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Interferometric complementarity is known to be one of the most nonclassical manifestations of the
quantum formalism. It is commonly known as wave-particle duality and has been studied presently
from the perspective of quantum information theory where wave and particle nature of a quantum
system, called quanton, are characterised by coherence and path distinguishability respectively. We
here consider the effect of noisy detectors on the complementarity relation. We report that by
suitably choosing the initial quanton and the detector states along with the proper interactions
between the quanton and the detectors, one can reduce the influence of noisy environment on
complementarity, thereby pushing it towards saturation. To demonstrate this, three kinds of noise
on detectors and their roles on the saturation of the complementarity relation are extensively studied.
We also observe that for fixed values of parameters involved in the process, asymmetric quanton
state posses low value of coherence while it can have a higher amount of distinguishability, and
hence it has the potential to enhance the duality relation.

I. INTRODUCTION

The wave-particle duality or interferometric complemen-
tarity [1–3], exhibiting both wave- and particle-like be-
haviour of quantum systems which are often called quan-
tons [4, 5], plays a significant role in quantum mechanics.
In 1928, Bohr first pointed out that this wave and par-
ticle nature of quantum systems are “exclusive” to each
other [6]. Later on, an information-theoretic notion was
used to obtain complementarity relation by Wootters and
Zurek which qualitatively shows the impossibility of si-
multaneously observing both path information and fringe
visibility in an interference experiment [7]. A quantita-
tive version of this relation was proposed by Greenberger
and Yasin which involve predictability, defined as the dif-
ference between probabilities of going through two differ-
ent paths by the initial quanton, and the visibility of an
interference pattern, denoted by V [8]. To gather infor-
mation about the path, Englert had introduced detec-
tors which can distinguish which-way the quantum sys-
tems travel. Such a posteriori path information acquired
through measurement, denoted as D, revealing the parti-
cleness of quantum systems and the visibility, admitting
the wave nature of quantum systems, lead to a duality
relation, given by [9]

D2 + V2 ≤ 1. (1)

In the past two decades, a lot of effort has been put
towards addressing several questions on the relations in-
volving various interference set-ups, source with single
or multiphotons [10–30] etc. Moreover, it has also been
experimentally tested in various kinds of physical sys-
tems including atom [31], nuclear magnetic resonance
[32], single-photon source [33].
On the other hand, Heisenberg’s uncertainty principle
limits the precision of outcome-statistics of two com-
plementary observables [34]. Recent developments show
that it is important in applications of quantum informa-
tion theory like detection of entanglement [35], quantum
steering [36], mixedness of quantum systems [37]. Ini-

tially, uncertainty relation was considered as the quan-
titative version of the complementarity relation between
wave and particle nature of quantum states [38]. How-
ever, such connection originates lots of debates [39]. In-
voking a scenario, it was claimed [9, 40] that interfer-
ometric complementarity is not connected with uncer-
tainty. Later on it was argued that in every interferom-
eter scenario, one can derive an uncertainty relation of
some observables [41, 42] (cf. [43, 44]).

In the literature, path distinguishability is quantified in
two different ways – (1) minimum error state discrimi-
nation (MESD), established by Helstrom [45], where in
each run of the experiment, one has to guess the input
state with least probability of error [46] and (2) unam-
biguous state discrimination protocol, in which the state
has to be identified always successfully, minimising the
probability of inconclusive case [47]. On the other hand,
in recent years to characterise the wave property, instead
of the fringe visibility, coherence [48], C, of the reduced
quanton state after interaction with the detectors is pre-
scribed. By considering the probability of success for
distinguishing states detected in different paths, denoted
by DQ and the coherence, the new linear complemen-
tarity relation of the form DQ + C ≤ 1 was derived [20]
(see also [26]). In a similar spirit of the inequality (1),
Bagan et al. [23] found a quadratic complementarity re-
lation where wave nature is captured by coherence and
distinguishability is measured by the success probability
of state discrimination protocol [45].

