
PN ((0, P)) :

(2) The function f preserves positivity entrywise on all Hankel rank-one ma-
trices in Py ((0,p)).

(3) Fither the coefficients cg, ..., cy—1 and ¢ are non-negative, or ¢y, ...,
cN_1 are positive and

N—1 ~1
Vi(n)? ...
C/ > _( J pM nj ,
j;) ¢;V(n)?
where V(n) and n; are as defined above.

If, moreover, the exponents n; all lie in Z4 U [N — 2,00), then these assertions
are also equivalent to the following.

(4) The function f preserves positivity entrywise on PN((O,p)).

Before sketching the proof, we note several ramifications of this result.

(1) The theorem completely characterizes linear combinations of up to N + 1
powers that entrywise preserve positivity on Py ((O, p)) The same is true
for any subset of PN((O, p)) that contains all rank-one positive semidefi-
nite Hankel matrices.

(2) As discussed above, Theorem implies Theorem [3.5] which helps in
understanding which sign patterns correspond to countable sums of real
powers that preserve positivity entrywise on Py ((0, p)) (or on the subset
of rank-one matrices). In particular, the existence of sign patterns which
are not all non-negative shows the existence of functions which preserve
positivity on Py but not on Py 1.

(3) Theorem bounds A°M in terms of a multiple of Z;\:Ol ¢; A°"i. More
generally, one can do this for an arbitrary convergent power series instead
of a monomial, in the spirit of Theorem Even more generally, one
may work with Laplace transforms of measures; see Corollary [3.17] below.
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For completeness, we also mention two developments related (somewhat more
distantly) to the above results.
e A refinement of a conjecture of Cuttler, Greene, and Skandera (2011) and
its proof; see [43] for more details. In particular, this approach assists with
a novel characterization of weak majorization, using Schur polynomials.
o A related “Schubert cell-type” stratification of the cone Py (C); see [6] for
further details.

We conclude this section by outlining the proof of Theorem [3.15

PrOOF. Clearly, (4) = (1) = (2). If (2) holds, then, by Lemma [Z8]
either all the ¢; and ¢’ are non-negative, or ¢; is positive for all j. Thus, we suppose
that ¢; > 0> ¢.

Note that if u(ug) := (1,uq,...,ud )T for some ug € (0,1), then

Auo) := pugu(uo)u(u)”

is a rank-one Hankel matrix and hence in our test set. Repeating the analysis in
Section [3.2] using generalized Vandermonde determinants instead of Schur polyno-
mials and rank-one Hankel matrices of the form A(ug),

N-1 on
I|7t > sup (det[y/puou(u)]°™)?
" uec(o.1) S5 ¢i(dety/puou(uo)lon)?

N-1 N1
E . (det u(ug)°™)? o
= 1 E (detu(ug)™"7 )" .y
=0 uogﬁ_ = Cj (det u(u0)°“)2 (PUO) ,

where the equality follows from Corollary B.14] above. The real-exponent version
of (84)) holds if ¢ € (0,00) \ {1} and the exponents n; are real and non-decreasing:

detu(g) = J[ (@™ —¢") =V(™).
0<i<k<N-1

Applying this identity, the above computation yields

st Y Ve TS V) e,
w—1- 4= V(ug™) ¢; = ¢;V(n)

Thus (2) = (3). Conversely, that (3) = (1) follows by a similar analysis
to that given above, using Corollary B.14] and the density of matrices uu’’, where
ue€ (O, \/ﬁ)N has distinct entries, in the set of all rank-one matrices in PN((O, p))

It remains to show that (1) = (4) if all the exponents n; € Z, U[N —2,00).
We proceed by induction on N. The case N = 1 is immediate. For the inductive
step, we apply the extension principle of the following Proposition with h =
f, which requires verification that f’[—] preserves positivity on Py_1. This is a
straightforward calculation via the induction hypothesis. (Il

The following extension principle was inspired by work of FitzGerald and
Horn [25].

PRrOPOSITION 3.16 (Khare-Tao [43]). Suppose 0 < p < oo, and I = (0, p),
(=p,p) or the closure of one of these sets. Let h : I — R be a continuously
differentiable function on the interior of I. If h'[—] preserves positivity entrywise
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on Pn—1(I) and h|—] does so on the rank-one matrices in Py (I), then h[—] in fact
preserves positivity on all of Py (I)E

Proposition B0 relies on two arguments found in [25]: (a) every matrix in Py
may be written as the sum of a rank-one matrix in Py, and a matrix in Py_; with
its last row and column both zero, and (b) applying the integral identity

h(z) — h(y) = /y B () dt = /O (@ — ) O + (1 — A)y) dA

x
entrywise to this decomposition. See [43], Section 3] for more details. The original
use of these arguments was when h is a power function; this is explained in Chapter [
below.

3.5. Power series preservers and beyond; unbounded domains. In the
remainder of this chapter, we use Theorem to derive several corollaries; thus,
we retain and use the notation of that theorem. As discussed following Theo-
rem [3.I5] the first consequence extends the theorem from bounding monomials
A°M = (zM)[A] by a multiple of Z;V:_Ol ¢; A°™, to bounding f[A] for more general
power series. Even more generally, one can work with Laplace transforms of real

measures on R.

COROLLARY 3.17 (Khare-Tao [43]). Let the notation be as for Theorem B.I5],
with ¢; > 0 for all j. Suppose (v is a real measure supported on [ny_1 + €,00) for
some € > 0, and let

(33) )= [T atauo),

N-1t€
If g,, is absolutely convergent at p, then there exists a finite threshold t,, > 0 such
that, for all A € PN((O, p)), the matriz

N-1
tu Z ¢; A% — gu[A]
j=0

s positive semidefinite.

ProoF. By Theorem B.I5l and the fact that Py (R) is a closed convex cone, it
suffices to show the finiteness of the quantity

/°° = V(ny)?
nN—1+€ j=0 CJV(n)2

where g4 is the positive part of p. This follows from the hypotheses. O

pM " dpy (M),

We now turn to the p = oo case, which was briefly alluded to above. In other
words, the domain is now unbounded: I = (0,00). As in the bounded-domain
case, the question of interest is to classify all possible sign patterns of polynomial
or power-series preservers on Py (I) for a fixed integer N.

Similar to the above discussion for bounded I, the crucial step in classifying sign
patterns of power series (or more general functions, as in Theorem [3.5) is to work
with integer powers and precisely one coefficient that can be negative. Thus, one

4 An analogous version of this results holds for I = D(0, p) or its closure in C, with h: I — C
analytic. This is used to prove the corresponding implication in Theorem [3I0 above.
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first observes that Lemma 2.8(2) holds in the unbounded-domain case I = (0, 00).
Hence given a polynomial
2N -1

flx)= Z cjx™ + M,
=0

where

0<ng<---<nny_1<M<ny <NN41-- <No2N-—1,
if f[—] preserves positivity on PN(((), oo)), then either all the coefficients cg, ...,
can_1, ¢ are non-negative, or ¢y, ..., con_1 are positive and ¢’ can be negative. In
this case, an explicit threshold is not known as it is in Theorem B.15 but we now
explain why such a threshold exists.

We start from [B.0) and repeat the subsequent analysis via the Cauchy—Binet
formula. To find a uniform threshold for ¢’ that works for all rank-one matrices
in PN((O, oo)), it suffices to bound, uniformly from above, certain ratios of sums
of squares of Schur polynomials. This may be done because of the following tight
bounds.

PRroPOSITION 3.18 (Khare-Tao [43]). If n := (ng,...,nn—1) and

u:= (ulv "'7uN)7

where ng < --- < ny_1 are non-negative integers and uy < --- < uy are non-
negative real numbers, then
V(n)
(39) un*ﬂmin § s (u) S unfnmin
? V(nmin) ’
where Nin == (0,...,ny_1). The constants 1 and V(n)/V (nmin) on each side

of (B3) cannot be improved.

We refer the reader to [43] Section 4] for further details, including how Propo-
sition implies the existence of preservers f as above for rank-one matrices with
¢’ < 0. The extension from rank-one matrices to all of 731\1((07 oo)) is carried out
using the extension principle in Proposition

In a sense, Proposition isolates the ‘leading term’ of every Schur polyno-
mial. This calculation can be generalized to the case of non-integer powersBwhich
helps extend the above results for the unbounded domain I = (0, 00) to real powers.
This yields the desired classification, similar to Theorem 3.5]in the bounded-domain
case.

THEOREM 3.19 (Khare-Tao [43]). Let N > 2, and let
{aj : 7 >0} CZy UIN —2,00)

be a set of distinct real numbers. For each j > 0, let €; € {0,%1} be a sign and
suppose that, whenever €;, = —1, then ¢; = +1 for at least N choices of j such that
aj < agy and also for at least N choices of j such that o > ay,. There exists a
series with real coefficients,

fl@) =" cja
j=0

5We refer the reader again to [43] Section 5] for the details, which use additional concepts
from type-A representation theory: the Harish-Chandra—Itzykson—Zuber integral and Gelfand—
Tsetlin patterns.
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which converges on (0,00), preserves positivity entrywise on PN((O,OO)), and is
such that c; has the same sign as €; for all 7 > 0.

Note that, in particular, Theorem .19 reaffirms that the Horn-Loewner-type
conditions in Lemma [2.8(2) are sharp.

3.6. Digression: Schur polynomials from smooth functions, and new
symmetric function identities. Before proceeding to additional applications of
Theorem and related results, we take a brief detour to explain how Schur
polynomials arise naturally from any sufficiently differentiable function.

THEOREM 3.20 (Khare [42]). Fix non-negative integers mo < mp < ... <
my_1, as well as scalars ¢ >0 and a € R. Let M :=mgo+---+mpy_1 and suppose
the function f : [a,a + €) — R is M-times differentiable at a. Given vectors u,
v € RV, define A : [0,€') = R for a sufficiently small € € (0,¢) by setting

A(t) :=det flalyxn + tuv’].

Then,
(3.10) .
M) () = M W)V (v)sm(u)sm(v (me) (g
SRECED S (I Ll I AR

where the first factor in the summand is a multinomial coefficient, and we sum

over all partitions m = (mg,...,my—1) of M with unequal parts, that is,
M=mg+---+mn_1and0<myg<---<mpy_1.
N
In particular, A(0) = A'(0) =--- = A((2)71)(0) =0.

REMARK 3.21. As a special case, if f : R — R is smooth at a, and u, v € RV,
then defining A(t) := det flalyxn + tuv’] gives a function A which is smooth
at 0, and Theorem gives all of these derivatives via the formula (BI0). The
general version of Theorem is a key ingredient in showing Theorem 2.9 which
subsumes all known variants of Horn-Loewner-type necessary conditions in fixed
dimension.

The key determinant computation required to prove the original Horn—Loewner
necessary condition in fixed dimension (see Theorem [2.7)) is the special case of The-
orem [3.20] where u = v and m; = j for all j. In this situation, sm(u) = sm(v) =1,
so Schur polynomials do not appear. The general version of Theorem decou-
ples the vectors u and v, and holds for all M > 0 if f is smooth (as in Loewner’s
setting). Moreover, it reveals the presence of Schur polynomials in every case other
than the ones studied by Loewner, that is, when M > (1;[)

While Theorem involves derivatives of a smooth function, the result and
its proof are, in fact, completely algebraic, and valid over any commutative ring.
To show this, an algebraic analogue of the differential operator is required, with
more structure than is given by a derivation. The precise statement and its proof
may be found in [42] Section 2].

We conclude this section by applying Theorem and its algebraic avatar to
symmetric function theory. We begin by recalling the famous Cauchy summation
identity |48l Example 1.4.6]: if fo(z) := 1 + 2 + 2% + --- is the geometric series,
viewed as a formal power series over a commutative unital ring R, and w1, ..., uy,
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v1, ..., Uy are commuting variables, then

(3.11) det foluv™] = V@V (v) 3 sim(w)sm(v),

where the sum runs over all partitions m with at most IV partsﬁ

A natural question is whether similar formulae hold when f; is replaced by
other formal power series. Very few such results were known; this includes one due
to Frobenius [26], for the function f.(z) := (1 —cx)/(1 — ) with ¢ an scalar. (This
is also connected to theta functions and elliptic Frobenius—Stickelberger—Cauchy
determinant identities.) For this function,
1 — cujvg } N

det f.[uv’] = det{

1 —ujvg Jjk=1

— V)V (v)(1 - !
(3.12) X ( Z Sm(W)sm(v) + (1 —¢) Z sm(u)sm(v)>.

m:mo=0 m:mo>0

A third, obvious identity is if f is a ‘fewnomial’ with at most N — 1 terms. In
this case, f[uv?]is a sum of at most N —1 rank-one matrices, and so its determinant
vanishes.

The following result extends all three of these cases to an arbitrary formal power
series over an arbitrary commutative ring R, and with an additional Z,-grading.

THEOREM 3.22 (Khare [42]). Fiz a commutative unital ring R and let t be
an indeterminate. Let f(t) := > 3/50 fut™ € RI[t]] be an arbitrary formal power

series. Given vectors u, v € RN, where N > 1, we have that
(3.13)

N-1
det fltuv’] = V(u)V(v) Z tM Z Sm(1)sm (V) H S
k=0

MZ(J;T) m=(mpy_1,...,mq) M

The heart of the proof involves first computing, for each M > 0, the coefficient
of tM in det f[tuvT], over the “universal ring”

R/ = Q[ulv"',uNavl,-“;vNavafla"'L

where u;, vy and fp, are algebraically independent over Q. These coefficients
are seen to equal AM)(0)/M!, by the algebraic version of Theorem Thus,
BI3) holds over R’. Then note that both sides of ([BI3) lie in the subring
Ry = Z[uy,...,un,v1,...,0N, fo, f1,--.], so the identity holds in Ry. Finally,
it holds as claimed by specializing from Ry to R.

An alternate approach to proving Theorem is also provided in [42]. The
identity ([B.0) is applied, along with the Cauchy—Binet formula, to each truncated
Taylor-Maclaurin polynomial f<ps of f(z). The result follows by taking limits in
the t-adic topology, using the t-adic continuity of the determinant function.

6Usually one uses infinitely many indeterminates in symmetric function theory, but given the
connection to the entrywise calculus in a fixed dimension, we will restrict our attention to u; and
vj for 1 <j < N.
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3.7. Further applications: linear matrix inequalities, Rayleigh quo-
tients, and the cube problem. This chapter ends with further ramifications
and applications of the above results. First, notice that Theorem implies the
following linear matrix inequality version that is ‘sharp’ in more than one sense:

COROLLARY 3.23. Fiz p > 0, real exponents ng < -+- < ny_1 < M for some
integer N > 1, and scalars c; > 0 for all j. Then,

A°M < C(C()Aono 4+ 4 CN71A°"N71)7

N-1 Vv
h J M—n;
where C = jEZO T‘,(n)ﬂ) 5

for all A € Pn((0,p)) of rank one, or of all ranks ifng, ..., ny—1 € Z4{U[N—2,00).
Moreover, the constant C is the smallest possible, as is the number of terms N on
the right-hand side.

In the above Corollary and henceforth, the notations A < B and B > A mean
that the matrix B — A is positive semidefinite.

Seeking a uniform threshold such as C in the preceding inequality can also
be achieved (as explained above) by first working with a single positive matrix,
then optimizing over all matrices. The first step here can be recast as an extremal
problem that involves Rayleigh quotients:

PROPOSITION 3.24 (see [6L[43]). Fiz an integer N > 2 and real exponents
ng < --- < ny-1 < M, where each nj; € Zy U [N —2,00). Given positive scalars

Ccyy, ---5, CN—1, let
N-1
h(z) := Z e (z € (0,00)).
§=0
Then, for 0 < p < oo and A € Px([0,p]),
(3.14) th{A] > A°M  if and only if t> o(h[A]T/2A°Mp[A]1/?),

where o[B] and B denote the spectral radius and the Moore—Penrose pseudo-

inverse of a square matriz B, respectively. Moreover, for every non-zero matriz

A € Pn([0,p]), the following variational formula holds:
TAOM

N-1
V(ny)
QhAT/QAOMhAT/2 sup < J
(hiAl AT = we(ker nA]) 4\ {0y uZh[uuTTu Z V(n)? ¢

2Mnj

k}

Proposition is shown using the Kronecker normal form for matrix pencils;
see the treatment in [27, Section X.6]. When the matrix A is a generic rank-one
matrix, the above generalized Rayleigh quotient has a closed-form expression, which
features Schur polynomials for integer powers. This reveals connections between
Rayleigh quotients, spectral radii, and symmetric functions.

PROPOSITION 3.25. Let the notation be as in Proposition B.24], but now with

n; not necessarily in Z4 U[N —2,00). If A= uul, where u € (0,00)" has distinct
coordinates, then h[A] is invertible, and the threshold bound

N-1

(3.15) o(h[A]T/2A°Mp[A)T/2) = (u°M) T hluu” ] M = Z

j=0

(det u°mi)?
¢j(det uem)?’
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In fact, the proof of the final equality in ([BI5) is completely algebraic, and
reveals new determinantal identities that hold over any field F with at least IV
elements.

PRrROPOSITION 3.26 (Khare-Tao [43]). Suppose N >1 and
0<npg<..<nny_1<M
are integers, and u,v € FN each have distinct coordinates. Let c; € F* and define
h(t) == Z;V:_Ol cjt". Then hluv®] is invertible, and

N-1
(VOM)Th[uVT]—lqu — Z
j=0

det u®? det v
c; det uem det ver’

The final result is a variant of the matrix-cube problem [49], and connects to
spectrahedra [13L61] and modern optimization theory. Given two or more real
symmetric N x N matrices Ay, ..., Aap+1, the corresponding matrix cube of size
2n>01is

M+1
Uln] = {AO + Z U Ay @ Uy, € [_77777]}'
m=1

The matrix-cube problem is to find the largest > 0 such that U[n] C Pn(R). In
the present setting of the entrywise calculus, the above results imply asymptotically
matching upper and lower bounds for the size of the matrix cube.

THEOREM 3.27 (see [6,43]). Suppose M > 0 and 0 < mg < ny < --- are
integers. Fiz positive scalars p >0, 0 < a1 < -+ < apyy1, and c; >0 forall j >
0, and define for each N > 1 and each matriz A € PN([O,p]), the cube

N-1 M+1
(3.16) Ualn] = D A + > up A2T=rtem) € [—n, )
3=0 m=1

Also define for N > 1 and o > 0:

N-1
Vv N 2 ja—n
(3.17) Ka(N) := (n(a, i) r
D Y00
where n(N) := (ng,...,ny_1)T, and
Ilj(OL,N) = (no,...,nj_l,nj_H,...,nN_l,nN_l+a).

Then for each fited N > 1, we have the uniform upper and lower bounds:
(3.18)
1< (Kay (N) 4+ Kayon (N) ™ = Ualy] € Py for all A€ Py ([0, p))

= n<K (N)_l.

QM 41

Moreover, if the n; grow linearly, in that
Q41 — QM 2 Njp1 — 1 for all j >0,

then the lower and upper bounds for n = gy in (BIY) are asymptotically equal as

N — oco:
M+1

lim Ko, (N)7 Y Ko, (N) =1,
m=1

N—00
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3.8. Entrywise preservers of totally non-negative Hankel matrices.
The first part of this survey discusses entrywise preservers of totally positive and
totally non-negative matrices; these turn out to be very rigid in nature. If, instead,
we consider the subfamily of totally non-negative matrices which are Hankel, then
a richer class of preservers emerges, as well as a parallel story to that of entrywise
positivity preservers on all matrices.

DEFINITION 3.28. A real matrix A is said to be totally non-negative or totally
positive if every minor of A is non-negative or positive, respectively. We will denote
these matrices, as well as the property, by TN and TP.

In the recent article [22] by Fallat, Johnson, and Sokal, the authors study when
various classes of totally non-negative (TN) matrices are closed under taking sums
or Schur products. As they observe, the set of all TN matrices is not closed under
these operations; for example, the 3 x 3 identity matrix and the all-ones matrix
1543 are both TN but their sum is not.

It is of interest to isolate a class of TN matrices that is a closed convex cone,
and is furthermore closed under taking Schur products. Indeed, it is under these
conditions that the observation of Pélya—Szegd (see Section 22)) holds, leading to
large classes of TN preservers.

Such a class of matrices has been identified in both the dimension-free as well
as fixed-dimension settings. It conmsists of the TN Hankel matrices. In a fixed
dimension, there is the following classical result from 1912.

LEMMA 3.29 (Fekete [24]). Let A be a possibly rectangular real Hankel matrix
such that all of its contiguous minors are positive. Then A is totally positive.

Recall that a minor is said to be contiguous if it is obtained from successive
rows and successive columns of A.

If A is a square Hankel matrix, let A be the square submatrix of A obtained
by removing the first row and the last column. Notice that every contiguous minor
of A is a principal minor of either A or A, Combined with Fekete’s lemma, these
observations help show another folklore result.

THEOREM 3.30. Let A be a square real Hankel matriz. Then A is TN or TP if
and only if both A and AV are positive semidefinite or positive definite, respectively.

Theorem is a very useful bridge between matrix positivity and total non-
negativity. A related dimension-free variant (see [2][28]) concerns the Stieltjes
moment problem: a sequence (sg, $1,...,) is the moment sequence of an admissi-
ble measure on Ry (see Definition 2T0) if and only if the Hankel matrices H :=
(sj+1);x>0 and HM) (obtained by excising the first row of H, or equivalently, the
first column) are both positive semidefinite. By Theorem B.30] this is equivalent to
saying that H is totally non-negative.

With Theorem in hand, one can easily show several basic facts about
TN Hankel matrices; we collect these in the following result for convenience.

LEMMA 3.31. For an integer N > 1 and a set I C Ry, let HT Ny (I) denote the
set of N x N TN Hankel matrices with entries in I. For brevity, we let HT' Ny :=
HTNy (R+) .

(1) The family HT Ny is closed under taking sums and non-negative scalar
multiples, or more generally, integrals against non-negative measures (as
long as these exist).
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(2) In particular, if u is an admissible measure supported on Ry, then its
moment matriz H,, = (Sj+k(M))fk:0 is totally non-negative.

(3) HT' Ny is closed under taking entrywise products.

(4) If the power series f(x) = >4 cxx® is convergent on I C R, , with
¢, > 0 for all k > 0, then the entrywise map f[—] preserves total non-
negativity on HT Ny (I), for all N > 1.

Given Lemma B:3T(4), which is identical to the start of the story for positivity
preservers, it is natural to expect parallels between the two settings. This does in
fact occur, in both the dimension-free and the fixed-dimension settings, and we now
elaborate on both of these. For example, one can ask if a Schoenberg-type phenom-
enon also holds for preservers of total non-negativity on {Jy~, HT'Nn ([0, p)) with
0 < p < oo. This is indeed the case; we set p = oo for ease of exposition. From
Theorem and the subsequent discussion, it follows via Hamburger’s theorem
that the class of functions Zk>0 crx® with all ¢, > 0 characterizes the entrywise
maps preserving the set of moment sequences of admissible measures supported on
[—1,1]. By the above discussion, in considering the family of matrices HT Ny for
all N > 1, we are studying moment sequences of admissible measures supported on
I =Ry, or the related Hausdorff moment problem for I = [0, 1]. In this case, one
also has a Schoenberg-like characterization, outside of the origin.

THEOREM 3.32 (Belton-Guillot-Khare-Putinar [7]). Let f : Ry — R. The
following are equivalent.

(1) Applied entrywise, the map f preserves the set HT Ny for all N > 1.

(2) Applied entrywise, the map [ preserves positive semidefiniteness on
HTNp for all N > 1.

(3) Applied entrywise, the map f preserves the set of moment sequences of
admissible measures supported on R.

(4) Applied entrywise, the map [ preserves the set of moment sequences of
admissible measures supported on [0,1].

(5) The function f agrees on (0,00) with an absolutely monotonic entire func-
tion, hence is non-decreasing, and 0 < f(0) < lim._,q+ f(€).

REMARK 3.33. If we work only with f: (0,00) — R, then we are interested in
matrices in HT Ny with positive entries. Since the only matrices in HT Ny with
a zero entry are scalar multiples of the elementary square matrices Fqi; or Eny
(equivalently, the only admissible measures supported in Ry with a zero moment
are of the form cdy), the test set does not really reduce, and hence the preceding
theorem still holds in essence: we must replace HT' Ny by HT Ny ((0,00)) in (1)
and (2), reduce the class of admissible measures to those that are not of the form
¢do in (3) and (4), and end (5) at ‘entire function’. These five modified statements
are, once again, equivalent, and provide further equivalent conditions to those of
Vasudeva (Theorems and [ZTT]).

In a similar vein, we now present the classification of sign patterns of polynomial
or power-series functions that preserve TN entrywise in a fixed dimension on Hankel
matrices. This too turns out to be exactly the same as for positivity preservers.
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THEOREM 3.34 (Khare-Tao [43]). Fiz p > 0 and real exponents

ng<---<ny_1<M. For any real coefficients cq, ..., cn_1, ', let
N-1

(3.19) flx) = Z cjx™ 4 dxM.
j=0

The following are equivalent.
(1) The entrywise map f|—| preserves TN on the rank-one matrices in
HTNy ((0,p))-
(2) The entrywise map f[—] preserves positivity on the rank-one matrices in
HTNy((0,p)).
(3) Fither all the coeﬁcients co, o cN_1, ¢ are non-negative, or cq, ...,
cn_1 are positive and ¢ > —C~1, where
V n] M n;

>

N—
(3.20) Z -
j=0 J

Ifnj € Zy UN —2,00) for j =0, ..., N —1, then conditions (1), (2) and (3) are
further equivalent to the following.
(4) The entrywise map f[|—] preserves TN on HT'Ny ([0, p]).

In particular, this produces further equivalent conditions to Theorem
Notice that assertion (2) here is valid because the rank-one matrices used in proving
Theorem 315 are of the form cuu”, where u = (1, uq, ..., up )T, up € (0,1), and
c € (0,p), so that cuu” € HT' Ny ((0, p)).

The consequences of Theorem also carry over for TN preservers. For
instance, one can bound Laplace transforms analogously to Corollary B.I7, by re-
placing the words “positive semidefinite” by “totally non-negative” and the set
Pn((0,p)) by HTNy((0,p)). Similarly, one can completely classify the sign pat-
terns of power series that preserve TN entrywise on Hankel matrices of a fixed
size:

THEOREM 3.35 (Khare-Tao [43]). Theorems and BI9 hold upon replac-
ing the phrase “preserves positivity entrywise on 'PN((O,p)) ” with “preserves TN
entrywise on HT' Ny ((0, p)) 7, for both p < oo and for p = oc.

We point the reader to [43 End of Section 9] for details.

To conclude, it is natural to seek a general result that relates the positivity
preservers on Py (I) and TN preservers on the set HT Ny (I) for domains I C R,.
Here is one variant which helps prove the above theorems, and which essentially
follows from Theorem

ProPOSITION 3.36 (Khare-Tao [43]). Fiz integers 1 < k < N and a scalar
0 < p < 0. Suppose f:]0,p) = R is such that the entrywise map f[—] preserves
positivity on Py ([0, p)), the set of matrices in Py ([0, p)) with rank no more than k.
Then f[—] preserves total non-negativity on HTNy ([0, p)) NPy ([0, p)).

4. Power functions

A natural approach to tackle the problem of characterizing entrywise preservers
in fixed dimension is to examine if some natural simple functions preserve positiv-
ity. Ome such family is the collection of power functions, f(z) = z* for o > 0.
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Characterizing which fractional powers preserve positivity entrywise has recently
received much attention in the literature. One of the first results in this area reads
as follows.

THEOREM 4.1 (FitzGerald and Horn [25] Theorem 2.2]). Let N > 2 and let
A = [a;i]) € Py (Ry). For any real number a > N — 2, the matriz A°® = [a%,] is
positive semidefinite. If 0 < o < N — 2 and « is not an integer, then there exists a
matriz A € Py ((0,00)) such that A° is not positive semidefinite.

Theorem [A1] shows that every real power a > N — 2 entrywise preserves pos-
itivity, while no non-integers in (0, N — 2) do. This surprising “phase transition”
phenomenon at the integer N — 2 is referred to as the “critical exponent” for pre-
serving positivity. Studying which powers entrywise preserve positivity is a very
natural and interesting problem. It also often provides insights to determine which
general functions preserve positivity. For example, Theorem [ ] suggests that func-
tions that entrywise preserve positivity on Py should have a certain number of
non-negative derivatives, which is indeed the case by Theorem 27

OUTLINE OF THE PROOF. The first part of Theorem [£.1] relies on an ingenious
idea that we now sketch. The result is obvious for N = 2. Let us assume it holds
for some N —1>2,let A € Py(Ry), and let & > N — 2. Write A in block form,

B ¢
A =
LT aNN] ’
where B has dimension (N — 1) x (N — 1) and ¢ € R¥~1. Assume without loss of
generality that ayy # 0 (as the case where ayy = 0 follows from the induction
hypothesis) and let ¢ := (¢, ann)?/\/ann. Then A —(¢T = (B —&€7) Jayn @0,
where (B — ¢€7) /any is the Schur complement of ayy in A. Hence A — (¢T is
positive semidefinite. By the fundamental theorem of calculus, for any z, y € R,

=y + a/o (z —y) Az + (1= N)y)* tdA.

Using the above expression entrywise, we obtain

1
A= o) [ (A= €T o (M (1= 0T
0
Observe that the entries of the last row and column of the matrix A — ¢(¢7 are all
zero. Using the induction hypothesis and the Schur product theorem, it follows
that the integrand is positive semidefinite, and therefore so is A°*.

The converse implication in Theorem F] is shown by considering a matrix
of the form alyyy + tuu”, where a, t > 0, the coordinates of u are distinct,
and t1 is small. Recall this is the exact same class of matrices that was useful in
proving the Horn-Loewner theorem [27] as well as its strengthening in Theorem
The original proof, by FitzGerald and Horn [25], used u = (1,2, ..., N)T, while a
later proof by Fallat, Johnson and Sokal [22] used the same argument, now with
u = (1, ug,. .. 7u(])v_l)T; the motivation in [22] was to work with Hankel matrices,
and the matrix alyxy + tuu’ is indeed Hankel. That said, the argument of
FitzGerald and Horn works more generally than both of these proofs, to show that,
for any non-integral power a € (0, N — 2), a > 0, and vector u € (0,00)" with
distinct coordinates, there exists ¢ > 0 such that (alyxn + tuuT)oa is not positive
semidefinite. O
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In her 2017 paper [41], Jain provided a remarkable strengthening of the result
mentioned at the end of the previous proof, which removes the dependence on t
entirely.

THEOREM 4.2 (Jain [41]). Let
A:=[1+ ujuk]j-\fk:l =1yxn +uu?,
where N > 2 and u = (uy,...,un)? € (0,00) has distinct entries. Then A°® is
positive semidefinite for « € R if and only if o € Z4 U [N — 2,00).

Jain’s result identifies a family of rank-two positive semidefinite matrices, every
one of which encodes the classification of powers preserving positivity over all of
Pn((0,00)). In a sense, her rank-two family is the culmination of previous work
on positivity preserving powers for ’PN((O, oo)), since for rank-one matrices, every
entrywise power preserves positivity: (uu?)°® = u°®(u°®)T.

An immediate consequence of these results is the classification of the entrywise
powers preserving positivity on the N x N TN Hankel matrices. Recall from the
results in Section B.g (including Lemma B.3T((4)) that there is to be expected a
strong correlation between this classification and the one in Theorem [F.1]

COROLLARY 4.3. Given N > 2, the following are equivalent for an exponent
aeR.

(1) The entrywise power function x +— x preserves total non-negativity on
HTNy (see Lemma B3T]).

(2) The entrywise map x +— x® preserves positivity on HT Ny .

(3) The entrywise map x +— x“ preserves positivity on the matrices in
HTNy ((0,00)) of rank at most two.

(4) The exponent o € Zy U [N —2,00).

ProOF. That (4) = (2) and (2) = (1) follow from Theorems@ I and [330]
respectively. That (1) = (2) and (2) = (3) are obvious, and Jain’s Theo-
rem [4.2 shows that (3) = (4). O

A problem related to the above study of entrywise powers preserving positivity,
is to characterize infinitely divisible matrices. This problem was also considered by
Horn in [40]. Recall that a complex N x N matrix is said to be infinitely divisible
if A°> € Py for all @ € R;. Denote the incidence matriz of A by M(A):

0 if ajk =0
1 otherwise.

M(A)jk = mjr = {
Also, let
N
L(A):={xeC"V: Z m;re; T, = 0},
k=1
and note that L(A) is the kernel of M (A) if M(A) is positive semidefinite.

Assuming the arguments of the entries are chosen in a consistent way [40], we
let

log# A := M(A) o log[A] = [p;1,log a;i] Ny,

with the usual convention 0log0 = 0.
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THEOREM 4.4 (Horn [40, Theorem 1.4]). An N x N matriz A is infinitely
dwisible if and only if (a) A is Hermitian, with a;; > 0 for all j, (b) M(A) € Pn,
and (¢) log¥ A is positive semidefinite on L(A).

4.1. Sparsity constraints. Theorem[4.I]was recently extended to more struc-
tured matrices. Given I C R and a graph G = (V| E) on the finite vertex set
V ={1,...,N}, we define the cone of positive-semidefinite matrices with zeros
according to G:

(4.1) Pa(l) ={A=[ax] € Pn(I) :a;x =0if (j,k) ¢ E and i # j}.
Note that if (j,k) € E, then the entry aj; is unconstrained; in particular, it is
allowed to be 0. Consequently, the cone Pg := Pg(R) is a closed subset of Py.

A natural refinement of Theorem H.I] involves studying powers that entrywise

preserve positivity on Pg. In that case, the flavor of the problem changes signifi-
cantly, with the discrete structure of the graph playing a prominent role.

DEFINITION 4.5 (Guillot-Khare-Rajaratnam [30]). Given a simple graph

G=(V,E), let

(4.2) He ={aeR: A°* € Pg for all A € Pe(Ry)}.
Define the Hadamard critical exponent of G to be

(4.3) CE(G) :=min{a € R: [a,0) C Hg}-

Notice that, by Theorem ET] for every graph G = (V, E), the critical exponent
CE(G) exists, and lies in [w(G) — 2, |V| — 2|, where w(G) is the size of the largest
complete subgraph of G, that is, the clique number. To compute such critical
exponents is natural and highly non-trivial.

FitzGerald and Horn proved that CE(K,) = n—2 for all n > 2 (Theorem [A.T)),
while it follows from [31], Proposition 4.2] that CE(T) = 1 for every tree T. For
a general graph, it is not a priori clear what the critical exponent is or how to
compute it. A natural family of graphs that encompasses both complete graphs
and trees is that of chordal graphs. Recall that a graph is chordal if it does not
contain an induced cycle of length 4 or more. Chordal graphs feature extensively in
many areas, such as the theory of graphical models [46], and in problems involving
positive-definite completions (see [59]). Examples of important chordal graphs
include trees, complete graphs, Apollonian graphs, band graphs, and split graphs.

Recently, Guillot, Khare, and Rajaratnam [30] were able to compute the com-
plete set of entrywise powers preserving positivity on P¢g for all chordal graphs G.
Here, the critical exponent can be described purely combinatorially.

THEOREM 4.6 (Guillot—Khare-Rajaratnam [30]). Let K denote the complete
graph with one edge removed, and let G be a finite simple connected chordal graph.
The critical exponent for entrywise powers preserving positivity on Pg is r — 2,
where r is the largest integer such that K, or K,gl) is an induced subgraph of G.
More precisely, the set of entrywise powers preserving P is He = Z4+ U[r —2,00),
with r as before.

The set of entrywise powers preserving positivity was also computed in [30] for
cycles and bipartite graphs.

THEOREM 4.7 (Guillot-Khare-Rajaratnam [30]). The critical exponent of cy-
cles and bipartite graphs is 1.
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Surprisingly, the critical exponent does not depend on the size of the graph
for cycles and bipartite graphs. In particular, it is striking that any power greater
than 1 preserves positivity for families of dense graphs such as bipartite graphs.
Such a result is in sharp contrast to the general case, where there is no underlying
structure of zeros. That small powers can preserve positivity is important for
applications, since such entrywise procedures are often used to regularize positive
definite matrices, such as covariance or correlation matrices, where the goal is to
minimally modify the entries of the original matrix (see [47,63] and Chapter
below).

For a general graph, the problem of computing the set Hg or the critical ex-
ponent CE(G) remains open. We now outline some other natural open problems
in the area.

Problems.

(1) In every currently known case (Theorems A6l A7), CE(G) is equal to
r — 2, where r is the largest integer such that K, or K™Y is an induced
subgraph of G. Is the same true for every graph G?

(2) Is CE(G) always an integer? Can this be proved without computing
CE(G) explicitly?

(3) Recall that every chordal graph is perfect. Can the critical exponent be
calculated for other broad families of graphs such as the family of perfect
graphs?

4.2. Rank constraints and other Loewner properties. Another approach
to generalize Theorem [£.1]is to examine other properties of entrywise functions such
as monotonicity, convexity, and super-additivity (with respect to the Loewner semi-
definite ordering) [291[38]. Given a set V' C Pn(I), recall that a function f : I — R
is

e positive on V with respect to the Loewner ordering if f[A] > 0 for all
0<AeV,
e monotone on V with respect to the Loewner ordering if f[A] > f[B] for
all A, B € V such that A > B > 0;
e convex on V with respect to the Loewner ordering if
FAMA+ (1= N)B] < Af[A]+ (1 = \)f[B]
for all A € [0,1] and all A, B € V such that A > B > 0;
o super-additive on V with respect to the Loewner ordering if
flIA+ B] > flA] + f[B]
for all A, B € V for which f[A + B] is defined.
The following relations between the first three notions were obtained by Hiai.

THEOREM 4.8 (Hiai [38] Theorem 3.2]). Let I = (—p, p) for some p > 0.

(1) For each N > 3, the function f is monotone on Py (I) if and only if f is
differentiable on I and f' is positive on Pn(I).

(2) For each N > 2, the function f is conver on Pn(I) if and only if f is
differentiable on I and f' is monotone on Py (I).

Power functions satisfying any of the above four properties have been charac-
terized by various authors. In recent work, Hiai [38] has extended Theorem [4.1] by
considering the odd and even extensions of the power functions to R. For a > 0,
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the even and odd extensions to R of the power function f,(x) := z® are defined
to be ¢q(x) := |z|* and ¢, (x) := sign(z)|z|*. The first study of powers o > 0
for which ¢, preserves positivity entrywise on Px(R) was carried out by Bhatia
and Elsner [1I0]. Subsequently, Hiai studied the power functions ¢, and 1, that
preserve Loewner positivity, monotonicity, and convexity entrywise, and showed for
positivity preservers that the same phase transition occurs at n — 2 for ¢, and ¥,
as demonstrated in [25]. The work was generalized in [29] to matrices satisfying
rank constraints.

DEFINITION 4.9. Fix non-negative integers n > 2 and n > k, and a set I C R.
Let P¥(I) denote the subset of matrices in P, (I) that have rank at most k, and let

Hpos(n, k) := {a > 0 : x™ preserves positivity on P¥ (R, )},

(4.4) Hﬁos(n, k) := {a > 0: ¢, preserves positivity on P¥(R)},
'Hﬁos(n, k) := {a > 0 : 1, preserves positivity on P¥(R)}.

Similarly, let H j(n, k), H?(n, k) and H?(n, k) denote sets of the entrywise powers
preserving Loewner properties on PX(R,) or PX(R), where

J € {monotonicity, convexity, super-additivity }.

The set of entrywise powers preserving the above notions are given in the table
below (see [29], Theorem 1.2]).

| J | Hsnk) ] HY(n, k) | HY (n, k) |
Positivity
k=1 R R R
G-K-R G-K-R G-K-R
NU [n —2,00) 2NU [n — 2, 00) (=14+2N) U [n — 2,00)
2<k<n FitzGerald-Horn | Hiai, Bhatia—Elsner, Hiai, G-K-R
G-K-R
Monotonicity
k=1 R4 R4 R4
G-K-R G-K-R G-K-R
2<k<n NU[n—1,00) 2NU [n —1,00) (-1+2N)U [n —1,00)
FitzGerald-Horn Hiai, G-K-R Hiai, G-K-R
Convexity
k=1 [1,00) [1,00) [1,00)
G-K-R G-K-R G-K-R
2<k<n NU [n, 00) 2N U [n, o0) (=14 2N) U [n, 00)
Hiai, G-K-R Hiai, G-K-R Hiai, G-K-R
Super-additivity
1<k<n NU [n, o0) 2N U [n, 00) (=14 2N) U [n, 00)
G-K-R G-K-R G-K-R

TABLE 1. Summary of real Hadamard powers preserving Loewner
properties, with additional rank constraints. See Bhatia—FElsner
[10], FitzGerald-Horn [25], Guillot—-Khare-Rajaratnam [29], and
Hiai [38].
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5. Motivation from statistics

The study of entrywise functions preserving positivity has recently attracted
renewed attraction due to its importance in the estimation and regularization of
covariance/correlation matrices. Recall that the covariance between two random
variables X; and X}, is given by

aji, = Cov(Xj, Xi) = B[(X; — E[X;])( Xy — E[X4])],

where E[X;] denotes the expectation of X;. In particular, Cov(X;, X,) = Var(X}),
the variance of X;. The covariance matriz of a random vector X := (X1, ..., X,,),
is the matrix X := [Cov (X}, Xy)|7%_,. Covariance matrices are a fundamental tool
that measure linear dependencies between random variables. In order to discover
relations between variables in data, statisticians and applied scientists need to ob-
tain estimates of the covariance matrix ¥ from observations xy, ..., x, € R™ of X.
A traditional estimator of X is the sample covariance matriz S given by

1< _ T
1 Z(X’ -X)(x; —X)*,

n— :
1=1

(5.1) S = [Sjkw?kzl =

where X := %2;1 x; is the average of the observations. In the case where the
random vector X has a multivariate normal distribution with mean p and covariance
matrix Y, one can show that X and "T_lS are the maximum likelihood estimators
of ;1 and ¥, respectively [3, Chapter 3]. It is not difficult to show that S is an
unbiased estimator of ¥. More generally, under weak assumptions, one can show
that the distribution of /n(S — X) is asymptotically normal as n — oco. The exact
description of the limiting distribution depends on the moments and the cumulants
of X (see [12] Chapter 6.3]). For example, in the two-dimensional case, we have
the following result.

