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Summary

Pore and grain regions were separated via thresholding tech-
niques from sandstone images. A mathematical morphology-
based framework was followed to pack the random pore space
with overlapping and nonoverlapping disks. This framework
has several advantages in implementation and is generally
applicable to multiscale images. The random pore space was
reconstructed in two ways from the minimum morphological
information through: (a) overlapping and (b) nonoverlapping
disks of various shapes and sizes. The structuring elements
employed to carry out this analysis included octagon, square
and rhombus templates. The results achieved through these
two types of reconstruction of sandstone pores are compared.
These results provided the basis on which to test the accuracy
of these techniques. Reconstruction recovery was tested by
computing shapiness indices for the reconstructed pores
achieved through the two methods.

Introduction

The reconstruction of random heterogeneous media, such as
porous and composite media, from the knowledge of limited
morphological information (Cule & Torquato, 1999) is an
intriguing inverse problem. An effective reconstruction
procedure enables one to generate accurate pore structures,
and subsequently analysis can be performed on the image
to obtain the desired macroscopic properties of the media.
However, the structural quantities that are able to reproduce
intrinsic two-dimensional (2-D) information, such as pore
size distribution and the pore connectivity network need close
examination (Lian et al., 2004).

Another application includes the reconstruction of a three-
dimensional (3-D) structure using information obtained from
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a 2-D image (Yeong & Torquato, 1998b). Yeong & Torquato
(1998a) formulated a procedure to reconstruct the structure
of general random heterogeneous media from limited morpho-
logical information by extending the methodology proposed
by Rintoul & Torquato (1997). One of the systems created by
Rintoul & Torquato (1997) is a random sequential adsorption
process where nonoverlapping disks are placed randomly and
sequentially on to a surface. Yeong & Torquato (1998a) also
considered a variety of disks and Debye random media and
a Fontainebleau sandstone samples were considered to show
the results.

One can also probe the interesting issue of nonuniqueness,
if limited microstructural information is given (Yeong & Torquato,
1998a). The aim of the reconstruction procedure is not just to
reproduce an exact duplicate of the original image (Yeong &
Torquato, 1998a). It is also to utilize the technique of packing
based on random filling of the pore space with overlapping
structuring templates of various sizes in order to reconstruct a
pore space that has a similar morphological constitution. One
of these inverse reconstruction methods was implemented by
Radhakrishnan (2004). In the present investigation, we applied
a procedure to identify the structuring element that was formed
by applying an inverse process in the reconstruction of the image.
This method is able to reproduce the pore space, providing a
way to study the morphological characteristics.

The outline of this paper is as follows: first, we outline the basic
morphological transformations used in the pore space recon-
struction. Then we discuss how the morphological transforma-
tions are employed to reconstruct pores from the minimum
morphological information by incorporating structuring
elements in the random overlapping and nonoverlapping
(Torquato, 2002; Radhakrishnan, 2004) reconstruction
procedures. We also evaluate the results achieved from random
packing in reconstruction, and compare them to the binary
pore space of sandstone. We compare the structure pattern of
the reconstructed pore image quantified using a shapiness index
(Radhakrishnan, 2004). Finally, we provide conclusions and
remarks.
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Fig. 1. (a) Aslice of greyscale sandstone image acquired
using a petrographic microscope. (b) Binary pore image
of a sandstone image obtained via thresholding by
specifying a grey level value of 128, and (c) the binary
pore image after one cycle of opening. (Black and
white colours, represent pore and grains, respectively.)

Morphological transformations

The discrete binary image, M (Fig. 1b), is defined as a finite subset
of Euclidean 2-D space, Z* that can have the values O (grains)
and 1 (pore). Morphological transformations are visualized as
working with two images, namely the image being processed
(M), and a structuring template (S) that possesses certain
characteristic information such as shape, size, orientation,
and origin. The pore image (M) can be decomposed by probing
it with various structuring templates to unravel certain complex
features of its topological nature. Let a digital binary pore M
be represented by a set of elements m € M. A morphological
operation transforms M to a new image by a structuring element
S. The four basic morphological transformations include dilation
to enlarge, erosion to shrink, and opening and closing to smoothen
are defined with respect to the structuring element S. These are
represented in Eqs (1a—d) respectively.