In most of the cases, interferometric complementarity, a
genuine manifestation of quantumness, was studied in
an ideal experimental set-up. However, a noisy envi-
ronment is unavoidable in any experiment with quan-
tum systems. Therefore, studying the effects of noise on
the duality relation is interesting although investigations
in this direction are limited (c.f. [49, 50]). In this pa-
per, we consider a situation, where the initial detector
states are affected by noise. We then investigate its con-
sequences on the quadratic complementarity relation de-
rived in Ref. [26]. Specifically, we address the question -
how is the complementarity modified if path information
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is obtained through damped detectors in the context of
double-slit experiment [9, 26]. Towards answering this,
three kinds of noisy channels, namely, depolarizing (DC),
amplitude damping (ADC) and phase damping noises
(PDC) are considered and in presence of all the noisy
channels, we observe that in general, the complemen-
tarity goes far from saturation. However, we find that
the decohering effect can be countered by monitoring the
relevant parameters involved in the set-up, such as the
initial detector state, the initial quanton and the interac-
tion between the quanton and the detectors. In the case
of the depolarizing channel, for symmetric quantons, we
find that although the path distinguishability and the
coherence independently change with the initial detec-
tor states, duality relation is independent of the initial
detector parameters. We notice that in the presence of
strong noisy environment, there exists a finite region in
parameter settings for which complementarity relation
can be saturated by proper controlling of the system pa-
rameters. We also observe that the asymmetric initial
quanton state, with suitably chosen detector state, can
facilitate the distinguishability and hence duality rela-
tions in a non-trivial way. The advantage of asymmetry
over symmetric quanton from the perspective of satura-
tion of the bound is reported for all the considered noisy
channels.
The paper is organized as follows: In Sec. II, we de-
scribe the interferometric set-up required for the duality
test in a noisy environment, we discuss all the definitions
used and the complementary relation. The consequences
of noisy channels on complementarity are discussed in
Sec. III. Specifically, Subsecs. III A, III B, III C deal with
the depolarizing, the amplitude damping and the phase
damping channels respectively. The Kraus operators for
noisy channels are discussed in the Appendix. We finally
conclude in Sec. IV.

II. COMPLEMENTARITY RELATION
BETWEEN DISTINGUISHABILITY AND

COHERENCE

In this section, we set the stage for studying complemen-
tarity relation in terms of path distinguishability and
coherence in the presence of noise. Before presenting
the complementarity relation, we first discuss the picture
considered here for the duality test and then give the def-
initions of distinguishability and coherence considered in
this paper.

A. Interferometeric set-up in noisy scenario

We consider a double-slit interference experiment, with
pure initial quanton state, |ψin〉 =

∑2
i=1

√
pi|ψi〉, where

{|ψ1〉, |ψ2〉} forms an orthonormal basis, with pi being
the probability of acquiring the path, i. Initially the
joint state of a quanton and a detector system is given

by ρ
(in)
sd = ρin ⊗ ρ(0)d (see Fig. 1).

FIG. 1. (Color online): A schematic diagram of the double-
slit interference experiment. The detector which is used to
distinguish the path taken by the quanton is affected by noise
shown in bluish gray color.

In presence of noise, the detector state gets modified, as

ρ
(0)
d −→ ρ̃

(0)
d =

∑
i

Kiρ
(0)
d K†i , (2)

with completeness relation
∑
iK
†
iKi = I. The spectral

decomposition of the transformed detector state then can
be written as

ρ̃
(0)
d =

∑
k

Dk|dk〉〈dk|, (3)

where
∑
kDk = 1, Dk ≥ 0, and 〈dk|dl〉 = δkl.

While acquiring the first or the second path, the detector
state gets transformed as

ρ
(i)
d = U†i ρ̃

(0)
d Ui, i = 1, 2, (4)

where {Ui} denotes the set of unitary transformations
acted on the detector state, corresponding to the path of
the quanton.
The global interaction creates entanglement between the
detector and the quanton. In general, the controlled uni-
tary operations can be used to correlate the quanton and
the detector. Thus, for gaining the knowledge of the
quanton, it is sufficient to make a quantum measurement
on the detector state. The combined quanton-detector
state can now be written as

ρsd =

2∑
i,j=1

√
pi
√
pj |ψi〉〈ψj | ⊗ U†i ρ̃

(0)
d Uj . (5)

Given this kind of interaction, we measure the co-
herence of the quanton and path distinguishability in
this situation to estimate distinguishability-coherence
complementarity.

Quantum coherence : Quantum coherence [48] cap-
tures the wave nature of a quanton, defined as

C(ρ) =
1

n− 1

∑
i 6=j

|ρij |, (6)
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where n is the dimensionality of the Hilbert space. For
n = 2, C = |ρ12| + |ρ21|. Note here that although co-
herence is a property of a quanton state alone, due to
the entanglement between the detector and the quanton,
noise on detector affects coherence as well. Therefore, in
this scenario, we first find the reduced density matrix of
the quanton, by tracing over the detector states, given
by

ρs =

2∑
i,j=1

√
pi
√
pj Tr

(
U†i ρ̃

(0)
d Uj

)
|ψi〉〈ψj |. (7)