Let Ny, (1, X) denote the m-dimensional normal distribution with mean p and
covariance matrix X.

PROPOSITION 5.1 (see [12] Example 6.4]). Let x1, ..., x, € R? be an inde-
pendent and identically distributed sample from a bivariate vector X = (X1, X3)
with mean p = (u1, u2) and finite fourth-order moments, and let S be as in Equa-

tion (BIl). Then

21 [
\/ﬁ S12| — | 012 — N3(0,Q),
53 o3

where Q is the symmetric 3 X 3 matriz
ph = (p3)? st — piteg s — paes
Q= | — ey p — (i3)? a3 - mitnd|
sy — papy o pst — piteg o pd = (63)?
and pij, = E[(X; — p)*) and il = E[(X; — ) * (X5 — p)").

In traditional statistics, one usually assumes the number of samples n is large
enough for asymptotic results such as the one above to apply. In covariance es-
timation, one typically requires a sample size at least a few times the number of
variables m for that to apply. In such a case, the sample covariance matrix provides
a good approximation of the true covariance matrix . However, this ideal setting is
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rarely seen nowadays. Indeed, our systematic and automated way of collecting data
today yields datasets where the number of variables is often orders of magnitude
larger than the number of instances available for study [19]. Classical statistical
methods were not designed and are not suitable for analyzing data in such settings.
Developing new methodologies that are adapted to modern high-dimensional prob-
lems is the object of active research. In the case of covariance estimation, several
strategies have been proposed to replace the traditional sample covariance matrix
estimator S. These approaches typically leverage low-dimensional structures in the
data (low rank, sparsity, ...) to obtain reasonable covariance estimates, even when
the sample size is small compared to the dimension of the problem (see [52] for
a detailed description of such techniques). One such approach involves applying
functions to the entries of sample covariance matrices to improve their properties
(see [BA11271[35.36.47,53[63]). For example, hard thresholding a matrix entails
setting to zero the entries of the matrix that are smaller in absolute value than a
prescribed value € > 0. Letting

(5.2) 71(r) = {”” el > e,

0 otherwise,

hard thresholding is equivalent to applying the function f# entrywise to the entries
of the matrix. Another popular example that was first studied in the context of
wavelet shrinkage [20] is soft thresholding, where fH is replaced by

f5iae sign(z) (|z| — e)+ with y; := max{y, 0}.

Soft thresholding not only sets small entries to zero, it also shrinks all the other
entries continuously towards zero. Several other thresholding and shrinkage proce-
dures were also recently proposed in the context of covariance estimation (see [23]
and the references therein).

Compared to other techniques, the above procedure has several advantages.
Firstly, the resulting estimators are often significantly more precise than the sam-
ple covariance matrices. Secondly, applying a function to the entries of a matrix
is very simple and not computationally intensive. The procedure can therefore be
performed in very high dimensions and in real-time applications. This is in contrast
to several other techniques that require solving optimization problems and often be-
come too intensive to be used in modern applications. A downside of the entrywise
calculus, however, is that the positive definiteness of the resulting matrices is not
guaranteed. As the parameter space of covariance matrices is the cone of positive
definite matrices, it is critical that the resulting matrices be positive definite for
the technique to be useful and widely applicable. The problem of characterizing
positivity preservers thus has an immediate impact in the area of covariance esti-
mation by providing useful functions that can be applied entrywise to covariance
estimates in order to regularize them.

Several characterizations of when thresholding procedures preserve positivity
have recently been obtained.

5.1. Thresholding with respect to a graph. In [33], the concept of thresh-
olding with respect to a graph was examined. In this context, the elements to
threshold are encoded in a graph G = (V, E) with V = {1,...,p}. If A = (a;z) is
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a p X p matrix, we denote by Ag the matrix with entries

(Ag)jp = a;r, if (j,k) € Eorj=k,
G/ik = 0 otherwise.

We say that A is the matrix obtain by thresholding A with respect to the graph G.
The main result of [33] characterizes the graphs G for which the corresponding
thresholding procedure preserves positivity. Denote by ’P;{, the set of real symmetric
N x N positive definite matrices and by ’Pér the subset of positive definite matrices
contained in Pg (see Equation F.T]).

THEOREM 5.2 (Guillot-Rajaratnam [33] Theorem 3.1]). The following are
equivalent:

(1) Ag € Py for all A € P;
(2) G = U?Zl G;, where Gy, ..., Gq are disconnected and complete compo-
nents of G.

The implication (2) = (1) of the theorem is intuitive and straightforward,
since principal submatrices of positive definite matrices are positive definite. That
(1) = (2) may come as a surprise though, and shows that indiscriminate or ar-
bitrary thresholding of a positive definite matrix can quickly lead to loss of positive
definiteness.

Theorem (.2l also generalizes to matrices that already have zero entries. In that
case, the characterization of the positivity preservers remains essentially the same.

THEOREM 5.3 (Guillot-Rajaratnam [33] Theorem 3.3]). Let G = (V, E) be an
undirected graph and let H = (V,E') be a subgraph of G, so that E' C E. Then
Ay is positive definite for every A € Pg if and only if H = G1 U ---U Gy, where
G1, ..., Gy are disconnected induced subgraphs of G.

5.2. Hard and soft thresholding. Theorems and address the case
where positive definite matrices are thresholded with respect to a given pattern
of entries, regardless of the magnitude of the entries of the original matrix. The
more natural case where the entries are hard or soft thresholded was studied in
[331134]. In applications, it is uncommon to threshold the diagonal entries of esti-
mated covariance matrices, as the diagonal contains the variance of the underlying
variables. Hence, for a given function f : R — R and a real matrix A = [a,i], we
let the matrix f*[A] be defined by setting

flajr) if j#k,

aj otherwise.

Al = {

THEOREM 5.4 (Guillot-Rajaratnam [33], Theorem 3.6]). Let G be a connected
undirected graph with n > 3 wvertices. The following are equivalent.
(1) There ezists € > 0 such that, for every A € PZ,, we have (fH)*[A] € P;t.
(2) For every e >0 and every A € P, we have fH[A] € P},
(3) G is a tree.

The case of soft thresholding was considered in [34]. Surprisingly, the charac-
terization of the thresholding levels that preserve positivity is exactly the same as
in the case of hard thresholding.
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THEOREM 5.5 (Guillot-Rajaratnam [34], Theorem 3.2]). Let G = (V,E) be a
connected graph with n > 3 vertices. Then the following are equivalent:

(1) There ezists € > 0 such that for every A € P}, we have (f5)*[A] € P,
(2) For every e >0 and every A € P, we have f5[A] € P,f.
(3) G is a tree.

An extension of Schoenberg’s theorem (Theorem 23] to the case where the
function f is only applied to the off-diagonal entries of the matrix was also obtained
in [34].

THEOREM 5.6 (Guillot-Rajaratnam [34], Theorem 4.21]). Let 0 < p < co and
[ (=p,p) = R. The matriz f*[A] is positive semidefinite for all A € Py, ((—p,p))
and all n > 1 if and only if f(z) = zg(x), where

(1) g is analytic on the disc D(0, p);

2) llglleo <15
(3) g is absolutely monotonic on (0, p).

When p = oo, the only functions satisfying the above conditions are the affine
functions f(x) = ax for 0 <a < 1.

5.3. Rank and sparsity constraints. An explicit and useful characteriza-
tion of entrywise functions preserving positivity on Py for a fixed NN still remains
out of reach as of today. Motivated by applications in statistics, the authors in
[3111832] examined the cases where the matrices in Py satisfy supplementary rank
and sparsity constraints that are common in applications.

Observe that the sample covariance matrix (Equation (5.I])) has rank at most n,
where n is the number of samples used to compute it. Moreover, as explained at the
start of this Chapter, it is common in modern applications that n is much smaller
than the dimension p. Hence, when studying the regularization approach described
above, it is natural to consider positive semidefinite matrices with bounded rank.

An immediate application of Schoenberg’s theorem on spheres (see Equation
[@2)) provides a characterization of entrywise positivity preservers of correlation
matrices of all dimensions, with rank bounded by n. Recall that a correlation matrix
is the covariance matrix of a random vector where each variable has variance 1, so is
a positive semidefinite matrix with diagonal entries equal to 1. As in Equation ([22)),
we denote the ultraspherical orthogonal polynomials by P,g)‘).

THEOREM 5.7 (Reformulation of [57, Theorem 1]). Let n € N and let
f:[-1,1] = R. The following are equivalent.

(1) f[A] € Py for all correlation matrices A € Py ([—1,1]) with rank no more
than n and all N > 1.
(2) f(z)= Z(;io aijo‘)(z) with a; >0 for all j >0 and A= (n —1)/2.

PrOOF. The result follows from [57, Theorem 1] and the observation that
correlation matrices of rank at most n are in correspondence with Gram matrices
of vectors in ™71 O

In order to approach the case of matrices of a fixed dimension, we introduce
some notation.
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DEFINITION 5.8. Let I C R. Define S,,(I) to be the set of n x n symmetric
matrices with entries in I. Let rank A denote the rank of a matrix A. We define:

SF(I):={A e 8,(I) : rank A < k},
PE(I):={A e P,(I):rank A < k}.

The main result in [32] provides a characterization of entrywise functions map-
ping P! into PF.

THEOREM 5.9 (Guillot-Khare-Rajaratnam [32], Theorem B]). Let 0 < R < o0
and I = [0,R) or (—R,R). Fiz integersn > 2, 1 <k <n-—1, and2 <[] < n.
Suppose f € C*(I). The following are equivalent.

(1) f[A] € Sk for all A € PL(I);
(2) f(z)=>1_, cz'™ for some ¢, € R and some iy € N such that

(i +1—1
. <k.
(5.3) > ( L ) <k
t=1
Similarly, f[~] : PL(I) — PE if and only if f satisfies (2) and c¢; > 0 for all t.
Moreover, if I = [0, R) and k < n — 3, then the assumption that f € C*(I) is not
required.

Notice that Theorem is a fixed-dimension result with rank constraints.
This may be considered a refinement of a similar, dimension-free result with rank
constraints shown in [4], in which the authors arrive at the same conclusion as
in part (2) above. We compare the two settings: in [4], (a) the hypotheses held
for all dimensions N rather than in a fixed dimension; (b) the test matrices were
a larger set in each dimension, compared to just the positive matrices considered
in Theorem B9 (c) the test matrices did not consist only of rank-one matrices,
similar to Theorem B9 and (d) the test functions f in the dimension-free case
were assumed to be measurable, rather than C* as in the fixed-dimension case.
Thus, Theorem (.9 is (a refinement of) the fixed-dimension case of the first main
result in [4]E

The (2) = (1) implication in Theorem [(.9]is clear. Indeed, let ¢ > 0 and
A= Z§=1 ujul € PL(I). Then

. 1
A% = Z < )wmwi where Wy, :=u(""" 0 ---ou,™
_ . \Inz, -y Ty
my+-+mp=1
7 .
and ( > is a multinomial coefficient. Note that there are exactly (Hl'i_ll)
mi,...,my
i+l—1

terms in the previous summation. Therefore rank A% < ( -1 ), and so (1) easily
follows from (2). The proof that (1) = (2) is much more challenging; see [32]
for details.

In [31], the authors focus on the case where sparsity constraints are imposed
to the matrices instead of rank constraints. Positive semidefinite matrices with

7We also point out the second main result in loc. cit., that is, [4l Theorem 2], which classifies
all continuous entrywise maps f : C — C that obey similar rank constraints in all dimensions.
Such maps are necessarily of the form g(z) = Z;’:l B;2™i(Z)"i, where the exponents m; and n;
are non-negative integers. This should immediately remind the reader of Rudin’s conjecture in
the ‘dimension-free’ case, and its resolution by Herz; see Theorem 2.6}
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zeros according to graphs arise naturally in many applications. For example, in
the theory of Markov random fields in probability theory ([46,[62]), the nodes of
a graph G represent components of a random vector, and edges represent the de-
pendency structure between nodes. Thus, absence of an edge implies marginal or
conditional independence between the corresponding random variables, and leads to
zeros in the associated covariance or correlation matrix (or its inverse). Such models
therefore yield parsimonious representations of dependency structures. Character-
izing entrywise functions preserving positivity for matrices with zeros according to a
graph is thus of tremendous interest for modern applications. Obtaining such char-
acterizations is, however, much more involved than the original problem considered
by Schoenberg as one has to enforce and maintain the sparsity constraint. The
problem of characterizing functions preserving positivity for sparse matrices is also
intimately linked to problems in spectral graph theory and many other problems
(see e.g. [ILA7B9.50]).

As before, for a given graph G = (V, E) on the finite vertex set V.= {1,..., N},
we denote by Pg(I) the set of positive-semidefinite matrices with entries in I and
zeros according to G, as in ([4I]). Given a function f: R — R and A € §/¢(R),
denote by fg[A] the matrix such that

flajr) if (j,k) € Eorj=k,
0 otherwise.

falAljk 1—{

The first main result in [31] is an explicit characterization of the entrywise
positive preservers of Pg for any collection of trees (other than copies of K3).
Following Vasudeva’s classification for P, in Theorem 3] trees are the only other
graphs for which such a classification is currently known.

THEOREM 5.10 (Guillot-Khare-Rajaratnam [31, Theorem A]). Suppose
I=[0,R) for some 0 < R < oo, and f : I — Ry. Let G be a tree with at
least 3 wvertices, and let As denote the path graph on 3 vertices. The following are
equivalent.

(1) felA] € Pg for every A € Ps(I);

(2) frlA] € Pr for all trees T and all matrices A € Pr(I);
(3) faslA] € Pa, for every A € Pa,(I);

(4) The function f satisfies

(5.4) F(Vam) < f@)f(y)  forallzyel

and is super-additive on I, that is,
(5.5) flea+y) > flx)+ f(y) whenever x,y,x +y € I.

The implication (4) = (1) was further extended to all chordal graphs: it is
the following result with ¢ =2 and d = 1.

THEOREM 5.11 (Guillot-Khare-Rajaratnam [30]). Let G be a chordal graph
with a perfect elimination ordering of its vertices {vi,...,v,}. For all 1 <k <n,
denote by Gy, the induced subgraph on G formed by {v1,...,v;}, so that the neigh-
bors of v in Gy, form a clique. Define ¢ = w(G) to be the clique number of G, and
let

d := max{degg, (vx) : k=1,...,n}.
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If f : R — R is any function such that f[—] preserves positivity on PL(R) and
fIM + N] > f[M] + fIN] for all M € Pq and N € P}, then f[—] preserves

positivity on Pg(R). [Here, P} denotes the matrices in Py of rank at most one.]

See [30] for other sufficient conditions for a general entrywise function to pre-
serve positivity on Pg for G chordal.

To state the final result in this section, recall that Schoenberg’s theorem (The-
orem [2.3]) shows that entrywise functions preserving positivity for all matrices (that
is, according to the family of complete graphs K, for n > 1) are absolutely mono-
tonic on the positive axis. It is not clear if functions satisfying (5.4) and (G.3) in
Theorem [E.I0] are necessarily absolutely monotonic, or even analytic. As shown in
[31] Proposition 4.2], the critical exponent (see Definition FH) of every tree is 1.
Hence, functions satisfying (5.4]) and (@3] do not need to be analytic. The second
main result in [3I] demonstrates that even if the function is analytic, it can in fact
have arbitrarily long strings of negative Taylor coefficients.

THEOREM 5.12 (Guillot-Khare-Rajaratnam [31 Theorem B]). There exists

an entire function f(z) =Y " janz" such that

(1) an € [-1,1] for every n > 0;

(2) The sequence (an)n>0 contains arbitrarily long strings of negative num-

bers;

(3) For every tree G, fa[A] € P for every A € Pg(Ry).
In particular, if A(G) denotes the mazimum degree of the vertices of G, then there
ezists a family Gy, of graphs and an entire function f that is not absolutely mono-
tonic, such that

(1) sup,>, A(Gr) = oo;

(2) fc, 4] € Pg, for every A € Pg, (Ry).

Table of contents from Part I of the survey

1. Introduction

2. From metric geometry to matrix positivity

2.1. Distance geometry

2.2. Spherical distance geometry

2.3. Distance transforms

2.4. Altering Euclidean distance

2.5. Positive definite functions on homogeneous spaces

2.6. Connections to harmonic analysis

3. Entrywise functions preserving positivity in all dimensions
3.1. History

3.2. The Horn—Loewner necessary condition in fixed dimension
3.3.  Schoenberg redux: moment sequences and Hankel matrices
3.4. The integration trick, and positivity certificates

3.5.  Variants of moment-sequence transforms

3.6. Multivariable positivity preservers and moment families

4. Totally non-negative matrices and positivity preservers

4.1. Totally non-negative and totally positive kernels

4.2. Entrywise preservers of totally non-negative matrices

4.3. Entrywise preservers of totally positive matrices
References

Licensed to AMS.



FIXED-DIMENSION POSITIVITY 147

Table of contents from Part II of the survey

References

[1] Jim Agler, J. William Helton, Scott McCullough, and Leiba Rodman, Positive semidefinite
matrices with a given sparsity pattern, Proceedings of the Victoria Conference on Combina-
torial Matrix Analysis (Victoria, BC, 1987), Linear Algebra Appl. 107 (1988), 101-149, DOI
10.1016,/0024-3795(88)90240-6. MR960140

[2] Naum Ilyich Akhiezer, The classical moment problem and some related questions in analysis,
Translated by N. Kemmer, Hafner Publishing Co., New York, 1965. MR0184042

[3] Theodore W. Anderson, An introduction to multivariate statistical analysis, 3rd ed., Wiley
Series in Probability and Statistics, Wiley-Interscience [John Wiley & Sons|, Hoboken, NJ,
2003. MR1990662

[4] Aharon Atzmon and Allan Pinkus, Rank restricting functions, Linear Algebra Appl. 372
(2003), 305-323, DOI 10.1016/S0024-3795(03)00549-4. MR1999153

[5] Zhi Dong Bai and Li-Xin Zhang, Semicircle law for Hadamard products, SIAM J. Matrix
Anal. Appl. 29 (2007), no. 2, 473-495, DOI 10.1137/050640424. MR2318359

[6] Alexander Belton, Dominique Guillot, Apoorva Khare, and Mihai Putinar, Matriz
positivity preservers in fized dimension. I, Adv. Math. 298 (2016), 325-368, DOI
10.1016/j.2im.2016.04.016. MR3505743

, Moment-sequence transforms, Preprint (available at http://arxiv.org/abs/1610.

05740) (2016).

, A panorama of positivity, Preprint (available at http://arxiv.org/abs/1812.05482)

(2018).

, A panorama of positivity. I: Dimension free, Analysis of Operators on Function
Spaces, The Serguei Shimorin memorial volume (Alexandru Aleman, Hakan Hedenmalm,
Dmitry Khavinson, and Mihai Putinar, eds.), Trends in Mathematics, Birkhauser, Basel, to
appear.

[10] Rajendra Bhatia and Ludwig Elsner, Positivity preserving Hadamard matriz functions, Pos-
itivity 11 (2007), no. 4, 583-588, DOI 10.1007/s11117-007-2104-8. MR 2346444

[11] Peter J. Bickel and Elizaveta Levina, Covariance regularization by thresholding, Ann. Statist.
36 (2008), no. 6, 2577-2604, DOI 10.1214/08-A0S600. MR2485008

[12] Martin Bilodeau and David Brenner, Theory of multivariate statistics, Springer Texts in
Statistics, Springer-Verlag, New York, 1999. MR1705291

[13] Grigoriy Blekherman, Pablo A. Parrilo, and Rekha R. Thomas (eds.), Semidefinite optimiza-
tion and convex algebraic geometry, MOS-SIAM Series on Optimization, vol. 13, Society for
Industrial and Applied Mathematics (SIAM), Philadelphia, PA; Mathematical Optimization
Society, Philadelphia, PA, 2013. MR3075433

[14] Salomon Bochner, Monotone Funktionen, Stieltjessche Integrale und harmonische Analyse
(German), Math. Ann. 108 (1933), no. 1, 378-410, DOI 10.1007/BF01452844. MR 1512856

[15] Salomon Bochner, Hilbert distances and positive definite functions, Ann. of Math. (2) 42
(1941), 647-656, DOI 10.2307/1969252. MR0005782

[16] David M. Bressoud and Shi-Yuan Wei, Combinatorial equivalence of definitions of the Schur
function, A tribute to Emil Grosswald: number theory and related analysis, Contemp. Math.,
vol. 143, Amer. Math. Soc., Providence, RI, 1993, pp. 59-64, DOI 10.1090/conm/143/00990.
MR1210512

[17] Richard A. Brualdi, The mutually beneficial relationship of graphs and matrices, CBMS
Regional Conference Series in Mathematics, vol. 115, American Mathematical Society, Prov-
idence, RI, 2011. MR2808017

[18] Charles Lutwidge Dodgson, Condensation of determinants, being a new and brief method for
computing their arithmetical values, Proc. R. Soc. Lond. 15 (1866), 150-155.

[19] David L. Donoho, High-dimensional data analysis: The curses and blessings of dimension-
ality, AMS Math Challenges Lecture 1 (2000), 32 pp.

[20] David L. Donoho and Iain M. Johnstone, Ideal spatial adaptation by wavelet shrinkage,
Biometrika 81 (1994), no. 3, 425-455, DOI 10.1093/biomet/81.3.425. MR1311089

[21] Noureddine El Karoui, Operator norm consistent estimation of large-dimensional sparse
covariance matrices, Ann. Statist. 36 (2008), no. 6, 2717-2756, DOI 10.1214/07-A0S559.
MR2485011

Licensed to AMS.


https://www.ams.org/mathscinet-getitem?mr=960140
https://www.ams.org/mathscinet-getitem?mr=0184042
https://www.ams.org/mathscinet-getitem?mr=1990662
https://www.ams.org/mathscinet-getitem?mr=1999153
https://www.ams.org/mathscinet-getitem?mr=2318359
https://www.ams.org/mathscinet-getitem?mr=3505743
http://arxiv.org/abs/1610.05740
http://arxiv.org/abs/1610.05740
http://arxiv.org/abs/1812.05482
https://www.ams.org/mathscinet-getitem?mr=2346444
https://www.ams.org/mathscinet-getitem?mr=2485008
https://www.ams.org/mathscinet-getitem?mr=1705291
https://www.ams.org/mathscinet-getitem?mr=3075433
https://www.ams.org/mathscinet-getitem?mr=1512856
https://www.ams.org/mathscinet-getitem?mr=0005782
https://www.ams.org/mathscinet-getitem?mr=1210512
https://www.ams.org/mathscinet-getitem?mr=2808017
https://www.ams.org/mathscinet-getitem?mr=1311089
https://www.ams.org/mathscinet-getitem?mr=2485011

148

(22]

(23]

24]

[25]

[26]
27)
(28]

29]

(30]

(31]

32]

(33]

34]

(35]
(36]
37)
(38]
(39]
[40]
[41]
(42]
[43]
[44]

[45]

Licensed to AMS.

A. BELTON, D. GUILLOT, A. KHARE, AND M. PUTINAR

Shaun Fallat, Charles R. Johnson, and Alan D. Sokal, Total positivity of sums, Hadamard
products and Hadamard powers: results and counterezamples, Linear Algebra Appl. 520
(2017), 242-259, DOI 10.1016/j.1aa.2017.01.013. MR3611466

Jianging Fan, Yuan Liao, and Han Liu, An overview of the estimation of large covari-
ance and precision matrices, Econom. J. 19 (2016), no. 1, C1-C32, DOI 10.1111/ectj.12061.
MR3501529

Michael Fekete, Uber ein problem von Laguerre, Rend. Circ. Math. Palermo 34 (1912), 89—
120.

Carl H. FitzGerald and Roger A. Horn, On fractional Hadamard powers of positive definite
matrices, J. Math. Anal. Appl. 61 (1977), no. 3, 633-642, DOI 10.1016/0022-247X(77)90167-
6. MR0506356

Ferdinand Georg Frobenius, Ueber die elliptischen Functionen zweiter Art (German), J.
Reine Angew. Math. 93 (1882), 53-68, DOI 10.1515/crll.1882.93.53. MR1579913

Felix Ruvimovich Gantmacher, The theory of matrices. Vols. 1, 2, Translated by K. A. Hirsch,
Chelsea Publishing Co., New York, 1959. MR0107649

Felix Ruvimovich Gantmacher and Mark Grigorievich Krein, Sur les matrices complétement
non négatives et oscillatoires (French), Compositio Math. 4 (1937), 445-476. MR1556987
Dominique Guillot, Apoorva Khare, and Bala Rajaratnam, Complete characterization of
Hadamard powers preserving Loewner positivity, monotonicity, and convezity, J. Math. Anal.
Appl. 425 (2015), no. 1, 489-507, DOI 10.1016/j.jmaa.2014.12.048. MR3299675

Dominique Guillot, Apoorva Khare, and Bala Rajaratnam, Critical exponents of graphs, J.
Combin. Theory Ser. A 139 (2016), 30-58, DOI 10.1016/j.jcta.2015.11.003. MR3436051
Dominique Guillot, Apoorva Khare, and Bala Rajaratnam, Preserving positivity for matri-
ces with sparsity constraints, Trans. Amer. Math. Soc. 368 (2016), no. 12, 8929-8953, DOI
10.1090/tran6669. MR3551594

Dominique Guillot, Apoorva Khare, and Bala Rajaratnam, Preserving positivity for rank-
constrained matrices, Trans. Amer. Math. Soc. 369 (2017), no. 9, 6105-6145, DOI
10.1090/tran/6826. MR3660215

Dominique Guillot and Bala Rajaratnam, Retaining positive definiteness in thresholded ma-
trices, Linear Algebra Appl. 436 (2012), no. 11, 4143-4160, DOI 10.1016/j.1aa.2012.01.013.
MR2915274

Dominique Guillot and Bala Rajaratnam, Functions preserving positive definiteness for
sparse matrices, Trans. Amer. Math. Soc. 367 (2015), no. 1, 627-649, DOI 10.1090/S0002-
9947-2014-06183-7. MR3271272

Alfred Hero and Bala Rajaratnam, Large-scale correlation screening, J. Amer. Statist. Assoc.
106 (2011), no. 496, 1540-1552, DOI 10.1198/jasa.2011.tm11015. MR2896855

Alfred Hero and Bala Rajaratnam, Hub discovery in partial correlation graphs, IEEE Trans.
Inform. Theory 58 (2012), no. 9, 6064-6078, DOI 10.1109/TIT.2012.2200825. MR2966078
Carl S. Herz, Fonctions opérant sur les fonctions définies-positives (French), Ann. Inst.
Fourier (Grenoble) 13 (1963), 161-180. MR0152832

Fumio Hiai, Monotonicity for entrywise functions of matrices, Linear Algebra Appl. 431
(2009), no. 8, 1125-1146, DOI 10.1016/j.1aa.2009.04.001. MR2547900

Leslie Hogben, Spectral graph theory and the inverse eigenvalue problem of a graph, Electron.
J. Linear Algebra 14 (2005), 12-31, DOI 10.13001/1081-3810.1174. MR2202430

Roger A. Horn, The theory of infinitely divisible matrices and kernels, Trans. Amer. Math.
Soc. 136 (1969), 269286, DOI 10.2307/1994714. MR264736

Tanvi Jain, Hadamard powers of some positive matrices, Linear Algebra Appl. 528 (2017),
147-158, DOI 10.1016/j.1aa.2016.06.030. MR 3652842

Apoorva Khare, Smooth entrywise positivity preservers, a Horn—Loewner master theorem,
and Schur polynomials, Preprint (available at http://arxiv.org/abs/1809.01823) (2018).
Apoorva Khare and Terence Tao, On the sign patterns of entrywise positivity preservers in
fized dimension, Preprint (available at http://arxiv.org/abs/1708.05197) (2017).

, Schur polynomials, entrywise positivity preservers, and weak majorization, Sem.
Lothar. Combin. 80B (2018), #14 (12 pp.).

Thomas Lam, Alexander Postnikov, and Pavlo Pylyavskyy, Schur positivity and Schur
log-concavity, Amer. J. Math. 129 (2007), no. 6, 1611-1622, DOI 10.1353/ajm.2007.0045.
MR2369890



https://www.ams.org/mathscinet-getitem?mr=3611466
https://www.ams.org/mathscinet-getitem?mr=3501529
https://www.ams.org/mathscinet-getitem?mr=0506356
https://www.ams.org/mathscinet-getitem?mr=1579913
https://www.ams.org/mathscinet-getitem?mr=0107649
https://www.ams.org/mathscinet-getitem?mr=1556987
https://www.ams.org/mathscinet-getitem?mr=3299675
https://www.ams.org/mathscinet-getitem?mr=3436051
https://www.ams.org/mathscinet-getitem?mr=3551594
https://www.ams.org/mathscinet-getitem?mr=3660215
https://www.ams.org/mathscinet-getitem?mr=2915274
https://www.ams.org/mathscinet-getitem?mr=3271272
https://www.ams.org/mathscinet-getitem?mr=2896855
https://www.ams.org/mathscinet-getitem?mr=2966078
https://www.ams.org/mathscinet-getitem?mr=0152832
https://www.ams.org/mathscinet-getitem?mr=2547900
https://www.ams.org/mathscinet-getitem?mr=2202430
https://www.ams.org/mathscinet-getitem?mr=264736
https://www.ams.org/mathscinet-getitem?mr=3652842
https://www.ams.org/mathscinet-getitem?mr=2369890

[46]

[47]

(48]

[49]

[50]

[51]

(52]

(53]

[54]

[55]

[56]
[57]

(58]

[59]
[60]
[61]

(62]

(63]

Licensed to AMS.

FIXED-DIMENSION POSITIVITY 149

Steffen L. Lauritzen, Graphical models, Oxford Statistical Science Series, vol. 17, The
Clarendon Press, Oxford University Press, New York, 1996. Oxford Science Publications.
MR1419991

Ai Li and Steve Horvath, Network neighborhood analysis with the multi-node topological
overlap measure, Bioinformatics 23 (2007), no. 2, 222-231.

Tan G. Macdonald, Symmetric functions and Hall polynomials, 2nd ed., Oxford Mathematical
Monographs, The Clarendon Press, Oxford University Press, New York, 1995. With contri-
butions by A. Zelevinsky; Oxford Science Publications. MR1354144

Arkadi Nemirovski, Advances in convex optimization: conic programming, International Con-
gress of Mathematicians. Vol. I, Eur. Math. Soc., Ziirich, 2007, pp. 413-444, DOI 10.4171/022-
1/17. MR2334199

Allan Pinkus, Strictly positive definite functions on a real inner product space, Adv. Comput.
Math. 20 (2004), no. 4, 263-271, DOI 10.1023/A:1027362918283. MR2032278

Georg Pdlya and Gabor Szeg8, Aufgaben und Lehrsdatze aus der Analysis. Band II: Funktio-
nentheorie, Nullstellen, Polynome Determinanten, Zahlentheorie (German), Springer-Verlag,
Berlin-New York, 1971. Vierte Auflage; Heidelberger Taschenbiicher, Band 74. MR0344041
Mohsen Pourahmadi, High-dimensional covariance estimation, Wiley Series in Probability
and Statistics, John Wiley & Sons, Inc., Hoboken, NJ, 2013. MR3235948

Adam J. Rothman, Elizaveta Levina, and Ji Zhu, Generalized thresholding of large covariance
matrices, J. Amer. Statist. Assoc. 104 (2009), no. 485, 177-186, DOI 10.1198/jasa.2009.0101.
MR2504372

Walter Rudin, Positive definite sequences and absolutely monotonic functions, Duke Math.
J. 26 (1959), 617-622. MR109204

Isaac Jacob Schoenberg, Remarks to Maurice Fréchet’s article “Sur la définition axioma-
tique d’une classe d’espace distanciés vectoriellement applicable sur l’espace de Hilbert”
[MR1508246], Ann. of Math. (2) 36 (1935), no. 3, 724-732, DOI 10.2307/1968654.
MR1503248

Isaac Jacob Schoenberg, Metric spaces and positive definite functions, Trans. Amer. Math.
Soc. 44 (1938), no. 3, 522-536, DOI 10.2307/1989894. MR1501980

Isaac Jacob Schoenberg, Positive definite functions on spheres, Duke Math. J. 9 (1942),
96-108. MR5922

Issai Schur, Bemerkungen zur Theorie der beschrdnkten Bilinearformen mit unendlich
vielen Verdnderlichen (German), J. Reine Angew. Math. 140 (1911), 1-28, DOI
10.1515/crll.1911.140.1. MR1580823

Ronald L. Smith, The positive definite completion problem revisited, Linear Algebra Appl.
429 (2008), no. 7, 1442-1452, DOI 10.1016/j.1aa.2008.04.020. MR2444334

Harkrishan Vasudeva, Positive definite matrices and absolutely monotonic functions, Indian
J. Pure Appl. Math. 10 (1979), no. 7, 854-858. MR537245

Cynthia Vinzant, What is ... a spectrahedron?, Notices Amer. Math. Soc. 61 (2014), no. 5,
492-494, DOI 10.1090/noti1116. MR3203240

Joe Whittaker, Graphical models in applied multivariate statistics, Wiley Series in Probability
and Mathematical Statistics: Probability and Mathematical Statistics, John Wiley & Sons,
Ltd., Chichester, 1090. MR1112133

Bin Zhang and Steve Horvath, A general framework for weighted gene co-expression network
analysis, Stat. Appl. Genet. Mol. Biol. 4 (2005), Art. 17, 45, DOI 10.2202/1544-6115.1128.
MR2170433


https://www.ams.org/mathscinet-getitem?mr=1419991
https://www.ams.org/mathscinet-getitem?mr=1354144
https://www.ams.org/mathscinet-getitem?mr=2334199
https://www.ams.org/mathscinet-getitem?mr=2032278
https://www.ams.org/mathscinet-getitem?mr=0344041
https://www.ams.org/mathscinet-getitem?mr=3235948
https://www.ams.org/mathscinet-getitem?mr=2504372
https://www.ams.org/mathscinet-getitem?mr=109204
https://www.ams.org/mathscinet-getitem?mr=1503248
https://www.ams.org/mathscinet-getitem?mr=1501980
https://www.ams.org/mathscinet-getitem?mr=5922
https://www.ams.org/mathscinet-getitem?mr=1580823
https://www.ams.org/mathscinet-getitem?mr=2444334
https://www.ams.org/mathscinet-getitem?mr=537245
https://www.ams.org/mathscinet-getitem?mr=3203240
https://www.ams.org/mathscinet-getitem?mr=1112133
https://www.ams.org/mathscinet-getitem?mr=2170433

150 A. BELTON, D. GUILLOT, A. KHARE, AND M. PUTINAR

(A. Belton) DEPARTMENT OF MATHEMATICS AND STATISTICS, LANCASTER UNIVERSITY, LAN-
CASTER, UK
Email address: a.belton@lancaster.ac.uk

(D. Guillot) DEPARTMENT OF MATHEMATICAL SCIENCES, UNIVERSITY OF DELAWARE, NEWARK,
DE, USA
Email address: dguillot@udel.edu

(A. Khare) DEPARTMENT OF MATHEMATICS, INDIAN INSTITUTE OF SCIENCE, ANALYSIS AND
PROBABILITY RESEARCH GROUP, BANGALORE, INDIA
Email address: khare@iisc.ac.in

(M. Putinar) DEPARTMENT OF MATHEMATICS, UNIVERSITY OF CALIFORNIA AT SANTA BAR-
BARA, CA, USA AND SCHOOL OF MATHEMATICS, STATISTICS AND PHYSICS, NEWCASTLE UNIVER-
SITY, NEWCASTLE UPON TYNE, UK

Email address: mputinar@math.ucsb.edu, mihai.putinar@ncl.ac.uk

Licensed to AMS.



Contemporary Mathematics
Volume 743, 2020
https://doi.org/10.1090/conm/743/14959

Boundary values of holomorphic distributions
in negative Lipschitz classes

Anthony G. O’Farrell

ABSTRACT. We consider the behaviour at a boundary point of an open subset
U C C of distributions that are holomorphic on U and belong to what are called
negative Lipschitz classes. The result explains the significance for holomorphic
functions of series of Wiener type involving Hausdorff contents of dimension
between 0 and 1. We begin with a survey about function spaces and capacities
that sets the problem in context and reviews the relevant general theory.

1. Introduction

1.1. Boundary values. It may happen that all bounded holomorphic func-
tions on an open set U C C admit a ‘reasonable boundary value’ at some boundary
point. This was first noted by Gamelin and Garnett [18]. The condition for the
existence of such a boundary value is expressed using a series of ‘Wiener type’, and
involves the Ahlfors analytic capacity, v. The condition is

i 2"y(Ap \U) < +o0.

n=1
Here, if b is the boundary point in question, A,, denotes the annulus
An(b) = NI <1
This condition says that in an appropriate sense the complement of U is very thin

at b; in particular it implies that U has full area density at b, i.e.

L [B(b,r) N U)|

=1
rl0 mr2

)

where we denote the area of a set E C C by |E|. When the series converges, it is
emphatically not the case that the limit

lim  f(2)

z—b,zeU

exists for all functions f bounded and holomorphic on U (unless all such functions
extend holomorphically to a neighbourhood of b). But for each such function there
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is a (unique) value which we may call f(b), with the property that for some set
E C U having full area density at the point b
M f(2) = f(a).

1.2. Peak points. This result is one of many about the boundary behaviour
of analytic and harmonic functions on arbitrary open sets. The original Wiener
series (cf. [42] or [1]) involved logarithmic capacity in dimension two, Newtonian
capacity in dimension three, and other Riesz capacities in higher dimensions, and
characterised boundary points that are regular for the Dirichlet problem. Later
these points were recognised as peak points for the space of functions harmonic on
an open set U and continuous on its closure. The first person to use such a series
with holomorphic functions was Melnikov [17, Theorem VIII.4.5]. He characterised
the peak points for the uniform closure on a compact set X C C of the algebra
of all rational functions having poles off X. He used the Ahlfors capacity, and he
showed that a point b € X is a peak point if and only if

Z 2n7(Aon \ X) < o0
n=1
(This was used by Gamelin and Garnett to obtain their above-quoted result.)
For a bounded open set U C C, and a point b € 9U, the condition

o0

Z QnQ(An \ U) < +00,

n=1
where « denotes the so-called continuous analytic capacity (introduced by
Dolzhenko) is necessary and sufficient for b to be a peak point for the algebra
of all continuous functions on U, holomorphic on U [17].

1.3. Capacities. The vague idea that there is a capacity for every problem has
gathered momentum over time. A capacity is a function ¢ that assigns nonnegative
extended real numbers to sets, and is nondecreasing;:

FiClE, = C(El) < C(EQ).

Keldysh [24] used Newtonian capacity to solve the problem of stability for the
Dirichlet problem. Vitushkin used analytic capacity to solve the problem of uni-
form rational approximation [17, Chapter VIII]. Vitushkin’s theorem is completely
analogous to Keldysh’s: harmonic functions have been replaced by holomorphic
functions, and Newtonian capacity by analytic capacity. The same switch relates
Wiener’s regularity criterion and Melnikov’s peak-point criterion.

In an influential little book [7], Carleson explained how other capacities (par-
ticularly kernel capacities) could be used to solve problems about boundary values,
convergence of Fourier series, and removable singularities, and in an appendix (pre-
pared by Wallin) he listed over a thousand articles from Mathematical Reviews up
to 1965 that involve some combination of these ideas.

1.4. Continuous point evaluations. In relation to LP holomorphic approx-
imation, the appropriate capacity is a condenser capacity. The groundwork on
condenser capacities and (generalized) extremal length had already been laid down
by Fuglede [16]. Hedberg [22] (see also [2]) worked out the analogue of Vitushkin’s
theorem for LP approximation on compact X C C, and [2I] proved the analogue
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of Melnikov’s theorem. Hedberg’s result is about continuous point evaluations. To
explain this concept, consider a Banach space F' of ‘functions’ on some set £ C C,
where each element f € F' is defined almost-everywhere on E with respect to area
measure m. Suppose b € E and the subspace Fj,, consisting of those f € F that
extend holomorphically to some neighbourhood of b, is a dense subset of F. Then
we say that F' admits a continuous point evaluation at b if there exists k > 0 such
that

lFO) <kl fllF, VF € Fp.
This means that the functional f — f(b) has a continuous extension from Fj to
the whole of F'. Taking the case where F is the closure RP(X) in LP(X,m) of
the rational functions with poles off a compact X C C, Hedberg showed that if
2 < p < 400, then RP(X) admits a continuous point evaluation at b if and only if

i 99T (An(b) \ X) < +00.

n=1

Here ¢ = p/(p — 1) is the conjugate index, and I'y is a certain condenser capacity.
When p < 2, RP(X) never admits a continuous point evaluation at b, unless b is an
interior point of X. In the case p = 2, Hedberg left an interesting gap between the
sharpest known necessary condition and the sharpest known sufficient condition,
and this gap was closed by Fernstrom [14]. Historically, the existence of continuous
point evaluations in the L? case attracted considerable attention, because of hopes
that it might provide a way to attack the invariant subspace problem for operators
on Hilbert space, and hopes that it might provide a way to attack the L? rational
approximation problem [3H5].

The existence problem for continuous point evaluations at boundary points has
also been studied for harmonic functions in the Sobolev space W2, and Kolsrud
[25] gave a solution in terms of Wiener series.

In the literature, continuous point evaluations are often referred to as bounded
point evaluations.

1.5. Continuous point derivations. There are similar results about the
possibility that the k-th complex derivative f — f*) may have a continuous exten-
sion from Fj to all of F. These involve the same Wiener series as continuous point
evaluations, except that the base 2 is replaced by 28!, For instance, the RP(X)
result (also due to Hedberg) involves the condition

> 2t Fhan (A4, (b) \ X) < +oc.
n=1

The earliest such result was for the uniform closure of the rationals, and was due
to Hallstrom [20].