Dilation: M@S:{m+s:meM,seS}:UMs (1a)

seS

Erosion: (M ©S)={m—-s:meM,seS}= ﬂMS (1b)

ses

Opening: M°S=(MOSS)®S (1c)
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Closingg M*S=(M®S)©SS (1d)

We purposefully omitted the basic information about these
transformations, and the reader is encouraged to refer to Serra
(1982) for more information. It is worth mentioning that the
Minkowski’s addition and subtraction are similar to morpho-
logical dilation and erosion as the considered structuring
element $=, i.e. S is nothing but rotation by 180°. These trans-
formations can be carried out according to a multiscale approach
(Serra, 1982; Maragos, 1989) where the structuring element’s
size needs to be increased. In the multiscale transformations,
cascades of erosion-dilation and dilation-erosion can be per-
formed with respect to the structuring element S with scaling
factor n. In this approach, the size of the structuring template
increases from iteration to iteration as shown in Eq. (2).

§,=S®SDSD..®S (2)
n times

The three types of structuring elements considered in the present
investigation include rhombus, square and octagon. By perform-
ing these basic morphological transformations by means of three
structuring elements, pore space is reconstructed by following
overlapping and nonoverlapping procedures.
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Overlapping and nonoverlapping reconstruction of pore
image and accuracy verification via shapiness index

Sets of equations that are framed by following basic morphological
transformations explained in the previous section are given
to achieve reconstructed pore space through overlapping
(Eq. 4) and nonoverlapping (Eq. 5) reconstruction procedures.
Morphological reconstruction is the process of taking a partially
connected component (skeleton points) and recreating the entire
connected component (skeleton points), based on the intensities
in the input image M.

In the present study, conversion of pore space into its pore
connectivity network (PCN) was done by a simple skeletoniza-
tion process (Serra, 1982; Sagar et al., 2001). The n-th order
PCN of a pore space (M), viewed as a subset of Z? (Euclidean
discrete space), is defined as

PCN,(M)=MoSNM[(MeS,)oSs]@S} n=12,..,N (3)

Using the PCN,, of several orders ranging from O to n, the union
of which is termed minimum morphological information, the
pore image is reconstructed by selectively dilating these con-
nectivity network points with three structuring templates as
shown mathematically below

D-PCN,(M)=PCN,(M)®S, n=12..,N (4a)

Dilated portions thus achieved are combined and form the over-
lapping reconstructed pore image (RECON(O)) as shown in Eq. (4b).

RECON(0) = U [PCN, (M) & S, ] (4b)

n=1

However, the nonoverlapping pore image procedure is shown
as Eq. (5) (Radhakrishnan, 2004).

M, =M,\M, °S,

Mn = Mnfl\Mnfl ° Sn and Mn+l = Mn\Mn ° Sn

| JM,=M and ‘M, =0 (5)
n=0
RECON(NO) = Mpecomy
= (M ° Sn) o (M1 ° Sn) o (MZ ° Sn) U..u (Mn—l ° Sn)
M, cM,,c..cM;cM,cM,cM

In the interests of completeness, we briefly outline the method
for the reconstruction using a nonoverlapping procedure, which
is similar to that of random packing proposed previously
(Manna & Herrmann, 1991; Dodds & Weitz, 2002). In this
study, we consider the decomposition procedure that utilizes
nonoverlapping structuring elements with sizes distributed
from radius R, to R, in the pore image. Such a procedure
decomposes the available pore space with the structuring

elements of the higher radius (R,,,,). Once the pore image is
decomposed into R,,., the procedure that reduces the radius of
the structuring elements follows the procedure, and is repeated
until R, isreached. For a more detailed description of the general
methodology, we refer to earlier work (Lian et al., 2004).