For the given interferometric set-up, the set {|ψi〉} forms
the complete incoherent basis. The coherence in this ba-
sis now can be calculated for the quanton using the re-
duced density matrix, as

C =
∑
i 6=j

|〈ψi|ρs|ψj〉|

=
∑
i 6=j

√
pi
√
pj

∣∣∣Tr
(
U†i ρ̃

(0)
d Uj

)∣∣∣.
Using Eq. (3), we get the following form:

C = 2
√
p1
√
p2

∣∣∣∣∣∑
k

Dk 〈dk|U2U
†
1 |dk〉

∣∣∣∣∣. (8)

Path distinguishability : The path information of
quanton states can be obtained by distinguishing the

given detector states {ρ(1)d , ρ
(2)
d }, which appear with

probabilities {p1, p2}. For distinguishing two non-
orthogonal states, there exist measurement strategies
which give an upper bound on the success probability
of discrimination. We will use the upper bound of suc-
cess probability based on MESD, as introduced by Bagan
et. al. [23], given by

Ps ≤
1

2
+

1

4

2∑
i,j=1

∣∣∣∣∣∣pi ρ(i)d − pj ρ(j)d ∣∣∣∣∣∣, (9)

where ||X || = Tr [
√
X†X].

The path distinguishability characterizes the particle na-
ture of the quanton and its quantifier can be written as
[9, 16, 46]

D = 2Ps − 1 ≤
∣∣∣∣∣∣p1 ρ(1)d − p2 ρ(2)d ∣∣∣∣∣∣. (10)

The path quantifiers have also been proposed from unam-
biguous quantum state discrimination(UQSD) method
[20, 26]. In this paper, we will stick to MESD to quantify
the particleness.
Using Eqs. (3) and (4), the above Eq. (10) reduces to

D ≤
∑
k

Dk (1− 4p1p2 |〈dk|U2U
†
1 |dk〉|2)1/2. (11)

For symmetric quanton state (p1 = p2), 0 ≤ D ≤ 1,
where perfect distinguishability occurs with D = 1, ob-

tained for orthogonal states. For non-orthogonal {ρ(i)d }’s,
0 ≤ D < 1. If the quanton state is asymmetric, i.e., the
(p1 6= p2) then, P ≤ D ≤ 1 [9], where P = |p1 − p2|, is
known as predictability [8].

B. Complementarity Relation

By incorporating the effect of noise in the interferomet-
ric set-up, we have the expressions of coherence and path
distinguishability in Eqs. (8) and (11) respectively. By
squaring and adding them we get the desired complemen-
tarity relation as

F ≡ C2 +D2 ≤
∑
k,l

DkDl =
∣∣∣∣∣∣ρ̃(0)d ∣∣∣∣∣∣2 = 1, (12)

where we call F as the complementarity function. Eq.
(12) represents the duality relation for the double-slit in-
terference experiment. Note that when both the quanton
and the detector states are pure, F = 1. We will show
that with a proper choice of system parameters, how com-
plementarity relation can reach saturation even for noisy
detector states.

III. ANALYSIS OF NOISY DETECTOR IN
DOUBLE-SLIT EXPERIMENT

We are now ready to investigate the situation where the
test for the wave-particle duality relation is disturbed
by three paradigmatic noise models, acted on the detec-
tor states. We will subsequently show that by suitably
tuning the parameters involved in the process, one can
suppress the decoherence in a certain way.
Let us illustrate the double-slit scenario described in Sec.
II. The initial quanton and the detector states are taken
respectively as

|ψin〉 =
√
p1|ψ1〉+

√
1− p1|ψ2〉,

|d0〉 = cos
θ

2
|ψ1〉+ eiφ sin

θ

2
|ψ2〉, (13)

where 〈ψ1|ψ2〉 = 0, φ ∈ [0, 2π] and θ ∈ [0, π].
We now assume that before interacting with the quanton,
the detector state gets modified under the noise present
in the system, which can be represented by Eq. (2).
Then the controlled unitary operations correlate the ini-
tial quanton and the modified path detector. For our
purpose, we take the following form of unitaries:

U1 =

(
ei(α1− β1

2 −
δ1
2 ) cos η12 −e

i(α1− β1
2 +

δ1
2 ) sin η1

2

ei(α1+
β1
2 −

δ1
2 ) sin η1

2 ei(α1+
β1
2 +

δ1
2 ) cos η12

)
,

(14)
and

U2 =

(
ei(α2− β2

2 −
δ2
2 ) cos η22 −e

i(α2− β2
2 +

δ2
2 ) sin η2

2

ei(α2+
β
2−

δ2
2 ) sin η2

2 ei(α2+
β2
2 +

δ2
2 ) cos η22

)
,

(15)
where αi, βi, δi, and ηi (i = 1, 2) are real numbers. Note
that one of the phases, αis, of Uis do not contribute in the
computation of C and D since the moduli of the unitaries
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are present in the expressions for both the cases. There-
fore, F is a function of all these parameters including
the noise parameter γ, defined in Appendix and should
satisfy the complementarity i.e.,

F(β1, β2, δ1, δ2, η1, η2, θ, φ, p1, γ) ≤ 1. (16)

Given a fixed value of γ, we aim to control all these pa-
rameters suitably, so that F saturates or goes close to a
saturation value. In particular, for a fixed noise model,
we analyse the pattern of F systematically by fixing some
parameters to a certain fixed value and varying the rest

of the parameters.

A. Depolarizing channel

Let us first consider the depolarizing channel, described
in Appendix A 1. It is clear from Eq. (A2) that the state
symmetrically changes its form after sending it through
a DC. We start analyzing its effect with the symmetric
initial pure state, i.e., |ψin〉 = 1√

2
(|ψ1〉 + |ψ2〉). In this

situation, the left-hand side of (16) takes the form as

F =
1

2

((
2 + (1− cos(∆β + ∆δ)(γ − 2)γ

)
cos2

η1
2

cos2
η2
2

+ (2 + (1− cos(∆β −∆δ))(γ − 2)γ
)

sin2 η1
2

sin2 η2
2

)

+
1

2
(γ − 1)2(1− cos η1 cos η2)− 1

4
(γ − 2)γ

[
(cos ∆β + cos ∆δ) sin η1 sin η2

]
, (17)

where ∆β = β1 − β2 and ∆δ = δ1 − δ2. Notice first
that the expression in Eq. (17) is independent of both
the parameters in detectors, θ and φ, which implies
that the manipulation of the initial detector state
can not be useful to overcome the aftermath of the
depolarizing noise. Although F is independent of θ and
φ, coherence and path distinguishability depends in-
dividually on the |ψin〉 as depicted in Figs. 2(a) and 2(b).
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FIG. 2. (Color online) Plots of coherence, distinguishability
and complementarity function for the depolarizing channel.
The horizontal axes represent θ in (a) and φ in (b). For the
symmetric initial quanton for which quantities are marked
with subscript ‘s’, C2s , D2

s clearly depend on θ and φ while Fs
remains independent of both. However, in the asymmetric
case, with p1 = 1

8
, Fa depends on θ and φ. Clearly, for

certain range of θ, Fa > Fs. We fix η1 = π; η2 = π
2

; ∆β =

2π; ∆δ = π; γ = 1
8

in both the figures. In (a): φ = π
8

while in
(b): θ = π

4
.

We first notice that the expression for F depends on the
differences in phases of U1 and U2, i.e., on ∆β and ∆δ
as well as the trigonometric angles, η1 and η2. Hence, to
diminish the power of γ on F , the parameters that can be
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FIG. 3. (Color online) Contour plots of F in presence of
DC. The maps of the complementarity function is plotted in
different planes of parameters by fixing others. In (a): (∆η,
γ)-plane, with ∆β = 0; ∆δ = 0, (b): (∆β, γ)-plane, by fixing
η1 = 0; η2 = π

3
; ∆δ = 0 and (c): (∆η,∆β)-plane, with

∆δ = 0; γ = 1
2
.

controlled are ∆β and ∆δ, η1, and η2. Let us investigate
the patterns of F for different values of these parameters
whose functional dependence on F is similar.

Case 1: ∆β = 0; ∆δ = 0. This is the case when both
the unitaries have the same phase factors, i.e. β1 = β2,
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and δ1 = δ2. Eq. (17) reduces to

F = 1−
(
2γ − γ2

)
2

(1− cos ∆η), (18)

where ∆η = η1 − η2 i.e., F does not depend individually
on η1 and η2 which is not the case in general. Clearly,
F = 1, saturating the inequality, (16) when there is no
noise i.e., when γ = 0. We ignore γ = 2 as it looses
physical interpretation. On the other hand, for ∆η = 0,
i.e. for η1 = η2, the second term also vanishes and the
duality relation saturates for all values of noise param-
eters, γ. Continuity of ∆η guarantees that there is a
neighborhood where F ≈ 1, ∀γ. Moreover, we observe
that there exists a finite region in the plane of ∆η, for
which F > 0.9. It indicates that when η1 is close to η2,
robustness of F is maximum against DC (see Fig. 3(a)).
Let us enumerate the following observations in this sce-
nario:

1. To keep the value of F being fixed to F0, say, with
a specific noise in the detector, one requires a max-
imum value of ∆η, denoted by ∆ηmax below which
F ≥ F0, as illustrated in the figure by contours.
For example, when F ≈ 0.8, and γ = 0.2 , ∆ηmax =
1.68.