1.6. Intrinsic capacities. The present author began to formalize the pairing
of problems and capacities in his thesis [30]. He considered the limited context of
uniform algebras on compact subsets of the plane. To each functor X — F(X)
that associates a uniform algebra to each compact X C C, and subject to certain
coherence assumptions, he associated a capacity

alF,-): O = [0, +00),
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where O is the topology of C. He then proved a Capacity Uniqueness Theorem,
which stated that the map F — «(F,-) is injective on the set of such functors,
i.e. the capacity determines the functor. The Local Capacity Uniqueness Theorem
states that two functors F' and G have F(X) = G(X) for a given compact set
X if and only if the capacities a(F,-) and «(G,-) agree on all open subsets of

the complement of X. Thus F(X) < G(X) is a problem for which there are two
capacities, not one! Vitushkin’s theorem on rational approximation is the case when
F(X) is the uniform closure of the rational functions having poles off X and G(X)
is the algebra of all functions continuous on X and holomorphic on X. This part of
the thesis is unpublished, mainly because the main result is essentially equivalent
to a theorem of Davie [9], obtained independently. In another unpublished chapter,
the author established that the results of Melnikov and Hallstrom extended to all
these F(X), replacing the analytic capacity by a(F,-).

Other work by Wang [41] and the author [31132] established a link between
equicontinuous pointwise Holder conditions at a boundary point and series in which
2 is replaced by 2* for a nonintegral A > 1. For instance, Holder conditions of order
« are related to the convergence of series such as

Z 2(1+a)n,7(An \ X)

n=1
Moving on from the uniform norm, the author considered parallel questions for
Lipschitz or Holder norms. Building on a result of Dolzhenko, he established that
the equivalent of continuous analytic capacity is the lower S-dimensional Hausdorff
content Mf, with 8 = a+ 1. (For 8 > 0, the B-dimensional Hausdorff content
MP(E) of a set E C R? is defined to be the infimum of the sums Y °° 77, taken
over all countable coverings of E by closed balls (B(ay,,7,))n. If we replace 72 by
h(ry) for an increasing function h : [0,4+00) — [0, +00) we get the Hausdorff h-
content My (E). The lower 3-dimensional Hausdorff content MY (E) is defined to
be the supremum of Mj,(E), taken over all h such that 0 < h(r) < r# for all 7 > 0,
and r~Ph(r) — 0 as 7 | 0.) He proved [29] the analogue of Vitushkin’s theorem for
rational approximation. Later, Lord and he [26] proved the analogue of Hallstrom’s
theorem for boundary derivatives. For the k-th derivative, this involved the series
condition

> 20Ut (A4, () \ X) < +00.

n=1

1.7. SCS. Moving to a more general context, the author introduced the notion
of a Symmetric Concrete Space F on R?, and considered the relation between
problems about a given such space F', in combination with an elliptic operator L,
and an appropriate associated capacity, the L-F-cap. A Symmetric Concrete Space
(SCS) on R? is a complete locally-convex topological vector space F over the field
C, such that

e D— F — D*,

e Fis a topological D-module under the usual product ¢- f of a test function
and a distribution;

e F'is closed under complex conjugation;

e The affine group of R? acts by composition on F, and each compact set
of affine maps gives an equicontinuous family of composition operators.
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Here D = C°(RY, C), is the space of test functions and D* is its dual, the space
of distributions, A — B stands for “A C B and the inclusion map is continuous”.
(In fact, it is elementary that if A and B are metrizable SCS, then A C B implies
A — B.)

A SCS is a Symmetric Concrete Banach Space (SCBS) when it is normable and
is equipped with a norm.

We shall be concerned only with the case d = 2, and we identify R? with C.

The various analytic capacities are %-F—Cap for particular F'. The author
planned a book about this subject, but this project has never been completed.
Some extracts with useful ideas and results were published. The most useful ideas
concern localness. For SCS F' and G, we define

HOC::{fED*:QS'feFa V¢ED}a

Fos:={¢-f:f€F and ¢ € D},

loc

F = G < Fo = Gioc,

loc

F =G = Floc:Glom
and observe that
F % Foe & P,

Published results include the following:
(1) A Fundamental Theorem of Calculus for SCS that are weakly-locally invariant
under Calderon-Zygmund operators [35], Lemma 12]. This says that

D[F'¥ [DF'<F,

where
of :
DF :=D+spans —:1<j<d, feF
6$j
and
.. Of ,
JF:=SfeD": —¢cF for1<j<d,.
61[1]‘

(2) A 1-reduction principle that allows us to establish equivalences between prob-
lems for different operators L [35 Theorem 1]. The identity operator 1 : f — f is
elliptic. If U is open, then the equation 1 f = 0 on U just means that UNsupp(f) =
(). The idea is to reduce questions about L and some space F' to equivalent prob-
lems about 1 and the space LF := {Lf: f € F}.

(3) A general Sobolev-type embedding theorem [34] involving the concept of the
order of an SCS, and

(4) A theorem that says that in dimension two all SCS are essentially (technically,
weakly-locally-) T-invariant [36], i.e. invariant under the Vitushkin localization
operators (see Section [@ below).

In 1990 the author circulated a set of notes on the concept of SCS and the main
examples. Some ideas from these papers were expounded by Tarkhanov in his book
on the Cauchy Problem for Solutions of Elliptic Equations [39, Chapter 1].

The general point of view raised many particular questions, and some of these
have been solved, while other loose ends remain.
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2. The Problem

Our objective in the present paper is to address a loose end connected to the
results on boundary behaviour of holomorphic functions mentioned above. For
0 < a < 1, the %—F-cap associated to the Lipschitz class Lipa is M**!, and
that associated to the little Lipschitz class lipa is M2t Kaufmann [23] showed
that M is the %—BMO—caup7 the capacity associated to the space of functions of
bounded mean oscillation, and Verdera [40] established that M is the %-VMO—
cap, the capacity associated to the space of functions of vanishing mean oscillation.
Verdera proved the Vitushkin theorem for VMO.

The question is, what do M? and M?Z have to do with the boundary behaviour
of analytic functions when 0 < 8 < 1%. What is the significance of the condition

S 2" MP (4, \ U) < 400,

n=1

when 0 < 8 < 1, where U is a bounded open subset of C and b € 0U?

We are considering a local problem, and it is worth noting that there are several
different meanings commonly attached to the global Lipschitz classes, and the little
Lipschitz classes. For 0 < a < 1, we define Lipa(R?) to be the space of bounded
functions f : R? — C that satisfy a Lipschitz-alpha condition:

\f(z) — f(y)] < wflz —y|¥, Yo,y € R

We would obtain a locally-equivalent Banach SCS if we omit the word ‘bounded’.
We would also obtain a locally-equivalent SCBS if we just require the Lipschitz
condition for |z —y| < 1. Another locally-equivalent space is obtained by requiring
the Lipschitz condition with repect to the spherical metric (associated to the stere-
ographic projection S? — R?). We shall shortly meet another locally-equivalent
space, defined in terms of the Poisson transform. It makes no difference for our
problem which of these versions is used, and we can exploit this fact by choosing
whatever version is easiest to use in each context. For this paper, we define lipa
to be the closure of D in Lipa. This space is locally-equivalent to the space of
functions that have restriction in lip(a, X) for each compact X C R?, but it has an
additional property ‘near oo’ irrelevant for our purposes.

3. Results

3.1. The spaces T; and C,. The answer to the problem will not surprise
anyone who has studied the paper [35], but may be regarded as rather strange by
others.

The first step in trying to identify the L-F-cap for given L and F' is based on
the principle that the compact sets X C R? that have (L-F-cap)(X) = 0 should be
the sets of removable singularities for solutions of Lf = 0 of class F. This means
that (L-F-cap)(X) = 0 should be the necessary and sufficient condition that the
restriction map

{feF:Lf=00nU}—={feF:Lf=00nU\ X}

be surjective for each open set U C R<.
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In [35] p.140] it was established (as a special case of the 1-reduction principle)
that for nonintegral 3 the set function M? is zero on the sets of removable singu-
larities for holomorphic functions of a Lipschitz class, but when 0 < § < 1 thisis a
negative Lipschitz class, there denoted Tz_;.

The negative Lipschitz classes can be described in a number of equivalent ways.
In informal terms, the basic idea is that the Ty for s € R form a one-dimensional
‘scale’ of spaces of distributions, i.e. a family of spaces totally-ordered under local
inclusion. When 0 < s < 1, T} is locally-equal to Lips. Differentiation takes T
down to Ts_1, and DTy is locally-equivalent to Ts_;. Thus if s < 0 and k£ € N has
s+ k > 0, then T is locally-equal to D*Lip(s + k). The elements of T, having
compact support may also be characterised by the growth of the Poisson transform
as we approach the plane from the upper half of R3, or by the growth of the
convolution with the heat kernel. This idea originated in the work of Littlewood
and Paley and was fully developed by Taibleson [38, Chapter 5]. The Poisson kernel
is

t
P(z): 7, (t>0,2€C).

REGENER
It is real-analytic in z and ¢, and is harmonic in (z,t) in the upper half-space

H? := C x (0, 4+00).
For a distribution f € £* := (C*°(C,C))* having compact support, the Poisson
transform of f is the convolution
F(z,t) := (P f)(2)

where P, * f denotes the convolution on C = R?. For s < 0 we say (following [35])
that f belongs to the ‘negative Lipschitz space’ T if

I flls := sup{t°|F(z,t)| : z € C,¢t > 0} < 400,
and belongs to the ‘small negative Lipschitz space Cj if, in addition,

lgg)lt_s sup{|F(z,t)| : z € C} = 0.

For s > 0, we define T and Cy by requiring that for f € £*, f € T, (respectively
Cy) if and only if all k-th order partial derivatives of f belong to Ts_j (respectively
Cs_y) for each (or, equivalently, for some) integer k > s.

The Riesz transform, convolution with |z|*=¢, map T} locally into Ts,¢, so
behave like ‘fractional integrals’.

The scale corresponding to the little Lipschitz class Cs may be described as the
closure of the space D in T.

Delicate questions arise at integral values s, and we shall not consider such s
in this paper.

3.2. Statements. For an open set U C C, and s € R, let
A*(U) :={f € Cs : f is holomorphic on U},
and

B*(U) :={f € T : f is holomorphic on U}.

1Strictly speaking the order ¢ Riesz transform is the operator (—A)_t/Q, which for ¢ > 0 is
convolution with ct|z|*~¢, for a certain constant c; [38] p 117].
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We are interested in the range —1 < s < 0, and for such s the elements of A*(U)
and B*(U) are distributions on C that may fail to be representable by integration
against a locally-L' function, so the definition of continuous point evaluation given
above does not apply. However, we can make a straightforward adjustment. We
shall prove the following lemma:

LEMMA 3.1. For each s € R, each open set U C C and each b € C, the set
{f € A*(U) : f is holomorphic on some neighbourhood of b} is dense in A*(U).

Here, when we say that the distribution f on C is holomorphic on an open set
V', we mean that its distributional d-derivative has support off V| i.e.

orN _ /0o .\ _
(5 == (50) =0

whenever the test function ¢ has support in V. Recall that by Weyl’s Lemma this
means that the restriction f|V is represented by an ordinary holomorphic function,
so that it and all its derivatives have well-defined values throughout V.

Let us denote

A (U) :={f € A*(U) : f is holomorphic on some neighbourhood of b}.

DEFINITION 3.2. We say that A®(U) admits a continuous point evaluation at
a point b € C if the functional f +— f(b) extends continuously from Aj(U) to the
whole of A*(U).

Our main result is this:

THEOREM 3.3. Let0 < <1l ands=p—1. Let U C C be a bounded open set,
and b € OU. Then A*(U) admits a continuous point evaluation at b if and only if

> 2" MP (A, \U) < +oc.

n=1

3.3. Weak-star continuous evaluations. We can also give a result about
the big Lipschitz class B*(U). We cannot replace A°(U) by B*(U) in Lemma [31]
as it stands. However, the T, spaces are dual spaces, and so have a weak-star
topology (see Subsection for details), and restricting this topology gives us a
second useful topology on B*(U). We have the following:

LEMMA 3.4. For each s € R, each open set U C C and each b € C, The set

{f € B*(U) : f is holomorphic on some neighbourhood of b} is weak-star dense in
Bs(U).

Denoting
Bp(U) :={f € B°(U) : f is holomorphic on some neighbourhood of b},
we can then give the following definition:

DEFINITION 3.5. We say that B*(U) admits a weak-star continuous point eval-
uation at a point b € C if the functional f — f(b) extends weak-star continuously
from B;(U) to the whole of B*(U).

Our result for B*(U) is this:
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THEOREM 3.6. Let 0 < S <1 and s =0 —1. Let U C C be a bounded open
set, and b € OU. Then B*(U) admits a weak-star continuous point evaluation at b
if and only if

oo
> 2" MP(A, \U) < +oc.
n=1
3.4. Boundary derivatives. In the same spirit, we get results about bound-
ary derivatives. We denote the set of positive integers by N.

THEOREM 3.7. Let 0 < 8 <1, s = —1, and let k € N. Let U C C be a
bounded open set, and b € OU. Then the functional f — f%*)(b) has a continuous
extension from A;(U) to the whole of A*(U) if and only if

> 2B (A, \ U) < +oo.
n=1
THEOREM 3.8. Let 0 < 8 <1, s=F8—1, and let k € N. Let U C C be a

bounded open set, and b € OU. Then the functional f — f*)(b) has a weak-star
continuous extension from Bj(U) to the whole of B5(U) if and only if

> 2k FIn AP (A, \ U) < +oo.

n=1

The spaces A°(U) are not algebras — essentially SCS are only algebras when
they are locally-included in C° — so we avoid using the term derivation, lest we
confuse people.

3.5. Harmonic functions. The foregoing results concern objects f that are
not ‘proper functions’. Using the ideas related to l-reduction, we may derive a
theorem about ordinary harmonic functions:

For 0 < o < 1, let H*(U) denote the space of (complex-valued) functions that
are harmonic on U and belong to the little Lipschitz a class on the closure of U
(or, equivalently, have an extension belonging to the global little Lipschitz class).
For b € OU, let

H(U) :={h € H*(U) : h is harmonic on a neigbourhood of b}.

If we denote, as is usual,

6. _1(0 .90
9. 2\0r By
and
o 10, .0
9z 2\0z  'dy)’
o 0
thenA=4§£

THEOREM 3.9. Let 0 < o < 1, let U C C be bounded and open, and b € oU.
Then
(1) H{(U) is dense in H*(U).
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h
(2) The functional h — g—z(b) extends continuously from H(U) to H*(U) if and
only if

D 2PMX (AR \U) < 4oc.

n=1

(3) The C*-valued function h +— (Vh)(b) extends continuously from H(U) to
H*(U) if and only if

D 2"M (A, \U) < 4oc.

n=1

4. Examples

4.1. Smooth boundary. If U is smoothly-bounded, then there are no con-
tinuous point evaluations at any boundary point on A*(U) for any s < 0. Indeed,
if b belongs any to any nontrivial continuum K C C\ U, then no such continuous
point evaluation exists at b.

4.2. Multiple components. If b belongs to the boundary of two (or more)
connected components of the open set U, then no such continuous point evaluation
exists at b.

To see this, note that the assumptions imply that for all small enough r, the
circle |z —b| = r meets the complement of U, and this implies that for large enough
n, the M? content of A, \ U is at least 27, Hence the series in Theorem [3:3]
diverges for all s € (—1,0).

This contrasts with the behaviour found in [26] for ordinary Lipschitz classes,
for which interesting behaviour is possible at the boundary of Jordan domains with
piecewise-smooth boundary, and at common boundary points of two components.

4.3. Slits. Let a, | 0, r, | 0 and
n+1 + Tnt1 < Gp —Tn, Yn € N.

Then 0 is a boundary point of the slit domain

U .= I@(O,a/l + Tl) \ U [a/n — Tn,0n +Tn]

n=1
For a line segment [ of length d, we have
MP(1) = ME(I) = &,

for 0 < f < 1. Then for —1 < s < 0, A*(U) admits a continuous point evaluation
at 0 if and only if B*(U) admits a weak-star continuous point evaluation at 0, and
if and only if
e s+1
T
(4.1) Y o < 400

an

n=1

This follows at once from Theorems [3.3] and in case a, = 27™. In the general
case, one obtains it by imitating the proofs, using contours that pass between the
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slits. The corresponding condition for the existence of a k-th order continuous point

derivation is
oo (k+1)(s+1)
Tn
— < +00.
n=1 n
For example, if a,, = 27" and r,, = 47", then there is a continuous point evaluation

at 0 on A°(U) if and only if s > —1.

4.4. Road-runner sets. The M? content of a disc and of one of its diameters
are both fixed multiples of (radius)®, and the lower content is the same, so the same
condition (I)) is necessary and sufficient for the existence of a continuous point
evaluation on A*(U) at 0 on the so-called road-runner set

U .= I@(O,al + 7”1) \ U B(anarn)a

n=1

when the a,, and r,, are as in the last subsection.

4.5. Below minus 1. The L-F-cap capacity of a singleton is positive as soon
as there are distributions f of class F' having Lf = 0 on a deleted neighbourhood
of 0. In the case L = %, this happens when the distribution represented by the
LllOC function % belongs to Flo.. That explains why, in the case of LP holomorphic
functions, there is a major transition at p = 2; the function % belongs to LY = when
1 < p < 2. (The ‘smoothness’ of LP(R%) is —d/p. This can be extended below
p = 1 by using Hardy spaces H? instead of LP.)

The ‘delta-function’, dp, the unit point mass at the origin, is the d-bar (distri-
butional) derivative of 1/z. More precisely

Oz

9 = 9.
The Poisson transform of d; is just the Poisson kernel ¢/m(|z|2 4 £2)2, so grows no
faster than 1/t? as t | 0. Thus Jy belongs to T_5 and % eT ;.

5. Tools

We abbreviate ||f||lr, to || f|ls- We use K to denote a positive constant which
is independent of everything but the value of the parameter s, and which may be
different at each occurrence.

5.1. The strong module property. For a nonnegative integer k, and ¢ € D,
we use the notation

Ni(9) = d(¢)" - sup | V¥ (¢)|.
where d(¢) denotes the diameter of the support of ¢. Here, we take the norm |V*¢|

to be the maximum of all the k-th order partial derivatives of ¢.
Note that for k > 0, Ng(k - ¢) = k - Ni(¢), that

No(9) < N1(6) < Na(d) < -+,
and that (by Leibnitz’ formula)

Ni( - ) < 2°Ni(@)Ni(¥)
whenever ¢,1 € D and k € N.
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Also, Ni(¢) is invariant under rescaling: If ¢ € D, r > 0, and ¥(z) := ¢(r - x),
then Ni () = Ni(¢) for each k.

An SCBS F has the (order k-) strong module property if there exists k € Z,
and K > 0 such that

¢ fllr < K- Ni()-Ifllr, Vf € F.

Most common SCBS have this property. Note that for every SCBS and each ¢ € D
the fact that F is a topological D-module tells us that there is some constant K (¢)
such that

1o~ flr < K(D)Ifllp, Vf € F.

Thus the strong module property amounts to saying that the least K(¢) are dom-
inated by some Ny (¢), up to a fixed multiplicative constant.

It is readily seen that the ordinary Lipschitz spaces have the order 1 strong
module property.

5.2. Standard pinchers. If b € R?, a standard pincher at b is a sequence of
nonnegative test functions (¢, ), such that ¢, = 1 on a neighbourhood of b, the
diameter of supp(¢,,) tends to zero, and for each k € N, the sequence (Ni(¢yn))n is
bounded.

The elements ¢,, of a standard pincher make the transition from the value 1 at
b down to zero in a reasonably gentle way, so that the various derivatives are not
greatly larger than they have to be in order to achieve the transition.

It is easy to see that such sequences exist. For instance, they may be constructed
in the form ¢, (z) = ¥ (n|x — b|), where ¢ : [0, +00) — [0,1] is C*°, has 1) = 1 near
0 and ¥ = 0 oft [0, 1].

5.3. The Cauchy transform. The Cauchy transform is the convolution op-

erator
1
Cf := —x f.
Tz
It acts (at least) on distributions having compact support, and it almost inverts
the d-bar operator %:
0 af
—C = = C—,
0z r=7 0z

whenever f € £*. Recall from Subsection [[7] that if F' is an SCS we have the
associated spaces Fos and Flo.. The Cauchy transform maps (Ts)cs continuously
into Tsy1 and (Cj)es into Cyyq, so in combination with % it can be used to relate
properties of T to properties of Ty, 1. For our present purposes, this allows us to
move from our spaces of distributions corrresponding to —1 < s < 0 to spaces of
ordinary Lip(s + 1) functions.

The Cauchy kernel - does not belong to L', but it does belong to L{ ., and
indeed there is a uniform bound on its norm on discs of fixed radius:

1

— <2r, Ya e C,¥Vr > 0.
TZ

L' (B(a,r))

So if F'is a SCBS, and translation acts isometrically on F', then

(5.1) I€fllr < dllfllF,

whenever f € Fg is supported in a disc of radius d.
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5.4. Evaluating the Cauchy transform. The value of (€f)(b) at a point
off the support of the distribution f may be evaluated in the obvious way:

LEMMA 5.1. Let f € %, and b € C\ supp(f). Let x € D be any test function
having x(z) = 1/(z — b) near supp(f). Then

()b = (2, 1).

PrOOF. We take b = 0, without loss in generality.
For any ¢ € D with [ ¢dm =1 and supp()) N supp(f) = 0, we have

el == (v f).

Let (¢y,)n be a standard pincher at 0 and take

O
[ pndm’

Then 1, * Wl—z — ﬂl—z = x/m in C*° topology on a neighbourhood of supp(f), so

Un

(X7) =tim (s ) = = il €)= €)0)
(Il

5.5. The Vitushkin localization operator. The Vitushkin localization op-
erator is defined by

Tp(f) =¢ <¢~ %) :

Here ¢ € D and f € D*.
In view of the distributional equation
0] of
823:¢(f) - (b : (92’
T (f) is holomorphic wherever f is holomorphic and off the support of ¢.
It was established in [36] (using soft general arguments) that whenever F is an
SCS, T4 maps I continuously into Fj.., and that when F' is an SCBS, we actually
get a continuous map into the Banach subspace I, C Fj,. normed by

Il fllF. :=sup{||fIB|lpp) : B is a ball of radius 1},

where f|B denotes the restriction coset f+J(F, B), with J(F, B) equal to the space
of all elements g € F' that vanish near B, and the F'(B) norm of a restriction is the
infimum of the F norms of all its extensions in F, i.e.

| fIBllpBy := inf{||h||F : h € F,h — f = 0 near B}.

When F is an SCBS with the strong module property (of order k), and translation
acts isometrically on F', the identity

f¢<f>=¢-f—c(a—¢- )

0z
together with equation (B1I) yields the more precise estimate
(5.2) 1Z6(N)lF < KNki1(@) - I fllp, Vo € D,VS € F.
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5.6. Our spaces Ts. We denote the (7)o norm of a distribution f by || f|ls,c0-
Notice that if the support of f has diameter at most 1, then || f||s and ||f||s,co are
comparable, i.e. stay within constant multiplicative bounds of one another. In
fact, using only the translation-invariance of the norm and the (ordinary) D-module
property, it is easy to see that, for such f,

[f1ls,00 < [Iflls < KI|f]
where K is independent of f.
LEMMA 5.2. Letk € N and —k—1 < s < —k. Then (Ty)oo has the order (k+2)
strong module property, and in fact
16+ flls < K- Niya(9) - [ £,

for all ¢ € D with d(¢) <1 and all f € Ty, where K > 0 is independent of ¢ and
I

5,007

Proor. We use induction on k, starting with k = —1.

For 0 < s < 1, Lip(s) has the strong module property of order 1, and since T}
is locally-equal to Lip(s), we have the result in this case.

Now suppose it holds for some k, and fix s € (—=k — 2, —k — 1).

It suffices to prove the estimate for ¢ supported in B(0,2), and multiplying
f by a fixed test function ¢ that equals 1 on B(0,2), we may assume that f has
compact support (without changing ¢ - f or increasing || f||s by more than a fixed

constant that depends only on ¢ and s). Then g := €f € Tgy; has % = f and
z

lglls+1 < K||f|ls- Also % maps 1541 continuously into T, and %Qﬁ(d) fl=¢-f,

so using (5.2)) with k replaced by k + 2, we have

6~ flls < KI€(&- f)llstr = Kl[Tg(9)ls+1 < K Niys(9)llglls41.005

since (Ts41)co has the strong module property of order k + 2, by the induction
hypothesis. Then

¢ flls < K- Niws(d) - [|glls+1 < K- Niqes(9) - || f]s
Hence the result holds for k + 1, completing the induction step. O

REMARK 5.3. A similar result holds for all s, but for positive s one has to
replace ||g|| by |lg — pl|, where p is the degree |s| Taylor polynomial of g about a.

5.7. The C; norm on small discs. Since € maps (C;)¢s into Cs1, induction
also gives the following:

LEMMA 54. Let s <0, f € Cs and a € C. Then for each ¢ > 0 there exists
r >0 and g € Cs such that f = g on B(a,r) and ||g||7, < €. O

REMARK 5.5. We note that since T4(f) is holomorphic off the support of ¢
and has a zero at oo, T4 maps C; into C.

5.8. Estimate for (¢, f). The strong module property gives an estimate for
the action of f € F' on a given ¢ € D:

LEMMA 5.6. Suppose F is an SCBS with the order k strong module property.
Then for each compact X C C, there exists K > 0 such that

(¢, £)I < K - Ni(9) - [| fll s
whenever ¢ € D, f € F and supp(¢ - f) C X.
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ProOOF. Fix x € D with x = 1 near X. Then since f — (x, f) is continuous
there exists K > 0 such that

106G < K-l flle
Thus

(o A =[x - fl < K- Ni(@) - || fll -
]

Putting it another way, the order k strong module property says that the
operator f — ¢ - f on F has operator norm dominated by Ny(¢), and this last
lemma says that the functional f +— (¢, f) has F(X)* norm dominated by Ng(¢).

It turns out that we can improve substantially on this estimate, for our partic-
ular spaces. The trick is to pay close attention to the support of ¢ - f.

5.9. Scaling: better estimate. The action of an affine map A : R? — R4
on distributions is defined by

(6, fod)=|AI"Hpo AL, ), V6 € D.
In the case of a dilation A(z) = r - z on C, this means that
(6, f) =1%o A, foA).
Taking into account the fact that Ny (¢) = Ni(¢p o A) whereas the identity
(Pyx f)(2) = (Poyr  (f 0 A))(r2)
gives

1o Alls = 72[[ fls,

we obtain:
LEMMA 5.7. Let =2 < s < 0. Then
{6, ) < K - Ns(o) - Iflls - 72,
whenever ¢ € D and supp(¢ - f) € B(0,r). O

Note that for f € Cs, the norm of f in (7)p(,,) tends to zero as r | 0, so we
can replace the constant K in the estimate by 7(r), where n depends on f, and
n(r) - 0asr 0.

5.10. Hausdorff content estimate. Next, using a covering argument, we
can bootstrap the estimate to:

LEMMA 5.8. Let —2 < s < 0. Then
{6 /) < K - N3(9) - || f]ls - M**2(supp(6 - f)),
whenever ¢ € D and f € Ts. |

Before giving the proof of this lemma, we need some preliminaries.
A closed dyadic square is a set of the form I, , X I, (for integers n,m,r)

where
Imﬁn:—{xeR:m<x<m+1}.

n 2?’L
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Let Sy denote the family of closed dyadic squares. For g > 0, the S-dimensional
dyadic content of a set E C R? is

n=1

M (E) := inf {Zside(Sn)B tEC | Sn, and S, € 32} .
n=1

This content is comparable to M?:
MP(E) <2°°MJ(E), M} (E)<2°"M°(E),
for all bounded sets FE.
Thus it suffices to prove Lemma [5.8 with M*+2 replaced by M;” in the state-
ment.
Also, since both sides change by a factor 2 when f and ¢ are replaced by f(r-)
and ¢(r-), it suffices to consider the case when F := supp(¢ - f) has diameter at

most 1. Given € > 0, we may cover such an E by a countable sequence (S,), of
dyadic squares, of side at most 1, with

Z side(S,,)” < Mf +e.
n=1

We now state the key partition-of-identity lemma:

LEMMA 5.9. Let k € N be given. There exist positive constants K and A such
that whenever E € R? is compact, and

EC U S,
n=1

where the S, are dyadic squares of side at most 1, there exists a sequence of test
functions (¢n)n such that
(1) ¢n, = 0 except for finitely many n;
(2) >, ¢n =1 on a neighbourhood of E;
(3) Ni(¢n) < K for all n, and
(4) supp(¢n) C AS,,.

Here AS denotes the square with the same centre as S and A times the side.
We shall show that A may be taken equal to 5, although we do not claim this is
sharp.

PrROOF. Rearrange the S, in nonincreasing order of size. The interiors of the
%S,L form an open covering of E, so we may select a finite subcover,

f::{%gnzlﬁnﬁN}-

Remove all squares from the sequence (S,), that are contained in (257)\ S, re-

number the remaining squares, and adjust n; then remove all in (%Sg) \ S2, and so

on. Now no element S, € F is contained in any square ‘cordon’ (2S,,) \ Sp..
Group the squares of F into generations

Gm = {S € F :side(S) =27}

form=0,1,2,....
Each (finite) generation G, forms part of the tesselation 7y, of the whole plane
by dyadic squares of side 27™. We can construct a uniform partition of unity on
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the whole plane subordinate to the covering by the open squares 59 , with S € T,
as follows:

Choose p € C*°([0,400)) such that p is nonincreasing, p(r) =1 for 0 < r < 2
and p(r) = 0 for r > 3. Then define

0(z,y) := p(x)p(y).
For a dyadic square S having centre (a,b) and side 1, define 0g(x, y) := 6(x—a, y—b),

and
T = Z 0s.
SeT:
Then 05 =1 on %S and is supported on %S, so that 1 < 7 < 4. Let
¢S = 9—5
T

Then the test functions ¥g, for S € T form a partition of unity, and ¢x := N (¢s)
is independent of S. (This partition is invariant under translation by Gaussian
integers.)

For general m € N, and a dyadic square S of side 27™, define
Yg(z) := amg(2™z). Then the 9g, for S € T, also form a nonnegative smooth
partition of unity, Ni(¢s) = ¢ is independent of S (and m), the support of g is
contained in %S , hence at most 4 g are nonzero at any given point.

Note that

k
|VFys| < (diam%S)k ck = (%) - (sideS)* - ¢4,

for each k € N.
For a dyadic square S, let ST denote the set of 9 dyadic squares of the same
size that meet S. For any family #H of dyadic squares, let

H = J{ST: 5 eH}.

Thus ST+ := (ST)T is the family of 25 squares, consisting of S, the 8 other dyadic
squares of the same size that meet S, and the 16 other dyadic squares of the same
size that meet at least one of those 8 squares. Observe that the smooth function

> Ur
TeSt
is supported in (J ST = 55 and has sum identically 1 on 35.

We now proceed to construct the desired collection of functions (¢,,).

Let
Om = Z Pg.
Segi,

Then o, is supported in |JG,-* and

om =1on K, := U %S.

Since at most 4 ©g are nonzero at any one point, we have

k
(5.3) IV 0| < dey (%) -okm vk € N.
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Now take the squares S € Qar , and allocate each one to a ‘nearest’ square
n(S) € Gy so that:
(1) if S € Gy, take n(S) = S;
(2) if S & Gy, pick n(S) with S € n(S)T. (There may be up to eight ways to pick
n(S). It does not matter which you choose.)

Next, let

¢ri= Y g, VT € Go.
n(S)=T
Then each ¢ is supported on 57", and
oo=Y or.
T€eGo

Since the sum defining ¢ has at most 9 terms, and its support has diameter at
most 5 times that of T', we have

Ni(ér) <9-5% - ¢y

Let 74 := oyg.
Next, consider G;. As before, allocate each square S € G; to a nearest square
n(S) € G1, but this time let

¢r:=(1—-70) Y. s VT €Gi.
n(S)=T

Then

Z ¢T = (1 —7'0)0'1.

TeG:
and

1 =70+ (1 —79)o1
is supported in [J(Gf ™ U G; ™) and is identically equal to 1 on Ko U K;.

Continuing in this way, for m > 1 we allocate each square S € G, to a

nearest square n(S) € Gp41, and let

¢T = (1 - Tm) Z ¥s, VT € gm+17
n(S)=T

and

Tnt1 = Tm + (1 — Ton ) Ot 1«
Then

Z ¢T - (1 - Tm)o'm-i-l

TEGm+1
and Tm+1 = 1 on KQ U "'UKm+1.

When we have worked through all the nonempty generations G,,,, we will have
defined ¢g, for each S,, and (renaming ¢g, as ¢,) we have )" ¢, = 1 on the
union of all the %Sn, and hence on a neighbourhood of E. Since ¢,, is supported
on 55, it remains to prove the estimate (3) of the statement, i.e. to prove that
sup,, Ni(¢n) < +o0.

This amounts to showing that there is a constant K > 0 (depending on k) such
that for 0 < m € Z and S € G,,,, we have

|VEgps| < K2km,
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To do this, we start by proving that for each k there exists C' = Cy > 0 such that
(5.4) Vi, < C-28™ VE e N.

for all m > 0.
To see this, we use induction on k£ and on m, and the identity

(5.5) T4l = Omt1 + (1 — Omg1) T,

together with the bound (&.3]).
Let us write

Nk
dk = 4Ck (%) y
so that (5.3) becomes |VFo,,| < d,2¥™. Since 79 = 0p, then for any k, we know
that (5.4 holds for m = 0 as long as C'is at least dj.
Take the case k = 1, and proceed by induction on m. If (54) holds for k =1
and some m, then the identity (B.0) gives

C
IVTmi] < di2™ 4+ |V + |Vomii] < (d1 + 3 + d1> gm+l

Thus we get ([B4]) with m replaced by m + 1, as long as C' > 4d;. This proves the
case k = 1, with Cy = 4d;.

Now suppose that k& > 1, and we have (5.4]) with & replaced by any number r
from 1 to k — 1 and C replaced by some C,.. We proceed by induction on m. We
have the case m = 0, with any constant C' > dj. Suppose we have the case m, with
a constant C.

Using the identity, we can estimate |V¥*7,,,1| by

k
B\ .
2" 4 ¢ 2Py Z (J) IV omp| - [VE 7).

Jj=1

¢ k(m+1
<2—k+R)-2 (m+1),

where R is an expression involving d,. . .,d; and C1,...,Cx_1. So aslong as C > 2R,
we get (B4) with m replaced by m 4 1, and the induction goes through.

So we have (04]) for all k¥ and m. It follows easily that for some C' > 0
(depending on k) and for each S € G, we have

IVE(L = 7m) - 9ps| < C - 28,

This is no greater than

and this gives
|VEps| < 9C - 2Fm
whenever S € G,,, as required. O

ProoF oF LEMMA B8 With E = supp(¢- f), take the partition of the identity
(¢n) constructed in Lemma [5.9] and note that ¢ =" ¢ - ¢, on a neighbourhood

of E. Thus
N
n=1
Now apply Lemma[B. 7 with ¢ replace by ¢-¢,,. The fact that Ny is submultiplicative
implies that N3(¢ - ¢,) < KN3(¢), so we get the stated result at once. O
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Further, using the remark about 7n(r) | 0, we get a stronger statement for
elements of Cj:

LEMMA 5.10. Let —2 < s < 0. Then

{6, /)] < K- N3(¢) - || flls - M (supp(6 - ),
whenever ¢ € D and f € Cs. |

6. Proofs of preliminary lemmas

6.1. Proof of Lemma [3.1]

PrOOF. Fix f € A%(U). Take some 3 € D having ¢ = 1 near U. Then
fi =1 f € A%(U), so we may write f = f1 + fa, where f; € C, vanishes near U,
and hence is holomorphic near b. So it remains to show that we can approximate
f1 by elements of A5 (U).

Now f; has compact support. Take a standard pincher (¢, ), at b.

Take g, := Ty, (f1). Then ||gnlls < K| fills. Since Ty, depends only on the
restriction of fi to the support of ¢,,, an application of Lemmas [5.4] and shows
that ||gn|ls = 0 as n 1 oo. Thus f; — g, — f1 in Ts norm. Finally,

0 0
=) = (=602,

80 fi — gn is holomorphic on a neighbourhood of b, and so belongs to A;(U). O

6.2. Proof of Lemma [3.4l First, we have to explain the weak-star topology
in question, by specifying a specific predual for T5.

The fact is that T is essentially the double dual of Cs. More, it is a concrete
dual: An SCS F is called small if it is the closure of D. If F' is a small SCS, then its
dual F'* is naturally isomorphic to an SCS, where the isomorphism is the restriction
map L — L|D. We call this SCS the concrete dual of F', and denote it by the same
symbol F*. Also Fj,. and Fs are also small,

(Floc)™ = (F7)css
(ch)* = (F*)lom

and so
(F*) ' (Floe)" = (Feo)".
In the case of Cs, for 0 < s < 1, the concrete dual C7 is also small, and we
have
(C1) & T
This fact is basically due to Sherbert, who observed the isomorphism
lip(ar, K)** = Lip(a, K)

for all compact metric spaces K. The key to this is the fact that for each L € lip(a, K)*
that annihilates constants there exists a measure p on K x K, having no mass on
the diagonal, such that

fz) = f(y)

Lf= -
f Kxr dist(z, y)>

dp(z,y),
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whenever f € lip(a, K). In particular, each point-mass at an off-diagonal point
(z,w) € C x C gives an element of the dual of lipa(C):

Qe w)(f) = LD =1 W)

|z —wl|*
This might lead one to suspect that the dual is non-separable, but the norm topol-
ogy on these functionals is not discrete. In fact, the map

,  Vf €lipa.

P : C?)\ diagonal — lipa*
is continuous, and indeed locally Holder-continuous: one may show that

||Q(Z,U)) - Q(zl7w)||lipa* S

4|z — 2'|“

|z —w
whenever |z—2z'| < 1|z—w]|. Hence the functional L on lipay,. represented by a given
measure y may be approximated in the dual norm by finite linear combinations of
elements from

P:={Q(z,w) : z # w}.
By smearing the point masses, each functional Q(z,w) may be approximated in the
dual norm by functionals [ Q(z+(, w+{)¢(¢)dm((), where ¢ € Dhas [ ¢pdm =1,
which send an element f € lip(«) to

/@ Q= + ¢+ Q) (f) - 6(C) dm(C)
B /cf(“) <¢(w ) =gl w)) o),

|2 — w|*

and the function
Plw—2) — p(w —w)

W =
|2 = wl

is a test function, so the functional L may be approximated by test functions. Thus
lipayj; . has a concrete dual, and by Sherbert’s result this can only be Lipos.

Moreover, it follows that a sequence in Lipa is weak-star convergent to zero
if and only if it is bounded in Lipa norm and converges pointwise to zero on the
span of P. So in fact it suffices to show that it is bounded in norm and converges
pointwise on C. But we already know that if (¢,,) is a standard pincher, then, for
f € Lipa, Ty, f is bounded in Lipa norm and converges uniformly to zero, hence
we conclude that Ty f is weak-star convergent to zero. This proves the lemma in
case 0 < s < 1.

For other nonintegral s, we obtain it by applying the Fundamental Theorem
of Calculus. In particular, for the case of immediate interest, —1 < s < 0, we have
that

((Cs)loc)** I%C ((DCs-‘rl)loc)** I%C fTs-i-l I%C T57
so to show that, for f € T, the sequence (T, f) converges weak-star in Ty, it
suffices to show that (€T, f) converges weak-star in T,1;. We may assume that
f has compact support, since (T, f) depends only on the restriction of f to a
neighbourhood of supp¢, and then taking ¢ = €f € T4, it suffices to show that

et,, %

8? converges weak-star to zero. But
Z

dg 0%g
Q:T(ﬁﬂ& = @2 <¢n : ﬁ) )
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so we are just dealing with the equivalent of T, for the d-bar-squared operator
instead of the d-bar operator, so it is bounded on Lipa and on C°, independently
of n, and thus we have the desired weak-star convergence.

REMARK 6.1. We expect that the argument of Subsection may be used
more generally, i.e we conjecture the following:

Let F be a small SCBS, such that F* is also small, F** !ig C°, and the span
of the point evaluations is dense in F*, and F** has the strong module property.
Then whenever (¢,,) is a standard pincher, and L is an elliptic operator with smooth
coefficients,

L™ Y(¢y - Lf) — 0 weak-star Vf € F**.

Here, L~! denotes some suitably-chosen parametrix for L.

7. Proofs of Theorems

7.1. Proof of Theorem [3.3l We fix 5 € (0,1) and s = § — 1, and without
loss in generality we assume that the boundary point b = 0.

First, consider the ‘only if’ direction. Suppose the series diverges:

o0
> 2"ME(A,N\U) = +o0.
n=1
We wish to show that there exist f € A§(U) having || f||s < 1 and |f(0)| arbitrarily

large.
Since M7 is subadditive, there exists at least one of the four right-angle sectors

Sy = {Z e C: |arg(i"2)| < %}

(for r € {0,1,2,3}) such that

i 2" MP((S, N A,) \U) = +oo.

n=1

We may assume that this happens for r = 0, and we may assume further that U
contains the whole complement of Sy and the whole exterior of the unit disc. So
we may select closed sets E,, C SoN A, such that U N E,, = () and

Z Qan(En) = +o0.
n=1

We may select numbers \,, > 0 such that the individual terms
2" MP(E,) <1, and yet

Z M2 MP(E,) = +00.
n=1

For each n, by Frostman’s Lemma, we may select a positive Radon measure sup-
ported on E,, such that (1) p,(B(a,r)) < r? for alla € C and all 7 > 0 (i.e. p, ‘has
growth ), (2) the total variation ||p,|| > K - M2 (E,), and (3) pn(B(a,r))/r? — 0
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uniformly in a as r | 0. Then taking r — h(r) to be the upper concave enve-
lope of 7 — sup, fin(B(a,r) on [0,400), we have ||| < My(E,) < MP(E,), so
An 2| || < 1 and

oo
Z An2"[| ]| = +o0.

n=1
Let hp, := A\n€(uy). Then h, € Cs, h, is holomorphic off supp(p,,), hence h,, €
A (U). Also R(h,(0)) > N\, 2= HunH Hence

N N
;hn(o \/_Z)\ 2"| || = +o0

as N 1 co. So now it suffices to show that fx := 25:1
independently of N € N.
For this, it suffices to show that the %—derivatives

5 N
N = %fN = ;)\nun

are bounded in Ts_; = T3_9, i.e. that for some K > 0 we have

Z B ey T
G <|2>5

+|z—

hy, is bounded in Ty norm,

whenever z € C and ¢ > 0.