In order to judge whether the pore space thus reconstructed
through these overlapping and nonoverlapping procedures is
appropriate, we compute the cumulative distribution functions of
reconstructed and the original pore images as shown in Eq. (6).

A[U [PCN, (M) ® Sn]:l
A[RECON(M)] _ L=

A[M]

AV (6)
In addition to this simple measurement, to appropriately under-
stand the uniqueness of the reconstructed image, certain prede-
fined structuring templates are employed to perform multiscale
opening. The morphological opening transformation performed
in the reconstruction of the pore image is represented in Eq. (7)

N
0 -RECON(M) = J[PCN,(M)®S,]°8, n=12...N (7)

n=1

Assuming that the reconstructed image has vanished after n
cycles of multiscale opening, we estimate the area of resultant
pore information after performing (n — 1) times of opening, A[O
— RECON(M) ° S,_,]. The shapiness index (SI) is computed
according to Eq. (8) for both original and pore images recon-
structed via the overlapping and nonoverlapping procedures:

N

SI=A U[PCNH(M)(BS,[]OS“} / A[RECON(M)]  (8)

n=1

where A|RECON (M)]is the area of the reconstructed pore image.
These results provided us with the necessary information to
study the reconstruction accuracy.

Results and discussion

To demonstrate the application of mathematical morphologic
transformations, we considered a thin section from a previous
study (Lian et al., 2004) shown in Fig. 1(a), which displayed
pore features as black areas. Then the microscopic image was
scanned by a video camera mounted to a microscope and was
transformed into an array of digital granules. The pertophysical
microscope image was obtained by scanning a television camera
and transformed into an array of pixels with digital grey levels.
The schematic flow for acquiring the image is as follows:

| Thin section |—>| Microscope |—>| Video scanner |—> Micrograph in —>| Host computer

discrete form

The pore structure from this image is isolated by simple thresh-
olding techniques. In the present investigation, we made an
attempt to study a morphologic aspect of pore structure isolated
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from a single sandstone image sample acquired through
a petrographic microscope fitted with a digital camera. This
method could be adapted to a variety of petrographic problems
and its use need not be restricted to the study of sandstone rocks.

A sandstone greyscale image of size 480 x 480 pixels (Fig. 1a)
was used to perform the analysis. Pore space (Fig. 1b) wasisolated
by following a simple thresholding technique. The binary pore
isopened by arhombus of 3 X 3 size to filter out certain isolated
minor patches. To achieve reconstruction of the pore space in
a nonoverlapping way, morphological opening by reconstruc-
tion was further employed by means of three different structur-
ing elements to understand the topologic properties of the pore
space of sandstone. We employed the granulometric approach,
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in which multiscale morphologic opening is employed with
respect to the rhombus structuring template. This opened
pore image (Fig. 1¢) is considered, and corresponding pore
connectivity network subsets are extracted by following
Eq. (3). Using the PCN subsets of several orders ranging from
0 to n, these subsets were dilated to the same degree and the
combination of all these dilated versions produced the re-
constructed pore images as explained in Eq. (4a—b).

Forthe first opening of image (M, ), we begin the reconstruc-
tion process at the skeleton points by choosing three different
types of structuring elements such as the octagon, square 3 x 3
and rhombus for use in the reconstruction. The reconstruc-
tion using the nonoverlapping procedure was performed as

Fig. 2. Colour-coded reconstructed pore images.
(a—c) Pore images reconstructed via the nonoverlapping
procedure by means of octagon, square 3 x 3 and
rhombus structuring elements, respectively. (d—f) Pore
images reconstructed via the overlapping procedure
by means of octagon, square 3 X 3 and rhombus
structuring elements, respectively.
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follows: we dilated skeleton points and combined these points
toreconstruct the image. We illustrate the results using colour-
coded reconstructed images with the three different structur-
ing elements (Fig. 2d—f).