2. For a fixed value of γ, let us consider two different
values of F , say, F1 and F2, such that F1 ≥ F2,
then ∆ηmax(F1) ≤ ∆ηmax(F2). It tells us that cor-
responding to a large value of F , there exists a
small range of ∆η, for which F can be tuned to-
wards saturation of F .

3. For high values of γ, i.e., in presence of a very noisy
environment, and when the difference between η1
and η2 is close to π, F goes far from unity, i.e.
far from saturation. This is exactly the opposite
scenario than the one with ∆η = 0.

Case 2: η1 = 0; η2 = π
3 ; ∆δ = 0 or η1 = 0; η2 = π

3 ;
∆β = 0. We choose specific values of ηis and ∆δ = 0
(∆β = 0), to study the behaviour of F with respect
to ∆β (∆δ) and γ. Note that η1 = 0 makes U1 to be
diagonal while all the elements in U2 are non-vanishing
with η2 = π

3 . Eq. (17) in this case reduces to

F = 1−
(
2γ − γ2

)
8

(5− 3 cos ∆β), (19)

with ∆δ = 0. Similar expression can be found by replac-
ing ∆β by ∆δ. Since the role of ∆β and ∆δ on F is the
same, we will get a similar equation and behaviour when
one of them vanishes. We find that the complementarity
relation saturates when there is no noise in the system,
i.e., γ = 0. However, unlike in the previous case, there
does not exist any value of ∆β for which saturation of F
happens for certain values of γ. For example, for ∆β = 0
or 2π, we have F ≈ 1, for a certain range of γ only. As
depicted in Fig. 3(b), the effect of noise is minimized on
F when ∆β = 0 or 2π and its neighborhood.

We also find that to keep F close to a fix value, there
exists a finite range of ∆β, for a fixed γ. As a particular
case, when F ≈ 0.8 and γ = 0.15, 1.83 ≤ ∆β ≤ 4.45.
Comparing different contours of F , for fixed values of γ,
we observe that with a decrease of F , the range of ∆β
also shrinks. For example, for F ≈ 0.5 and γ = 0.3,
2.81 ≤ ∆β ≤ 3.47. Another sharp contrast between Case
1 and Case 2 is that, for certain γ values, tuning ∆β is
not enough to obtain a high value of F . Moreover, the
complementarity is highly affected by noise, i.e., F << 1,
when ∆β is close to π.
Case 3: ∆δ = 0; γ = 1

2 or ∆β = 0; γ = 1
2 . Let us

study F in the (∆η,∆β)-plane for a fixed γ. We choose
∆δ = 0. The similar picture for F can be obtained when
∆β is replaced by ∆δ and ∆β is fixed to zero. In this
case, we have

F =
1

16

(
7 + 3 cos ∆β

(
1 + cos ∆η

)
+ 3 cos ∆η

)
. (20)

The complementarity relation saturates or F ≈ 1, if
∆η = 0 and ∆β = 0 or ∆η = 0 and ∆β = 2π as shown
in Fig. 3(c). On the other hand, F ≈ 0 with ∆β (∆η) is
close to π irrespective of ∆η (∆β).
Asymmetric Case: Let us now move to the case when
the initial quanton state is asymmetric i.e., p1 6= p2. In
this case, the complementary function in (16) can be de-
noted as Fa ≡ C2a + D2

a where Ca and Da are the coher-
ence and path distinguishability with asymmetric quan-
tons. It depends both on θ and φ. For comparison, let us
also denote coherence, path distinguishability and com-
plementarity by C2s , D2

s , F2
s for the symmetric case.

We find that for fixed unitary operators, path distin-
guishability increases, i.e., D2

s ≤ D2
a while coherence de-

creases, C2s ≥ C2a, with the increase in asymmetry. Also,
there exists a range of values of θ(φ) where D2

a remains
constant. Interestingly, we observe that, when Fa > Fs,
there exists a finite range of θ(φ) where D2

a is independent
of θ(φ) while for the remaining values of θ(φ), Fa = Fs
(see Fig. 2(a) and 2(b)). In the region where Fa > Fs,
Fa has a bump with respect to θ(φ). This bump appears
because D2

a becomes constant for a certain range of θ(φ),
which is a consequence of the fact that distinguishability
is lower bounded by the predictability P. At p1 = 1

8 ,
distinguishability reads in terms of θ(φ) as

D2
a(θ) =


0.5625, for 0.12 ≤ θ ≤ 1.37,

0.003
(
204.1− 4.1 cos 2θ − 51.73 sin 2θ

)
,

for θ ∈ [0, 0.12) ∪ (1.37, π].