When ¢t > 1, we have the trivial estimate (independent of z)
An ME(E,) _ !
T 2 T w2’

Mo 1) (2,1) <

so this gives | P x gn| < Kt72 < KtP—2.
So to finish, fix t € (0,1), and choose m € N such that 27~ <t <27 take
the n-th term in the sum, and consider separately the ranges of n:
case 1°: n > m — 2, and case 2°: n < m — 2,
and the possible positions of z in relation to A,,.
Case 1°:
The trivial estimate also gives

MP(A) _ (27

An - (Pyox ) (2,1) <

T2 T w2
so we get an estimate for the total contribution from all the Case 1° terms:
1 8?
2—p3 . - (m+1—-n)B _
t Z A (Pr* ) (2, 1) - Z 2( —77(1—2—5)’
n=m-—2 n=m-—2

Case 2°:
To deal with this we have to consider the position of z in relation to A,,.

There are at most three n such that the distance from z to A,, is less than
2771 For these we can use the uniform estimate

27 (P, % ) (2,t) < K,
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which follows from the fact that u,, has growth 5. (just write the value of Py i, (w)
as a sum of the integrals over the annuli

{zeC:2™t < |z —w| < 2™}

from 0 to —log, t plus the integral over the disc B(w,t)).

For the remaining n € {1,...,m — 3}, the estimate
. MP
(P i) (est) <~
gives
1270 (P ) (2,1) < (2772,

so

m—3
2= ﬂZA (Py# pn)(2,8) <BK + ) (207 8)ymiton = i,

n=1

another constant (dependlng on ), and we are done.

Now consider the converse. Suppose ) 2" MP (A, \ U) < +00. We want to
show that A®(U) admits a continuous point evaluation at 0.

If V is an open subset of U, then A*(U) is a subset of A*(V'), so it suffices to
prove the result for U that are contained in I@lS(O7 1). We assume this is the case.

We may choose radial functions 1, € D such that ¢, = 1 on A, ¥, = 0 off
An—1UA, UA,+1, and for each k the sequence (Ng(¢y,)), is bounded. Let

Un
Zi:l djm
on the complement of {0}, and ¢,(0) = 0. Then each ¢, € D, is zero off
A,_1UA, UA, 1, the sequences (Nj(¢,,))n are all bounded, and >, ¢, =1 on
the union of all the A,,.

Fix a test function x that equals 1 on B(0, 1) and is supported on B(0,1).

Fix f € Aj(U). We want to prove that | f(0)| < K| f]s, where K > 0 does not
depend on f.

We have f(0) = (x- f)(0), x - f € A5(U), and ||x - flls < K| f|ls, so it suffices
to prove the estimate for f € A§(U) having support in B(0,1).

Choose N € N such that f(z) is holomorphic for |z| < 22~V. Define ¢o(z) to
be 1 —¢n(2z) when |z| < 27¥~1 and 0 otherwise. Then ¢g € D, Ni.(¢o) = Ni(on),

and the test function
N
G=do+ > on
n=1

¢n =

is equal to 1 near B(0,1).
We have

r=or=e(50n).

Since gqﬁ = 0 on the support of f, this equals
Z

N N
@(q%) —¢ (%%) e (¢g—f> =Y e %)
n=1 n=1

since f is holomorphic on supp(¢g).

Licensed to AMS.



BOUNDARY VALUES 175

Take a test function v that equals 1/z for 27V < |2] < 2.
Applying Lemma .1 we have
Vg Of
T 9z/°

¢(on- ) 0= (Lo, 5 )=~

o =3 (290

n=1

Thus

(Here, by ¢,/z we understand the test function that equals 0 at the origin and
¢n/z everywhere else in C.)
Applying the Hausdorff content estimate from Lemma [B.10] we have

(%)t o 22) 2],

n=1

[£(0)]

IN

-1

< K-Z?”Mf((An_lwnuAnH)\U)-H;

n=1

since N3(¢,/2) < 2" I N3(d,) < K2™.
0
Since Mf is subadditive and ’ 8{(

< K| flls < K, we get
s—1

FO)] < K- 2" M (A N\ U) - | f]ls-

n=1

This completes the proof.

REMARK 7.1. The proof actually shows that the sum of the series is the dual
norm of the point evaluation f — f(b), up to multiplicative constants that depend
only on .

7.2. Proof of Theorems [3.6], B.7] and 3.8l To prove Theorem [3.6] one can
use exactly the same argument, just replacing MP by M#, and using Lemma 5.8
instead of Lemma B.10]

To prove the other two theorems, one just uses the corresponding Cauchy-
Pompeiu formulas for derivatives:

(i) ®(0) = & [ el

™

for the ‘only if’ direction, and

Y./ Kl Of
B ; <7rz’“+1 ’ %>

for the ‘if” direction.

7.3. Proof of Theorem The point is that a distribution f € C; satisfies
0
Af =0 on the open set U if and only if 8_f is holomorphic on U, and the operator
z

0
— maps T into Ts_1, and is inverted on (Ts_1)es by the ‘anti-Cauchy’ transform.

z
So the results are just reformulations of Theorem
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REMARK 7.2. This is an example of 1-reduction, and one could also formulate
equivalent results about other elliptic operators. In particular, M? is also the
. 8 \2 . . . .
capacity for T3 and the operator (%) , which is associated to complex elastic
potentials, and it is the capacity for Tgyo (a space of functions that are twice
differentiable, but may have discontinuities in the third derivative) and the operator
A?, associated to elastic plates.

8. Concluding remarks

8.1. In [6] p.311] Carleson proved that for 0 < 8 < 1 the M#-null sets are the
removable singularities for the class of Lip “multiple-valued holomorphic functions
having single-valued real part.” The expression in quotation marks is really code
for “harmonic functions”, so this is really the first version of the fact that M? is
the A-LipS-cap.

In the same paper, Carleson proved a precursor to Dolzhenko’s theorem [13]
about removable singularities for Lip holomorphic functions. He left a little gap,
between the Hausdorff content and the nearby Riesz capacity, and Dolzhenko closed
the gap.

8.2. Conjecture. Recently [37] the author showed that the existence of a
continuous point derivation on A%(U) at b, for some positive s < 1, implies that the
value of the derivation may be calculated by taking limits of difference quotients
from a subset £ C U having full area density at b. In case U also satisfies an
interior cone condition at b, the value may be calculated by taking limits along
the midline of the cone. It seems reasonable to hope that for negative s, if A*(U)
admits a continuous point evaluation at b, then the value can be calculated in a
similar way, as

lim  f(2)

z—b,z€FE
for some E C U having full area density at b, and for segments E C U (if any)
along which nontangential approach to b is possible. In the case of L? spaces, results
along these lines have also been obtained by Wolf [44] and Deterding [T0HI2]. See
also [14.27/43].

8.3. Question. Suppose I is an SCBS on R having the strong module prop-
erty
¢ fllr < K-Ne(9)-[Ifllp, VoeDVfEF,
for some positive constant K and some nonnegative integer k. Define an inner
capacity cg by the rule that for each compact £ C R? the value cri(E) is the
least nonnegative number ¢ such that

(&, )| < Ni(@) - [ fllF - ¢

whenever ¢ € D, f € F, and supp(¢- f) C E. For example, if FF = L it is easy to
see that cpo(E) is the d-dimensional Lebesgue measure of E, whereas for F = L!,
cpo(E) =1 for all E.

The question is this: For which F' and k is it the case that
cpi < K - (1-F-cap) for some constant K ?

Recall that for compact E C RY,

1-F-cap(E) := inf{|{x, /)| : | fllFr < 1,supp(f) C E},
where x € D is any fixed test function such that x =1 on FE.
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We have seen that this holds for F' = Ty, s € R. Does it hold for all SCBS
having the strong module property?

8.4. Question. If an SCBS F has the order k strong module property, when
is there an SCBS locally-equal to DF that has the strong order k + 1 module
property? And what about [F?

D Fi,. is the Frechet space topologised by the seminorms defined by

19) 0]
91y ﬂ} _

[ flln = inf {”91 + -+ gallrwony) 195 € F, f = pr P Py

Note that if d = 2, and F' is weakly-locally invariant under Calderon-Zygmund
operators (or just under the Beurling transform), then DFj,. is topologised by the

seminorms
. 99
151l = inf ol oy 9 € Forf = 52
and this implies that each ||¢ - f]|,, is dominated by Ng11(®) - || f||», because

99 0 96
¢'$—$(¢'9)—<$>'9~

This property is a kind of local version of the strong module property.

8.5. Acknowledgment. The author is grateful to the referee for a careful
reading of the typescript and for corrections and suggestions that materially im-
proved the exposition.
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Cyclicity in Dirichlet type spaces
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ABSTRACT. We study cyclicity in the Dirichlet type spaces for outer functions
whose zero set is countable.

1. Introduction and main result

Let X be a Banach space of functions holomorphic in the open unit disk D,
such that the shift operator S : f(z) — zf(2) is a continuous map from X into
itself. Given f € X, we denote by [f]x the smallest closed S—invariant subspace of
X containing f, namely

[f]lx = {pf : p is a polynomial}.
We say that f is cyclic in X if [f]x = X.

The problem of cyclic vectors in the Dirichlet spaces goes back to the work
of Beurling and Carleson (see [BLIC]). The classical Dirichlet space D consists of
holomorphic functions on the unit disc whose derivatives are square integrable.
While Beurling characterizes cyclic vectors in the Hardy space H?, the problem
of characterizing the cyclic vectors in the Dirichlet space D is much more difficult.
Beurling’s theorem says that the cyclic vectors in H? are the outer functions. On the
other hand we know that there are outer functions in the Dirichlet space which are
not cyclic in D. In fact, the cyclicity of such a function depends on the distribution
of the zeros of the radial limit f* of f on the unit circle. The Brown—Shields
conjecture [HS] claims that f € D is cyclic iff f is an outer function and the set of
all zeros of f* is a set of logarithmic capacity zero. A partial (positive) answer to
this conjecture was given in [EKR2/|[EKR1]. We mention the results of Beurling
[B] about the boundary behavior for the functions of the Dirichlet spaces: if f € D
we write f*(¢) = lim,_1_ f(r(), then the radial limit f* exists —q.e on T, that is f*
exists outside a set of capacity logarithmic zero. As a consequence of a weak-type
inequality the invariant subspace Dg defined by

DE = {f S D, f*|E =0 q.e.}
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is closed in D. Carleson in [C] proved that for every closed subset E of the unit
circle which has zero logarithmic capacity, there exists a cyclic function in D which
vanishes on F.

We denote by A(D) the disc algebra. Hedenmalm and Shields showed in [HS]
that if f € DN A(D) is an outer function and Z(f*) = {¢ € T: f*(¢) = 0},
the zero set of f*, is countable then f is cyclic in D. Richter and Sundberg
in [RS1] improve this result by showing that if f € D is outer and
Z(f) ={¢ e T: liminf, ¢ |f(z)] = 0} is countable then f is cyclic in D. When
the set of zeros of f* is not countable, see [EKMRIEKRI1/[EKR2| in the case
of the classical Dirichlet space D3 and [EKR3]| in the case of D2, 0 < a < 1 for
further results on cyclicity in that context.

In this paper we are interested in cyclicity, in more general Dirichlet spaces,
of outer functions such that the zero set is countable. We now introduce some
notations. The Dirichlet/Besov space D2 with p > 1 and « > —1 is given by

22 = { € HolD) - 111, = 17O + [ 17/(IPa () < o0
where dA, denotes the finite measure on the unit disc D given by
dAa(2) = (1+a)(1 = [2[*)"dA(2),

and dA(z) = dzdy/7 stands for the normalized area measure on D. If p = 2 and
a =1, then D? is the Hardy space H? and the classical Dirichlet space corresponds
top =2 and @ = 0, D? = D. The following theorem is the main result of this

paper.

THEOREM. Let p > 1 be such that a +1 <p < a+2 and let f € DE N A(D).
If f is outer and Z(f) is countable, then f is cyclic in DP.

Notice that when 1 < p < a+ 1, H?(D) is continuously embedded in D and
every outer function f € HP(D) is cyclic for D? (Proposition BI)). On the other
hand when p > « + 2 then every function which vanishes at least at one point is
not cyclic in D?.

The method used for the proof of Theorem B0l is inspired by that of the
Hedenmalm and Shields [HS] in the case of the classical Dirichlet space and the
paper [EKR2] .

Throughout the paper, we use the following notations:

e A < B means that there is an absolute constant C' such that A < CB.
e A=< Bifboth A< B and B < A hold.

2. Dirichlet space and duality

The Bergman spaces AP, with p > 1, a > —1 are given by

() = { £ € 1ol). 71y = [ 1P AR < o0}
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We define the Bergman spaces A (DD.) on the exterior disk D, = (C U {oo}) \ D
with p > 1 and o > —1 by

A0 = {g € HOID.), g(00) =0 an - [ Wor G 4A(@) < oc .

Note that AP(D) and AP (D,) are isometrically isomorphic via the isometry
R: f+— Rf defined on A2 (D) b

(2.1) Rf(: ):—f (%) 2 €D,

Indeed, by the variable change z — 1/Z,

2
[ 1rGrasa / 7/ aA)
Futhermore if f =} -, a,z" € AL(D) then by [2.1)

o0

(2.2) Rf(z)=>_ Z:_% z € D,.
n=0

Denote by S the shift operator on AE (D) for p > 1 and a > —1, that is the
multiplication by z on AP (D). Let S* denote the backward shift, that is

S f(z) = f(2) ; f(O).

Notice that S* is continuous on A? (D) for p > 1 and o > —1. Indeed, for f € A2 (D)
we get by subharmonicity ([HKZ, proposition 1.1]) that

LSO 7w S Lo, 1o <172

lw|<

Since f +— f(0) is continuous on Ag( ) (JHKZ, proposition 1.1]), we have
171 < [ A+ [ 156 - FOPdAL()
|z|<1/2 1/2<]z|<1

Hf” ]D)) + Hf f( )Hi\g(ﬂ))

<
S 1P

From now, we suppose that p > 1 and we denote by q = p%l.

LEMMA 2.1. Suppose that —1 < o < p—1. Then (-,-) defined on
DL x AT, (D) by
23)  (f)= [ FEFGEEAR + FOF0. [ DL g AL, D),
is linear on the left, anti-linear on the right and
[{Fa S W f oz Nlgllas,, @)

PROOF. Since —aq/p > —1, (f,g9) — ([, g) is well defined. Clearly this map is
linear on the left and antilinear on the right. It is therefore sufficient to show that

(F: 9l S W llpz llgllas, m)-
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Using Holder’s inequality and the fact that the maps S* and f — f(0) are contin-

uous on the space A‘iaq/p(ID))7 we get

ol < [ e s + 00

(/D |f'(z)|”dAa(z))1/p (/D |S*g(z)|‘1dAaq/p)1/q +1£(0)]19(0)|

< N lloz 1% gllas ) + 17O)]g(0)]
< Iflloz llgllae

—aq/p

I

(D)
O
The previous lemma shows that (-,-) defines a duality between D? and
Al

! g /p(]D)). The following result shows that Aq_aq /p(]D)) can be identified as the
dual of D2.

PROPOSITION 2.2. Let p > 1 and —1 < a < p—1. The dual of D?,
is isomorphic to A? |, (D).

noted by

'’

Dp

a

PrOOF. We will show that the mapping g — (-, g) is an isomorphism of

.Aq_aq /p(D) in DP’ the dual of D?. This mapping is well defined, antilinear, continu-

ous and injective. Let’s show that it’s surjective. Take L in D2’. For all f € A2 (D),
we consider F' the primitive of f on D such that F(0) = 0. It’s easy to see that
F € DE. We define the mapping Lo on AP (D) by Lo(f) = L(F'). Thus Ly belong
to the dual of AZ (D), since

[Lo(F)| = [LE) < LI Fllpg = [ILI1[f]].az-
By the Hahn-Banach theorem, Lo extends to LE(D) = LP(D,dA,) in a

continuous linear form E(/). By the Riesz representation theorem, there exists
o € Lfaq/ (D) = LE (D)’ such that for any g € L2 (D),

Lola) = [ (=) (0dA:).
Let P be the linear map defined by
P:fw— (zw/%d/l( ))

According to [HKZ, Theorem 1.10], P is a bounded projection from L2 (D) onto
AZ(D) for v < s — 1 which is the case when (s,7) = (p, @) and (s,7) = (¢, —aq/p).
Set ¢y = P(¢) € AL (D). So for f € AL (D), we get

aq/p

Lo(f) = Lo(f) = / F(2)o(2)dA(2)
= //%%(z)d/l(w)d/l(z)

[ [ Yolz )) dA(2)dA(w)
/D F(w)d(w)dA(w).
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Thus we showed that there is ¥ € .Afoéq/ (D) such that for any F' € D? with
F(0) = 0, we have

L(F) = /D F'(2)(2)dA(2).

Set p(z) = z(2) + L(1) € AL aq/p(D)- We have 5*¢ = 1. Hence for h € D,
L(h) = L(h = h(0)) + L(h(0))
- /D W (2)B(2)dA(2) + h(0)L(1)
= [ WEFREAAR) + HOWR0 = (B

This shows that the mapping g — (-, g) is surjective and defines an isomorphism
from A? (D) onto D’ O

Remarks. If p > 1 and a < p — 1, the dual of D? is identified as .Aq_aq/p(D).
Also the spaces A? o/p(D) and A% T wq/p(De) are isomorphic, so we can identify the

dual of D with A? | (D) by the duality

(f.9)e ={f,R™"g), feDk, geA’ (D)

In the following we will introduce the tools to use the Hedenmalm and Shields
Theorem [HS|, Theorem 1]. For all ¢ € DP', we set

P(A) = (fa, @), AeDe
where f) is given by
A(z)=0—-2)71 zeD.
We define then as in [HS]
DY ={p, ¢ D'},
Let ¢ € DP', we have

~ — 2"
A) = <Z )\n+1"P> Z )\n+1 :
We identify ¢ as an element of A_aq/p(]])) that we write

= Zanz”, z € D.

n>0

Soif n =0, (z",¢) = ¢(0) =G and if n > 1,
) = [ nen IEREAL)
D
— /nz”_1 Zm?m_ldA(z)
D =

oo 1 pom _
= Z n@/ / T"+m72619(”7m)d9/ﬂ' rdr
m=1 0 0

1
(2.4) = @/ 2nr?" " tdr = a@,.
0
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Thus for A € D,
_ — T
QD(A) = . An+1l°

Moreover, according to ([22), we also have

Z /\n+1’ De.

So
Dyt =AL aq/p( e)-

The following lemma will be useful for expressing duality (see [HSl, Lemma 3]).

)
LEMMA 2.3. Letp>1and -1 <a<p—1. Let f € D2 and g € A D.).

For 0 <r <1, we set
fT(Z) :f(TZ), zeD and gl/r(z) :g(z/r), z € D,

*OCQ/P(

Then
27

(£,9)e = lim (fr,g1/r)e = lim Zanb = lim o= [ f(re)g(e” /r)eds,
0
where f(z) = > 0" apz™ and g(l/z) =3 o bp2" Tt z e D.
3. Cyclicity in D?

We start this section by comparing the spaces D2 and the Hardy spaces H? (D).
We suppose p > 1 and a > —1. Let H>°(D) be the algebra of bounded analytic
functions on the open unit disc D and let H?(D) be the Hardy space of analytic
functions f on D such that

I fllze = SglgMp(fw) < 00,

My = (52 [ Ve ran)

Let .4 be the Nevanlinna class of analytic functions f on D for which
sup [ 0% 1) dc] < o
r<1JT

By Fatou’s Theorem, the radial limit f*(¢) = lim, 1 f(r¢) exists a.e on T and
In|f*| € L}(T). Recall that f € 4 if and only if f = ¢/, where o, € H>(D).
Let 4 be the Smirnov class of analytic functions f € .4 such that

+ — [t
sup / n* |£(r)|ldc| = / ™ [£(O)dc].

The function f € A" if and only if f = /1 where ,7p € H>®(D) and 1 is an
outer function, that is, ¢) has the form

_exp/C+Z )|d<| zeD.

where
1/p

2m

A function f € HP(D) is cyclic for H?(D) if and only if f is outer [N, 4.8.4]. We
then study the different possible inclusions between the spaces D2 and HP(D) to
obtain first conditions on the cyclicity in the Dirichlet spaces.
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PROPOSITION 3.1. Let p > 1 and « > —1. If p < a+ 1 then HP(D) is

continuously embedded in DP. Consequently, if f € HP(D) is outer then f is cyclic
for DP.

PROOF. Let f € HP(D), z =re € D and r < p < 1. By Cauchy’s formula,

1 27 f pei(0+t)
o= [

7 Jo (e 1)
Now, by Minkowski’s inequality,

1 2 D 1/p
My(fr) = (5 / dt)

27 27 i0+t)\p N\ /P
Y <L / IJ"(Pé—th) 40
0

27 27 |pe?® — r|2P

pei(eft)dH.

2m i(0
i/ f(Pé( +t))pei(07t)d9
27 (pet —r)2

i/%#d@M(f )
2r Jo  |pet? —r|? PP

p 1
= mMp(f,P) < mMp(ﬁP)-
Now letting p — 1, we get

1 2T , 9 »
= i <
It |f (7"6 )| do ( ) Hf||HP7
Since p < a4 1,
2m
[ir@rasae = [ [T 1rwera - yoraess
D
S 20’-‘1-1 / ( ) d f
=
2a+1
=
So H?(D) is continuously embedded in Dg. Now the result follows from the fact
that an outer function is cyclic in HP (D). O

Remark. If p < o+ 1, the Dirichlet space D = A?,_ (D), see [Wul. There-
fore, in this case, there exists an inner function which is cyclic in DE, see [Ro]. If
p > a+ 1 we have the following result.

PRrROPOSITION 3.2. Let p > 1 and p > a + 1. The Dirichlet space D% is
continuously embedded in HP(D). Therefore if f € D is cyclic in D? then f is an
outer function.

PROOF. Let f € D? and r € [1/2,1]. We have
:/ f'(5e9)eds + £(0).
0

Note that [f(0)| < || fl|pz and by subharmonicity, there exists C' > 0 such that
[/ (se)] < Cllfllpz, 0 <'s <1/2. So

|f(re™))| S/ ' (se")|ds + (C/2+ 1)| fllpz-
1/2
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By Hélder’s inequality, and since ag/p = a/(p — 1) < 1,

([ iseyan)”

[ rom r p 1/p
s [ (] ireetas)a) 1o
/o 1/2
[ rom r r »/q 1/p
s [ (] reenra-sea)([ a1
/o 1/2 1/2
[ oon o1 Upr 4 1/q
< / / |/ (se)P(1 — 52)a25dsd9] [/ (1 — s?)~29/P(s + 1 fllpz
[Jo Jiy2 1/2
aq
< e P D .
S L
So || flla» S ||fllpr. Hence if f is cyclic for D¥, then f is also cyclic for H?(ID) and
f is then an outer function. |

Remark. We have 22(D) = H?(D) and 23(D) = D. Soif 1 < p < 2 and
p = a+ 1, we obtain by interpolation theorem [Wul (3.8)]), that D? is contin-
uously embedded in HP(D). Futhermore if p > « + 2, then DP is continuously
embedded in H*> (D) (see the proof of [Wu, Theorem 4.2]).

We can summarize here all the inclusions obtained:
p<a+l = HPD)cCD)=A (D)
1<p<2and p=a+1 = D! C H(D)
p>a+1 = DP C H’(D)
p>a+2 = D cC H®D).

We assume in the following that p > o + 1. We will prove that any outer
function of A(D) NDE whose set of zeros is reduced to a single point is cyclic in
Dr. For that we will use a Hedenmalm-Shields Theorem [HSL Theorem 1]. We
first need to define the following notions. Let X C Hol(D)) be a Banach space. The
multiplier set of X, noted M (X), is defined by

M(X) = {p € Hol(D), of € X, Vf € X}.

If X C Hol(D,.) we define in a similar way M (X).
As in [HS] we identify the dual X’ of X with a space X* of holomorphic functions
on D.. Finally for £ C T a closed set of zero Lebesgue measure, we set

%E(JVJrvX*) = {QO € HOI(CU{OO}\E)a @‘]D) S </V+(D)7 <)0|De € X*}

We denote by Hol(D), respectively Hol(ID,), the space of all holomorphic functions

in a neighborhood of D, respectively D..
THEOREM 3.3 (Hedenmalm-Shields [HS]). Let X C Hol(D) be a Banach space.
Assume that

(1) The embedding map of X into Hol(D) is continuous and X contains

Hol(D) as a dense subspace
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(2) X N A(D) is a Banach algebra, containing Hol(D) as a dense algebra.
(3) Hol(D) C M(X).
(4) Hol(De) € M(X™) = H> (D).

If f € XN A(D) is an outer function and if

Hz(p(AN T, X") = {0}
then f is cyclic in X.

Hedenmalm and Shields show that iff € A(D) N 22(D) is an outer function
and Z(f) = {1} then #%s)(A ", 25(D)*) = {0} and so f is cyclic (see also
[EKR2|[EKMR]). We will prove a similar result for D where a+1 <p < o+ 2.

THEOREM 3.4. Letp>1andp>a+1. If f € A(D)ND? is outer and if
Hz(p) (AT DET) = {0}
then f is cyclic on DPE.

To prove this result, we will use Theorem For that we need only to show
the following lemma (see the proof of [DRS| lemma 11]).

LEMMA 3.5. Let p > 1 and o > —1. Then M(A2(D.)) = H>*(D.).
PrOOF. Let f € A2 (D.) and g € H*(D,). We have

2
/ 1£(2) ZLp%LdA<><nm&Mfﬁg
So fg € A2 (D.) and H*(D,) C M(A2(D.)).

Now let g € M(A2(D.)) and let M, : AP (D.) — AE(D.) be the operator
given by My(f) = fg. By the closed graph theorem, M, is bounded. For z € D,
the linear functional A, : AZ(D.) — C defined by A,(f) = f(z), is continuous
([HKZ, proposition 1.1]). So for f € A2(D.) and z € D,,

£ (2)9(2)| = |A=(My )] < [|A= (1 Mg]I]].f]]az-
Hence
1Az [llg (=) < A M
and g € H*(D.). So M(A2(D.)) € H*(D.). On the other hand the inclusion

H>(D.) C M(A2(D,)) is obvious. O
By identifying the dual of D? with .Aq_aq /p(]D)e), we have for f € DP and
pe Al aq/p(]D)e)’

e () = (" fi)e =0, WneN.

LEMMA 3.6. Let p > land p > o+ 1. Let E C T a closed set of Lebesgue
measure, p € Hp(N T, DP*) and f € DP. If the family of functions

ze€Tw flrz)p(z/r), 1/2<r<1,

oy L
s uniformly integrable on T, then ¢ € ([f]g‘*) )
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PrRoOOF. This result holds by using the analogue arguments like those in
[EKR2] Lemma 3.4] for the classical Dirichlet space. For the sake of completeness,
we include it here. Let f € DP and ¢|p, € D2* = D.). By Proposition 23]

we have

—aq/p(

27

(f,p) = lim 1 F(re®)p(e” Jr)et®do.

r—1- 27 0
By Proposition B2, D2 C HP(D) and so f*, the radial limit of f, exists a.e. on T.
Since ¢ € Hol(C \ F) and F is a closed set of Lebesgue measure zero, p(z/r) —
©(z) exists a.e on T when r — 17. So the family of the functions z — f(rz)p(z/r)
converges a.e to f*p when r — 17. By uniform integrability, this family of functions
converges in L!(T). Then

2w
(frp) = o J, Fr(e®)p(e?)e?ds.

Futhermore ¢ € A4t and f € HP(D) C A4, so then fo € A4F. Since the
radial limit (fo)* = f*p € LY(T), by Smirnov’s generalized maximum principal
[D, Theorem 2.11], f¢p € HY(D) and so f*p(n) =0 :

1
2T

2w
f'*w(n) — <f’ <P> — f*(eze)w(eze)ewdgz 0.
Repeating the same argument with f replaced by 2" f, we get (2" f, ) = 0 for all

n € N. |
We have the following classical Lemma

LEMMA 3.7. Letp >1 andp > a+ 1. Let E C T be a closed set of Lebesgue
measure zero and ¢ € Hp(N T, DP*). Then there exists a constant C > 0 such
that

C
< -
lp(2)] = dist(z, E)*’

PROOF. Let p € H#p(AN T, DE¥). Since plp € N, ¢lp = pip,, where ¢; is
an inner function and ¢, is an outer function in .4 (see [D} p. 25]). Futhermore,
since E has Lebesgue measure zero , ¢(z) = ¢*(z) = lim,_,1- ¢(rz) exists a.e on
T. The function log || being in L*(T), we get

1 27 ezt+
exp <%/0 o log (e “)dt)‘

27r 1_‘ |2 it
log [p(e")|dt

1<zl <2.

A

() < lpo(2)] =

1
= o % ; \e“ o
- |z|

< exp( 2 ‘log\go it Hdt)

< exp ||1og|so|||L1(T))

Cl
< exp 1——|z| )

for some constant Cy > 0. Let z € D, with |z| < 2. The disc of radius (|z| — 1)/2
centered at z, D(z,(|z| — 1)/2) is contained in D.. D), by

*aq/p(
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subharmonicity of || and for ¢ = p/(p — 1) > 1, we obtain

—(\z|—1)2 z)|1 < 1 w)|TdA(w
ke < L etwlrdA)

™

1 2 _1)—aq/p 4—q—2aq/p
L NI [ = m
T JD(z(|2]-1)/2) |w|t=a=20a/p (Jw]? — 1)~a/P

(jwf? = 1)~ar
\w|4*q*2aq/p

< max(2e07,247) [ fp(w)l dA(w)
D,

< max(2229/P 2477)||p

ol -

So o
P < T2 1<kl <2

for some constant Co > 0. Since log |¢| is subharmonic function, by Taylor-Williams
estimates [RW] lemma 5.8 and 5.9] and [EKMRJ, Lemma 9.6.5], we get the lemma.
O

The following result allows us to reduce the study of cyclic vectors vanishing
on a closed set E to the study of cyclicity of particular functions. More precisely
we have

THEOREM 3.8. Letp > 1 andp > a+ 1. Let f € D and E C T be a closed
set of Lebesque measure zero. If there exists a constant C; > 0 such that,

|f(2)| < Oy dist(z, E)?, z €D,
then N
AN+ D8) < (IFI5)

o L
This means that for all g € #x(N 1, DE"), glp, € ([f]§a> i.e.

<an>g|Dc>e:07 Vn € N.

PROOF. Let ¢ € H#p(A+,DE*). By Lemma B there exists a constant

C5 > 0 such that
Cs

< _
lp(2)l = dist(z, E)*’
So for 1/2 < r <1 and z € T, we have

1<zl <2.

dist(rz, E)*
dist(z/r, E)* — i

The family of the functions z — f(rz)¢(z/r) is uniformly integrable on T for
oy L
1/2 < r < 1, thus by Lemma 3.6 ¢ € ([f]g“) , which finishes the proof. O

[f(rz)e(z/r)| < C1Cy

COROLLARY 3.9. Letp > 1 such that a +1 <p < a+2. We have
Ay (AT, DET) = {0}

PROOF. Let f(z) := (2 — 1)*. We have f € D? and |f(2)| < |z — 1]*. By
Theorem 3.8,

Aoy < (IR

Licensed to AMS.



192 K. KELLAY, F. LE MANACH, AND M. ZARRABI

It suffices to prove that f is cyclic. Let ¢ € A‘iaq/p(]])) such that
(z"(z—=1),9) =0, VneN.

Write (2) = 37, 50 anz", we get by (2.4,

W = <2n7 §0> = <Zn+17 §0> = Qn41-

Then -
ao
= n n = 3 D.

o(z) nz::Oa z 1T *€

Suppose that ¢ # 0. Since ¢ € .Aq_aq/p(]D))7 we have
1 — |2]|2)—ea/p
(3.1) / %dA(z) < 00,
p [1—2z[

and so ¢+ ag/p < 2 (see [HKZ|, Theorem 1.7]), which contradicts the assumptions
onpand a. So =0 and [z — 1]§g = DP. In particular z — 1 € [(z — 1)2]21\?g and

then . .
(= 125" = [z — 15~ = D

With the same argument we obtain
(= = 1)l = DL,

and f(z) = (z — 1)* is cyclic in DE. O

Remark. The proof of the previous result also gives us that for p > a + 2,
the function f(z) = z — 1 is not cyclic in DE. Indeed by BIl), p(z) =1/(1—2) €
.Aq_aq/p(]D)) and ¢ L 2" f, n € N. More generally if f € A(D) N DL with f(1) =0,
then f is not cyclic in D?. Indeed for p > o + 2, we have D2 C H*°(D) with
I = < 11 - g which implies

[fl5* € {9 € AD), ¢(1) =0}

THEOREM 3.10. Let p > 1 such that a+1 <p < a+2 and let f € A(D)NDE.
If f is an outer function and Z(f) is countable then f is cyclic in DP.

PROOF. Since Z(f) is countable, by [BSL Theorem 3] it suffices to prove the
theorem when the zero set is reduced to a single point. The result now follows by
Theorem [3.4] and Corollary O
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Inner vectors for Toeplitz operators

Raymond Cheng, Javad Mashreghi, and William T. Ross

ABSTRACT. In this paper we survey and bring together several approaches to
obtaining inner functions for Toeplitz operators. These approaches include
the classical definition, the Wold decomposition, the operator-valued Poisson
Integral, and Clark measures. We then extend these notions somewhat to inner
functions on model spaces. Along the way we present some novel examples.

1. Introduction

For ¢ € H* | the bounded analytic functions on the open unit disk D, let
(1.1) T,:H* - H? T,f=¢f,

denote the analytic Toeplitz operator on the classical Hardy space H?2. In this paper
we survey, continue, and synthesize some discussions begun in [4,[10,11] dealing
with the notion of an “inner vector” for T;, along with the general notion of an
inner vector for a contraction on a Hilbert space. We connect these results with the
operator-valued Poisson kernel and some work from [21[3] concerning “factoring an
L' function through a contraction”. Along the way we also produce some interesting
examples and reformulations of these connections.

2. Basic definitions and facts

We begin with the definition of an inner vector for a Toeplitz operator from
[10]. Recall that the inner product on the Hardy space H? is

(2.1) (f.9) = /T fgdm,

where m is normalized Lebesgue measure on the unit circle T. As is tradition, we
equate an f € H? with its L? = L?(T,m) radial boundary function, i.e.,

F(©) = lim f(r()

for almost every ¢ € T. We will also use the term inner function (without any qual-
ifiers like in Definition below) to denote an H* function that has unimodular
boundary values almost everywhere. Classical theory [6] says that an inner function
I can be factored uniquely as I = {BS,,, where { is a unimodular constant, B is
a Blaschke product, and S, is a singular inner function associated with a positive
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measure g on T that is singular with respect to m. We say the degree of I is equal
to d if I is a finite Blaschke product of order d, and equal to infinity otherwise.
Furthermore, any function f € H? can be factored, uniquely up to multiplicative
constants, as f = IG, where I is an inner function and G € H? is an outer function.

For ¢ € H*™ the analytic Toeplitz operator T, from (L)) is a bounded operator
on H? whose norm ||T,,|| satisfies

ITell = l[@lloo == ess-sup{ |p(£)[ : £ € T}

Also recall that the adjoint T35 of T, satisfies T3 = T5 where
Tsf = P(@f) and P is the Riesz projection of L? onto H%. When ¢ is an in-
ner function, observe from (ZI) that Ti, is an isometry. See [8, Ch. 4] for the

details of these basic Toeplitz operator facts and [I] for a definitive treatise.

DEFINITION 2.2. For ¢ € H™ we say a unit vector f € H? is T,-inner if
(Ty f,f) =0foralln>1.

When ¢(z) = z, one can see from Fourier analysis that the T.-inner vectors are
precisely the inner functions. Also observe that replacing ¢ with cp, where ¢ > 0,
in Definition does not change whether or not a function f is T,,-inner. Thus we
can always assume, by scaling ¢, that

¢ €O(HY):={g € H™ : [|glloc <1},

the closed unit ball of H°°. This normalization will be important when we need T,
to be a contraction operator since in this case
1T, = |¢llec < 1. Immediate from Definition and the inner product formula
from (2] are the following facts.

PROPOSITION 2.3. Let ¢ € b(H™).

(1) If f € H? is T,-inner and I is any inner function, then If is T ,-inner.

(2) If f € H? is T,-inner and © is any inner divisor of f, i.e., f/© € H?,
then f/© is T,-inner.

(3) Any unit vector belonging to ker Tz is T -inner.

If u denotes the inner factor of ¢, it is known [8] p. 108] that
ker Ty = K, := (uH?)",
the model space corresponding to u. Thus we have the simple corollary.

COROLLARY 2.4. If I is any inner function and w is the inner factor of ¢ €
b(H®), then any unit vector from 1K, is T,-inner.

This corollary gives us many specific examples of T,,-inner vectors. For example,
if A\ € D, the reproducing kernel functions

1 — u(Nu(z)
A() 1- Az
belong to X,,. In fact, finite linear combinations of these functions are dense in X,

[8l Ch. 5]. Since

Il = VBT = [T
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then

1— A2 1—u(MNu(z)
L—JuN)? 1-Xz

are T,-inner functions.

When ¢ = u is a finite Blaschke product, then the model space X, is a certain
finite dimensional space of rational functions that are analytic in a neighborhood of
D [8, p. 117]. Furthermore, as we will see in a moment in Theorem B.12, every T,-
inner function is bounded. However, when w is not a finite Blaschke product then
X, is infinite dimensional [8, p. 117] and, since multiplication by an inner function
I is an isometry on H? (see ([Z.1))), IK, is a closed infinite dimensional subspace of
L?. By a theorem of Grothendieck, it will contain an unbounded function. Putting
this all together, we obtain the following.

A €D, I inner,

COROLLARY 2.5. If the inner factor of ¢ € b(H) is not a finite Blaschke
product, then there are unbounded T,-inner functions.

A specific version of this was pointed out in [10], p. 103].

Of course one needs to discuss the case when ¢ is an outer function. Since pH?
is dense in H? [8] p. 86], we see that ker s = {0}. In this case, it is not clear
that there are any T,-inner functions. Indeed, we do not see any obvious ones like
I ker T since, in this case, ker Tz = {0}.

EXAMPLE 2.6. Suppose that ¢ is the outer function ¢(z) = 1 + z and that
feH?is T, -inner, i.e.,
(I3f,f) =0, vn>1.

In other words,

(2.7) L+ oI ame) =0, vn>1.
Then the L' function |f|? annihilates (1+ 2)" for all n > 1, along with all their
linear combinations. In particular, |f|? annihilates
(1+2)°—(142)=1+224+22—1—2=2(1+2).

The above observation will be the first step in a proof by induction. Next, suppose
that |f|? annihilates 2*(1 + 2) for all 1 < k < n. Then

214 2) = (1+2)""2 = [(L+2)" T = 2" (1 + 2).

By the T,-inner property of f notice that |f|* annihilates the first term on the
right. It also annihilates the subtracted expression, by the induction hypothesis
(the expression in square brackets is a polynomial of degree n). Thus we have
shown by induction that |f|? annihilates {z"(1 + 2)},>0 (the n = 0 case follows
from (27)). This means that

(2.8) / "1+ ©)|f(©)Pdm(€) =0, n>0,

and by complex conjugation,

/1r E'(1+8)f(©)2dm(€) =0, n

WV
o
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198 CHENG, MASHREGHI, AND ROSS
A little algebra yields

(2.9) / £ 1+ O)1f()Pdm(E), n >0,

Equations ([2.8) and (23] say that all of the Fourier coefficients of (1 + &)|f(&)|?
vanish and so (1 4 £)|f(£)]* is zero. Conclusion: there are no T,-inner functions
when p(z) =1+ .

3. Inner vectors via the Wold decomposition

Using some ideas from [10], we can use the Wold decomposition [9] to explore
the inner vectors for certain Toeplitz operators. Observe that when w is an inner
function the Toeplitz operator T, is an isometry on H?2. Thus the Wold decompo-
sition of H? with respect to T, becomes

H2:XO@X1@TuX1@T3X1@ )
where

Xo=(TpH? ={0}, X,:=H’ST,H*>=X,.
n=1
Thus
H? =%, ®uX, ®u’K, & .
The above decomposition says that every f € H? has a unique expansion as
(3.1) f=F+ufy +v’F+---, FjeX,.

Furthermore, for each integer N > 1,

WNf, f) = <uNZuka,ZulFl>

k>0 1>0
_ Z <uN+klek’Fl>
k=0
= Y (Fu.F).
I—k=N

This leads us to the following.
PROPOSITION 3.2. A unit vector f € H? with expansion
f=Fy+ulfy +uvlF+--, F€X,,
as in BI) is Ty-inner if and only if

o0

(3.3) D (Fe, Fnyr) =0, N>1.
k=0

Though this is just a restatement of the condition for f to be T-inner, it is
useful for producing more tangible examples of T;-inner functions.

ExXaMPLE 3.4. Choose orthogonal vectors Fj,j > 0 from X, so that
>is0 |F;]|> = 1. Then the condition (B3] is easily satisfied and thus the unit

vector f =3 . ,u/F; is a T,-inner function (as is any inner function times this
>
vector).
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EXAMPLE 3.5. If u(z) = 2", then K,, = span{1, 2,22, ...2" "1} and the vectors

2J

Nk

satisfy the conditions of the previous example. Thus

z

n—l_ 1
PRt Rl v v S S

n+1 22n+2 23n+3 Z(nfl)(nJrl)

is a T,»-inner vector.

ExAMPLE 3.6. The previous example can be generalized to a finite Blaschke

product
L Z — aj
= , e D.
u(z) H T a;
Jj=1
If we define
1—la1|?
F =y
0(2) =
V1—las)? z— a1
F =
1(2) 1l—azz 1—a7z’
1— a3 2 — -
Py(s) = YA lwl za 2 -0
l—a3z 1—a1z1—a3z
VI— a2 Y 2 —a;
Fn— = . )
1(2) 1-a,z *t1-a;z
Jj=1
one can show that {Fp,...,F,_1} is an orthonormal basis for X,. Now choose

ag,...,an_1 € C such that 3"~ [aj|? = 1. Then

n—1
_ o J
f= E aju’ F
=0
is T,-inner.