To observe the differences between the reconstructed images
obtained by the overlapping and nonoverlapping procedures,
we computed the nonoverlapping images by three structuring
elements on the one-time opened image. To illustrate this
decomposition of the pore with nonoverlapping structuring
elements, we provide the results of colour coding of the recon-
structed images achieved by considering octagon, square and
rhombus templates (Fig. 2a—c). Nonuniqueness is expected
due to the fact that the nonoverlapping packing generally does
not provide morphological information (Fig. 2a—c). Incorpor-
ating overlapping structuring elements that are arranged in
tight packing as shown in Figs 2(d)—(f) may produce a more
refined reconstruction. In the reconstruction process, which
is well documented (Torquato, 2002; fig. 12.19, p. 299), it is
obvious that S,-reconstruction, L-reconstruction and hybrid
reconstruction S,+L can be compared, respectively, with
morphologic reconstruction via the overlapping and non-
overlapping procedures by means of the rhombus, square, and
octagon (rhombus + square) templates. The basic difference
between the reconstruction approaches employed in this
study and in Torquato (2002) was the procedure used. The
reconstruction approach we followed is based on morphological
algorithms. Only approximated reconstruction was achieved
in our study. This can be better comprehended from the data in
Tables 1 and 2. To show the reconstruction accuracy, we derived
shapiness indices. On the other hand, problems of showing the
relationship between the shapiness indices, correlation function,
and volume fractions still lies open.

Consequently, to judge the accuracy of the reconstruction,
we measured and compared the important morphological
measures and effective properties. The box counting method
was performed on the original pore (Fig. 1¢) and the threshold-
reconstructed pore images (Fig. 3a—f). The cumulative distribu-
tion function by original pore area from reconstructed images
to that of the original image is measured and shown in Table 1.

It may be misleading to compare the reconstructed space
and the original image to validate the accuracy of the recon-
struction. Note that the reconstructed pore with overlapping

structuring elements closely resembles that of the pore space
reconstructed by the nonoverlapping procedure. However, the
reconstruction accuracy is observed better in the pore space
that is reconstructed with nonoverlapping structuring elements.
Thisis due to the fact that certain critical regions are not properly
filled in the case of the pore that was reconstructed through
the nonoverlapping structuring elements.

Smaller primitive structuring elements like the rhombus
produce superior reconstruction, followed by the square 3 x 3
and octagon. However, from a practical point of view, it is
important to realize that, if the structuring elements and
effective overlapping properties of reconstruction agree closely
with the reference image, the reconstruction by the overlapping
procedure can be considered successful. It was observed that the
reconstruction by the rhombus and square 3 x 3 accomplished
the task accurately.

Additional microstructural measures were chosen for further
comparison. We performed the opening (Figs 1¢ and 5a) of
several cycles on the binary pore (Fig. 1b). We also chose the
octagon, square 3 X 3, and rhombus structuring elements to
reconstruct the pore (Figs 3d—f, 4a—c and 5b—d) to understand
further the multiscaling properties of the pore reconstructed
by nonoverlapping procedures. The cumulative distribution
functions of the reconstructed images were compared with
the original image (Table 2).

Itis interesting to examine the accuracy of the reconstruction
carried out by three different structuring elements. The recon-
struction was most accurate for the pore space that was opened
with four cycles. Furthermore, the pores reconstructed by
smaller structuring elements such as the rhombus and square
3 x 3 match exactly when compared to that of the pore space
reconstructed by octagons. The lower values of ratios recon-
structed by the octagon (0.931, 0.948) indicate that the size of
a primitive octagon is larger compared to a primitive rhombus
and square 3 x 3, and it fails to fill in the actual pore system at
critical regions. As expected, there are many areas in the pore
where space is not filled with the octagon in a lower dimen-
sional image. The reconstruction by these three structuring
elements was found generally to underestimate all the
measures that characterize morphological information of
the pore space. However, octagons have a better capability to
reconstruct the pore that is opened at a higher cycle number.

Table 1. Shapinessindices and ratios of areas between the original pore image and the pore image reconstructed via the overlapping and nonoverlapping

procedures.