D2
a(φ) =


0.5625, for φ ∈ [0, 0.98) ∪ (5.3, 2π],

0.006
(
107− 28 cosφ− 7 cos 2φ

)
,

for 0.98 ≤ φ ≤ 5.3.

The result shows that manipulation in the detector state
with asymmetric quanton can push the complementarity
towards saturation. The physical origin of the advantage
obtained with asymmetric quanton states is as follows:
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With increase in asymmetry of the states, both distin-
guishability and predictability increase while the coher-
ence decreases. It so happens that, the loss in coher-
ence for certain values of the initial state parameters is
overcompensated by the increase in the distinguishabil-
ity. For these initial states, there is sharp rise in the value
of predictability, P, and hence the distinguishability, D,
which leads to increment in the complementarity relation
compared to that in the symmetric case.

B. Amplitude damping channel

Let us now investigate the consequence on complemen-
tarity relation when amplitude damping channel (see A 2)
acts on the detectors. Let us again take the initial quan-
ton state of the form |ψin〉 = 1√

2
(|ψ1〉 + |ψ2〉). In this

case, the duality relation in (16) takes the form as

F = 1 +
9

8
γ(γ − 1) +

γ(γ − 1)

8

(
3 cos 2θ − 12 cos θ − 8

(
cos η1 cos η2 − (cos η1 + cos η2) sin ∆β sin ∆δ

+ cos ∆δ sin η1 sin η2 + cos ∆β
[

cos ∆δ + cos ∆δ cos η1 cos η2 + sin η1 sin η2
]

sin4 θ

2

))
≤ 1. (21)

Like the DC, we first note that F depends on ∆β, ∆δ,
η1, η2 and γ. Moreover, F is a function of the detec-
tor state parameter, θ. Unlike the depolarizing noise, we
find that F ≈ 1 when θ is close to zero for other fixed
parameters and for moderate amount of noise. Such ob-
servation holds both for the initial quantum states with
p1 = p2 and with p1 6= p2 (see Fig. 4(a)). We again
see that the asymmetric quanton states can perform bet-
ter than that of the symmetric ones with respect to the
saturation for certain choices of θ. The state having
p1 6= p2 shows advantage again due to the behaviour
of path-distinguishability with the variation of θ as it is
clearly visible from Fig. 4(a). On the other hand, F with
p1 = p2 remains constant with φ in |d0〉 while it shows
nonmonotonicity with φ for the case when p1 is different
from p2 for the initial state (see Fig. 4(b)).
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FIG. 4. (Color online) Like in Fig. 2, complementarity
function is plotted for ADC. Other parameters are fixed to
η1 = π; η2 = π

2
; ∆β = 2π; ∆δ = π; γ = 1

4
in both figures, with

φ = 0 in (a) and θ = π
3

in (b). As in the case of depolariz-

ing noise, asymmetric quanton (with p1 = 1
8
) outperforms for

some finite range of θ values over the symmetric one.

To illustrate the behaviour of F with θ and γ, we now
perform the following analysis for the initial quanton with
p1 = p2.
Case 1: ∆β = 0; ∆δ = 0; η1=0; η2 = π. These choices
of parameters fix both the unitaries and the expression

for F , which reduces to

F =
1

2

(
2− (γ − γ2)(3− 4 cos θ + cos 2θ)

)
. (22)

Note that F = 1, when γ = 0 or 1 ∀θ and θ = 0 ∀
γ. It implies that for θ = 0, i.e., when |d0〉 = |ψ1〉, the
complementarity can always be saturated for any value
of the noise parameter γ, which indicates that the com-
plementarity relation is maximally robust against noise
when d0 = |ψ1〉. However, when |ψin〉 = 1√

2
(|ψ1〉+ |ψ2〉)

and |d0〉 = |ψ2〉, the ADC has maximal destructive ef-
fect on F . Such observation can be justified from the
definition of ADC, given in Eqs. (A3). We observe that
F ≥ 0.9 when 0 ≤ θ ≤ π/2 in presence of any strength
of the noise. More specifically, for fixed γ = 0.075, we
obtain F ≥ 0.9, for θ ≤ 1.77. In the presence of fixed
noise parameter, such an upper bound on θ can always be
found which gives a certain fixed value of F . We depict
this feature by using contours in (θ, γ)-plane. Further,
the value of F goes close to zero or the complementarity
remains far from saturation, if γ = 1