From Corollary 24 we know, for an inner function I, that any unit vector from
the set {I ker T : I is inner} is a Ty-inner vector. Perhaps one might think we have
equality here. Indeed, sometimes we do. For example, if u(z) = z, then ker 75 = C
and, as discussed earlier, the T,-inner vectors are precisely the inner functions. Here
is another positive example of when the unit vectors from {Iker Ty : I is inner}
constitute the complete set of T),-inner vectors.

ExaMPLE 3.7. If the inner function u is the single Blaschke factor

z—a

u(z) = T a €D,

one can show [8, Ch. 5] that
1

1—az

kerTz =X, =C

Licensed to AMS.



200 CHENG, MASHREGHI, AND ROSS

As shown in [4], the T),-inner vectors are

1—az

, I inner.

However, in general, the unit vectors from {I ker T : I is inner} form a proper
subset of the T),-inner vectors. One can see this with the following example.

EXAMPLE 3.8. Using the technique from ExampleB.0] we see that when u(z) =

Z™ the vector
1 Zn-i—l

= — + B ——
SRR
is T,-inner. However, f is not of the form Ig, where I is inner and g € X,. This
follows from the fact that f is outer and does not belong to

K, =span{l, z, 2% ..., 2"}

The papers [I0L11] yield a description of the T}-inner vectors. From the Wold
decomposition ([B.I]) we see that any f € H? can be written as

f = iFkuk-
k=0

If {v;};>1 is an orthonormal basis for X,, then we can expand things a bit further
and write

Il
()¢
ﬁk‘

—~

§ :Cj,kvj)

k=0 j>1

o0

§ : k
’Uj( Cj kU )

k=0

i>1 =

Observe that
lejul® = |1 Fel?

j=1
and that
o0
A2 =D 1P|
k=0
oo
=D lejal
k=04>1

o0
DD leirl
i>1 k=0

Thus for each j, > ;< lcjk]? < 0o and so

oo

fi(2) =it

k=0
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defines a function in H? (square summable power series). By the Littlewood sub-
ordination principle [8, p. 126], f; o u also belongs to H?.
Thus every unit vector f € H? has the unique representation

(3.9) F(2) =Y vi(2)fi(u())

jz1
where f; € H? with dis1 | fi]I? < oo, and {v;};>1 is an orthonormal basis for

X.. Furthermore, as observed in [10, Prop. 1] (and can be proved using the above
calculation), if

(3.10) F=Y"vifiw), g=> vg;(u)
i>1 i>1
as in (B3], then

(3.11) (F.9) =D _(fi.95)-
i>1
THEOREM 3.12. A unit vector f written as in B9) is T, -inner if and only if
M IHE©P =1
j=z1
for almost every £ € T.

PRrOOF. Here is the original proof from [10]. With
F=> vifju)
Jjz1
and n > 1, (BI1) yields
(Tif, f) = (fu™, f)

= Zvju f] kafk
Z 2" fi, 1)

=1

—Z/mf|mm

j=1

(3.13) /@ X 56 (e

Then (T} f, f) = 0 for all n = 1,2,... if and only if, by Fourier analysis, 3, , | f5]?
is constant almost everywhere. But since we assuming that f is a unit vector, we
see, by putting n = 0 in B.I13), that >_ .-, |f;]?> = 1 almost everywhere. O

When w is a finite Blaschke product, then X, is finite dimensional. In this case
(B9) is finite and each basis vector v; is a rational function that is analytic in a
neighborhood of D [8, Ch. 5]. From here it follows that every T),-inner vector is
a bounded function. Contrast this with Corollary which says that when u is
not a finite Blaschke product there are always T,,-inner vectors that are unbounded
functions.
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202 CHENG, MASHREGHI, AND ROSS

The two papers [L0L11] go further and discuss an “inner-outer” factorization
of any f € H? in terms of T,-inner and T,-outer vectors. They also discuss the
concept of T,-inner in HP, for p > 1, along with some properties of the norms of
T,-inner vectors as well as their growth near T.

4. Inner vectors via the operator-valued Poisson kernel

We can rephrase the language of inner vectors for Toeplitz operators in terms
of operator-valued Poisson kernels [2]. Moreover, using this new language, we can
extend our discussion to inner vectors for contractions on Hilbert spaces. For A € D
and £ € T, define

1 1
(41) P)\(f) = ﬁ—Fl_—)\g -1
and observe that this can be written as
P\(€) = 1__|)“27
€ — A2

which is the standard Poisson kernel. Classical theory says that for any g € L' =
LY(T,m) the function

Aﬂwﬂ&m@

is harmonic on D with

(4.2) im [ Prc(§)f(§)dm(E) = f(C)

r—1= Jr
for almost every ¢ € T. Furthermore, if p is a finite complex measure on T, we have
(43) [ Pa@dute) = o) + Y an + 3 a-n)x"
T n>1 n>1

where
mm:/?ww,nez
T

are the Fourier coefficients of y. We will now discuss an operator version of the
Poisson kernel.

For a contraction T on a Hilbert space H, we imitate the formula in [@1]) and
define, for A € D, the operator-valued Poisson kernel Kx(T) as

K\T):=I - \XT"*)"'+(I-T)"" — I

By the spectral radius formula, notice how o(7) € D and thus the formula for
K, (T) above makes sense. A computation with Neumann series will show that for
r €[0,1) and 6 € [0, 27)

(4.4) K,.0(T) = Z rremfTen 4 Z rleinfn T,
n=0 n=0

The operator identity
Kx\(T)= (I - NT)" NI — |N*TT*)(I — \T*)~!
from [2] Lemma 2.4] shows that for each x € H
(Kx(T)x,x) >0, AeD.
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Moreover, the function

A= (K (T)x, x)
is harmonic on D. Hence, a classical harmonic analysis result of Herglotz ([6l, p. 10]
or [8 p. 17]) produces a unique positive finite Borel measure pir x on T such that

(4.5) (KA (T)x, %) = / Py(Q)dprx(C).

Since Ko(T) = I we have

1= <X, X> = <I(0(I’)X7 X> = /Td,uT,x

and so pi7x is a probability measure.
As we defined for Toeplitz operators earlier in Definition 2.2] we say that a unit
vector x is T-inner if

(T"x,x) =0, n>=1

Note that x is T-inner if and only if x is T*-inner. From (@A) we see that x is
T-inner if and only if (K (T)x,x) =1 for all A € D, or equivalently,

1 :/PA(C)dunx(C), A eD.
T

By (@3)) this is equivalent to the condition ppx = m. This gives us the following.

PROPOSITION 4.6. Suppose that T is a contraction on a Hilbert space H and
x s unit vector in H. Then x is T-inner if and only if prx = m, where prx is

defined as in ([EH).

For an inner function u, note that T, is an isometry, hence a contraction. Thus
we can apply the above analysis to ur, ¢.

ProrosiTION 4.7. If

F=> vifiu)

Jjz1
is a vector from H? as in [B3.3), then
(4.8) dpr, p =Y _|f;|* dm.

jz1
Proor. If
F=> it

jz1

then
1918 =SS5 =3 [ 14fdm = [ 3715 dm
i1 izt Tj>1

and the calculation used to prove Theorem [3.12] yields

@it s = [ (TR ame),
i>1

@t ) = [ (TR ame).

j=1
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From here we observe

géfa@yun%f@>:<Kxazn:ﬂ
= Y ONUT L)+ D ONUTL ) = (-

n=0 n=0

=Y [ (TR dm(e)

n=0 j=1

+ 3 [ (S 1h©OR)ane©)

n>=0 j=1

_Z/|fﬂ €)|%dm

=1

- [t D3 (e
- [ A Zm )2dm(e)

=1

Now use the uniqueness of the Fourier coefficients of a measure along with (€3] to

obtain ([.3]). O

Notice how this gives us another way of thinking about Theorem a unit
vector f € H? is T,-inner if and only if pur, ; = m.

This brings us to an interesting related question. One can also show that for
any f,g € H?, we can define the harmonic function (K (T,)f,g) on D and prove
this function also has bounded integral means. This yields, via Herglotz’s theorem,
a complex valued measure pr, r, on T for which

(4.9 (EAT)f,9) = | Pr©durss©) AeD,
T
See [2 Prop. 2.6] for details. A similar calculation used to prove Proposition
shows that
(4.10) dpr, r.g =Y fig5 dm.

jz1
In the above formula, f; and g; come from the representations of f and g from

(BI0). A general result from [3] says that given any F' € L' and a non-constant
inner function w that is not an automorphism, there are f,g € H? for which

(4.11) F(¢) = Whta )

m-almost everywhere. In the language of [3] this says that any F' € L' can be
“factored through T,,”. Equivalently stated, using ([@I0) and ([IT]), we have

Q)= (g0

Jj=1

This is an interesting representation for L' functions and a refinement of the one
from [3].
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QUESTION 4.12. Proposition .7 shows that when ¢ is an inner function and
f,g € H?, then dur, .4 15 absolutely continuous with respect to m. When ¢ €
b(H®) is this still the case? For this to be true we would need to know that
(o™ f,g),n > 1, are the Fourier coefficients of an L' function.

5. Inner vectors via Clark measures

For any fixed a € T and inner function u, the function

1—|u(z)* §R(oﬁ—u(z))

o —u()P? " \a—u(z)

is a positive harmonic function on D. Thus by Herglotz’s theorem, there is a unique
positive measure o, on T for which

1- |u / Py (&)doa (&

oo —u(z)?
The family of measures {0, : @@ € T} is called the family of Clark measures corre-
sponding to u. Let us record some important facts about this family of measures.
Proofs can be found in [5].

First, one can use the fact that v is an inner function, along with standard

harmonic analysis, to prove that each o, is singular with respect to m. Second, if
E, is defined to be the set of £ € T for which

Z =

lim w(rf) = a,
r—1—

then E, is a Borel subset of T with

(5.1) 0a(T\ E,) =0.

In other words, o, is “carried” by E,. From this we also see that the measures {o,, :
a € T} are singular with respect to each other. Third, a beautiful disintegration
theorem of Aleksandrov says that if g € L! then for m-almost every o € T, integral

/T 9(€)doa(€)

is well defined. Moreover this almost everywhere defined function

o /T 9(€)doa(€)

is integrable with respect to m and

(52) | ([ st©aoa(@))ame) = [ stcram(c)

Using Clark measures, we can use a technique from [1I] to compute a formula
for (Kx(Ty)f, f) along with the measure dyr, r/dm. This gives us another way to
think about the formula ([@IT]). The result here is the following.

THEOREM 5.3. For an inner function u and f € H? we have

(@) = ([ 11©Pdon(©)) dm(a).
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PROOF. For any f € H? use the formulas from (5.1 and (5.2)) to obtain

@2f0) = [ 17 Pu©dm(©
= [ ([ 17©Pu©doa(9))dm(a)
= [ ([ 1r©Pardon(e))am(a)
= [ ([ 1#@)Pdoale))am(e.

@irr) = [ [ 15©)Pda(e)) ().

Now follow the proof of Proposition [4.7] to get

In a similar way

/P,\ §dur, 1 (§)
- Z,\” (T f, )+ Y NATEf ) = (. F)
n>=0 n=0

- (s ) (L irerans) ) an
= [ P@( [ 1r©Pdon© ().

Use ([@3]) along with the uniqueness of Fourier coefficients of a measure to compute
the proof. 0

Combing Theorem [5.3]and Proposition 6] yields the following result from [11].

COROLLARY 5.4. A unit vector f € H? is Ty -inner if and only if

/ F©)Pdoa(e) = 1
T

Recall the notation from (&) that for a given inner function u and f,g € H?

(KA(T)f. g) = / Py(€)dur..1.9(6).

Moreover, if deg(u) > 2, any F € L' can be written as dur, r,4(¢)/dm for some
f,g € H?. Here is another way of thinking about this via Clark measures. The
same argument used to prove Theorem [5.3] shows that

(5.5) dyir, 5.9 = / (€)@ doa(€) dm

Since any F € L' is equal to dur, f,4/dm for some f,g € H? [3], we see that any

F € L' can be written as
- [ 5(©at@aon ).

for m-almost every o € T.
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This Clark measure viewpoint has the additional feature, via Aleksandrov’s theo-

rem, that
[ erinto) - [ (] 5 6ot
= [ #@atram(c).

ExXAMPLE 5.6. If u is a finite Blaschke product of degree d and a € T, then
one can compute (see [B p. 209] for the details) the Clark measure to be

Z | C?’

where (1,...,(q are the d distinct solutions to the equation u(z) = a and d¢; is
the unit point pass as (;. The denominators in the above expression may look
troublesome but at the end of the day we have u’ # 0 on T. By Theorem [£.3] we

see that
d 2

dMTu,f
/ F(©)Fdoe Z cj

=1

Thus the criterion for a unit vector f € H? to be a T,-inner vector is that the
above sum is equal to 1 for m-almost every a € T.
Furthermore, by (5.5), given F € L1, there are f,g € H? so that

f&
Z Iu CJ

for m-almost every « € T. This formula appears in [3].

EXAMPLE 5.7. Let us apply this to the simple case where u(z) = 22. Given

any a € T, the two solutions (1, (s to the equation 22 = o are

Cl _ eiarga/Q <2 — _eiarga/2

Thus the condition that a unit f is a T,2-inner vector becomes
|f(earea/2)2 4 |f(—e'®e/2)2 =2, me-ae. aeT.
Furthermore, given any F' € L', there are f,g € H? for which
Fla) = b0 gTamear™) 1 (et —ermear),
This second fact was first observed in [3].
EXAMPLE 5.8. Consider the atomic inner function

u(z) = exp (zi— 1)

For a fixed t € [0, 27), the solutions to u(z) = e are

it +27k) +1

— — ke
i(t+2mk) — 1’ <

G =

Noting that
2

W(Ck)\ = m7
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a similar computation as in Example shows that
1
ddeq‘,t = 5 Zékak - 1‘2.
keZ

Thus

dut, f it / 2

ruws) (o) — do it

(o) = [ 17 Pdo(©

= 2 SR~ 1P

keZ

2

k|
_Z‘f( ii;tk +1)’ li(t + 27k) — 1|2

To create a Ty-inner function, we need to find a unit vector f € H? so that the
above expression is equal to one for almost every t. Let us create a specific example
of when this happens. In fact we can even make f unbounded. We already knew
we could do this from Corollary but our example below will be explicit, while
the proof of Corollary needed Grothendieck’s theorem and is not an explicit

construction.
To see how to do this, fix 8 € (%, 1), and let ag, k € Z, be the collection of
coefficients
1
5.9 =
59) RS

Note that >, 5 lax|? < co.

Let I; be the indicator function of the interval [—m + 27k, m + 27k), k € Z.

Now define F on T by

ay 14e?
") = ﬁzeie_llk(ll_ew

kEZ

Then

el

\%\2 I (114—6“’) do

> it — 12 2 dt

=2 2l I (t

%/mm' 0 oo e

dt

= t 2 k -1

k%/_ﬂ“’“" 27 1 e TP
:Z|ak|2<oo,

kEeZ

i.e., F is square integrable on T with

(5.10) 172

=D lnf”

kEZ
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Next we establish that log |F'| is integrable. We’ll need the following estimates,
which hold for all k£ # 0. First note that for k& # 0,

Jag[i(t + 27k) — 1] = |ag| ([ + 27|k[]* + 1)/
> |ay| - 2K

27 |k|

+ [k[P

WV

1
1.

WV

Consequently, for k # 0 and t € [—7, 7),

= log |ag||i(t + 27k) — 1|
li(m + 2m|k|) — 1]
<1
T
([2m(|k| +1/2)]* +1)'/2

’ log (\akHi(t + 27k) — 1)

<1
8 1+ |k|8
2 2\1/2
< 1og (270K + "ﬂ;ﬁfﬁ” + k1)

<log(|k|* P v/9n2 +1).

We now have

/|log|F||dm
T
i ; dé
= log | F(e* ‘_
| sy 5

—T

4 lar| V2 1+eN db
- Z/ 1°g|ei9—1|‘f’“<l1—ei9)%
kez” ~™
o . dt
kez” —>
T . dt
— Z/ ’log (67| |*Pi[t + 2k] —1|/\/§)‘ o lit T2k 1P

keZ

The series is summable, because the terms behave like (log |k|)/|k|?.
It follows that there exists an outer function g € H? with radial limit function
satisfying |g| = | F'| almost everywhere on T, namely

g(z) :==exp (/T ng Rk log | F'(e')| dm(ei‘g)),

0
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Finally, let J be any classical inner function, and define f = gJ. Then

d‘LLT f ‘ t+2’ﬂ'k +1 ‘ 2
Z f( it o+ 27k] _1> it + 2nk) — 1]

it + 2mk] + 1 2
_Z‘ (t+27rk:—1)’ it + 27k) — 12

o lag(ift + 27k]) — 1)v/2)? 2
- Z - 22 li(t + 2mk) — 1|2

kEZ

=D lnf?

kEZ
Notice from (G.I0) that
Apt,.f (it 2
uy — F
T (€)= Fll
and so one can scale F' so that it (and hence f) is a unit vector This also gives us
dpr, r/dm(e’) =1 for almost every ¢. Any such f will be a T),-inner function.
As a bonus, we get that the f we just constructed is unbounded. To see this,
note that I is unbounded, since for § approaching zero, F(e*) takes values

(i[t + 27k] + 1) 7 ay, it +2mk] + 1
; _ - ift+2mk]+1 B
it +2mk] — 1 1— ot 2+ 2|k|

where ¢ € [—m, 7). Since 8 < 1, this expression is unbounded as |k| — oo.

6. Inner vectors in model spaces

In this section we depart slightly from Toeplitz operators on H? to the related
topic of compressions of Toeplitz operators on model spaces. For an inner function
O, recall the model space KXo = (OH?)+. An important operator to study here is
the compressed shift operator

S@ : fKu — J{u, S@f = P@(Zf),

where Pg is the orthogonal projection of L? onto X,. This operator is used to
model a certain class of contraction operators on Hilbert space [8, Ch. 9] — hence
the use of the phrase “model space.”

As a generalization of our discussion of classifying the T.-inner vectors in H?,
one can ask for a description of the Sg-inner vectors in g, i.e., those unit vectors
f € Ko for which

(S&f. f)=0, n=1
Before continuing, let us make a few comments about Sg. For the proofs, see
[8, Ch. 9]. First note that since Sg is a compression of T, to Kg we have the

identity
Sg - P@Tzn K
Furthermore, we have the adjoint formula
SE:) = T?|5K(—)'

For any ¢ € H* there is the functional calculus for Sg which allows us to define

p(Se) = PoTy|xe
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along with the adjoint formula

¢(Se)" = PoT|xe-
One can actually compute the Sg-inner vectors with the following result from [8],
p. 177].

THEOREM 6.1. Any Sg-inner function is an inner function. Moreover, Kg
contains an inner function if and only if u(0) = 0 and the inner functions belonging
to Ko are precisely the inner divisors of ©(z)/z.

So now the question becomes the following.
QUESTION 6.2. What are the ¢(Sg)-inner functions?

As we did before with Toeplitz operators, we focus our attention on the case
where ¢ is inner. It is clear that the inner vectors for ¢(Seg) are the same as those
for ¢(Se)*. As observed with an analogous result in Proposition 23] we see that
any (unit) vector in ker ¢(Sg)* is a p(Se)*-inner vector. It is well-known [8] that
(assuming ¢ is an inner function)

ker Lp(S@)* =Ko N Ktp = ngCd(@#,),
where ged(©, ) is the greatest common inner divisor of the inner functions © and
®.
At this point, it might the case that ged(O, @) is a unimodular constant function
whence Kgcq(0,,) = {0} and it is not clear as to whether or not there are any ¢(Se)-
inner vectors.

QUESTION 6.3. We know that if ged(©, ) is non-constant, then there are
©(Se)-inner vectors. Is the converse true?

For the special case where |0, let us find a class of ¢(Seg)-inner vectors. Define

I:=—
¥

and observe from a result in [7] that an analytic function g on D multiplies X,
to Kg if and only g € K,;. Recall from Theorem that the inner functions
in X,; are precisely the inner divisors of I. Here is our result about some of the
»(Se)-inner vectors.

THEOREM 6.4. With the notation above, any unit vector from
{vXK, :v|I}
is a p(Se)-inner vector.

ProoFr. Let f be a unit vector from X, and note that vf € Kg and hence
Pg(vf) =wvf. Thus for all n > 1 we have

= (p"vf,vf)

= ("1, f)

= (1, T3 1)
But since f € K, = ker T, this last quantity is equal to zero. This shows that v f
is a ¢(Se)-inner vector. O
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When ©(0) = 0 and ¢(z) = z, notice how this recovers Theorem At
the other extreme, notice that when ¢ = © then I is a unimodular constant inner
function and the theorem above yields K¢ as the complete set of Tg-inner functions.
Of course this result is obvious once one realizes that (T f, f) = 0 for any f € K¢
by the definition of the model space Ko = (O H?)= .

Also observe that one can relax the assumption that ¢|© and set
I =wu/ged(O, ) and give a more general version of the theorem above.
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Jack and Julia

Richard Fournier and Oliver Roth

ABSTRACT. We state and prove a multi-point version of Jack’s Lemma for
functions which are analytic on the open unit disc, but are not necessarily
analytic at boundary points. Our proof, in particular, does not rely on Julia’s
lemma.

1. Introduction and statement of the main result

Let D denote the open unit disc {2 : [2| < 1} of the complex plane C and H(D)
the class of functions analytic in ; D is the closed disc {z : |z] < 1} and H(D) is

the class of functions analytic on some open set containing ). The following result
was first stated by Jack [9] who attributed its proof to Clunie.

JACK’S LEMMA (smooth version). Let F' € H(D) with
IF(Q)] = max| ()] = max|F(2)| >

where || = 1. Then

F/
¢ ©) < g
F(¢)
and in fact Re (1 + (,“I;l,/—(((())) > C% > 0 if F' is non-constant.

After its publication by Jack, it has been observed that the lemma is indeed
valid for functions F' in H(D), analytic in a neighbourhood of ¢ € D, and this result
goes back to Loewner at least in the 1930’s (see [14], p. 162]). Under the milder
hypothesis, the result has been rediscovered, improved and applied by a number of
mathematicians (see for example [7], the book of Miller and Mocanu [12] or the
interesting survey by Boas [4]. The survey by Elin et al. [6] also contains relevant
information).

The following result is indeed valid (we still call it Jack’s lemma in what fol-
lows).

LEMMA (less smooth Jack’s lemma). Let F € H(D) with F(D) C D and ¢ €

dD. The following statements are equivalent:
1—|F(2)]
T—[z]

(i) liminf, . < 00.

2010 Mathematics Subject Classification. 30C80.
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(ii) The radial limits F(¢) = lim,_,; F(r{) and F'({) = lim,_,1 F'(r() exist
with |F(¢)] =1 and |F'(¢)| < oc.
Moreover, under (i) or (ii),
PO 1-IFGO 1 FrO/F(Q)

CF(C):}I—% 1—7r ro1 1—7r

The strict positivity of ¢ F((CC)) above also follows, as observed for example by

Tom Ransford [15] p. 33], from the lemma of Hopf. We stress the fact that a proof
of the less smooth Jack’s lemma can be obtained, as in [1] or [8], from the properties
of the measure in the representation

1+ F(¢ Tl4e i
1+ FL0) = / 5 du(0).
1-F(¢) o l1—e7%
Such a proof is in particular “horocycle free” and does not rely on Julia’s lemma
[10] which may be conveniently stated as follows:

> 0.

JULIA'S LEMMA. Let F' € H(D) with F(D) € D, and lim. ¢ 758 < oo for

some ¢ € ID. Then

F'(Q) L N=FEFQP 1|27
F) — 1=FEP -2

To the best of our knowledge, the relation between Jack’s lemma and Julia’s
lemma was first made explicit by Ruscheweyh [5].We shall prove that a multi-point
version of Julia’s lemma can be obtained from the apparently weaker less smooth
Jack’s lemma. Our main result is the following:

THEOREM A. Let f € H(D), f(D) CD and ¢ € ID such that

¢ z € D.

(1) lim inf M < o0

z2—( 1- |Z|

Let also {zx} C D and define a (possibly finite) sequence {fr} C H(D) by fo = f
and

frra(2) = 2=z 1— fr(zr) fu(2)

provided that fi is not a unimodular constant. Then
f'(¢ Z H |1 — fi(ze) f (¢ )| 1— |z
f(C) S e NS | L N V-

Equality holds if and only if f is a Blaschke product of degree n + 1.

E>0

7

Remark that here the functions f; are the hyperbolic divided differences of the
initial function f at the points {z}, cf. the work of Beardon and Minda [3] and
Baribeau, Rivard and Wegert [2] amongst others.

2. Proof of our main result
Each function fj belongs to H(D), fi(D) C D and satisfies () together with
OCS N (S W T S G e P
i1 (€) Fr(©) |1_fk(zk)fk(o’2 1 -z
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for all £ > 0. In particular Jack’s lemma yields

GO (ORI Sl [ S i
RO O n-Feofof -7l

0<¢

and

710 o L=TEFQL 1 fzo
f©Q) = 1—|fz))* |1—zC*

This is Julia’s lemma and clearly equality shall hold in (2)) if and only if the function
f1 is constant and therefore if f is a Blaschke product of order 1. An iteration of
this procedure shall lead to, for each n > 0,

fl—fk 2k fk(C)‘ ) 1— |z
<kﬂo L= |fe(z)® ) 1 =2¢)?

and equality holds in (B]) if and only if f is a Blaschke product of order n + 1.

(2) ¢

(3)

3. Two special cases

Case 1. Let us take z; = 0 for £ > 0. Then

£1(¢ 1- fk 1—|fe(0)]
W g Z<H ) ST

7=0 k=0

It is not difficult to see that the righthand side of ({) is a quantity depending on
the n + 1 first Taylor coefficients {ay }7_, of f(¢) = 272, ;27 The case n =0 is

due to Osserman [13] and the case n =1 is due to Lecko and Uzar [11]. The series
S =0 T 50 % is convergent with { 50 %} monotonically decreasing,
and hence

We recall that, according to a result of Boyd [8] p. 175],

oo

[10 = 15O = exp (% / Ui (1- 160 ) de) .

k=0

Case 2. We apply our idea to a function f in H(D) with f(D) C D satisfying
(@) with zeros {zx} in D and to the sequence defined by f;11(2) = f(2) [Ti._ %
We get

@ _ ¢ 1= g
- Lo "¢ é\l—zm*”’

1—|z
[1-Zx¢[?

and the series Y7 is convergent. We finally recall that in the case where

[ is a Blaschke product, the convergence of -, ﬁ_‘;"!; is necessary and sufficient
: : Q) _ 1—|z|? iy
for the existence of F'(¢) and F”(¢) and in fact ¢y => o T ZZ:<|2 This is a

result of Frostman (see [5, p. 15]).
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Spectrum and local spectrum preservers of skew
Lie products of matrices

7. Abdelali, A. Bourhim, and M. Mabrouk

ABSTRACT. Let M, (C) be the algebra of all n X n complex matrices, and fix a
nonzero vector zo € C". For any matrix T' € My, (C), let o(T) be its spectrum
and op(xo) be its local spectrum at zg. We show that a map ¢ on My, (C)
satisfies
T (TYp(S)— () p(T)* (T0) = ors—sr=(x0), (T, S € Mn(C))
if and only if there exists a unitary matrix U € My (C) and a nonzero scalar
a such that Uzg = azg and ¢(T) = £UTU* for all T € M, (C). To prove
this result, we also describe the form of all maps ¢ on M, (C) satisfying
o (P(T)p(S) — p()e(T)) = o (TS —ST*), (T, S € Mq(C)).

As immediate consequences, we characterize all maps on M, (C) preserving
the local spectrum and spectrum of the skew Jordan product of matrices.

1. Introduction

In recent decades, numerous authors studied nonlinear preserver problems.
These problems demand the characterization of maps on algebras that preserve
various spectral quantities or subsets or relations but without assuming any alge-
braic condition like linearity or additivity or multiplicativity. The first nonlinear
preserver problem was considered by Kowalski and Slodkowski who proved in [62]
that a complex-valued function f on a Banach algebra A is linear and multiplica-
tive provided that f(0) = 0 and f(x) — f(y) lies in the spectrum of = — y for all
z and y in A, and thus generalized the well-known theorem of Gleason-Kahane—
Zelazko in the theory of Banach algebra [64l/61]. Since then, a number of techniques
have been developed to treat nonlinear preserver problems and many results have
been obtained mainly in matrix theory and in operator theory; see for instance
[81[91[17)[26,27,[3137,38|,40] 43|48/ [52,56 [59,64,67,69,70,[73 [75]. In [9], Bha-
tia, Semrl and Sourour described the form of all surjective maps on the algebra
M,,(C) of all complex n X n-matrices preserving the spectral radius of the differ-
ence of matrices, and thus, in particular, they provided an extension of Marcus and
Moyls’ result [66] in the absence of the linearity. In [69], Molndr studied maps
preserving the spectrum of operator or matrix products and showed, in particular,
that a surjective map ¢ on L(H), the algebra of all bounded linear operators on
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an infinite-dimensional complex Hilbert space H, preserves the spectrum of opera-
tor products if and only if ¢ is an automorphism or an automorphism multiplied
by —1. His results have been extended in several directions, and a number of re-
sults were obtained on maps preserving several spectral quantities of operator or
matrix product, or Jordan product, or Jordan triple product, etc; see for exam-
ple[10L[111[261[45][57H591/64] and the references therein.

In recent years, there has been an upsurge of interest for preservers of the skew
Lie product, which is defined on any *-ring R by

[z,y]« == xy —yz™, (z, y €R).

This product has been implicitly or explicitly studied by several authors and in
various contexts; see for instance [7,[25127,[44.[53]65.71][72[76.[77] and the ref-
erences therein. Particularly, a number of authors described maps on algebras
preserving a spectral set or a quantity of the skew Lie product of matrices or oper-
ators. Maps on factor Von Neumann algebras preserving skew Lie product, strong
skew Lie product and zero skew Lie product are consider by several authors; see
[28][42],[44, 46|52, [78]. In [42], Cui and Li proved that, if A and B are factor
Von Neumann algebras and ® : A — B is a bijective map preserving the skew
Lie product (i.e., @ ([S,T]«) = [®(S5), ®(T)]. for all S, T € A), then ® is a *-ring
isomorphism. In [41], Cui and Hou characterized, in particular, all linear bijective
maps preserving zero skew Lie product of operators. In [28], the authors char-
acterized all maps on L£(H) preserving numerical range and the maps preserving
pseudo-spectrum of skew Lie product of operators.

The topic of this paper belongs to the subject of linear and nonlinear local
spectra preserver problems that attracted in recent years the attention of numer-
ous researchers; see [1H5,[12H16][18][19]22[24] and the references therein. In
[16] 19122 24] [29] 3035 [55], many results on linear maps on matrices or Ba-
nach space operators preserving the local spectrum have been obtained. Linear
maps on matrices or Banach space operators preserving the inner and outer local
spectral radii have been obtained in [16,19[211241[361[39.49.[50]. While, nonlin-
ear maps preserving local spectra of matrices and operators have been discussed
by various authors; see for instance [1H51[10L12H16]18|32H35.37,50.5160] and
the references therein. In particular, nonlinear maps on matrices or Banach space
operators preserving the local spectrum of different products of matrices and op-
erators has been investigated in [IH5L[I0LI2HI6]. In this paper, we describe maps
¢ on the algebra M,,(C) of all n x n complex matrices preserving the local spec-
trum at a fixed nonzero vector oy € C" of the skew Lie product of matrices. We
show that such a map ¢ is a self-adjoint automorphism multiplied by either 1 or
—1 and the intertwining matrix sends xy to a nonzero multiple of itself. Besides
some arguments quoted from [I3], the proof of this result uses new techniques and
intermediate results. Among these results, one characterizes all maps on M,,(C)
preserving the spectrum of the skew Lie product of matrices. Another one provides
the local spectra of the skew Lie product of any rank one operator on a complex
Hilbert space H by an arbitrary bounded linear operator on H. We also use a local
spectral identity principal that tells us that if Q is a dense subset of M,,(C) then
two matrices A and B in M,,(C) coincides if and only if the local spectra at xg of
[T, A], and [T, B], are the same for all T € Q.
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2. Main results

Throughout this paper, let £(#) denote the algebra of all bounded linear oper-
ators on a complex Hilbert space H, and M,,(C) be the algebra of all n x n complex
matrices. Let 1 stand for the identity operator of £(#) and the identity matrix
of M,,(C), and denote by Tr the usual trace functional on M, (C). An operator
T € L(H) is said to have the single-valued extension property (SVEP) provided
that for every open subset U of C, the equation (7' — X\)f(A) =0, (A € U), has no
nontrivial analytic solution f. Every operator T € L(#H) for which the interior of its
point spectrum, o, (T), is empty enjoys this property. The local resolvent set, pr(z),
of an operator T' € L(H) at a point x € H is the union of all open subsets U of C for
which there is an analytic function ¢ : U — H such that (T'— X\)((\) =z, (A € U).
The local spectrum of T at x is

or(z) := C\pr(z),

and is obviously a closed subset (possibly empty) of o(T'), the spectrum of 7. In
fact, op(z) # 0 for all nonzero vectors x in H precisely when T has SVEP. In this
case, for every x € H, there is a maximal analytic function, denoted by Z7, on
pr(x) such that (T — ANz (A\) = « for all A € pr(x). It is worth mentioning that, as
demonstrated by weighted shift operators, sometimes the description of the local
spectra of an operator is difficult; see [201[23]68]. However, the local spectra of
matrices is well understood and can be found for instance in [211[551[79].

The first main result of this paper is the following theorem. It describes the
form of all maps ¢ on M, (C) preserving the local spectrum at a fixed nonzero
vector zg € C" of the skew Lie product of matrices.

Theorem 2.1. If g € C™ is a nonzero vector, then a map ¢ on M,(C)
satisfies

(2.1) U«p(T)<p(S)ﬂp(S)<p(T)*(x0) = UTS—ST*(l'O), (T, S e Mn((C)),

if and only if there exists a unitary matric U € M,(C) and a nonzero scalar
a € C such that Uzg = axg and either o(T) = UTU* for all T € M,(C), or
o(T) = -UTU* for all T € M,(C).

An immediate consequence of the above theorem is the following corollary. It
shows that Theorem 2Tl remains valid if the subtraction in (21 is replaced by the
sum. It suffices to observe that if z( is a nonzero fixed vector in C™ and ¢ is a map
on M, (C) satisfying

(2.2)  oum)e(s)+e(5)p(m)- (T0) = orstsr=(To), (T, S € M,(C)),
then the map T +— ¢(T') := ip(iT) satisfies (21]), and thus Theorem 2.1] applies.

Corollary 2.2. Let x¢ be a fized nonzero vector in C*. A map ¢ on M, (C)
satisfies (Z2) if and only if there exists a unitary matriz U € M, (C) and a nonzero
scalar a € C such that Uzy = axg and either o(T) = UTU* for all T € M, (C),
or o(T) = —-UTU* for all T € M,(C).

The proof of Theorem 2] is presented in Section [Z.I] and uses a series of
auxiliary results that are of independent interest. One of them is the following
theorem that completely characterizes all maps on M,,(C) preserving the spectrum
of the skew Lie product of matrices.
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Theorem 2.3. A map ¢ from M,,(C) into itself satisfies
(2.3) o (p(T)p(S) = e(S)p(T)") = o (TS —=5T7), (T, S € Mn(C)),

if and only if there exists a unitary matric U € M, (C) such that either o(T) =
UTU* for all T € M, (C), or o(T) = =UTU* for all T € M, (C).

This theorem seems to be a natural result but we couldn’t find it in the lit-
erature. Its proof uses some ideas from the proof of [26] Theorem 2.1] together
with certain auxiliary lemmas established in Section[Bl The first one describes the
spectrum of the skew Lie product of any rank one operator by an arbitrary operator
in L(H). The second lemma tells us that if O is a dense subset of M,,(C) then two
matrices A and B in M,,(C) coincide if and only if o([T, A].) = o([T, B].) for all
TeO.

With no extra efforts, the same proof of Corollary yields the following
consequence of Theorem [2.3]

Corollary 2.4. A map ¢ from M, (C) into itself satisfies
(2.4) o (p(T)p(S) + @(S)p(T)") = o (TS+5T"), (T, S € My(C)),

if and only if there exists a unitary matric U € M, (C) such that either o(T) =
UTU* for all T € My, (C), or o(T) = -UTU* for all T € M, (C).

Throughout the rest of this paper, we may and shall assume for the sake of
simplicity that n > 3. If n = 1, then the proof of our main results is an easy
exercise. If n = 2, then the proof of our results remain valid but the statements of
Lemma Bl should be adjusted. Because if A and R are matrices in Ms(C) such
that R has rank one, then [R, A],. is a matrix of rank at most 2 and thus it can be
invertible and 0 may or may not belong to the spectrum of [R, A].. Finally, note
that, in the above results, no linearity or surjectivity condition is imposed on the
maps ¢. But these conditions are parts of the conclusion of these results.

3. Spectra and skew Lie product

For two nonzero vectors z and y in #, denote by x ® y the operator of rank
one defined by

(z®@y)(2) = (z,9)2.

Note that (z®y)* = y®x and that every rank one operator in £(#) can be written
as ¢ ® y. Given an operator A € L(H), we also note that

[ty A,=(ey)A-Alzey) =2 (A"y) - (dy) @,

It is an operator of rank at most two, and its spectrum is described by the following
result. To state it, set

Ax(w,y) = ((Az,y) + (Ay,2))* — 4]|z]|*(A%y, y)
for all x,y € H and A € L(H).

Lemma 3.1. For any nonzero vectors x,y € H and A € L(H), we have

(3.5) o(jz @y, Al,) = % {o, (Az,y) — (Ay, z) + AA(x,y)} .

Licensed to AMS.



SPECTRUM AND LOCAL SPECTRUM PRESERVERS 221

PROOF. Assume that there is a nonzero scalar « in o ([ ® y, A]«) and let h be
a nonzero vector in H such that [z ® y, A].h = ah. It follows that

(3.6) (Ah,yyx — (h,z) Ay = ah,

and consequently,

(3.7) (Ah,y)|l2* — (b, 2)(Ay, z) = a(h,z),
and

(38) <Ah7y> <A:Z?,y> - <h,$><A2y,y> = O‘<Ahay>

If (h,x) = 0, then from ([B7) it follows that (Ah,y) = 0 and (B6]) implies that
either &« = 0 or h = 0. This contradiction shows that (h, z) # 0.
If (A%y,y) # 0, then (Ah,y) # 0 by ([B.8). Therefore, after rewriting ([B.7) and

BY) as

(3.9) (A, ) |z]|* = (h,z) ((Ay,z) + @) =0
and

(3.10) (Ah,y) ((Az,y) — a) — (h,x)(A%,y) =0,
we see that

Accordingly, o = % ((Az,y> — (Ay,z) + AA(x,y)) and thus (33 holds.
If, however, (A2%y,y) = 0, then
(3.12) [z @y, Al Ay = ((z @ y)A = Ay @ ) Ay = —(Ay, z) Ay,
and —(Ay,z) € o ([r®y, Al«). Moreover, if (Az,y) + (Ay,z) # 0, set z == = —
%Ay' It then follows that z # 0 and
[z @y, Az = ((z©y)A - Aly @ 7)) 2 = (Az,y)2.

This shows that (Az,y) € o ([r ® y, A],) and (B3I holds in this case. If (Az,y) +

(Ay,z) = 0, then BI2) together with BH6) ,BX) and @B8) imply that a =
(Az,y) = —(Ay,x), and o ([x ® y, A]x) = {0, (Az,y)}. Thus B3 is established
in this case too, and the proof is now complete. O

As a consequence of the above lemma, we obtain the following corollary which
gives necessary and sufficient conditions for two matrices to be the same.

Corollary 3.2. If O is a dense subset of M,,(C), then two matrices A and B
in My, (C) coincide if and only if o([T, Al«) = o([T, Bl.) for every X € O.

PrOOF. Assume that o([T, A].) = o([T, Bl«) for all T' € O, and note that the
continuity of the spectrum and the involution on M,,(C) together with the density
of O in M,,(C) imply that

(3.13) o([T,A].) = o([T, Blx)

for every T € M,,(C). Fix a unit vector x € C”, and note that (313) and Lemma
Bl entail that

(3.14) {O,i(Ax,x) + i\/<A2x,x>} = o ([(iz) ® z, A],) = o ([(iz) ® =, B],)
= {0,i<Bw,x> +4 <B2x,x>}
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for all unit vectors = € C™. Therefore, either

(Az,z) + \/(A%z,z) = (Bz,z) + \/(B?z, )

and
<A£L’,.’£> Y <A2£L',.’E> = <B£L‘,.’E> Y <B21',£L'>,
(Az,z) + \/(A%z,z) = (Bz,z) — \/(B?z, )
and

(Az,x) — \/(A%z,2) = (Bz,z) + /(B?z, 7).
Combining the two equations in either case, we clearly get that (Ax, z) = (Bx, z).
Since z is an arbitrary unit vector, we conclude that A = B; as desired. O

4. Local spectra and skew Lie product

In this section, we collect and provide several lemmas needed for the proof
of Theorem 2.l The first one summarizes some known basic properties of the
local spectrum that will be used frequently through this paper. Among the rest of
these lemmas, one of them describes the local spectra of the skew Lie product of
any rank one operator by an arbitrary operator in £(#). Another one is a local
spectral identity principal that tells us that if £y € C™ is a nonzero vector and €2
is a dense subset of M,,(C) then two matrices A and B in M,,(C) coincide if and
only if oy 4, (x0) = opr,p), (20) for all T € Q.

Lemma 4.1. Let x and y be two vectors in ‘H, and o a nonzero scalar in C.
For every operator T € L(H), the following statements hold.

(1) or(az) =or(x) and oo (z) = aor(z).

(2) op(z +y) Cor(z)Uor(y). The equality holds if or(z) Nor(y) = 0.