Ratio of area of reconstructed pore image to

original pore image

Ratio of shapiness index

First time opening image Octagon Square 3 X 3 Rhombus Octagon Square 3 X 3 Rhombus
Overlapping reconstructed image 0.9484 0.9849 0.9873 0.0284 0.0119 0.0182

Nonoverlapping reconstructed image 0.8531 0.9315 0.9164 0.019241 0.012627 0.015318
Original image 1 1 1 0.016415 0.012085 0.018017
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Fig. 3. Thresholded colour-coded pore images recon-
structed (see Fig. 2) in binary form. (a—c) Binary pore
images reconstructed via the nonoverlapping procedure
by means of octagon, square 3 x 3, and rhombus
structuring elements, respectively. (d—f) Binary pore
images reconstructed via the overlapping procedure
by means of octagon, square 3 x 3, and rhombus
structuring elements, respectively. (Black and white
colours, represent pore and grains, respectively.) The
basic differences between these images (a—f) that look
identical, are shown quantitatively in the first four
columns of Table 1.

This may be due to the fact that the higher scaled pore space
is smoothened to a greater degree, where the problem of a
nonfilled critical region does not arise. Our explanation is that the
small isolated pore spaces vanish due to the opening transfor-
mations applied in the pore space. The structuring elements of
larger sizes are able to fill in a higher dimensional pore space.
Again, asin the case of the rhombus, it gives the optimal match-
ing in reconstruction. In general, pores reconstructed by structur-
ing elements of larger sizes at lower pore space dimensions do
not contain complete morphological information, and thus they
cannot uniquely characterize the pore structure.

© 2005 The Royal Microscopical Society, Journal of Microscopy, 219, 76—-85

Consequently, to push the investigation on pore reconstruc-
tion even further, we investigated whether similar reconstruction
can be achieved by different structuring elements if we apply
the multiscale opening process on a reconstructed pore. Towards
this goal, we provide an example of the opening process on
the pore with nonoverlapping by octagon elements (Fig. 5).
With the increasing number of iterations, random pores
reconstructed by nonoverlapping octagon elements vanish
from the smallest to largest sizes of octagon.

We show several realizations of the reproduction of morpho-
logical shapes or structuring elements at N — 1 iterations before
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Fig. 4. (a—c) Thereconstruction of the original binary
pore image shown in Fig. 1(b), by using octagon,
square 3 x 3, and rhombus structuring elements.
For the quantitative results that illustrate the minor
morphological variations in these seemingly identical
images, refer to the first row of Table 2.

Table 2. Comparative analysis of estimated ratios between the areas of the original pore image and the images reconstructed via the overlapping

procedure and shapiness indices.

Ratio of area of reconstructed pore image to original

The cycles of the pore image Ratio of shapiness index

opening process at

original pore image Octagon Square 3 x 3 Rhombus Octagon Square 3 X 3 Rhombus
Original image 0.9316 0.9758 0.9835 0.01627 0.01198 0.01088
First time opening 0.9484 0.9849 0.9873 0.0284 0.0119 0.0182
Four times opening 0.9849 0.9883 0.9999 0.01840 0.01428 0.01294

the vanishing of the morphological shape for nonoverlapping
(Fig. 6a—c) and overlapping (Fig. 6d—f) of the pore system. It
was found that there are two octagon shapesretained after N — 1
iterations (Fig. 6d). This implies that the reconstruction of
the first time opening of the pore reconstructed through the
overlapping procedure by the octagon occupied more space
compared to that of the nonoverlapping while reconstruction.