2 and θ = π (see Fig.
5(a)).
Case 2: ∆β = 0; ∆δ = 0; θ = π. Such a choice makes
the detector state to be |d0〉 = |ψ2〉 while the initial state
is the symmetric one. For some unitary operators, our
analysis in Case 1 shows that such a choice of θ pushes
away F from unity. The question remains in this case
whether we can tune the unitaries in such a way that the
trigonometric function ηis change and F goes towards
saturation. With these choices of parameters, we obtain

F = 1− 2(γ − γ2)
(
1− cos ∆η

)
. (23)

From the above expression, we see that F saturates, for
γ = 0 or 1 ∀∆η and ∆η = 0 ∀γ. Moreover, there is a
certain range of ∆η close to zero, in which F ≈ 1 for all
values of γ ≤ 1/2 (see Fig. 5(b)). On the other hand, for
small values of γ, any ∆η values leads to the saturation
of F as depicted in Fig. 5(b).
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Case 3: ∆δ = 2π; η1=0; η2=
π
2 ; θ = π or ∆β = 2π;

η1=0; η2=
π
2 ; θ = π. To see the effect of phase ∆β or

∆δ in the unitary on F , we choose some specific values
of parameters. With ∆δ = 2π,

F = 1− (γ − γ2)
(
3− cos ∆β

)
. (24)

From the above equation, we find that F = 1 for γ =
0 or 1 and F = 0 for γ = 0.5 and ∆β = π. As we
infer from Fig. 5(c), F can only go to saturation for all
values of ∆β when γ is very small, i.e., the noise is almost
negligible. Moreover, we see that the pattern of F with
∆β for 1/2 ≤ γ ≤ 1 is the mirror reflection of the one
obtained with 0 ≤ γ ≤ 1/2. As it is clear from Eq. (24),
with increasing γ, F decreases. However for fixed γ, to
obtain F < 0.5, ∆β is in the neighborhood to π while to
obtain F ≈ 0.5, ∆β should be taken towards zero or 2π.
If we fix θ = π, ∆δ = 0 and γ = 1/2, F behaves quite
similar to the depolarizing noise in the (∆η,∆β)-plane.
The functional form in this case is given by

F = cos2
∆β

2
cos2

∆η

2
. (25)

Clearly it vanishes when either ∆β = π or ∆η = π while
it saturates when one of the phase is zero. The plot for
this scenario is depicted in Fig. 5(d). From the analysis
of θ as also seen from Fig. 5(a), one expects that F has
very low values when θ is close to π in presence of high
noise. The Fig. 5(d) shows that even in this scenario,
one can choose ∆η and ∆β so that F can reach to a very
high value, close to saturation.
On the other hand, if we consider θ = π/2 and choose
the same values of ∆δ = 0 and γ = 1/2, then we have

F =
1

16
(13 + cos ∆η + cos ∆β(1 + cos ∆η)), (26)

which has the minimum value 0.75 when ∆η or ∆β are
chosen to be π. Such choice of θ turns out to be extremely

good to suppress the effects of noise. Comparing Eq. (20)
with Eq. (26), we find that with the proper choice of θ,
ADC can produce higher value in F compared to the DC
with respect to ∆η and ∆β.
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FIG. 5. (Color online) Contour plots of F in the case of ADC.
The horizontal and the vertical axes respectively are in (a) γ
and θ, with ∆β = 0; ∆δ = 0; η1=0; η2 = π, (b) γ and ∆η,
having ∆β = 0; ∆δ = 0; θ = π, (c) γ and ∆β, ∆δ = 2π; by
fixing η1=0; η2=π

2
; θ = π and (d) ∆η and ∆β, with ∆δ = 0;

γ = 1
2

and θ = π.