(3) For anyn > 1, opn(x) = {or(x)}".

(4) If T has SVEP, then o(T) = U{or(z) : x € H}.

(5) If T has SVEP, x # 0 and Tx = Az for some A € C, then op(z) = {\}.

(6) If T has SVEP and (T — X)x =y for some A € C, then op(y) C or(z) C
or(y) U {A}.

(7) If T has SVEP, then or (T*z) C or(z) C or (T*x) U{0} for all positive
integers k.

(8) If R € L(H) commutes with T, then or(Rz) C op(x).
PROOF. See for instance [6] or [63]. O

The next lemma characterizes when a finite rank operator in £(H) has a trivial
local spectrum at a nonzero vector. In its proof, we use the analytic spectral
subspaces of operators. Recall that for any operator T' € £(?) and a closed subset
F of C, the corresponding analytic spectral subspace is defined by

HT(F) = {hEHZUT(h) CF}.

It is a T-invariant subspace but it is not necessarily closed. However, if, in particu-
lar, T is a finite rank operator, then Hy (F') is closed for all closed subsets F' of C;
see [63] Propositions 1.4.3 & 1.4.5].

Lemma 4.2. If T € L(H) is an operator of rank n and xo € H is a nonzero
vector, then ar(xg) = {0} if and only if T" 1 (x) = 0.
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PROOF. If T"*1(z¢) = 0, then or(z) = {0} by Lemma ET}(6).

Conversely, assume that or(zg) = {0} for certain nonzero vector xy € H,
and set H; := \/{T%xo : £ > 0}. Note that #; is a T-invariant subspace and
its dimension is at most n + 1. Then with respect to the space decomposition
H = H, © Hi, the operator T' can be written as

S

Since T is a finite rank operator, both A and B must be too finite rank operators.
Now, fix a nonzero vector y € H; and let us first prove that or(y) = oa(y) = {0}.
Indeed, since o (T*zg) C or(xg) = {0} for all k > 0 and Hr ({0}) is a closed linear
space, we note that H; C Hr ({0}). In particular, y € Hr ({0}) and or(y) = {0}.
To prove that o4(y) = {0}, write yr = f1 ® f2 on pr(y) = C\{0} and note that
Hi2y=(T=Nyr(A) = [(A=N(N) + CHa(N)] & (B = A) f2(A)

for all A € C\{0}. It then follows that (B — A) f2(A) = 0 for all A € C\{0} and thus
fo must be identically zero since B is a finite rank operator. Hence,

y=(T=NyA) = (A=Nf(})

for all A € C\{0}, and o4(y) = {0}.
Now, we show that 7?2, = 0. Since A is a finite rank operator and

a(4) = | oaly) ={0},
yEH1
we see that A is nilpotent and thus A"t = 0, by Cayley-Hamilton theorem. This
implies that Tt 1zg = A"tz = 0, and the proof is complete. O

The following lemma gives complete description of the local spectra of the
skew Lie product of any rank one operator by an arbitrary operator in £(H). To
state it, we need to introduce some notation and the concept of the nonzero local
spectrum introduced in [I4)[d5]. Recall that the nonzero local spectrum of an
operator T' € L(H) at a nonzero vector zg is defined by

{0} lf O'T(LL'()) = {0}
or(xo)\{0} if or(zo) # {0}

For any vectors  and y in H, we have
{0} if {(xg,y) =0,

or (o) =

(4.15) Oy (20) =
{{z,y)}  otherwise.

In particular, if  and Ay are linearly dependent, then [z ® y, A], is an operator of
rank at most one, and the description of o7, o 4 (%0) can be deduced from ([.I3).

For any A € L(H) and x, y € H, set

(€51 (A,:Evy) = % (<A{E,y> - <Ay,£[,'> + V AA(ZL’,y)) )

as (A, z,y) = % ((Aa:,y> — (Ay,z) — \/AA(ac,y)> ,

(4.16) Ty (A x,y) := (Ay, z) + (Az, ),
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(4.17)

T, (A7m7y) = <A1'O,y> a1 (A,x,y) — <A$7y> <1’0,x>

(2 (Az,y) o1 (A29) A2y T a2(Aay) - (Ang)

(4.18)

I (A, T, y) — <A{E0,y> Q2 (A7:C, y) - <A:E7 y> <1}07 13)

(a2 (A,ac,y) — (Av xvy)) <A2y7 y> * Q2 (Avxv y) — Q1 (Avxv y)7

(4.19)
I's (A,:Z?,y) = |:<Ax07y> (<Ax7y>2 - <A2y,y>||56||2) + <:L’0,:Z?><A2y,y> (<Ay7 :E> - <A:Z?,y>):|,

and
(4.20)

Ty (A 2,y) = [<Axo,y> (A2, 9) (Ay, 2) — (A g |2]?) (o, 2) (4%, )l — (Ay,2)?) }

Lemma 4.3. Let ¢ € H be a nonzero vector. If A € L(H) and x,y € H such
that © and Ay are linearly independent, then the following assertions hold.

(1) If (A%y,y) = 0 and Ty (A, z,y) = 0, then
{0} if (Azo,y) = (z0,x) =0

{(Az, )} if (Awo,y) # 0 or (zo,x) # 0
(2) If (A%y,y) = 0 and Ty (A, z,y) # 0, then

Olzwy,A], (To) = {

{0} if (Ao, y) = (zo,z) =0
{—<Ay,$>} if <A$0, y> =0 and <$07$> #0

Teewal. (20) = {(Az,y)} if {Azo,) # 0 and S — (20, 2) = 0
{—(Ay,z), (A, )} if (Ao, y) # 0 and L2 — (20, 2) #0

(3) If (A%y,y) # 0 and a1 (A, z,y) # a2 (A, z,y), then
{0} Zfrl (A,l‘7y) =Ty (A7:C7 y) =0
{al (A7x7y)} Zfrl (A,x,y);éO and 'z (Avxay):()
Ology,al, (T0) =

{052 (A7$7y)} ’LfF1 (A,ac,y) =0 and F2 (A7x7y) 750
{051 (A,{L y) y (2 (A,l‘7y)} \ {0} Zfrl (A,l‘7y) 7& 0 and I'y (A7 may) 7£ 0

(4) If (A%y,y) # 0 and o := a1 (A, z,y) = az2 (A, x,y), then

{0} i T3(Az,y)=Ta(Az,y) =0

7ol (1) :{ fa} s (A2,y) #0 or Tu (A,2,5) £ 0

Proor. Note that
(4.21) [z ®y, Al (z0) = (Azg,y) = — (20, 2) Ay,
and let us distinguish three cases.

CASE 1. Assume that (A%y,y) = 0.

In this case, we note that

o(fz @y, Al,) = {0, =(Az,y), (Ay, 2)},
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and that [z ®y, A], Ay = —(Ay, z) Ay. It then follows that

We also note that ([z ® y, 4], — (Az,y)1)z = —||z|*Ay, and then
(4.23) {—(Ay, 2)} € Olay,a), (z) S {—(Az,y), (Ay,z)},

by Lemma Bl and (£21). If Ty (4, z,y) = 0, then (Ay,z) = —(Az,y) and ([£23)
implies that

(4.24) Olzwy,4], (2) = {—(Az,y)}.
This together with ([21]) and (@27 entail that
{0} if <A.’L’0,y> = <CE07.’IJ> =0
e@y.4], (T0) =

{(Az,y)} if (Azg,y) # 0 or (zg,z) #0

and the statement (1) is established.
2
If, however, Ty (A, x,y) # 0, then (Ay, x) # —(Ax,y). Set z := x — Fol(‘ﬁ”w ) Ay,
and note that [z ® y, A], z = (Az,y)z. Then

(4.25) Olzey,a), (2) = {(Az,y)}.

Since

o941, o0) = Gtz + (G20 o)) a,

we infer that

{0} f (Azg,y) = (x,x) = 0
{—(Ay, z)} if (Azo,y) =0 and (zg,z) #0

Tzwy,al, (20) = 4 [(Az, )} if (Ao, >#Oand% (zo,2) =0
{~(Ay,2), (Az, )} if (Azo,y) # 0 and Getllol —(p 4y 2 0

CASE 2. Assume that (A%y,y) # 0 and oy (A, z,y) # az (4, 7,y).
Set
2= (A%y,y) ¢ — ((Az,y) — ai(Az,y) Ay, (i=1, 2),
and note that
[Ty, A], () =a; (A,x,y) 2z
It then follows that
Ology,a), (2i) = {oi (A, 2,9)},

and
{0} it (A,z,y) =T2(A,z,y) =0
{o1 (4,2,9)} T4 (4,2,5) # 0 and T (A, 2, ) = 0
Tlz®y,A], ([;E Y, A] (330))
{az (A, z,y)} ifI'1 (A,z,y) =0and 'z (A, z,y) #0

{1 (A,2,9), 02 (A,z,9)} i 1 (A, ,y) # 0 and I'2 (A, 2,y) #0
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From this, we infer that

{0} Ty (A,2,) = Ta (4, 2,9) = 0

{0{1 (Avxyy)} if I't (A,x,y);é()and Iy (Avxyy) =0
U[*w®y,A]* (z0) =

{aQ (A7x7y)} if I'y (A,:Z?,’y) =0and I'; (A7x7y) 7&0

{ar (A, z,y), 00 (A, 2,y)]\{0} if I't (A, z,y) # 0 and I'y (A, z,y) # 0

CASE 3. Assume that (A%y,y) # 0 and oy (A, z,y) = az (4, 1,y).

We have
(4.26) [z @y, Al, (v) = (Az,y) « — ||z|* Ay,
and
(4.27) [z @y, Al, (Ay) = (A%y,y) = — (Ay, ) Ay.

These and (ZI)) imply that
[z @y, A, (w0) = [(Az0,y){Az,y) — (z0,2)(A%,y)] 2
+ [(Azo,y)2l* + (z0,2)(Ay, )] Ay,
and thus
[z @y, AL (z0) = [(Awo,y){Az,y) — (z0,2)(A%,y)] [z @y, A], (z)
+ [(Azo,y)l|z]|* + (wo,2)(Ay,z)] [z @y, A], (Ay)

- [<Axo,y> ((Az, ) — (4%, ) [2ll?) + (zo,2) (A%y.y) (Ay, ) — (Az,3)) |
+ [<Axo,y> ((A%y,y)( Ay, 2) — (Az,y)]z]?)

+ (zo, ) ((A%y, y)|z]* — (Ay, z)*) | Ay
= FS (A»Jhy) T+ F4 (A,.T,y) Ay

Now, note that, since ay (A, z,y) = aa (A, z,y) := «, we have o ([z @y, 4],) =

{0, a} and then either Ology,a). (T0) = {0} or Ologay,A]. (z9) = {a}. By Lemma L2

we note that

Olawy,4], (T0) = {0} Oluy,a). ([ @y, A], o) = {0}
[z @y, Al 29 =0
F3 (A,I,y) T+ 1—‘4 (Aaxay) Ay =0

s (A,z,y) =0and T'y (4,z,y) = 0.

11e e

Therefore,

{0} Dy (Az,y) =y (Az,y) =0

O-[*m(X)y,A]* (JIQ) =
{a} ifT5(A,z,y)#0or Ty (A4 ,2,y)#0

The proof is then complete. (Il
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5. A local spectral identity principal

In this section, we establish a local spectral identity principal which might be
interesting in its own right. It shows that if g € H is a fixed vector then two
operators A and B in L(H) coincide precisely when the local spectrum of [T, A],
and [T, B], at zo are the same whenever 7' € L(#) is a rank one operator. Its
proof uses a density argument together with the following lemma that shows, with
the help of Lemma [A3}(3), that if zp € H is a nonzero vector and A € L(H)
is an operator with a nonzero square then the set of all (z,y) € H? for which
Olsey,A]. (Z0) contains two nonzero elements is dense in H?.

Lemma 5.1. Let o € H be a nonzero vector and A € L(H) be an operator. If
A? £ 0, then the following assertions hold.

(1) The set
W = {(xay) € H2 : <A2yay> 7é 07 AA(x’y) 7£ O and Fl(A’wvy)P2(Aaxay) 7é 0}

is a dense open subset of H?.
(2) The set

O:={(z,y) € H* : a1 (A z,y) o2 (Az,y)#0}

is a dense open subset of H2, and x and Ay are linearly independent for
all (z,y) € O.

PROOF. (1) For every (z,y) € H?, set
®(z,y) == (—(Azo,y) ((Az,y) + (Ay,z)) + 2wo,x)(A%y,4))" —(Awo,9)> Aal,y).

Let us show that ® is not identically zero, and the set
Wo = {(z,y) € H? : D(z,y) # 0}

is a dense open subset of H2. Indeed, if Azy = 0, then

®(z0,y) = (2]0|2(A%y, 1)) # 0

for all y € H for which (A%y,y) # 0. If, however, Az # 0, then there is y € H
such that (A%y,y) # 0 and (Azg,y) # 0. Therefore,

O(x,y) = 4(Axo,y)? ||=]|>(A%y,y) # 0

for all nonzero x € H for which (xg,z) = 0. Moreover, since ® is continuous, the
set Wy is open. Now, assume that ®(z1,y1) = 0 for some (z1,y1) € H2, and fix
(72,92) € H? such that ®(xq,ys) # 0. Set

P(t) == @ (21 + t(z2 —x1), 51 +t(y2 —y1)), (Lt ER),
and note that P is a polynomial of degree at most 6. It is nonconstant since P(0) = 0
and P(1) = ®(z2,y2) # 0. Therefore, P(t) # 0 for all scalars ¢ except for a finite
number of zeros and (x1 + t(x2 — 1), y1 + t(y2 — y1)) € Wy for all scalars ¢ except
for a finite number of zeros. As limg_,o (z1 + t(z2 — 21), 11 + t(y2 — v1)) = (T1,91),

we clearly see that W, is dense.
Set

Wi = {(z,y) € H? : (A%y,y) # 0},
and

Ws = {(z,y) € H* : Aa(z,y) #0}
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Note that, since A2 # 0 and A4 (iy,y) = —4||y||?>(A%y,y) for all y € H, the two sets
W, and W, are nonempty and thus are dense open subsets of H2. Now, observe
that for every (z,y) € Wi N Ws, we have

1
Fi(dzy) = (( 2(A,2,y) — a1(A, 7, y)) (A%, >> .
_71<A:C07y> (<A'T7y> + <Ay,1‘>) AIEo, V AA 71/ + mO, A Y, y>) 5

(
Che) ~ (G )
(G0, () + () - g lAzo,s) VBRG] + Lo ah(d4%y.0) )
Thus,
I (Az,y) Ty (A x,y)

o (—<A.’[0,y> ((A.’[,y> + <Ay’$>) + 2<£E0,£L’><A2y,y>)2 - <A£C0,y>2 AA(x’y)
B 16AA (.’ﬂ, y) <A2ya y>2

_ O(z,y)
1644 (z,y)(A%y,y)*
for all (x,y) € Wi N Wa. It then follows that

W =Wo N Wi N W,y

is a dense open subset of H2; as desired.

(2) By a simple computation, we obtain that
O ={(z,y) e H* : [2]*(A%y,y) — (Az,y)(Ay,z) # 0} .

Note that, since A? # 0, there is a nonzero vector yo € H such that (A%yg,yo) # 0.
Now, observe that (x,yg) € O for all € H for which (Ayg,z) = 0, and thus O is
not trivial. Hence, O is a dense open subset of 2.
Finally, observe that if z and Ay are linearly dependent for some vector (z,y) €
H2, then
l[[*(A%y, y) — (Az, y)(Ay,z) = 0,
and (z,y) € O. O

Now, we are in a position to state and prove the promised local spectral identity
principal.
Theorem 5.2. Let g € H be a nonzero vector and A and B two operators in
L(H). Then the following assertions hold.
(1) A=B.
(2) opr,a1.(w0) = opr,B). (x0) for all rank one operators T € L(H).
(3) or,a1. (w0)Uorr,p), (20) C o([T, Al.)No ([T, Bl.) for all rank one operators

T e L(H).
PRrROOF. It suffices that establish the implication (3) = (1). So, assume that
(5.28) o[r,4. (x0) Uor ). (x0) C o([T, Al.) No([T, Bl.)
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for all rank one operators T € L(H). First, assume that A% # 0, and note that
Lemma [5.1] implies that the sets

W = {(x,y) eH? . (A%y,y) #0, Aa(z,y) #0 and T'1 (A, z,y) T2 (A, z,y) # O}
and
O:={(z,y) €H* : 1 (A z,y)as (A z,y) #0}

are dense open subsets of H2, and x and Ay are linearly independent for all (z,y) €
O. By Lemma Bl and Lemma [3}H(3), we have

{on (A,2,9), 02 (A,2,9)} = sy, 41, (x0) C o ([z @y, B],) ={0,01 (B, z,y) 02 (B, ,)}
for all (x,y) € WN O. It then follows that
(Az,y)—(Ay, z) = o1 (A, 2, y) +az (A, 2,y) = a1 (B, 2, y)+az (B, z,y) = (Bz,y) —(By, z)
for all (z,y) € WN O. But, since WN O is dense in H?2, we have
(Az,y) — (Ay, z) = (Bx,y) — (By,z)
for all (z,y) € H%. Therefore,
—2i(Ax,x) = (Ax,ix) — (A(iz),x) = (Bx,iz) — (B(iz), z) = —2i(Bz, )

for all z € H, and A = B.

If, however, A2 = 0, then what has been discussed previously implies that B2 =
0. Fix a nonzero x € H for which (x¢,z) # 0 and note that, since A? = 0, either
Az = 0 or the vectors z and Az are linearly independent. Since T'y(4, z, (iz)) =
I'o(B,z, (iz)) = 0, in both cases (II5) and Lemma [£3]imply that

Olzw(iz),Al, (20) = {—i(Az, )} and o([z ® (ix), A].) = {0, —i(Az, x)}.
We also have
Olaa(iz),B. (T0) = {—i(Bz,z)} and o([zr ® (iz), Bl.) = {0, —i(Bx,x)}.
In view or (5:28)), we have
(Az,z) = (Bz, ).

Now, let z € H such that (g, z) = 0. We have (zq,x + txg) = t||zo]|?> # 0 for all
nonzero real scalars ¢ and then (A(z+txg), (x+txg)) = (B(z+txg), (x+tzp)) for all
nonzero real scalars t. Now take the limit as ¢ goes to 0 to get that (Ax, x) = (Bx,x)
in this case too. Since x is an arbitrary vector in H, we clearly have A = B. |

Finally, we close this section with a local spectral identity principal that gives
necessary and sufficient conditions for two matrices to be the same. It is a conse-
quence of Theorem and lower semi-continuity of the local spectrum on M,,(C)
at a fixed vector zy of C"; see [47]. That is if (Tx)r C M, (C) is a sequence of
matrices converging to T' € M,,(C) then or(zg) C 1ikn_1>ior<1>f ot (x0).

Corollary 5.3. If xg € C" is a nonzero vector and ) is a dense subset of
M, (C), then two matrices A and B in M,,(C) coincide if and only if

(5.29) or,a), (%o) = oyr By, (T0)
for all T € Q.
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PROOF. Assume that oz 4], (v0) = o7, ). (20) for all T € Q. Take a matrix
T € M,,(C) and a sequence (T}), C §2 converging to T. We have

orry, AL (2o) = o, By, (T0) C o([Th, Alx) N o ([Tk, Bl«)

for all k. By the continuity of the spectrum and lower semi-continuity of the local
spectrum on M,,(C), we have

orr,a1. (o) C o([T; Al.) N o ([T, Bl.)

and

o115, (x0) € 01T, 4].) No((T. B].).
Accordingly
(5.30) 011,41, (20) Uir,). (0) € o(([T, A1) (T, B].)

for all T € M,,(C). By Theorem[5.2] we have A = B and the proof is complete. [

6. Useful dense and spanning subsets of M,,(C)

The proofs of the main results are based on density arguments that use some
open dense subsets of M, (C). Let GL,(C) denote, as usual, the group of all
invertible matrices in M,,(C), and let D, (C) be the set of all matrices having n
distinct nonzero eigenvalues; i.e.,

D, (C) :={T € GL,(C) : |o(T)| =n}.
Here, |o(T)| denotes the cardinality of (7). It is well known that D, (C) is an
open, arcwise connected and dense subset of M,,(C). Set
Q,(C):={A € GL,(C) : a(A) N (A*) = 0}.
With minor changes, the same argument of [13] Lemma 3.6] shows that this set is
open and dense in M, (C). Therefore,
AL (C) :=Q,(C)ND,(C)
is also an open and dense subset of M, (C). Moreover, reasoning in the same way
as the proof of [13] Lemma 3.6], we can show the following lemma.

Lemma 6.1. A,,(C) is an open dense and arcwise connected subset of M,,(C).

Recall that an operator T' € L(H) is said to be cyclic with a cyclic vector
ro € H provided that the linear span of {T*x¢ : k > 0} is dense in H. When
H = C” is a finite-dimensional space, the collection of all matrices T' € M,,(C)
with the same cyclic vector xg € C™ is an open dense subset of M.,,(C). Therefore,

G(n,zo) = {T €Q,(C):|o(T)] =nand T is cyclic with cyclic vector xo}
= A(C)N{T € M, (C) : T is cyclic with cyclic vector z¢}
is an open and dense subset of M,,(C) as it is the intersection of two open dense
subsets of M,,(C). Finally, note that

(6.31) a(T) = or(xp)

for all cyclic matrices T € M,,(C) with cyclic vector xo.
We close this section with the following lemma that tells us that the set {X —
X*: X € O} spans M,,(C) whenever O is a nonempty open subset of M,,(C).

Lemma 6.2. If O is a nonempty open subset M, (C), then the set {X — X* :
X € O} spans M, (C).
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ProOF. Let Ry € M,,(C) such that Tr (Ry (X — X*)) =0 for all X € O, and
let us show that Ry = 0. Let Xy € O and R € M,,(C), and note that there exists
e > such that Xy +tR € O for all t € (—¢,¢€). Then Tr (Ry (Xo — Xo*)) =0 and

0 = Tr(Ro((Xo+tR)—(Xo+tR)"))
= 2Tr (Ry (Xo — Xo*)) + ¢ Tr (Ro(R — RY))
— TR (Ro(R - R),
and Tr (Ro(R — R*)) = 0. Replacing R by iR, we also get that Tr (Rg(R+ R*)) =0

and thus Tr(RoR) = 0 for all R € M,,(C). Accordingly, Rg =0, and {X — X*, X €
O} spans M,,(C). O

7. Proofs of the main results

In this section, by use of the fundamental theorem of projective geometry, we
present the proofs of the main results of this paper. The one of Theorem 2] uses
Theorem 23] So, it is more convenient to start first by proving Theorem which
has interest of its own. As usual, denote by E;; € M,,(C) the matrix whose ij entry
is 1 and all its other entries are 0, and by AT the transpose of any m x n-matrix A.
If a,...,a, are scalars, we denote by diag(a, as, ..., a,) the diagonal matrix with
ai,...,a, on the main diagonal in this order. For any matrix X = (z;;) € M,(C),
consider the following row and column vectors

RX = (:I;ll? ct 7'1:17171:21) A 7‘1:2?17 A )ITL17 A 5I7I'IL)7
and
Cx = (:EllazQI sy nly 125+ -5 T2y - o Llns -+ o s Inn)T-
7.1. Proof of Theorem[2.3l Checking the ”if” part is on the straightforward
side, and we therefore will only deal with the ” only if” part. Assume that ¢ verifies
[23), and let us break down the proof into five steps to show that ¢ takes the desired

form. The proofs of the first and second steps use similar arguments to those of
[26] Theorem 2.1]. We include them for the sake of completeness.

STEP 1. For every A € D, (C), there is an open neighborhood N4 of A such
that the restriction of ¢ on N4 equals an invertible linear map L 4.

Fix A € D,(C), and note that, since [i1, A]. = 2iA € D,,(C), the continuity
of the eigenvalues and the map (X,Y) — [X,Y]. entail the existence of two open
neighborhoods N;; of i1 and N4 of A such that [X,Y]. € D,,(C) for all X € N;z
and Y € Ny. By [23), the matrices [X, Y], and [¢(X), o(Y)]. have the same n
distinct eigenvalues whenever X € N;; and Y € N4. Hence,

(7.32) Tr (p(Y) (p(X) = o(X)7)) = Tr (Y (X = X))
for all X € N;; and Y € N4. It then follows that
(7.33)

Rov) Clo(x)—p(x)) = Tr(@(X) (oY) = (Y)")) = Tr((X = X7)Y) = Ry C(x - x+)
forall X € N;y and Y € Ny.

Next, we use similar argument as in the proof of [26], Assertion 1 of the proof
of Theorem 2.1]. In view of Lemma [6.2] there are n? matrices X1,..., X,2 in Nj;
such that {X; — X;* : 1 < i < n?} is a basis of M, (C). Let X and Z be the

n? x n2-matrices with columns

CX17X1*7‘ Tt CXWVQ*XW,Q*
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and

Cox—p(x1)s -+ Cp(X,2)—0(X,2)"
respectively. By (33), we have
(7.34) Rov)Z = Ry X

for all Y € N4. Now, let us show that Z is invertible. Indeed, let Y7,..., Y, be n?
matrices in N4 such that {Y7,...,¥,2} is a basis of M,,(C), and let J and W be
the n* x n*-matrices with rows Ry, , ..., Ry , and Ry(y,),- .., Ry(y.,), respectively.
In view of ([L34]), we have WZ = Y X and then Z is invertible since both X and Y
are invertible. Thus, (Z34) implies that

(7.35) Ryyy =Ry XZ™!
for all Y € N4, and the restriction of ¢ to N4 coincides with an invertible linear
map L4.

STEP 2. When restricted on D, (C), the map ¢ is equal an invertible linear
map L.

Let A, € D,(C), and note that, since D,,(C) is arcwise connected, there is a
continuous function f from [0, 1] into D,,(C) such that f(0) = A and f(1) = B. Set
C:={te€[0,1] : ¢ = L4 on an open neighborhood of f(¢)}.

Just as in the proof of [26] Assertion 2 of the proof of Theorem 2.1], one can
observe that C is open and closed in [0,1] to conclude that in fact C = [0, 1] and
thus Ly = Lp. This shows that on D, (C) the map ¢ coincides with an invertible
linear map L.

STEP 3. The mapping L is selfadjoint; i.e., L(X*) = L(X)* whenever X €
M, (C).

Let B := diag(i, 2i,...,ni), and note that B € D,,(C) and

[B, B]. = diag(—2,-8,...,—2n?%) € D,(C).
Then the continuity of the maping (X,Y) — [X,Y]. on M,,(C) implies that there
is an open neighborhood Np of B such that Ng C D,,(C) and {[X,Y]. : (X,Y) €
N2} C D, (C). We therefore have
(7.36) Tr (L(Y)(L(X) = L(X)") = Tr (p(Y)((X) — (X)) = Tr (V(X — X7))
for all (X,Y) € N3. Now, let X and Y be two matrices in M,,(C), and note that
there exists € > 0 such that (B +tX, B +tY) € N2 for all t € (—¢,€). Thus, (T.30)
gives that
Tr(L(B+tY)(L(B+tX)— L(B+tX)")=Tr ((B+tY)(B—B* +t(X — X%)))
for all ¢ € (—e, €). Use the linearity of the trace, and then expand both sides of this
identity and compare the coefficients of t? to see that
Tr (L(Y)(L(X) = L(X)") = Tr (Y(X — X7)).

If X is selfadjoint, then this implies that Tr (L(Y)(L(X) — L(X)*) = 0. Since Y is
an arbitrary matrix in M,,(C) and L is bijective, we conclude that L(X) = L(X)*
for all selfadjoint matrices X € M,,(C). Now, let X € M,,(C) and X; and X5 be
two selfadjoint matrices in M,,(C) such that X = X; 4+ X5, and note that

L(X") = L(Xy — iX5) = L(X1) —iL(X3) = (L(X1) +iL(X2))" = L(X)".
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This shows that L is a selfadjoint mapping and the proof of this step is complete.

STEP 4. There exist a unitary matrix U in M,,(C) and a scalar o € {-1,1}
such that L(T) = aUTU* for all T € M,,(C).

Since L and ¢ coincide on the open dense subset D,,(C), the continuity of the
spectrum and L implies that L too satisfies ([2.3]). It then follows that

o (L(T)L(S) + L(S)L(T)*) = o (L(GT)L(—iS) — L(—iS)LHT)*)
= o ((iT)(=iS) = (—iS)(@T)")
— o (TS+ ST")

for all T, S € M,,(C). In particular, we have
o (L(TYL(S) + L(S)L(T)) = o (T'S + ST)

for all T,S € H,(C). As L maps H,(C) into itself, [26, Theorem 3.2] and the
linearity of L on M, (C) entail that there exist a unitary matrix U € M,,(C) and
a € {—1,1} such that either

(7.37) L(T) = aU*TU, (T € M,(C))
(7.38) L(T) = aU*T"U, (T € M, (C)).

Assume for the sake of contradiction that L takes the form (Z38]) and note that
{—i, ’L} Co (E21E11 — E11E21*) =0 (L (Egl) L (Ell) — L (Ell) L (Egl)*) = 0'(0) = {0}

This contradiction shows that ([L38]) can not occur and thus L takes only the form

[310); as desired.

STEP 5. ¢ has the desired form.

For every T € D,,(C) and S € M,,(C), we have
o (L(T)L(S) — L(S)L(T)") = o(T'S—ST")

o ((T)p(S) = (S)e(T)")

7 (LT)P(S) - p(S)L(T))

Since L bijectively maps D, (C) onto itself, Corollary B2 entails that ¢(S) = L(S) =
+U*SU for all S € M, (C).

7.2. Proof of Theorem [2.1]l Checking the ‘if’ part is on the straightforward
side, and we therefore will only deal with the ‘only if’ part. Assume that

(7.39) Olo(T),p(9). (T0) = o[r,5). (%0)

for all T"and S € M,,(C), and let us break down the proof into six claims to show
that ¢ takes the desired form.

CrLAaM 1. Let A € G(n,zo) be an arbitrary matrix. Then there is an open
neighborhood N4 and an invertible linear mapping L 4 on M,,(C) such that ¢(X) =
La(X) for all X € N4. In particular, ¢ is continuous on G(n, o).
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Fix A € G(n,z0), and note that, since [(i1), A]. = 2iA € G(n, zo) and G(n, xo)
is an open set, we can find an open neighborhood ANy C G(n,x¢) of A and an
open neighborhood N1 of i1 such that [T, S]. = T'S — ST* € G(n,xo) for all
S € Naand T € Nj1. Since o(T) = or(xp), the identity (Z.39) entails that
a(TS — ST*) = a(e(T)p(S) — @(S)p(T)*) for all T € Ny and S € Nj;. As
|o(T)| =n for all T € G(n, o), it then follows that

Te(S(T = T7)) = Tr (e(S)(e(T) — (T)7))
for all S € Ny and T € N;;. Now, using the same argument as the ones in the
proof of Step [[lin the previous proof, one can show that there exists an invertible

linear mapping L4 such that ¢(X) = L4(X) for all X € M4. In particular, ¢ is
continuous at A.

Cram 2. For every T € Q,,(C), the set
Arp 5o ={S€G(n,xp) : TS —ST* € G(n,x0)}
is a nonempty open subset of M,,(C).

The proof of this claim follows closely the proof of Step 2 of [13l Proof of
Theorem 2.2]. However, we include it here for the convenience of the reader. Fix
T € Q,(C), and set

T 2o =15 € GLy(C) : TS — ST € G(n,20)} .

Observe that Ap ;. = A’T 2,G(n, z0), and note that, since G(n, xo) is a nonempty
open dense subset, it suffices to show that A/ .z, 1S a nonempty open subset of
M, (C). Evidently Ap ,, is open since the map ¢ : GL,(C) — M,,(C) defined by
g(T) :=TS — ST* is continuous and Ay , =g “1(G(n,xp)). It remains to show
that A7, is a nonempty set. To that end, let A € G(n,x0) and note that, since
T € Q,(C), Sylvester’s theorem tells us that the equation T'S — ST* = A has a
unique solution S € M,,(C). Accordingly

T(S—eT™) = (S—eT ™ )T* = A+ eT7'T* — el
for all € > 0. Note that, since S —eT'~! = T=YTS —¢) and G(n, o) is a non empty

open set, there is € > 0 such that S — €T ! € GL,(C) and A + €T 71T* — 2¢1 €
G(n,xp). Thus S — T ' € Ay, #0.

CrAmM 3. The map ¢ is continuous on §2,(C).

Pick up an element T' € 2,,(C) and a sequence (T%)r € M, (C) converging to
T, and let us show that (¢(7}))r converges towards ¢(T'). To do so, we first show
that (¢(T%))x is a bounded sequence. Fix A € Ap, ., and note that, since Ay, C
G(n, o), Claim [ tells us that there exists an open neighborhood N4 C Ar, ,, of
A and an invertible linear map L4 : Na — La(N4) such that ¢(X) = L4 (X) for
all X € N4. Let S € Ny and observe that ST —T'S* € G(n, x¢) since Ny C Ap, 4.
Since lim STy, — T}, S* = ST — T'S*, there is N > 0 such that STy — T S* € G(n, zo)
for all k > N. By (6.31]) and the continuity of the spectrum, we get

o(ST-TS*) = lim o(ST,—T1.8")
—00
= 1im 05T, T 5+ (T0)

,}ggo To(S)e(Th) ~(Th)e(S)" (T0)

= lim a(o(S)e(Tk) = o(Tk)o(S)")-
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Accordingly the consequence (Tr(p(Tk)(p(S) — ©(S)*))k is bounded for all S €
Na. Since ¢(N4) is a nonempty open subset of M,,(C), Lemma tells us that
{p(S)—¢(S)*) : S € N4} spans M,,(C). Therefore the linearity of the trace implies
that (Tr(o(Tk)X))x is bounded for all X € M,,(C), and the sequence (¢(T%))x is
itself bounded.

By first choosing a subsequence, if necessary, we may assume that khﬁrgo o(Ty) =

Tp exists. A similar reasoning as above yields

(7.40) o(ST —=TS5%) = o(p(S)e(T) — p(T)e(S)")
and
(7.41) o(STy, — T1.S™) = o(p(S)e(Tk) — @(Tk)p(S)™)

for all S € N4 and k large enough. Take the limit as k goes to infinity and use
above the equations to see that

a( p(S)To — Top(5)") = o (ST = T'S") = o (p(S)p(T) — e(T)p(5)")

for all S € N4. Thus Tr(To(p(S) — ¢(S)*)) = Tr(e(T)(p(S) — ¢(S)*)) for all
S € Na. By [13 Lemma 3.5], we conclude that ¢(T') = Ty and ¢ is continuous at
T.

CrAM 4. The restriction of ¢ on €, (C) equals to a bijective linear map L.

Firstly, we show that

(7.42) o(TS = ST7) = a(p(T)e(S) — p(S)e(T)")

for all S and T in Q,(C). Let S and T in Q,(C) and take a sequence (V)i C
G(n,xzp) so that limVj, = TS — ST*. As T € Q,(C), by Sylvester’s theorem, for
each k, there exists a unique matrix Wy, € M,,(C) such that TW), — W, T* = V.
Note that the sequence (Wy); is bounded since the mapping X — TX — XT* is
bijective. Thus, we may assume without loss of generality (i.e.; after an eventual
extraction of a subsequence) that lim W, = W for some W € M, (C). So, we
get TS — ST* =TW — WT*. Which implies by the uniqueness of the solution of
Sylvester’s equation that lim W), = W = S. Using the continuity properties for the
spectrum and the continuity of ¢ on €, (C), we get

o([T,S].) = lim o(Vy)
k—o0
= lim gy, (,To)
k—o0
= kli_)Holo O[T, Wy ]* (q;o)
= lim g o). (20)
= [l o([p(T), o(W)].)
= a(lp(T), p(S)]4);
as desired.

By Lemma [6.1] the set A, (C) is an open dense and path-connected subset of
M., (C), and obviously contains G(n,xo). Thus, upon replacing the set G(n, zo) by
A, (C), similar argument to the one used in the proof of the Claim [ allows us to
conclude that for every A € A, (C), there is an open neighborhood A4 of A such
that the restriction of v on M4 equals an invertible linear map L4. As A,(C) is a

arcwise connected subset of G(n,x), then just as in Step 2 of the previous proof
one argues as in the proof of Assertion 2 of [26, Proof of Theorem 2.1] to see that
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all linear maps L4 are the same, and then conclude that the restriction of ¢ on
A, (C) is equal to a bijective linear map L. Furthermore, from the continuity of the
maps ¢ and L on ,(C) and the density of the set A, (C), we infer that the map ¢
coincides with L on §,,(C); which yields the desired conclusion.

CLAIM 5. There exist a unitary matrix U € M, (C) and a nonzero scalar o € C
such that Uzg = axy and the mapping L in Claim [ has the form L(T) = XUTU*.

In view of the density of Q,(C) and the continuity of L and the spectrum,

(T22)) yields that
(7.43) o([T,5]s) = o ([L(T), L(S)].)

for any S and T in M,,(C). Therefore, Theorem 1] entails that there is a unitary
matrix U € M,,(C) such that

(7.44) L(T) = +UTU ', (T € M,(C)).
Let T € Q,(C), and note that this together with Claim ll and (Z.39) imply that

2io7(20) = 0751),71. (T0) = Olp(i1),o(1)]. (Z0) = OL1), L. (To) = 2icuTy=-(T0).

Now, [13| Lemma 3.9] ensures that there is a nonzero scalar o« € C such that
Uxy = axg.

CLAIM 6. ¢ has the asserted form

By Claim [l we have L(T) = £UTU* for all T in M,,(C). Further, ¢(T) =
L(T) = £UTU* for all T € Q,(C). With these, for every T in Q,(C) and S €
M, (C), we have

Or,p(5)). (T0) = OlpTU)p(5)]. (T0)
= U[U*TU,S]*(%)
= onw-ra),Ls). (o)
= omrrs). (o)

Whence Corollary B3] entails that ¢(S) = L(S) = £USU* for all S € M,,(C), and
the proof is thus complete.
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Numerical range and compressions of the shift

Kelly Bickel and Pamela Gorkin

ABSTRACT. The numerical range of a bounded, linear operator on a Hilbert
space is a set in C that encodes important information about the operator.
In this survey paper, we first consider numerical ranges of matrices and dis-
cuss several connections with envelopes of families of curves. We then turn to
the shift operator, perhaps the most important operator on the Hardy space
H?(D), and compressions of the shift operator to model spaces, i.e. spaces
of the form H2 & §H? where 0 is inner. For these compressions of the shift
operator, we provide a survey of results on the connection between their nu-
merical ranges and the numerical ranges of their unitary dilations. We also
discuss related results for compressed shift operators on the bidisk associated
to rational inner functions and conclude the paper with a brief discussion of
the Crouzeix conjecture.

1. Introduction

Let B(#H) denote the set of bounded, linear operators on a Hilbert space H.
Then for A € B(H), its numerical range or field of values is the subset of C defined
as follows:

W(A) ={{Az,z) : x € H,||z| = 1}.

This crucial object encodes many properties of the operator A and is closely related
to the spectrum of A, denoted o(A). Indeed, o(A) is always contained in W (A) and
the convex hull of o(A4) can be recovered from the numerical ranges of operators
similar to A [45]. Typically, W(A) encodes significantly more information about
A than the spectrum does. For instance, if W(A) is contained in R, then A must
be Hermitian. Similarly, if A is finite dimensional, then W (A) is compact and the
maximal elements of W (A) are related to the combinatorial structure of A [54].

Due to these and many other such properties, numerical ranges and related
objects have found numerous applications in diverse areas including differential
equations, numerical analysis, and quantum computing, see for example [5128[34]
36//501/511[60]. As the topic of numerical ranges is both natural and useful, it has
been extensively studied and the current body of research is quite vast. Thus this
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survey is not meant to be in any way exhaustive. Instead we refer the interested
readers to the books [39.[42][46].

This survey primarily covers two topics: connections between numerical ranges
and envelopes and the numerical ranges of compressions of the shift. Section
presents several relationships between envelopes of families of curves F and nu-
merical ranges of matrices W(A). Specifically, let F' be continuously differentiable
and let F denote the family of curves of (z,y) points that satisfy F(z,y,t) = 0
for different values of ¢ ranging over an interval. Then, intuitively, an envelope
of F is a curve that, at each of its points, is tangent to a member of the family.
Envelopes have a number of applications and appear, for example, in both eco-
nomics and in robotics and gear construction, [53[59]. They are also connected to
numerical ranges in several ways. First, in [48], Kippenhahn showed that for any
matrix A, the boundary W (A) of the numerical range is—after removing a finite
number of corners—an envelope of the family of support lines of W(A). Similarly in
[27], Donoghue outlined a proof of the elliptical range theorem, which character-
izes W (A) for 2 x 2 matrices, that constructs W (A) as an envelope of a family of
circles.

Sections concern compressions of the shift and their numerical ranges. To
define these classical operators, recall that the Hardy space on the unit disk H?(D)
consists of functions of the form

(1) flz)= Z anz", where Z lan|? < oo.

n=0 n=0
A particularly important operator acting on H? is S, the (forward) shift operator
defined by [S(f)](z) = zf(z). To compress S, first recall that an inner function ¢
is a bounded analytic function on DD whose radial limits have modulus one almost
everywhere. Then for each inner 6, the space §H? is a subspace of H? and the
model space Ky and the compression of the shift Sy can be defined as follows:

Ko:=H>C0H? and Sp= PyS|k,,

where Py is the orthogonal projection onto Ky. The study of such spaces and
operators has been extensive and forms a key subarea of both classic operator theory
and complex analysis; for the main theory, we direct the readers to [30[63]. Indeed,
compressed shifts represent a large class of operators. For a contraction T € B(H),
define the defect operator Dy = /1 —T*T and the defect space Dy = DrH.
Then if T is a completely non-unitary contraction with defect indices dim Dy =
dim D7+ = 1, the Nagy-Foias functional model says that T is unitarily equivalent
to a compressed shift, see [64].
Arguably the prettiest results concern finite Blaschke products
zZ—aj

B(z) = ’
(Z) )\H 1-a;z
j=1

with |[A| = 1, which we discuss in Section Bl In this case, Kp is finite dimensional
and Sp has a nice (upper-triangular) matrix representation in terms of the zeros
of B. This allowed Gau and Wu to obtain a simple characterization of the unitary
1-dilations of Sp and show that

(2) W(Sg) =n{W(U) : U is a unitary 1-dilation of Sg},

Licensed to AMS.