This reconstruction of the pore space is commonly used to
characterize its morphology. We chose to study these questions
quantitatively by attempting to reproduce the morphological
shapes by successfully reconstructing pore images. The shapiness
index is computed to identify any physical phenomena of the
structuring pattern formed by reproducing the structuring

elements of reconstruction images. Shapinessindices computed
for the reconstructed images with respect to different struc-
turing elements are presented in Table 1. The reproduction of
the octagon shapes in an overlapping reconstruction system is
shown slightly better than for other reconstruction systems.
We also found that there are no significant differences in the
results obtained from choosing a square 3x 3 (~0.12) or a
rhombus (0.15-0.18). Graphical plots (Fig. 7) show that the
area of the reconstructed pore decreases with an increasing
number of iterations of the opening transformation. Different
reconstructed systems contain distinctive morphological infor-
mation. It was observed that the graphical plots obtained for
the system reconstructed via the overlapping procedure are
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RECONSTRUCTION OF PORE SPACE 83

Fig. 5. (a) Pore image after four cycles of the opening
transformation. (b—d) Reconstructed pore image
after four cycles of opening through the overlapping
procedure by means of octagon, square 3 X 3, and
rhombus structuring elements, respectively. The third
row in Table 2 may be referred to for the quantitative
results that illustrate the basic morphological variations
in these nearly identical images.

similar to those of the original system. However, the results
of reproducing structuring elements at the nonoverlapping
image are lower than the original system because it does not
contain the complete morphological information at the
reconstructed image.

Reproducing the morphological shape was successfully
applied in the original and higher dimensional reconstructed
systems and obtained the results of shapiness index in Table 2.
The shapiness indices were computed for multiscale pore images
that increased with increasing levels of multiscale.

Our explanation for this fact is that the smaller particles of
microstructure in the higher dimension vanish due to the open-
ing transformations with increasing size of the structuring
element. The result of the shapiness index at higher dimen-
sional pore images is shown. It is slightly higher than that
for the original pore image. Therefore, the shapiness index is
slightly higher due to the decreasing area of the pore systems.

We infer from the graphical plots (Fig. 8) that a decreasing
trend occurs in the area at different multiscale dimensions
of the reconstructed pore space. Different dimensions of
reconstructed systems contain distinctive morphological
information. It is also observed that the reconstructed pore
area at the first time opening pore system is higher than those
for the original system.

© 2005 The Royal Microscopical Society, Journal of Microscopy, 219, 76-85

Conclusions

We employed morphological transformations to reconstruct the
pore space by both overlapping and nonoverlapping procedures.
This adopted framework is simple to implement and generally
applicable to multidimensional pores. Furthermore, to judge the
efficiency of reconstruction through overlapping and nonover-
lapping procedures, we estimated the cumulative distribution
function. The pore space reconstructed via the overlapping pro-
cedure matches closely to the original pore space as compared
to the pore space reconstructed through the nonoverlapping
procedure. However, the nonoverlapping reconstruction does
not provide good results in reconstruction, which is due to the
fact that many regions within the original pore space are not
filled. The reconstruction by the three structuring elements
was found generally to underestimate all the measures that
characterize morphological information of the pore space. The
reconstruction was done with more accuracy with the rhombus
than with the octagon or the square. Larger structuring elements
such as larger octagons failed to reconstruct the pore space
accurately. However, the octagon-like templates were capable
of filling in actual higher dimensional pore space.

Having obtained reasonably successful reconstruction results,
we explored further information from the reconstructed pore
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() (b)

() (d)

(e) (f)

Fig. 6. (a—c) N— 1" level portions of a pore obtained
from a pore reconstructed via the nonoverlapping
procedure by means of octagon, square, and rhombus
structuring elements, respectively. (d—f) N— 1" level
portions of pores obtained from pores that were re-
constructed via the overlapping procedure by means
of octagon, square and, rhombus structuring elements,
respectively. Note that images at the N™ level would
yield empty sets.

\ g

space that relates to another intriguing inverse process in
reconstruction, namely, shapiness index. The reproduction
of the octagonal shapes in overlapping reconstruction was
shown, which is better than other reconstruction at first time
opening systems. This is due to the fact that morphological
information obtained from reconstructed octagon images is
incomplete.

We are currently extending our algorithm to address another
intriguing problem, the reconstruction of 3-D pore structures
from 2-D slices of MRI images, such as the extraction of brain
from the human body, and schist from geological samples
(provided by the University of Malaya). We will also compare

the macroscopic properties of the referenced systems to the
corresponding properties of the reconstructed systems. The
results will be communicated in future publications.
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