NUMERICAL RANGE AND COMPRESSIONS OF THE SHIFT 243

see [31L32]. Their work-and that of Mirman in [55]-shows that each OW (Sg) also
satisfies an elegant geometric condition called the Poncelet property.

There are numerous ways to generalize or extend these investigations of W (Sp).
For example, researchers have studied Sy for infinite Blaschke products and gen-
eral inner functions, considered operators with higher defect indices, and studied
compressions of shifts in the bivariate setting [8,12}[15]. While versions of (2]
are true in some settings, many open questions remain. For details about such
generalizations, see Sections 15l

As shown by two previously-discussed topics, numerical ranges are at the heart
of many beautiful results and open questions in both operator and function theory.
Perhaps the most famous open question concerning numerical ranges is Crouzeix’s
conjecture [21], which states:

Congecture (2004): There is a constant C such that for any polynomial p € C[z]
and n X n matriz A, the following inequality holds:

[p(A)]l < Cmax[p(z)]zew (a)-
The best constant should be C = 2.

Initially in [23], Crouzeix showed that 2 < C < 11.08. However, significant
recent progress has been made on improving C, proving special cases, and identify-
ing other questions that imply the conjecture, see [17,22135.61]. We include the
details in Section [Gl

2. Numerical Ranges and Envelopes

2.1. Preliminaries. To examine the connections between numerical ranges
of matrices and envelopes of families of curves, we need some well-known results
about numerical ranges. We state these for matrices, but many results have gener-
alizations to bounded linear operators on a Hilbert space. First, it is easy to show
that numerical ranges are well behaved with respect to operations like unitary con-
jugation and affine transformation:

THEOREM 2.1. If A is an n X n matriz, then
a. For U an n x n unitary matriz, W(U*AU) = W(A).
b. For a,f € C, W(aA+pI)=aW(A)+p:={az+5:2€W(A)}.

It is also easy to see that W(A) contains the eigenvalues of A; indeed if A is an
eigenvalue of A with normalized eigenvector x, then
(Az,z) = Az, x) = Mz, x) = A
One of the deepest results about numerical ranges follows from theorems of Toeplitz
and Hausdorff in [44][67] and states:

THEOREM 2.2 (Toeplitz-Hausdorff theorem). If A is an n X n matriz, then
W (A) is convez.

If A is normal, then this is the entire story. Indeed, the numerical range of a
normal matrix A is the convex hull of its eigenvalues. To see this, recall that A
must be unitarily equivalent to some diagonal matrix

A
D: )
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where Aq,..., A\, are the eigenvalues of A. For each z € C", we have (Dzx,z) =
> Aj|zj|?. This implies that W (D), and hence W (A), is the convex hull of the
eigenvalues of A. More generally, the closure of the numerical range of a (bounded)
normal operator is the convex hull of its spectrum, see [42] pp. 112].

In contrast, non-normal matrices typically have more points in their numerical
ranges. Consider A; and Ay given below:

0 0 0 1
(3) Al_[OO] and AQ—[OO]
They have the same eigenvalues with the same multiplicity, so the spectrum does
not distinguish between them. However, the numerical range does. Indeed, the
elliptical range theorem says

THEOREM 2.3. Let A be a 2 x 2 matriz with eigenvalues a and b. Then W (A)

is an elliptical disk with foci at a and b and minor azis given by (tr(A*A) — |a|? —
\b|2)1/2.

This implies W (A1) = {0}, but W(As) = {z : |z| < 1/2}. More generally, the
elliptical range theorem is a key tool in several proofs of the Toeplitz-Hausdorff
theorem, see for example [39] pp. 4].

2.2. Envelopes. In what follows, we study numerical ranges of matrices using
envelopes of families of curves. To make this precise, let F be the family of curves
given by F(z,y,t) = 0, for some continuously differentiable function F'. For each ¢
in some interval, let T'; denote the curve of (z,y) points satisfying F(z,y,t) = 0.

There is some historic vagueness concerning the definition of the envelope of a
family of curves, and many sources indicate at least three different ways to define it
[141[20.47.65]. We discuss two of these below. For more specific details, see [13].

Arguably, the most natural definition is the following:

DEFINITION 2.4. A geometric envelope E; of F is a curve so that each point
on E1 is a point of tangency to some member of the family Ty (and often, each T
is touched by E1 ).

In practice, it can be hard to use Definition 24] to find exact formulas for a
geometric envelope. In contrast, one can often compute the following set explicitly:

DEFINITION 2.5. The discriminant envelope Ey of F is the set of points (x,y)
for which there is a value of t so that both F(x,y,t) =0 and Fy(x,y,t) = 0.

In general, these definitions do not yield the same set of points. However it is
known that E; is contained in Fs, see [14] Propositions 1 and 2]. Moreover, if the
curves in Es can be parameterized as (z(t),y(¢)) and the relevant derivatives are
nonvanishing in the following sense:

F2(z,y,t) + Fy2(x, y,t) #0 and 2/(t)* + 5/ (t)* #0,
then E; = Es, see [20] pp. 173].

Often, it is easy to compute the discriminant envelope Fs. For simple F, one
can find Es by setting F(x,y,t) = 0 and Fy(z,y,t) = 0 and then eliminating the
parameter t; this process is called the envelope algorithm. There are also connections
between the boundary of F and its envelope(s) and often, the boundary (or a
piece of the boundary) of F will correspond to an envelope. For example in [47],
Kalman observes that if the boundary is smoothly parameterized by ¢, then it is
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part of the geometric envelope. However, such a condition is difficult to check. For
more information about these envelopes, additional definitions, and connections to
boundaries, see [14,20,47[65] and the references therein.

Let us now consider two connections between numerical ranges and envelopes.

2.3. Finding the numerical range via Kippenhahn. Let A be an n x n
matrix. Then A can be decomposed as

A=R(A)+iS(A), where R(A)=ALA" and F(A) = 454°.

2i

Using this decomposition, Kippenhahn developed a method that produces W (A)
as the geometric envelope of a family of lines. Specifically, we say that a line
is a support line of W(A) if it touches OW (A) in either one point or along a line
segment. The following theorem, which can be found in Hochstenbach and Zachlin’s
translation of Kippenhahn’s paper [48] Theorem 9|, allows us to identify support
lines of W (A):

THEOREM 2.6. If A = R(A) 4+ iS(A) with a1 < s < -+ < «, the eigenvalues
of R(A) and By < By < -+ < B, the eigenvalues of S(A), then the points of
W (A) lie in the interior or on the boundary of the rectangle constructed by the
line x = aq,x = an;y = B1,y = Byn positioned parallel to the axes. The sides of
the rectangle share either one point (possibly with multiplicity > 1) or one closed
interval with the boundary of W(A).

For a matrix A, let M.(A) denote the maximum eigenvalue of R(A). Then
Theorem says that the vertical line

x = M.(A)

is a support line for W(A). To identify other support lines of W (A), fix v € (0, 27)
and consider the rotated matrix e %Y A. As shown in the accompanying figure, the
numerical range W (e~ A) is exactly the numerical range of W (A) rotated by the
angle —y. By Theorem 2.6l it has vertical support line

= M. (e"7A).
Rotating this line by an angle v gives the new line
(4) xcosy + ysiny = M,(e”A),

which is a support line of W (A).

z = Me(e¥7A
el ) x cos Y+ y siny
= Mg(e "A)

W(e i A)

FIGURE 2.1. The Kippenhahn construction giving support lines of W (A).
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Letting ~ vary over [0, 27 gives a family of support lines of W(A). Then the
convexity of W(A) implies that the intersections of 9W (A) with these support lines
must give the entire boundary of W(A).

To connect this to envelopes, consider the family of lines F given in (#]) for
v € [0, 27]. Then the differentiable components of 0W (A) are geometric envelopes
for F; this is easy to see because each point of OW (A) lies on a line in @) and
as long as OW(A) is differentiable at that point, it must be tangent to the line.
Restricting to differentiable components of 9W (A) is reasonable because, as also
proved by Kippenhahn, there are at most a finite number of places where OW (A)
is not differentiable. Moreover these singular points must occur at the eigenvalues
of A, see |48 Theorem 13].

Kippenhahn actually proved much more than this. In particular, he completely
analyzed the boundary of the numerical range in the 3 x 3 setting. For more
information on this, see [48, Section 7]. For results about W (A) for general
A € B(H), see Agler’s paper [1].

2.4. The elliptical range theorem. Recall that the elliptical range theorem,
given in Theorem 23] characterizes the numerical ranges of 2 x 2 matrices. Indeed,
if Ais a 2 x 2 matrix with eigenvalues a and b, then W(A) is an elliptical disk
with foci @ and b and minor axis (tr(A*A) — |a|? — |b?)'/2. C.-K. Li gave a simple
computational proof of this in [52] and other proofs can be found in [46.[56].

One can also use envelopes of families of circles to prove the elliptical range
theorem. The proof idea described here is due to Donoghue [27], but many of the
details appear in [13]. First observe that each A is unitarily equivalent to

B= {a ﬂ , where p = (tr(A*A) — |a|? — |b]?)'/2.

8 (1)], then Theorem [2.1] gives W(A) =
W(B) = pW(J) + a. A simple computation shows W (J) is the disk of radius 3
centered at (0,0), which gives the result.

If A has distinct eigenvalues, we can define

If A has a repeated eigenvalue a and J = [

0 m

r=lo 1]
where m = ﬁ and apply Theorem 21lto show W(A) = W(B) = (b—a)W(T)+a.
Thus it suffices to study W (T'), which can be realized as a family of circles. Indeed

t 601
each normalized z € C? can be written as z = |:\/1€;t26i92:| for some ¢ € [0,1] and

01,05 € [0, 27), which gives
(Tz,2) = (1 —t2) + me' P20 (/1 — 2).
This implies W(T') is the union of circles (J,¢(g 1) Ct, where C; is the circle with

center (1 —t2,0) and radius mtv/1 — t2. Equivalently, W (T) is the family of curves
satisfying F(x,y,t) = 0 for

F(a,yt) = (z— (1-1*)* +y* - m**(1 - )

and t € [0, 1]. To find the discriminant envelope, we apply the envelope algorithm.
Taking the equations Fy(z,y,t) = 0 and F(z,y,t) = 0 and solving for z and y gives
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the curves

(5)  a(t) = (1—t?)+ (1 - 2¢%) and y(t) = i\/mz(tQ — 1) — mI(] - 2¢2)2
and the point (1,0). It is easy to check that the curves in (&) give exactly the ellipse
(6) ol T

1+m? m2 ~ 4

This leads to the question:

Do the envelope curves in ([Bl) give the boundary of the union Ute[o,l] Ci?
In general, the relationship between the boundary of a family of curves and its
envelope is murky. However in this case, the answer is yes. For the details about
that and the fact that W(T) is the closed elliptical disk with boundary (&), see

[13]. Then the elliptical range theorem follows immediately from this result about
W (T).

0.6

0.6 -0.45 -0.3 -0.15 0 0.15 0.3 0.45

'-0.4 -0.25 -0.1 0.05 0.2 0.35 0.5 0.65 0.8 0.95 1.1 1.25 14

FIGURE 2.2. W(T) as a union of circles C; with elliptical boundary

from ()

3. The numerical range of a compressed shift operator (single variable)

Recall that H? is the Hardy space on the unit circle T consisting of functions
of the form f(z) = Y07 a,2" where Y 7 |a,|*> < co and an inner function
is a bounded analytic function on D with radial limits of modulus one almost
everywhere. Perhaps the most important operator acting on this space is S, the
(forward) shift operator on H? defined by [S(f)](z) = zf(z); the adjoint of S is
the backward shift [S*(f)](z) = (f(z) — f(0))/z. In 1949, Beurling [9] proved the
following theorem about (closed) nontrivial invariant subspaces of the shift .S, which
has implications for the invariant subspaces of the backward shift operator.

1This figure was created by Trung Tran. We thank him for his permission to use the figure
in this paper.
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THEOREM 3.1 (Beurling’s theorem). The nontrivial invariant subspaces under
S are

H? = {0h:h € H?},
where 0 is a (nonconstant) inner function.
Thus we see that the invariant subspaces for the adjoint S* are Ky := H?>©0H?.

These subspaces are called model spaces. The following description of Ky is often
helpful and it is not difficult to prove.

THEOREM 3.2. Let 6 be inner. Then Kg = H2 N0 zH?2.

Let |aj] < 1 for j =1,...,n and consider Kp where B(z) = H;.LZI = is a
J

finite Blaschke product. The reproducing kernel corresponding to the point a € D is

1
defined by g,(z) = e and it has the property that (f, g,) = f(a) for all f € H?.
—az

As a consequence we see that (Bh, ga,) = B(a;)h(a;) = 0 for all h € H?. So if B is
a Blaschke product with zeros ay, ..., an, then g,; € Kp for j = 1,2,...,n. In fact,
if the points a; are distinct, Kp = span{g,, : j = 1,...,n} and the reproducing
kernels gq,, - .., ga, Will be linearly independent.

It is not really essential that the points be distinct, but certain adjustments
must be made if they are not. However, the representations for our matrices will
not change; we refer the reader to [31].

The operators that we are interested in here are compressions of the shift op-
erator: For 6 an inner function, we define Sy : Ky — Ky by

So(f) = Pa(S(f))

where Pj is the orthogonal projection from H? onto Ky. In this section, we are
particularly interested in the case in which § = B is a finite Blaschke product.
In this case (and precisely in this case) Kp is finite dimensional and with the
appropriate choice of an orthonormal basis, we can analyze this operator. The
basis that we choose is obtained from applying the Gram-Schmidt process to the
basis we obtained from the reproducing kernels. In finite dimensions, this basis is
called the Takenaka-Malmquist basis: Letting b,(z) = {==, we take it to be the
following ordered basis:

\/1—|a1 Hb V1 |a2 Hb \/1—|an,1|2b 1—lan|?

a —_
1—aiz 1 —asz l—a,1z ™ 1—apz

We have chosen this ordered basis to yield an upper triangular matrix for Sg. For
example, for two zeros a and b we obtain

Ao VIZTaPyI=TP
|0 b

So A is the matrix representing S when B has two zeros a and b. By the elliptical
range theorem, the numerical range is an elliptical disk with foci at ¢ and b and
minor axis of length /1 — [a]2y/1 — [b]2. When a = b we see that the numerical
range is a circular disk with center at a and radius (1 — |a|?)/2. Thus, as we
mentioned earlier, for the 2 x 2 Jordan block Ay that we met in (@), it follows that
the numerical range is the closed disk centered at the origin of radius 1/2. What
about the n x n case?
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Here things are more complicated, but we can still obtain a matrix representing
Sp: A computation shows that the n X n matrix representing Sp with respect to
the Takenaka-Malmquist basis is

[ VI oy J@f . ([ @)y aPy/T— [l |
0 ax o (@) VT JaaPy/T— [P

(1) A=
L 0 0 0 an |

Note that for each A € T, by adding only one row and one column, we can put A
“inside” a unitary matrix
7 = MITZi(=an) /1 —]a;2 ifi=n+land1<j<n,
* (ITheisi(—an)) /1 —Jai? ifj=n+1land1<i<mn,
AT, (—ax) ifi=j=n+1.
ExamPLE 3.3. Let B(z) = z". Then

Kp = span(l,z2%,...,2"" ")
and Sp is represented (with respect to the Takenaka-Malmquist basis) by
0 1 0--- 0 0
0 0O 1--- 0 0
1

0 0 0 0 0

An example of a unitary 1-dilation of this matrix (the matrix with entries from Sp in

bold) is
0 1 0-- 0 00
0 o0 1 0 0 0
: 1 0
0 0 0 o0 01

1 0 0 0 0

o

3.1. Unitary dilations. Let A be a matrix with ||A|| < 1. Then, following Halmos,
we may consider Da = /1 — AA* and Da» = /1 — A*A. Halmos noted that

(A Da
7= (o 2t

is a unitary dilation of A to a space twice as large as the original and he posed the following
question [43]: Is

W (A) = {W(U) : U a unitary dilation of A}?

We note that Halmos considered operators on a Hilbert space H and posed this
question for operators on (possibly) infinite dimensional spaces. In particular, the closures
of the numerical ranges are required in this general setting. For finite Blaschke products,
all numerical ranges in question will be closed.

In this paper, we focus on unitary dilations of a compressed shift operator Sg. We
begin with the case in which B is a finite Blaschke product (and we will see later that a
similar result holds for Sy when 6 is a general inner function). For these, we know that
the unitary dilations can be parametrized as a family {Ux} for each A € T, where
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Sp *a
Uy = [ o
(In this representation, each *x can be determined once we have Sp. This will be clear
for Sp when B is finite and we discuss this parametrization later briefly for arbitrary inner
functions.)

In fact, up to unitary equivalence, these are all the unitary 1-dilations of Sg. Note
also that it makes sense that there is a unitary 1-dilation: Looking at the Halmos di-
lation, recalling that rank(l — SgSp) = 1 = rank(l — SpSE) and that this implies
rank(] — SgSB)U2 = rank(] — SBSg)1/2, we might expect that we need only add one
row and one column to get to the unitary dilation. To investigate this further, we mention
some important connections between the Blaschke product B and the unitary dilations of
Sp. Before we do so, however, we note that one half of Halmos’s conjecture is easy: We
show that

} , where we have added one row and one column.

W(Ss) [ {W(Ux): A€ T}

To see this, let V = [I,,0] be n x (n+ 1) and A € T. Then Sg = VU, V" and we see
that for z with ||z|| = 1 we have V'z = 55 , 50 ||V*z|| = 1. Suppose 8 € W(Sg). Then
there exists a unit vector x such that 8 = (Spz,z). Thus,

B = (Spx,x) = (VU\V 'z, x) = (U\V'x, V).
Consequently, 8 € W(U,). Since this holds for each A € T, we see that 8 lies in
NMaetW (Uy). Thus containment holds because Sp is a compression of Uy and the same
argument works in greater generality. From this it is not difficult to see that it is the other
containment that is interesting.

Because we know that the numerical range of a unitary matrix is the convex hull of
its eigenvalues, we first consider the eigenvalues of the unitary 1-dilation of Sp where B
is a finite Blaschke product. In this case, it can be shown that the eigenvalues of Uy are
the values B(z) := zB(z) maps to A [31133]. Recalling that a finite Blaschke product is
continuous on an open subset of C containing the closed unit disk, maps the unit circle to
itself, the open unit disk to itself, and the complement of the closed unit disk to itself, we
see that for A € T the only possible solutions to this equation will lie on the unit circle. It
is also well known (see, for example, [24]) that the argument of a finite Blaschke product
increases on the unit circle. As a consequence, the solutions to B = X will be distinct. If
B has degree n, there will precisely n + 1 distinct solutions to B = \. Thus W (U,) is the
convex hull of these n + 1 distinct points.

We are now ready to put all this together using a result of Gau and Wu [32] who
studied the class S,, of compressions of the shift to an n-dimensional space: These are
operators that have no eigenvalues of modulus 1, are contractions (completely non-unitary
contractions) with rank(/ — 7*T) = rank(l — T7T*) = 1 and they are compressions of the
shift operator with finite Blaschke product symbol:

(8) Sp(f) = Pp(S(f)) where f € K, Pp : H> — Kp,
where Pg is defined by
Pa(g) = BP_(Bg) = B(I — P+)(By)
and P_ the orthogonal projection for L? onto L? © H?. Their result is the following (see
Figure B.1)):

THEOREM 3.4. [82] For T € S, and any point X\ € T, there is an (n+1)-gon inscribed
in T that circumscribes the boundary of W(T') and has X\ as a vertez.

As a consequence of this result, Gau and Wu were able to prove the following:
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FI1GURE 3.1. Polygons intersecting to yield numerical range

THEOREM 3.5. [32] Let B be a finite Blaschke product. Then

W(Sg) = ﬂ{W(U) : U a unitary 1-dilation of Sg}.

The authors note that, for compressions of the shift operator, this is the “most eco-
nomical” intersection; that is, we need only consider dilations of our operators to a space
one dimension larger. For general operators, Choi and Li answered Halmos’s question in
2001:

THEOREM 3.6 (General theorem, [16]). Let T be a contraction on a Hilbert space H.
Then

W(T) = ﬂ{W(U) : U a unitary dilation of T on H & H}.

In addition to answering Halmos’s theorem for these operators, Gau and Wu’s result
has a very beautiful geometric consequence that we investigate in the next subsection.

3.2. The Poncelet property. In this section, we discuss the connection to a famous
theorem from projective geometry known as Poncelet’s theorem. Poncelet was born in
Metz, France in 1788. He joined Napoleon’s army as it was approaching Russia. On
October 19 Napoleon ordered the army to withdraw. The Russians then attacked the
retreating French army and sources say that Poncelet was left for dead on the battlefield.
Poncelet was held as a prisoner in Saratov and it was during this time that he discovered
the following theorem, now bearing his name.

THEOREM 3.7. (Poncelet’s Theorem, 1813, ellipse version) Given one ellipse con-
tained entirely inside another, if there exists one circuminscribed (simultaneously inscribed
in the outer and circumscribed around the inner) n-gon, then every point on the boundary
of the outer ellipse is the vertex of some circuminscribed n-gon.

Poncelet’s theorem says that if you shoot a ball starting at a point on the exterior
ellipse, shooting tangent to the smaller ellipse, and the path closes in n steps, then no
matter where you begin the path will close in n steps. There are now many proofs of
Poncelet’s theorem — of course there is one due to Poncelet [58], one due to Griffiths
and Harris [38], and in 2015 for the bicentennial of Poncelet’s theorem, a proof due to
Halbeisen and Hungerbiihler appeared [41].

Though this version of Poncelet’s theorem is about two ellipses, using an affine trans-
formation does not change the Poncelet nature of an inner ellipse. Thus we may assume
that the outer ellipse is the unit circle. Returning to Gau and Wu’s theorem, we see that
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it says that the boundary of the numerical range of a compression of the shift operator
is a Poncelet curve; that is, it is the case that given any point A on the unit circle we
can find a polygon with all vertices on the unit circle that circumscribes the bounding
curve. All of the polygons will have the same number of sides. While the curves have
this beautiful property, they are not usually ellipses and we therefore call them Poncelet
curves. For further study in this regard, we note that work of Mirman [55] looks at this
same property as well as packages of Poncelet curves; that is, what if instead of connecting
successive points, we connect every other point? What happens if we connect every third
point? Examples of higher-degree cases in which the numerical range is elliptical can be
found in |251[291[37].

ExamPLE 3.8. Consider the special case in which B(z) = 2", and the matrix repre-
senting Sp is the n x n Jordan block. Then the unitary 1-dilations are parametrized by
the unit circle and for each A\ € T the numerical range of Uy is the convex hull of the points
for which B(z) = zB(z) = 2"+ = A. By Theorem [34} the intersection of all W (Uy) over
A € T is the numerical range of Sp. It is now easy to see that the numerical range must
be bounded by a circle. Looking at the points on the unit circle that give rise to the real
eigenvalues, we see that the radius of the bounding circle must be cos(w/(n + 1)). (See
also [40L[69] for this and related results.)

Thus, we have the following result.

THEOREM 3.9. The numerical range of the n X n Jordan block is a circular disk of
radius cos(mw/(n + 1)).

We note that this circular disk of radius cos(w/(n 4 1)) is inscribed in the convex
(n 4+ 1)-gon with vertices equally spaced on the unit circle; in other words, the boundary
is a Poncelet circle.

For Poncelet ellipses inscribed in triangles, we refer to the paper [24]. For more on a
Blaschke product perspective of Poncelet’s theorem, see also [25][26].

4. Extensions: General inner functions and other defect indices

Now we consider infinite Blaschke products as well as general inner functions. The
compression of the shift is defined as in (&)).

For an infinite Blaschke product, we require that the zeros a,, € D satisfy the Blaschke
condition > 77 (1 — |an|) < co. We recall ([8]) that if an operator T is a completely
nonunitary contraction with a unitary 1-dilation, then

(1) every eigenvalue of T is in the interior of W(T');
(2) W(T') has no corners in D.

4.1. Compressions of the shift with inner functions as symbol. To obtain
the matrix representation for our operators with inner function 6 as symbol, we consider
two orthogonal decompositions of Ky: The first decomposition will be

(9) Mi =C(5*0) = {z(0(z) — 0(0))/z: x € C} and N7 = Ko & M,
while the second will be
(10) My =C(00(0) — 1) and Nz = Ky & M.

Computations then show that

So(zS*0 + w) = z((06(0) — 1)0(0) + Sw

for x € C and w € Ni. Thus, we get this matrix representation for unitary 1-dilations on
K=Ky ®C:
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O 0 0000 O

FIGURE 4.1. An approximation of an infinite Blaschke product
with one singularity

A 0 ay1—|)?

0 S 0
B/1—1A2 0 —aBX
Here «, 8 have modulus 1 and |A| < 1. If 6(0) = 0, then A = 0. It appears that there are
several free variables, but up to unitary equivalence there is only one free parameter and
that is the value of 8. Thus, the unitary dilations may be parametrized by v € T. We
have the celebrated theorem of D. Clark.

Se = |:)\ :l and Ua,g =

THEOREM 4.1. [18] If 0 is inner and 6(0) = 0, then all unitary 1-dilations of Sy are
equivalent to rank-1 perturbations of S.¢.

For compressions of the shift with a Blaschke product as symbol, we obtain the
following:

THEOREM 4.2. [15] Let B be an infinite Blaschke product. Then the closure of the
numerical range of Sp satisfies

W(Se) = () W(U,),
~yET
where the U, are the unitary 1-dilations of Sp (or, equivalently, the rank-1 Clark pertur-
bations of Sg).

For some functions, we get an infinite version of Poncelet’s theorem, see Figure [£11

To extend this theorem to arbitrary inner functions, the following well-known result
of Frostman is useful.

THEOREM 4.3 (Frostman’s Theorem). Let I be an inner function. Let a € D and
@a(z) = £==. Then @q o I is a Blaschke product for almost all a € D.

Every inner function is, therefore, a uniform limit of Blaschke products. So, if 6 is
an arbitrary inner function, we may find a sequence (B,) of Blaschke products convering
uniformly to 6. Since

Pyf =0P_(0f) for f € H?,
where P_ : L*(T) — L?*(T) © H? is the orthogonal projection, ||B, — 0]lc — 0 implies
that ||Pp, — Ps|| — 0. We may use this to obtain W (Ss) from W (Sg, ) where B, is a
Blaschke product. For more details, see [15].
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Combining results in [8] with Frostman’s theorem tells us that Theorem holds for
arbitrary inner functions.

4.2. Higher defect index. Thus far, our operators have defect index equal to 1.
However, the situation for more general defect index and an operator on a complex separa-
ble Hilbert space H was studied by Bercovici and Timotin [8]. They considered n-dilations
of contractions, which are unitary dilations of T' that act on H @ C". In general, a con-
traction can be written as a direct sum of a unitary operator and a completely nonunitary
contraction. Since we understand the numerical range of the unitary piece of the op-
erator, most of the work in a proof focuses on the completely nonunitary part of the
contraction. To state the next result, we let Dy = (I —T*T)'/? denote the defect operator
and Dr = DrH denote the defect space.

THEOREM 4.4. Let T be a contraction with dim Dt = dim Dr~ =n < co. Then
wW(T) = ﬂ{W(U) : U a unitary n — dilation of T}.

Once again, we see that we can use the “most economical” dilations of T". Bercovici
and Timotin also show that if £ is a support line for the closure of the numerical range of
T, then there is a unitary n-dilation of T for which £ is a support line for W (U). In some
sense, then, the geometry extends to this situation as well.

5. Compressed shifts on the bidisk

5.1. Two-variable Setup. While the earlier sections discuss many results on D,
there is another direction to pursue, namely compressions of shifts in several variables. To
that end, let D? denote the unit bidisk and T? its distinguished boundary

D* = {(z1,2) : |a1]|22| < 1} and T* = {(m1,7) : ||, |72| = 1}.

In this setting, many one-variable objects generalize easily. Indeed, the Hardy space
H?(D?) consists of functions of the form

[e o) [e o)
f(z) = Z Am,n2] 23, where Z lam,n]> < oco.
m,n=0 m,n=0

Then there are two natural shift operators, Sz, and S.,, on H?(D?), defined by [S-, (f)](2)
= z;f(2) for j = 1,2. Similarly, a function © is inner if © € Hol(D?) and lim, »; |©(r7)| = 1
for a.e. 7 € T%. Then ©H?*(D?) is a shift-invariant subspace of the two-variable Hardy
space and in analogy with the one-variable setting, one can define two-variable model
spaces as
Ko = H*(D*) © ©H*(D?)
and the associated compressed shifts
5(1) :P95z1|K@ and SEQ—) :Peszz‘Kev

where Pg is the orthogonal projection onto Ke. The study of such compressed shifts is
aided by the existence of nice decompositions of Kg into shift-invariant subspaces. Indeed,
Ball, Sadosky, and Vinnikov [7] showed that there are subspaces S1 and Sz such that

(11) Ko=8®S> and Szlsl C Sy, 52232 C Ss.
Such decompositions are called Agler decompositions and were introduced by J. Agler
in a different form in [2]. For more information about Agler decompositions and their

properties see [3L[10L[1T1[19[491[68] and the references therein. Then using basic properties
of multiplication operators, one can show (as in [12]):
LEMMA 5.1. Assume Ko = S1 ® S22 gives an Agler decomposition as in ([[Il). Then
a. If S1 # {0}, then W(S}) = W(S.,|S1) = D.
b. If S1 = {0}, then W(S5§|S1) = 0.
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Typically S1 # {0} and so Lemma 5] says that most compressed shifts have maximal
numerical ranges. This renders the standard numerical range questions trivial. To obtain
interesting questions, one can further compress the multiplication operators and define

1 ol
S@ = PSQS®|52 = PS2SZI |-52»

where S, is any subspace arising from an Agler decomposition of Keg as in ([[Il). The
numerical ranges of such S§ have quite interesting properties, which will be discussed
later. In what follows, we always assume Sz # {0}.

5.2. Rational Inner Functions. First consider the two-variable analogues of finite
Blaschke products, called rational inner functions. Although more complicated than finite
Blaschke products, rational inner functions still have fairly nice structures. Indeed, as
shown in [4}[62], every rational inner function © with deg® = (m,n) can be written as

Z1 Z2

0= /\B, where p(z) = z{nzgp( L4 ),
p

and A € T. Here deg® = (m,n) means that, after canceling any common factors of the
numerator and denominator, m is the largest power of z; appearing in © and n is the
largest power of z2 appearing in ©. Furthermore, one can choose p so that it has at most
a finite number of zeros on T2, is nonvanishing on D? U (D x T) U (T x D), and shares no
common factors with p. For example, up to a unimodular constant, a general degree (1, 1)
rational inner function has the form

0(z) = M _ Tz123 + bzo +C21 +d

p(z)  a-+bz1 +cze+dzize’
where p = a+ bz1 + cz2 + dz1 22 satisfies the stated conditions on its zero set and shares no
common factors with p. For rational inner functions ©, the associated model spaces Ko
have particularly nice Agler decompositions. For example, the following result describes

properties of Sz from ([Il):

LEMMA 5.2. Let © = ;—'Z be rational inner with degree (m,n) and let H = S 6 S;,Ss.
Thendim H =m and if g € H, then g = % where q is a polynomial with deg ¢ < (m—1,n).

The complete result appears in [12], but related results and ideas appeared earlier
in [111/68]. Rational inner functions also have close connections to one-variable finite
Blaschke products. For © a rational inner function with deg® = (m,n), define the
exceptional set

Eo ={7 €T:p(n,r)=0 for some 7, € T}.
Then if 7 € T\ Ee, the function 6,(z) := ©(z,7) is a finite Blaschke product with
deg 6 = m. In what follows, we let Ky_ denote the one-variable model space associated
to each 0.

5.3. Results. Let us restrict to rational inner ©® and consider the compressed shift
S& and its numerical range.

Stating the main results requires some notation. Let H3 (D) denote the one-variable
Hardy space with variable z and HZ (D)™ := ®7Ly H3(D) denote the space of vector-valued
functions ? = (f1,..., fm) with f; € H3(D). If M is a bounded, m x m matrix-valued
function, let Ths denote the matrix-valued Toeplitz operator defined by

(12) T f = Pz oy (M F).

Then the following results and their corollaries appear in [12]. The proofs rely heavily on
the structure of Agler decompositions, as given in Lemma and other results.
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THEOREM 5.3. Let © = g be rational inner of degree (m,n) and let Sz be as in ().

There is an m x m matriz-valued function Me with entries continuous on D and rational
in Zg such that S§ is unitarily equivalent to Twne , the matriz-valued Toeplitz operator with
symbol Mo, defined as in ([I2).

The symbol Me generalizes the classical matrix associated to a compressed shift.
Indeed, if ©(z) = B(z1) is a one-variable finite Blaschke product, then
Mg = the constant matrix of Sg on Kp given in ().

In some more complicated situations, we can still compute Mg. For example, let

O(z) = (22122*21*22) (32122*21*222) . Then an application of [12] Theorem 4.4] gives

2—z1—22 3—2z1 —22

2—2

—V6(1 — 22)? 2

(2—52)(3—52) 3— 2z
As in this example, Theorem 4.4 from [12] gives lower triangular matrices, rather than
upper triangular ones like in (), because the proof orders the basis elements differently
than in the classical one-variable setup. This relationship between S& and the Toeplitz
operator with symbol Mg gives information about the numerical range. Specifically,

Mo (22) =

THEOREM 5.4. Let © = g be rational inner of degree (m,n), let Sz be as in ([I), and

let Mo be as in Theorem [53l Then W (S§) = the convex hull of (UTET W(M@(T))).

For example, this means that if ©(z) = (22122721722) (321227“7222) , then by the

2—z1—22 3—2z1—2z29
elliptical range theorem, the closure of W (Sg) is the convex hull of a union of elliptical
disks. Moreover, Theorem [5.4] allows us to connect the study of W(S§) to the one-
variable setting as follows. Recall that the notation in the following theorem was defined
after Lemma

THEOREM 5.5. Let © = % be rational inner of degree (m,n) and let Sz be as in (IIJ).

Then W (SE) = the closure of the convez hull of ( U W (Sg, on KgT)).
T€T\Eg

Thus, W (S§) can also be obtained using the numerical ranges of one-variable com-
pressions of the shift associated to ©. As this formula no longer involves Ss, it implies the
following:

COROLLARY 5.6. Let © = ;—'z be rational inner of degree (m,n) and let 82,52 be as in
(). Then W (Ps,S-,|s,) = W(P§2521|§2).

This is important because, in general, Agler decompositions are not unique and one
would expect that W (S§) would depend heavily on the choice of Se. Finally, one can
use the connection to one-variable compressions of the shift to characterize when Sg has
maximal numerical radius w(Sg), where the numerical radius is sup{|z| : z € W(S§)}.
Then:

COROLLARY 5.7. Let © = % be rational inner of degree (m,n) and let Sz be as in
@). Then w (S&) =1 if and only if © has a singularity on T?.

This indicates, for example, that many OW (Sg) cannot satisfy a Poncelet property
because they touch T.
To say more about the geometry of W(Sé)7 we restrict to very simple rational inner

functions, namely © = 6? where 6; = % with p(z) = a — 21 + cz2 with a,¢ > 0 and
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p(1,—1) = 0. Then deg® = (2,2) and so each Me(7) is a 2 X 2 matrix. Indeed, each
W (Me(7)) is a circular disk and so the numerical range looks like the convex hull of this:

FIGURE 5.1. A collection of boundaries of W(Mg(7)) associated
to O(z) = (72’3122“1’22)2.

2—21+22

In this case, taking the convex hull merely fills in the hole in this set. So, the boundary
of W(Sg) is precisely the outer boundary of the family of disks W (Me(7)). This should
bring to mind envelopes. Indeed, in this case, one can use the discriminant envelope from
Definition to obtain formulas for the boundaries of these numerical ranges:

THEOREM 5.8. For © = 03 given above, the boundary of W(S&) is the curve E =
(z(t),y(t)) fort €[0,2m), where
sin t)) ;
c

t 1-— t
z(t) = atccos + ac(l — cost) cos (t — arcsin ( a
a+
sint>> .
c

a+c (a+c)?
For more details and additional geometric results about W (Sg), see [12].

(t) = csint n ac(l — cost) sin [+ — arcsin [ —2
Y= e (a+c)? a+

6. Open Questions

In |2I] M. Crouzeix stated the following conjecture:

Conjecture (2004): There exists a constant C' such that for any polynomial p € C|[z]
and A an n X n matriz, the inequality holds:

lp(A)[] < € max |p(2)]zew (a)-

The best constant should be C' = 2.
. 1

First let us see why the constant must be at least 2. Let p(z) = z and A = [ 8 0 } .
Then ||p(A)]| = ||A|| = 1 and max [p(2)|.ew(a) = Maxy..|zj<1/2} 2| = 1/2. So C > 2.

Even though it is unclear that such a constant exists let alone is equal to 2, there
is reason to believe the conjecture is true. Crouzeix showed that in fact such a constant
does exist and is between 2 and 11.08. Okubo and Ando [57] showed that the conjecture
is true if the numerical range is a disk. Badea, Crouzeix and Delyon presented several
approaches to this problem and others in [6]. Recently, Glader, Kurula and Lindstrém
[35] considered the problem for tridiagonal 3 x 3 matrices with constant diagonal; this
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includes 3 x 3 matrices with elliptical numerical range and one eigenvalue at the center
of the ellipse. Choi [17] showed the conjecture holds for 3 x 3 matrices that are “nearly”
Jordan blocks. And recently, Crouzeix and Palencia [22] showed that the best constant is
between 2 and 1 + /2.

Crouzeix and Palencia’s proof relies on a crucial lemma, which we reproduce below.
In what follows, we let {2 be a bounded open convex set with smooth boundary and let
A(£) denote the algebra of functions continuous on Q and holomorphic on .

LEMMA 6.1 (Crouzeix and Palencia). Let T be a bounded Hilbert space operator and
let Q be a bounded open set containing the spectrum of T'. Suppose that for each f € A(Q)
there exists g € A(Q?) such that

lglle < lIflle and | £(T) + g(T)*|| < 2[|fla.
Then
IA(DI < A+ V2)Iflle, f€AQ).

In proving their theorem, Crouzeix and Palencia apply the lemma with

¥ " 1 f(©)
g = Cf where (Cf)(z) = %/89 adg‘,z e Q.
That is, g is the Cauchy transform of f.

Ransford and Schwenninger [61] give a short proof of this and show that in this lemma,
the constant (1 + \/5) is sharp. However, as they point out, this is not a counterexample
to the theorem; it just shows that the theorem will not be established “merely by adjusting
the proof” of the lemma. Taking g to be the Cauchy transform of f and considering the
map from f to g, we see that this is an antilinear map and it maps 1 to 1; we say that it
is antilinear and unital. The example appearing in [61] is antilinear, but sends 1 to —1.
The authors of [61] suggest considering the following question, as a positive answer to this
would establish the Crouzeix conjecture.

QUESTION. [61] Let T be a bounded Hilbert space operator and let 2 be a bounded

open set containing the spectrum of T'. Suppose that there exists a unital antilinear map
a: A(R2) = A(Q) such that for all f € A(Q)

le(Hlle < Iflle and [|£(T) + (a(SN)T)]] < 2[| flle-
Does it follow that
(DI < 2| flla?
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On the asymptotics of n-times integrated semigroups

José E. Galé, Maria M. Martinez, and Pedro J. Miana

ABSTRACT. We discuss the behaviour at infinity of n-times integrated semi-
groups with nonquasianalytic growth. The results obtained provide in this
setting extensions of the Arendt-Batty-Lyubich-Vu theorem on stability of
Ch-semigroups and of a theorem of E1 Mennaoui on stability of bounded once
integrated semigroups.

1. Introduction

The study of the asymptotic behaviour at infinity of discrete and continuous
semigroups is a well established topic in operator theory. In this setting, peripheral
spectral conditions on the semigroup are of significant importance. As a matter of
fact, the following results hold true. Assume that a bounded operator T' on a Banach
space X, with spectrum o(7'), is power-bounded, which is to say sup,~; ||T"] <
0o. Gelfand proved that if T is invertible, T and T~! are power-bounded, and
o(T) = {1} then T is the identity operator I; see [12]. This was extended by
Esterle, who showed that for every power-bounded T such that o(7T") = {1} one has
|IT™(I —T)|| — 0 as n — oo; see [8]. Further, Katznelson and Tzafriri proved that
in order to arrive at the property lim, o [|[T"(I — T)|| = 0 is enough to assume
o(T)NT C {1} where T is the unit circle of complex numbers; see [13]. Other proofs
of the Katznelson-Tzafriri theorem were given by Allan, O’Farrell and Ransford in
1], Allan and Ransford in [2], and also in [16] where, to complete the picture, Vi
did notice that the Katznelson-Tzafriri theorem can be reduced to the Esterle’s
theorem. Of course, it is interesting to relax the growth conditions on 7. In this
direction, T is said to be power-dominated if there exists a sequence of positive
numbers g, (n > 0), with lim, o g, tpns1 = 1, such that | 77| < pp, (n > 0). In
[2], Allan and Ransford revealed the interest of that growth condition by proving its
equivalence with the spectral condition ¢(7') C D, where D is the (open) unit disc.
They also established some quantitative generalizations of the Katznelson-Tzafriri
theorem for power-dominated operators.

The above results apply to monothetic semigroups. As regards the continuous
semigroup case, let us first remark that Katznelson and Tzafriri proved in fact the
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fairly general result that if T is a power-bounded operator and f is an analytic
function of spectral synthesis with respect to its peripheral spectrum, lying in the
Wiener algebra on the unit disc, then lim,_,o |77 f(T)| = 0. Here f(T) is given
by the usual functional calculus associated with T', see [13]. The analogous version
of the above theorem for bounded Cy-semigroups of operators was obtained by J.
Esterle, E. Strouse and F. Zouakia in [9] Théoréme 3.4] and independently by Q.
P. Vi in [17, Theorem 3.2]. In such a continuous version 7" is replaced by T'(t),
t > 0, and f(T) is given by the corresponding calculus for T'(t) associated with
f in LY(R*). This result provides convergence in the norm topology, as in the
discrete semigroup case quoted above. There are other significant results about the
asymptotic behaviour of Cp-semigroups that are referred to the strong topology,
which is to say that they are given in terms of orbits.

Recall that if A is a general closed operator on a Banach space X with dense
domain D(A) the abstract Cauchy problem of first order for A is the differential
equation with initial value x

(1.1) W' (t) = Au(t), t >0; u(0)=z¢€ X.

When A satisfies the Hille-Yosida condition, then A is the infinitesimal generator
of a Cy-semigroup Ty(t) = e and the solution u: [0,00) — D(A) C X of (1)
is given by u(t) = Tp(t)x. Thus the study of the limit lim; o To(t)x reflects the
asymptotic behavior of the solution u of (IT]) at infinity. In this respect, a bounded
Co-semigroup (Tp(t))t>o0 is said to be stable if lim; ,o0 To(t)x = 0, x € X. The
stability of a bounded Cy-semigroup T(t) = 4 on a Banach space was established
in [3] and [14] -under certain peripheral spectral assumptions on A- with different
proofs and independently one from each other. We refer to this stability result as
the Arendt-Batty-Lyubich-Vi theorem.

Similarly to the discrete case, the boundedness of the semigroup can also be
replaced with a less restrictive condition. Namely, the Arendt-Batty-Lyubich-Vu
theorem was extended by Vi to semigroups of nonquasianalytic growth, in due
form; see [18] and the next section. For more information on asymptotic behaviour
and stability of operator semigroups we refer the reader to [4], [6] and [15].

Not all closed operators A generate Cy-semigroups, but there is a class of them
which is still important in the study of abstract Cauchy equations. It is formed
by the generators of families -of bounded operators- so called n-times integrated
semigroups, for n > 0 (see next section for the definition and some properties).
Let T, (t) denote such a family, with generator A, where ¢ runs over [0, c0). Then,
as before, the asymptotic behaviour of the solution u of the Cauchy equation for
A should be described in terms of the limit lim; o, 7, (¢)z, or ergodic versions of
it. However, it is still not entirely clear what should be an accurate version of the
Arendt-Batty-Lyubich-Vu theorem in the setting of integrated semigroups. In [7],
El Mennaoui establishes a partial result like the above one, for uniformly bounded
once integrated semigroups with nvertible generators.

In the present note, we extend El Mennaoui’s theorem to integrated semigroups
with non-quasianalytic growth and generator not necessarily invertible. For this,
we combine results and arguments of [7] and [I8]. Doing so, we in fact find an
extension of the Arendt-Batty-Lyubich-Vi theorem -and its extension by Vi in
[17]- to integrated semigroups.

The organization of the paper is simple. After the introduction just written
above, Section 2 is devoted to definitions and a minimum of properties which seem
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necessary in order to understand the subject. We also state in Section 2 the main
theorem and its corollaries. Section 3 contains the proofs.

2. Preliminaries and statement of the main theorem

Let X be a Banach space and let B(X) be the Banach algebra of bounded
operators on X. Let n be a nonnegative integer. A closed operator on X with
domain D(A) is said to be the generator of an exponentially bounded n-times
integrated semigroup if there exist a family (7,,(¢));>0 in B(X) and constants w € R,
C > 0 for which ||T,(¢)]| < Ce®* (t > 0) such that

A=Atz = )\”/ e, (D dt, RA>w, x€X.
0
When n = 0 the family Ty (¢) is a Cp-semigroup and A is its infinitesimal generator;
see [4, Sections 3.2 and 8.3], [5] and references therein. Let o(A), op(A*) denote
the spectrum of A and the point spectrum of the adjoint operator of A, respectively.
Also, we denote by p(A) the resolvent set of A.

A positive measurable locally bounded function w(t) with domain R or [0, c0)
is called a weight if w(t) > 1 and w(s +t) < w(s)w(t) for all s,¢ in its domain. A
weight w on [0, 00) is called nonquasianalytic if

o0
/ P8(b) it < oo,
0 t?+1

We assume additionally, as in [18], that lim inf, ., w(t) lw(s+1t) > 1 for all s > 0.
Then one can define the function w on R given by

W(s) := limsup M, if s > 0;

t— o0 W( )

Clearly, w is a weight function and @(t) < w(t) for every t > 0.

Recall that a bounded Cp-semigroup (Tp(t))¢>0 is said to be stable if
lim;_, o To(t)z = 0 for all z € X. The following is Vi’s extension in [18] of the
original Arendt-Batty-Lyubich-Va theorem on stability (for w(¢) = 1) in [3], [14].

THEOREM 2.1. Let Ty(t) be a Cp-semigroup on a Banach space X with genera-
tor A such that sup,~,w(t) Y To(t)|| < oo for a mnonquasianalytic weight
w: [0,00) = [1,00) for which &(t) = O(t*) as t — oo, for some k > 0. Assume
that o(A) NiR is countable and op(A*) NiR = 0. Then

tll%low(t)*lTo(t)x =0 (r€X).

w(s):=1, if s <O.

It seems interesting to obtain stability type results for n-times integrated semi-
groups. In this direction, a general once integrated semigroup (T3 (t));>o is called
stable in [7, p. 363] when lim; . 71 (¢)x exists for every x € D(A). Then it is
shown in [7, Prop. 5.1] that if a once integrated semigroup T;(¢) is stable in the
above sense then A must be invertible. The following result is proved by O. El
Mennaoui in [7, Theorem 5.6]. It gives a version of the Arendt-Batty-Lyubich-V
theorem for once integrated semigroups.

THEOREM 2.2. Let A be the generator of a once integrated semigroup (T1(t))i>0
such that sup,~¢ ||T1(t)]] < +o00. Assume that A is invertible, o(A)NiR is countable

and op(A*) NiR = (. Then there exists limy_,oo T1 ()2 for every x € D(A), with
tlim Ti(t)x = —-A"tz (xz € D(A)).
— 00
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The purpose of this note is to extend Theorem 2.1l and Theorem to n-
times integrated semigroups with nonquasianalytic growth, for every n € N, in a
suitable way. We do not discuss here what could be the most accurate notion of
stability for integrated semigroups, but wish to remark the following fact. For a

general bounded Cy-semigroup (Tp(t)):>0 its induced n-times integrated semigroup
is defined by

1 t
T.(t)x = I / (t —s)" " Ty(s)x ds, t>0,zeX.
*Jo

(n—1
Then the derived estimate on (7),(t)):>0 which is to be expected from the integral
expression is sup,o ¢~ "[T5, (t)|| < +oc (so that for n = 1 it is sup, o t T3 ()| < +o0
instead of boundedness). Under such a condition a suitable behaviour of a n-
integrated semigroup T, (t) at infinity would be lim; o t "7, (t)x =0, x € X.

Our main result is as follows. In the statement, and throughout the paper, the
symbol “ ~ 7 in a(t) ~ b(t) as t — oo means that lim; . b(t)"ta(t) = ¢ > 0 as
t — oo.

THEOREM 2.3. Let w be a nonquasianalytic weight on [0,00) such that & is
of polynomial growth at infinity. For a fized natural number n let (T),(t))i>0 be a
n-times integrated semigroup on a Banach space X, with generator A, such that
sup{w(®) T ()| : t > 1} < +o0.

Assume in addition that o(A) NiR is countable, op(A*) NiR = (. For every
@ >0, we have:

() Ifw(t) "t =o(t ") ast — oo, then

lim w(t) T () A™(p— A) 2"z =0, z€X.

t—o0
(i) Ifw(t) ~t"! ast — oo, then for allx € X,
1
: —n+1 n _ —2n — _ n—1 _ —2n
tlggot T.()A™(p— A)" "z )] 1)!14 (w—A)""z.

From the above result, we will obtain extensions of Theorem [2.I] and Theorem
22l namely, see Corollary and Corollary 3.3

3. Proofs

In order to establish Theorem [23] one needs to extend [18, Theorem 7] and [7]
Theorem 5.6]. Thus Proposition Bl below is a slight improvement of [18, Theorem
7], which is in turn an extension of the Arendt-Batty-Lyubich-Va theorem. The
case B(t) =1 in Proposition Bl appears in [3, Remark 3.3].

PROPOSITION 3.1. Let Y be a Banach space and let (U(t))i>0 C B(Y) be a
Co-semigroup with generator L. Let B be a nonquasianalytic weight on [0,00) such
that B(t) = O(tF) as t — oo, for some k > 0. Assume that there exists W € B(Y)
such that U)W = WU(t) for allt > 0 and U)W < B(¢) fort > 0. If o(L)NiR
is countable and op(L*) NiR = () then

. 1
t11>11010 mU(t)Wy =0, yevY.
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PROOF. The overall argument goes along similar lines as in [18, Theorem 7],
lemmata included, suitably adapted to the present situation.

Put q(y) := limsup,_,. B(t) " HU@E)Wy|, y € Y. Then ¢ is a seminorm on
Y such that q(y) < |ly| for all y € Y. Moreover, ¢(U(s)y) < B(s)q(y) for every
s>0,yeY,and so N :={y €Y : q(y) = 0} is a U(¢)-invariant closed subspace
of Y. Hence one can define a norm § and an operator U (t) on Y/N given for
yeY,t>0byq(n(y)) :=q(y) and fj(t) (m(y)) :== w(U(t)y), respectively, where 7 is

~

the projection Y — Y/N. It is readily seen that (U(t)):>0 is a strongly continuous
semigroup in the norm g on Y/N, such that (U (t)x(y)) > §(x(y)) for every y € Y
andt > 0. Let (Z,]-]| z) be the g-completion of Y/N, and let V (¢) be the continuous
extension on Z of ﬁ(t) for all £ > 0. Then:

(a) |l7(y)|lz = limsup,_, o ﬁHU(t)WyH for y € Y. This is obvious.

(b) [V (t)||z—z < B(t), t > 0. This follows by continuity and density from the
estimate (0 (t)r(y)) < B(t)a(y) < B(E)An(y)), for every y € ¥, £ > 0
Then one easily obtains that (V(¢));>0 is a Co-semigroup in B(Z).

(c) ||V(t)z|lz > ||z]|z for all z € Z: Tt follows also by continuity and density
since for y € Y and t > 0,

S : Blt+s) U+ s)Wyly _
GU ) (y)) = tim sup =g Sits 210w

(d) V(t)om = woU(t) (t > 0) and then one obtains that w(D(L)) C D(H)
and H om = wo L on D(L), where H is the infinitesimal generator of
(V(#))eo0-

(e) o(H) C o(L): By hypothesis, (U(t)):>0 is of finite exponential type T
whence

R\ L)y :=—-\—L)ty=— /000 e MU(t)y dt,

fory €Y and A € C, RA > § > min{r,0}.
Similarly, (V(t))i>0 is of exponential type 0 by (b), and therefore we
have for z € Z and A € C, R\ > 0,

RO\H)z = —(A— H)12 = — /Ooo MV 1)z dt.

On the other hand since W commutes with U(t), ¢ > 0, one has that W
commutes with R(\, L) for R\ > §. Then ¢(R(\, L)y) < ||R(\, L)|lq(y)
for all y € Y, which implies that N is R(\, L)-invariant. Hence one
can define the bounded operator ﬁ()\, L) on Z given by ﬁ()\, L)(n(y)) :=
m(R(\, L)y), y € Y. Thus,

RO\ Lyn(y) = 7 (RO, L)y)
=- /00 e Mr (U(t)y) dt
0
:—A e NV (t)m(y)dt = R(N, Hym(y)

where (d) has been applied in the last but one equality. Hence R(\, L) =
R(\, H), for RA > 6. Now, for R\ > ¢ and any u € p(L), by using the
resolvent identity R(A, L) — R(u, L) = (A — p)R(A\, L)R(u, L) on Y and
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its corresponding identity for ]/?:()\, L) and ﬁ(,u, L) on Z, one readily finds
that there exists R(u, H) with R(u, H) = ﬁ(u, L), see [18, p. 234]. Thus
w € p(H). Hence p(L) C p(H) as we claimed.

(f) op(H*) C op(L*). This is straightforward to see, using restrictions of

functionals; see [18] p. 234].

Now, suppose, if possible, that Z # {0}. By (e), we have that o(H) NiR is
countable and then iR\ o(H) # 0. So, by (c¢) and [18] Lemma 2], the Cyp-semigroup
(V(t))t>0 can be extended to a Cy-group (V(t))ter such that |[V(—t)]zoz < 1
(t > 0) and |[V(t)||z—z = O(t*), as t — +oo. Also, o(H) is nonempty by (b) and
[I7, Lemma 5].

Then reasoning as in [I8, Theorem 7] one gets op(H*) N iR # @ whence
op(L*) NiR # 0 by (f) above. This is a contradiction and so we have proved
that Z = {0}. By (a) we get the statement. O

Proof of Theorem 23] Since w is nonquasianalytic one has (0, 00) C p(A). Take
0 € R such that g > § > 0 and for z € X define

n—1 .

- n —-n t j -n
(1) llally = sup e (Tu()A™n = A) 4 32 A (0= A) )
= j=0 :

Note that A(u—A)~t = —I+pu(u—A)~! is a bounded operator on X and T;,(0) = 0,
so || - |ly is a norm on X and there exists a constant Ms > 0 such that

(3.2) (= A) || <lzlly < Ms[lz, =€ X.

Let Y be the Banach space obtained as the completion of X in the norm || - ||y
As in the proof of the Extrapolation Theorem [5l Theorem 0.2], there exists a
closed operator B on Y which generates a Cy-semigroup (S(t));>0 C B(Y) such
that D(B™) — X — Y and A = Bx where the operator By is given by the
conditions D(Bx) = {x € D(B)N X : Bx € X}, Bx(x) := B(z) (z € X).
Moreover, op(B*) C op(A*), and also p(A) = p(B) with

(3.3) A=Ale=\-B)tz, Acp(Ad)=pB), rcX;

see [5l Remark 3.1].
Let (S (t))t>0 be the n-times integrated semigroup generated by B on Y, given
by

o [ s s ver

Sp(t)y =
Then S, (t)x = T,,(t)x for all x € X and t > 0. To see this, note that (T5,()):>0 and
(Sn(t))i>0 are of exponential type so one can rewrite ([B.3) above in terms of the
Laplace transforms of (7,,(t))i>0 and (Sn(%))i>0 respectively, for R\ large enough.
Then it suffices to apply the uniqueness of the Laplace transform.
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From the above identification between T,,(¢) and Sy, (t), it follows by application

of @I to S, (t)z, z € X, that

An s Al
S,()x||ly = sup e % T, (s)———— + - | S,(t)z
An s Al
=sup || T (t)e % | T(s)————— + - |z
| Oy T X i ar

<NTn(®)lly -y ll=lly

which is to say, by density, that ||S,(t)|ly—y < Cw(t), for all ¢ > 0 and some
constant C.
Now, for t > 0, by reiteration of the well known equality

Sty —y = / BS(s)y ds, ye D(B).

we have
n—1 j

t .
S(t)y = Su(t)B"y+ Y By, ye DB,
g

Hence, for every t > 0 and y € Y,

n—1

>

Jj=0

(WLB)j (u—B)~ "y

and therefore there exists a constant €, > 0 such that

[S(E) (k= B) " ly—y < Cuw(t),
Then, by applying Proposition BIlwith U(t) = S(¢t), B= Land W = (u— A)™™,

t

B s@6-B =50 (25) v+ X5

t> 0.

we obtain
1 I
Jim SIS (= B) "yl =0, yev,
whence, by B.2), (.3) and B.4),
n—lt-
: - n _ —-n Y AT _ —n
O_JE?W() T, () A™ (u — A) ac—i—Zj!A(u A) "
Jj=0 v
n—lt'
> limsup — || T (H)A™(u — A)~ 2"z + Al — A"
2 limsup —o | T () A (1 = A) ;]! (1= A)

X

for every z € X.
To finish the proof, notice that the assumptions in (i) imply
n—1 ,;
1 o
lim — — Al — A"z =0
(t) Z ]l

t—o00 W

J=0

whereas assumptions in (ii) entails

Licensed to AMS.



270 J. E. GALE, M. M. MARTINEZ, AND P. J. MIANA

n—1 .
1 t’ 1 —2n 1 n— —2n
o0 g — Al — A" = AV (= A) T2

im
0o 1l —_ 1\
t—o0 w(t =7 (n—1)!

|
Let us consider explicitly the case when the generator A is invertible, which
provides us with a generalization of the El Mennaoui result in [7, Theorem 5.6].

COROLLARY 3.2. In the setting of Theorem 23], assume also that A is invert-
ible. We have:
(i) Ifw(t) "t =o(t ") ast — oo, then

lim w(t)"'T,(t)z =0, =z€ D(Am).

t—o0
(i) If w(t) ~t"~ ! ast — oo, then
1 -
: —n+1 _ -1 n
tlggot T.(t)z = = 1)!A z, x € D(A").

PrOOF. Let y € D(A™) = D(u — A)"™ where p € (0,00) C p(A). Then there
exists € X given by x := (uA™! — I)"(u — A)"y = A~"(u — A)*"y. Thus we
have that for every y € D(A™) there is € X such that y = A"(u — A)~?"z. So it
suffices to apply Theorem to prove (i) and (ii) of this corollary for y € D(A™),
and then, for z € D(A"), that sup,ow(t) T, (t)| < oco. O

Note that for n = 1, Corollary (ii) is [7l, Theorem 5.6].

Now we give a generalization of the Arendt-Batty-Lyubich-Vi theorem for
integrated semigroups without assuming that A is invertible.

COROLLARY 3.3. In the setting of Theorem 23, assume part (i), that is,
w(t)™t = o(t7"*1) ast — oo, and also that A is densely defined. Then

tlggo ﬁTn(t)z =0, forallz € X.

ProoF. Fix p € (0,00) C p(4). For every j > 1, one has
D(A%) = D((p — A)) = R((n — A)~7), the range of (u — A)~7. Hence since
D(A) is dense in X we have that (u — A)~! has dense image, so (u — A)~7 has
dense image; that is, D(A7) is also dense in X.

Take y € D(A™). It follows from the above remark that there is (z;) C D(A™)
such that lim; ,c2; = (0 — A)"y. Put y; = (p — A)""z;.  Since
A(p—A)™" = (—I+p(p—A)~1)"™ € B(X) one has moreover that y; € D(A?"), so
that y; = (u— A)~2"¢; with & in X, for each j. Hence tlg(r)lo w(t) T, (1) Ay =0,

for every j, by Theorem 23](i). On the other hand,
[A"y; — A"yl = [|A™(u = A) 7" (n = A)"y; — A" (n = A) 7" (0 = A)"y||
<[ A" (n = A) "Iz — (= A)"yll = 0, as j — oo,
Altogether, we have tli}rn w(t) T, (t)A™y = 0 for every y € D(A™). Finally,
oo

it is enough to use once again the density of D(A™) in X and the fact that
sup,sow(t) | T, (t)|] < oo to obtain the statement. O
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REMARK 3.4. Let L'(R), L*(R*) be the usual convolution Banach algebras
on the real line R and the positive half-line RT, respectively. Suppose A is the
infinitesimal generator of a uniformly bounded Cy-semigroup (T'(¢));>0 on X with
spectrum o(A). Define Gy as the subspace of functions of L*(R*) which are of
spectral synthesis in L!(R) with respect to the subset io(A4) NR.

Let ©p: L'(RT) — B(X) be the bounded Banach algebra homomorphism
defined by

Oo(f)z = /000 fOTH)xdt (veX, fel'R")).

Then Esterle, Strouse and Zouakia in [9] and Va in [I7] prove, with different
methods, that lim; o ||T(2)O0(f)|| = 0 for every f € &y. Moreover, it is shown in
[9] that, under the assumptions that o(A4) N iR is countable and op(A*) NiR = 0,
the subspace mo(Sp)X is dense in X so one gets another different proof of the
Arendt-Batty-Lyubich-Va theorem.

We now consider a n-times integrated semigroup T, (¢) in B(X), with generator
A, such that

supt || T ()] < oo and lim nlt™"T,(t)z =2z (z € X).
t>0 t—0+

Let 7 (|t|*) be the Banach space obtained as the completion of the Schwarz
class in the norm || f||y == /70 [f™(¢)][¢]™ dt. In fact, T ([t|") is contained in
L'(R) and is a convolution Banach algebra. Its character space is R with Gelfand
transform equal to the Fourier transform f — f. Moreover, T (|t|™) is regular
on R. An element f of 7 (|t|") is said to be of spectral synthesis with respect
to a closed subset F' of R if there exists (f;) C 7™ (|¢|*) such that fj vanishes
in a neighbourhood of F for each j and lim; o [|f — fjll(n) = O (see [10]). Let

T_ﬁn)(t”) be the restriction of 7 (|t|*) on (0,00), and let &,, denote the subspace
of functions of Tﬁn) (") which are of spectral synthesis in 7 (|¢|") with respect to

the subset i0(A)NR. Define the Banach algebra homorphism ©,,: ﬁn) (t") — B(X)
given by

0u(1) = (-1 [ T OT@d fe T ).

0
Then, as an extension of the Esterle-Strouse-Vi-Zouakia theorem, it is proven in
[10] that limy oo t~"||T5(£)On(f)]| = 0 for every f € &,,.

One can ask if the argument dealt with in [9] to deduce the Arendt-Batty-
Lyubich-Vu theorem works for a n-times integrated semigroup T, (¢) as above; that
is, if ©,,(6,,) X is dense in X whenever o(A)NiR is countable and op(A*) NiR = (.
This would give us
(3.5) lim ¢t "T,(t)x =0, z¢€X.

t—o0

Unfortunately, the proof of that density is rather difficult and we only know
how to obtain ([B.5) when o(A) N iR is finite, see [I1]. In any case, Corollary 3.3l is
more general.

Acknowledgements. The authors wish to thank the referee for a careful reading of

the initial version of this paper, including a number of accurate comments which
have contributed to improve the presentation of this work.

Licensed to AMS.



272

(1]

2]
(3]

(4]

(9]

[10]

11]
(12]
(13]
[14]
(15]
[16]
(17]

(18]

J. E. GALE, M. M. MARTINEZ, AND P. J. MIANA

References

G. R. Allan, A. G. O’Farrell, and T. J. Ransford, A Tauberian theorem arising in operator
theory, Bull. London Math. Soc. 19 (1987), no. 6, 537-545, DOI 10.1112/blms/19.6.537.
MR915430

G. R. Allan and T. J. Ransford, Power-dominated elements in a Banach algebra, Studia
Math. 94 (1989), no. 1, 63-79, DOI 10.4064/sm-94-1-63-79. MR1008239

W. Arendt and C. J. K. Batty, Tauberian theorems and stability of one-parameter semigroups,
Trans. Amer. Math. Soc. 306 (1988), no. 2, 837-852, DOI 10.2307,/2000826. MR933321

W. Arendt, C. J. K. Batty, M. Hieber, and F. Neubrander, Vector-valued Laplace transforms
and Cauchy problems, Monographs in Mathematics, vol. 96, Birkhaduser Verlag, Basel, 2001.
MR1886588

W. Arendt, F. Neubrander, and U. Schlotterbeck, Interpolation of semigroups and inte-
grated semigroups, Semigroup Forum 45 (1992), no. 1, 26-37, DOI 10.1007/BF03025746.
MR1161416

R. Chill and Y. Tomilov, Stability of operator semigroups: ideas and results, Perspectives in
operator theory, Banach Center Publ., vol. 75, Polish Acad. Sci. Inst. Math., Warsaw, 2007,
pp. 71-109, DOI 10.4064/bc75-0-6. MR2336713

O. El-Mennaoui, Asymptotic behaviour of integrated semigroups, J. Comput. Appl. Math. 54
(1994), no. 3, 351-369, DOI 10.1016/0377-0427(94)90256-9. MR 1321079

J. Esterle, Quasimultipliers, representations of H®, and the closed ideal problem for com-
mutative Banach algebras, Radical Banach algebras and automatic continuity (Long Beach,
Calif., 1981), Lecture Notes in Math., vol. 975, Springer, Berlin, 1983, pp. 66-162, DOI
10.1007/BFb0064548. MR697579

J. Esterle, E. Strouse, and F. Zouakia, Stabilité asymptotique de certains semi-groupes
d’opérateurs et idéauz primaires de L*(RT) (French), J. Operator Theory 28 (1992), no. 2,
203-227. MR1273043

J. E. Galé, M. M. Martinez, and P. J. Miana, Katznelson- Tzafriri type theorem for integrated
semigroups, J. Operator Theory 69 (2013), no. 1, 59-85, DOI 10.7900/jot.2010jul02.1960.
MR3029488

J. E. Galé, M. Martinez and P. J. Miana, On spectral synthesis in convolution Sobolev algebras
on the real line, to appear in the Proc. Conf. Banach Algebras, Oulu, Finland, 2017.

1. Gelfand, Zur Theorie der Charaktere der Abelschen topologischen Gruppen (German, with
Russian summary), Rec. Math. [Mat. Sbornik] N. S. 9 (51) (1941), 49-50. MR0004635

Y. Katznelson and L. Tzafriri, On power bounded operators, J. Funct. Anal. 68 (1986), no. 3,
313-328, DOI 10.1016,/0022-1236(86)90101-1. MR859138

Yu. I. Lyubich and Vi Qubc Phéng, Asymptotic stability of linear differential equations in
Banach spaces, Studia Math. 88 (1988), no. 1, 37-42, DOI 10.4064 /sm-88-1-37-42. MR932004
J. van Neerven, The asymptotic behaviour of semigroups of linear operators, Operator The-
ory: Advances and Applications, vol. 88, Birkhduser Verlag, Basel, 1996. MR1409370

Vii Quéc Phéng, A short proof of the Y. Katznelson’s and L. Tzafriri’s theorem, Proc. Amer.
Math. Soc. 115 (1992), no. 4, 1023-1024, DOI 10.2307/2159349. MR1087468

Vii Quéc Phéng, Theorems of Katznelson-Tzafriri type for semigroups of operators, J. Funct.
Anal. 103 (1992), no. 1, 74-84, DOI 10.1016,/0022-1236(92)90135-6. MR 1144683

Vii Quéc Phéng, Semigroups with nonquasianalytic growth, Studia Math. 104 (1993), no. 3,
229-241, DOI 10.4064 /sm-104-3-229-241. MR1220663

DEPARTAMENTO DE MATEMATICAS E IUMA, UNIVERSIDAD DE ZARAGOZA, 50009, ZARAGOZA,

SPAIN

Email address: gale@unizar.es

DEPARTAMENTO DE MATEMATICAS E IUMA, UNIVERSIDAD DE ZARAGOZA, 50009, ZARAGOZA,

SPAIN

Email address: martinezmartinezm@gmail.com

DEPARTAMENTO DE MATEMATICAS E IUMA, UNIVERSIDAD DE ZARAGOZA, 50009, ZARAGOZA,

SPAIN

Licensed to AMS.

Email address: pjmiana@unizar.es


https://www.ams.org/mathscinet-getitem?mr=915430
https://www.ams.org/mathscinet-getitem?mr=1008239
https://www.ams.org/mathscinet-getitem?mr=933321
https://www.ams.org/mathscinet-getitem?mr=1886588
https://www.ams.org/mathscinet-getitem?mr=1161416
https://www.ams.org/mathscinet-getitem?mr=2336713
https://www.ams.org/mathscinet-getitem?mr=1321079
https://www.ams.org/mathscinet-getitem?mr=697579
https://www.ams.org/mathscinet-getitem?mr=1273043
https://www.ams.org/mathscinet-getitem?mr=3029488
https://www.ams.org/mathscinet-getitem?mr=0004635
https://www.ams.org/mathscinet-getitem?mr=859138
https://www.ams.org/mathscinet-getitem?mr=932004
https://www.ams.org/mathscinet-getitem?mr=1409370
https://www.ams.org/mathscinet-getitem?mr=1087468
https://www.ams.org/mathscinet-getitem?mr=1144683
https://www.ams.org/mathscinet-getitem?mr=1220663

Contemporary Mathematics
Volume 743, 2020
https://doi.org/10.1090/conm/743/14966

Powers of operators: convergence and decomposition

W. Arendt and I. Chalendar

ABSTRACT. We study the asymptotic behaviour of the powers of an operator
or a semigroup with respect to a triangular decomposition.

1. Powers of composition operators

In recent papers [2[3], we investigated convergence of powers of composition
operators.

What was surprising is the following result: whenever a composition operator 7'
on one of those Banach spaces X — Hol(DD), that we investigated, has the property
that lim,, o 7" f exists for all f € X, then (T"),, converges already uniformly in
L(X). More precisely we proved the following result.

THEOREM 1.1. Let X be one of the Banach spaces:

e Hardy space HP (D) with 1 < p < oo

e weighted Bergman spaces A’ﬁ’ with B> —1and 1 <p< oo

e [ittle Bloch space By

e Bloch-type space B with a > 0

o standard weighted Bergman spaces of infinite order Hp® with 0 < p < oo.
Let ¢ : D — D be holomorphic such that f oy for all f € X. Consider the operator
T e LX) gwen by Tf = fow. If Pf :=1lim, o, T"f exists in X for all f € X,
then lim, o [|[T™ — P|| = 0.

Of course, in general uniform convergence is much stronger than strong con-
vergence (think of a self-adjoint operator). Theorem [[I] expresses a special and
remarkable property of composition operators.

We found a curious exception to this

“strong convergence implies uniform convergence”.
However it takes place on a quotient space and not exactly on a space which is
continuously embedded in Hol(D). Let us make things more precise.

Let D := D/C1p be the Dirichlet space D modulo the constant functions. It is
a Banach space for the norm

1Al = / F(2)|dA(2),
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where [ | : D — D/1p denotes the quotient map.

Let ¢ € D be a univalent map. Then it is not difficult to check that fop € D
if f € D. Moreover, if f,g € D and f — g = c is a constant, then fop —gop =c.
It follows that [f o ¢] = [g o ¢] and thus

Co([f) = [f o ¢]

defines a linear operator on D.
This operator may also be obtained in a different way.
Let Dy :={f € D: f(0) = 0}. Then Dy is a closed subspace of D. The mapping

S:Dy—D, Sf=][f]
is an isometric isomorphism. Then ap =S5 ’16’4,5 is given by

(Cof)(2) = flo(2)) = f(p(0)).
Now let ¢(z) = ‘Zjis be a linear fractional map with ad — bc # 0. Then ¢ has
two fixed points in CU {co}. One calls ¢ parabolic if they coincide. If in addition
»(D) € D, the unique fixed point lies on the unit circle.

The spectrum of C, on Dy has been investigated in [6] and [7]. Using these
results we obtained the following in [3].

THEOREM 1.2. Let ¢ be a parabolic linear fractional self-map of D which is not
an automorphism of D. Then for all f € D,

lim C([f]) =0,

n—oo

but (6’;})” does not converge uniformly. Moreover, the operator C, on D is not
power-bounded.

The space D is not embedded into Hol(D), so Theorem does not give a
counterexample against the phenomenon of Theorem [Tl If we replace D by the
isometric space Dy, then Dy is embedded into Hol(ID), but the operator is no longer
a composition operator. We continue to consider the situation of the quotient. This
gives rise to the following investigation.

2. Abstract decomposition

Theorem is interesting from an abstract point of view. Let E be a Banach
space, T € L(F) and F C E a closed subspace such that TF C F. Assume that F
is complemented, i.e., there exists a closed subspace G of E such that £ = F & G.
Then there exist unique operators 7o € £(G) and S € L(G, F') such that

Ty+w)=(Ty+ Sw)+Thwe F&G,

for y+w € F& G, where T} = Tjp. In other words, we represent T' by a triangular
2 X 2-matrix:

LS
) (% %)
with respect to the decomposition £ = F & G.

It is interesting to compare the asymptotic behaviour of the powers of T with
the one of the powers of 77 and Ty. Obviously if 7™ converges uniformly (or
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strongly) as n — oo, the same is true for T7* and T as n — oo.

Recall that 7™ — 0 uniformly as n — oo if and only if »(T) < 1, where r(T)
denotes the spectral radius of 7. This in turn implies that || 7" < ¢r™ (n € N) for
some ¢ > 0, r € (0,1) as can be seen by the formula for the spectral radius.

Since o(T") = o(Th) U o(T3), it follows that r(T") < 1 if and only if r(T}) < 1
for j = 1,2. Thus [|[T"|| — 0 as n — oo if and only if ||T}*|] — 0 and | 72| — 0 as
n — oo.

If we are interested in strong convergence, the following theorem describes
another situation which is less obvious.

THEOREM 2.1. Let T € L(E), F,G,T1,T» and S be defined as in (1.

(a) If r(T1) < 1 and T} — P» strongly as n — oo, then T™ converges strongly
to P as n — oo, where P is given by

Ply+w)=> T¥SPw, yeFwed.
k=0

(b) If r(T) < 1 and T{* — Py strongly as n — oo, then T™ converges strongly
to @Q as n — oo, where Q is defined by

Qly+w)=Py+ ZPlsTka, y € FweQqG.
k=0

Proor. By (), it follows that
(%5 )

where S, = Z;é Tln_l_kST %. Thus we have to show that S,, converges strongly
as n — oo in the two cases.

(a) Assume that r(71) < 1 and 7' — P» strongly as n — oco. Then there exist
¢1 > 0 and r € (0,1) such that |77 < ¢1r™. Let w € G.
First case: Assume that Pow = w. Then Tka = w for all kK > 0 and thus

n—1 n—1 oo

Spw = Z Tk Sy = ZTfSw — ZTfSw,

k=0 k=0 k=0

as m — oo, since the F is a Banach space and Y-, || 7| | Sw]|| < oc.

Second case: Assume that w € ker Po. Then T¥w — 0 as k — 0o. We show that
Spw — 0 as n — oo.

Let ¢ > 0. Choose m € N such that ||T¥w|| < e for all k > m. Now choose
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no > m+ 1 such that 7" ~™ < e. Letting ¢z := supcy || 74| we obtain, for n > ng,

m—1 n—1
Spwll < || Y TP RS TRw > 1t ES TR w
k=0 k=m
< Zc RS e |lwl) + Zr" YRS le
k=m
n—1l—m
= clczusnnwuzrm S Z rt
< (crcafjw|| + 1).

This proves the claim.
(b) Assume that r(T2) < 1 and that T]* — P; strongly as n — oo. Then there exist
¢ > 0 and r € (0,1) such that |75 < cor™ for all n € N. We show that

oo
Spw — Y PLSTSw

k=0
as n — oo and for all w € G.
Write S,, = U,, + V,, with
n—1 n—1 n—1
Up:=Y TP "FPSTS =Y PISTY and V,, o= Y T7 ' ¥(1d — P)STy.
k=0 k=0 k=0

Then U,, = > pe o P1STY as n — co.
Let w € G. We show that V,w — 0 as n — co. Let ¢; := sup,,cy || 77"]|. Let € > 0.
Choose m € N such that

€
crez(1+ [P <3
Since ||T7*(Id — Py)z|| — 0 as n — oo for all z € F7 there exists ng > m + 1 such
that -
n—1—k
177 ! (Id - PI)STzkw” < m
forall k=1, ---,m — 1 whenever n > ny.
Let n > ng. Then
m—1 n—1
Vawl| < || 177 H(Id - P)STHw o1 tR(Id - P)STHw
k=0 k=m
. _
< 5 Z FA+PDISlez]lwll
rm
< 5 +yac+ [ADISw] < e.
This proves the claim. O

In Theorem 2] it is important to suppose that 77" or T3 converge uniformly
to 0 as n — oo. It does not suffice to suppose that one of the two operators con-
verges uniformly to an arbitrary limit. Indeed, in Theorem we have T} = P,
(so T{* = Py converges uniformly as n — oo) and T4 converges strongly as n — co.
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Nevertheless T™ is not power-bounded.

One can reformulate Theorem 2.1 in the following way.

COROLLARY 2.2. Let E be a Banach space and F a closed subspace. Let
T € L(E) be such that TF C F. Let T\ = Tip and define T € L(E/F) by
T([z]) = [T(z)] (x € E). Suppose that F is complemented and that

a) 7 T1 <1 and T™ converges strongly as n — o,
o7 jhat

(b) 7(T) <1 and TT* converges strongly as n — oo.

Then T™ converges strongly as n — oco.

PROOF. By assumption, there exists a closed subspace G such that E = F®G.
Thus there exist S € L(G, F) and T, € L£(G) such that

T(y+w) = (Ty+ Sw)+Thwe F& G,

for all y € F, w € G. The operator T5 is similar to T. Thus the claim follows from
Theorem 211 O

The operators T; and T play an important role in the theory of semigroups,
and in particular for studying the spectrum and asymptotic behaviour (see [10]).

Note that we have always

o(T) € o(Ty) Uo(T),
even if F' is not complemented. It follows that if 77" — 0 uniformly and if " =0
uniformly, then 7" — 0 uniformly.
Another corollary of Theorem 2] describes the asymptotic behaviour of an op-
erator with respect to an upper-triangular decomposition with n closed subspaces.

COROLLARY 2.3. Assume that T € L(E) with E =F ® F, & --- ® F,,, where
n > 2 and Fy, are closed subspaces of E such T(Fy) CF1®--- @ F) for 1 <k <mn.
In other words, with respect to the above decomposition of E, T has the form

Ty A% Y L
0 T, A3 ... A3
T = 0 0 5 ...

0 0 0 0 T,
where Ty, is linear and bounded on Fy, for 1 <k <mn.

If there exists ko € {1,...,n} such that (T} ), converges strongly to Py, and if
r(Tx) <1 for all k # ko, 1 < k <n, then (T™),, converges strongly as n — co.

Of course we can have a cheaper example showing that in Theorem 2] uniform
convergence of (T7"),, and (T5"), to a limit different from 0 does not suffice to ensure

strong convergence of T. Take F =R and T = ( (1) 1 ) Then T = ( (1) 711 ) is

not power-bounded as for our composition operator on D. But we may ask whether
power-boundedness of T' suffices for strong convergence.
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Question: Let T' € L(E) be power-bounded, E a Banach space and F' and G
closed subspaces of F such that TF C F and E = F & G. Consider the matrix of
T corresponding to this decomposition

S
0 Ty )
If (Tj”)n converges strongly as n — oo for j = 1,2, does (T"),, converges strongly
asn — oo’
We describe a situation where this is true. For this we recall the countable-

spectrum theorem.

THEOREM 2.4 (ABLV-Theorem [4[9]). Let E be a reflexive Banach space and
T € L(E) be a power-bounded operator. Suppose that

(2) o(T)NT is countable and o, (T)NT C {1}.
Then (T™),, converges strongly as n — co.

We mention that this theorem should be seen in the context of a movement
in the eighties starting with the Katznelson—Tzafriri theorem [8] and a beautiful
contribution of Allan, O’Farrell and Ransford [1].

Now suppose that we are in the situation where

(T S
(0 2)
on a reflexive Banach space where T is power-bounded and Tj (j = 1,2) satisfies
[@). Then also T does so since
o(T) Co(Th)Uo(Tz) and o,(T) C op(Th) U 0p(T3).

So the answer is ”yes” in this case.

3. Decomposition of semigroups of operators

The aim of this section is to study the asymptotic behaviour of semigroups
with respect to a given triangular decomposition.

Let E be a Banach space and T' = (T'(t))¢>0 be a Cp-semigroup on E.

Its growth bound is defined by

w(T) :=inf{w € R: IM > 0,[|T(t)|| < Me™* for all t > 0}.

By [5, Prop. 5.1.1] one has:
(3) w(T) = Jim log||7(t)]| = inf log | 7(1)] and

in particular, if | T'(¢9)|| < 1 for some to > 0, then T' is exponentially stable, i.e.
1T < Me™!

for some € > 0 and M > 0.

Suppose that T is a Cy-semigroup on E. Then it is well-known that
r(T(t)) = e ¢ >0,
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where 7(T'(t)) denotes the spectral radius of T'(¢t). Now suppose that F' is a closed
subspace of E such that T'(t)F C F' for all t > 0.

Suppose that F' is completed, i.e., there exists a closed subspace G such that E =
F @ G. Then T'(t) has the following matrix representation:

("8 20)

Here T1(t) = T'(t)|p defines a Cp-semigroup on F and it is easy to see that T3 is a
Cy-semigroup on G.

THEOREM 3.1. If

(a) w(Th) <0 and limy_, oo To(t)w exists for allw € G or
(b) w(Tz) <0 and lim;_,o T1(t)y exists for ally € F,

then limy_, o, T'(t)x exists for all z € E.

We shall prove the theorem using the results of Section ] via the following
proposition which we owe to Jochen Gliick with many thanks.

PROPOSITION 3.2. Let T be a Cy-semigroup on E. If lim, o T(n7) =: Pz
exists for all z € E and 7 € QN (0,00), then lim,_,o, T(t)x exists for all x € E.

ProoF. It follows from the definition that Py, = PP and
P}=P,=PT(t)=Tt)P

for all t,s € QN (0,00). It follows that P,; = P; for all ¢ € Q N (0, 00).
Let M = sup,¢jo17 [|T(s)|l, z € £ and £ > 0. There exists ng € N such that

|T(n)z — Piz|| < e for all positive integers n > ny.

Now, for ¢ > ng, there exist n € N and s € [0,1) such that t =n + s.
Obviously if t > ng and t € QN (0, 00) it follows that s € QN (0, 00) and

IT(t)z = Pzl = [[T(s)T(n)z — Prz||
= IT()NT(n)x = Pl
< M|T(n)x — Piz|| < Me.

s)
s)

Ift # QN (0,00), choose r >t with r € QN (0,00). Then

1Ttz — Pzl| < [Ttz —T(r)z|| + |T(r)z — Pz
< | T(t)x — T(r)z| + Me.
Letting r | t, we find that ||T(t)z — Piz|| < Me whenever t > ny. O

PrROOF OF THEOREM Bl (7): Suppose that lim; o To(t)w =: Pow exists for all
w € G and that w(Ty) < 0. Then r(T1(¢)) < 1 for all t > 0. It follows from
Theorem 2.1 that lim,,_,, T (nt)z exists for all x € E and t # 0. Now the claim
follows from Proposition

(#4): The proof is similar to the proof of (7). O
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