C. Phase damping channel

Taking the symmetric quanton state, we evaluate F for
phase damping channel and find that like ADC, it de-
pends on all the parameters involved in the process ex-
cept for the phase of |d0〉, φ. In this scenario, we get

F =1 +
3

8
γ(γ − 2)− γ(γ − 2)

8

(
3 cos 2θ + cos ∆β cos ∆δ(1− cos 2θ − 2 sin2 θ

(
(cos η1 + cos η2) sin ∆β sin ∆δ

− cos η1 cos η2[1 + cos ∆β cos ∆δ]− sin η1 sin η2[cos ∆β + cos ∆δ])
))
. (27)

For |ψin〉 =
√
p1|ψ1〉 +

√
p2|ψ2〉 with p1 6= p2, F again

shows non-monotonic behaviour with θ and φ and it
also possesses higher value than the symmetric quantum
states for a certain range of θ and φ.
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FIG. 6. (Color online) Effects of PDC on F against θ (in (a))
and φ (in (b)). Quantities and all the other parameters are
same as in Fig. 4.
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Therefore we have,
Case 1: ∆β = 0; ∆δ = 0; η1 = 0; η2 = π. For these
choices, the complementarity relations reads as

F =
1

2

(
2− (2γ − γ2)

(
1− cos 2θ

))
. (28)

Note that, F has different functional form than the one
in Eq. (22). In particular, the linear term in Eq. (22) is
missing in this case.
Again, F = 1, when γ = 0 or 2 and when θ = 0 or
2π. Therefore, the complementarity saturates, which is
independent of the noise when we fix the detector state
with θ = 0 or π ∀ γ. Continuity with respect to θ assures
that when θ is close to 0 or 2π, F ≈ 1. Further, when
θ = π

2 the effect of noise is most prominent. Similar
to the ADC, for a fixed value of γ, there is a range of
θ in which F can be kept approximately constant. For
example F ≈ 0.9 with γ = 0.075, when 0.81 ≤ θ ≤ 2.33.
The range shrinks drastically when γ ≥ 0.5.
Case 2: ∆β = 0; ∆δ = 0; θ = π

2 . In this situation, we
have

F = 1−
(
2γ − γ2

)
2

(1− cos ∆η), (29)

which is exactly similar to the one that we got in the
case of DC (see Eq. (18)). However, there is a difference
between DC and PDC – Eq. (18) is true for all detec-
tor states, i.e., for all values of θ while in case of PDC,
the detector state is chosen to be the same as the initial
quantum state in Eq. (29). For example, when θ = π

3 ,
the complementarity changes to

F = 1−
3
(
2γ − γ2

)
8

(1− cos ∆η). (30)

Note that for γ = 1 and ∆η = 0, F = 5
8 while for the

same choice of values, Eq. (29) gives the value of F to
be 1

2 .
Case 3: ∆δ = 2π; η1 = 0; η2 = π

2 ; θ = π
2 or ∆β =

2π; η1 = 0; η2 = π
2 ; θ = π

2 . With the above conditions,
we get the following expression:

F = 1−
(
2γ − γ2

)
4

(
3− cos ∆β

)
. (31)

Comparing the expressions of F obtained in Eqs. (19),
(24) and (31), we find that the γ-dependence of the above
equation is similar with DC. It can also be confirmed from
Figs. 3(b) and 7(c).
For fixed values of ∆δ = 0, θ = π/2 and γ = 1/2, we find

F =
1

16

(
7 + 3 cos ∆η + 3(1 + cos ∆η) cos ∆β

)
. (32)

The trends of F is again similar to the one obtained for
DC (see Figs. 7(d)) and 3(c)).
Fixing the control parameters to obtain complementarity
above a certain threshold : Given a fixed amount of noise,
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FIG. 7. (Color online) Contour plots of F when the detector
state is affected in PDC. The quantities plotted and the pa-
rameters fixed are same as in Fig. 5 except in (b), (c) and
(d), θ is set to π/2.

γ, in a noisy channel, one can ask the following: To ob-
tain F ≥ Fthreshold, how can we control the parameters
involved in unitaries? We will now show that this is in-
deed possible. To illustrate, let us demand F ≥ 0.9. In
the following table, we find the control parameters ∆η,
∆β and ∆δ which lead to F ≥ 0.9 for all noisy channels
irrespective of the choices of θ. Note that F is indepen-
dent of phase, φ, of the quantum states.

Channels DC (γ = 0.5)
ADC
(γ = 0.07)

PDC
(γ = 0.07)

∆η 0.5 π π
∆β 0.2 0 0
∆δ 0 0 0

TABLE I. The above table gives a sample values of the control
parameters for which F ≥ 0.9 independent of the parameters
θ and φ. These values have been obtained from the cases con-
sidered in figures (1)3(c) for depolarizing channel (2) 5(a) for
amplitude damping channel and (3) 7(a) for phase damping
channel.

Notice that for symmetric quanton states, the comple-
mentarity relation is independent of state parameters θ
and φ in case of depolarizing channel and hence it is eas-
ier to find the values of control parameters in this case
compared to ADC and PDC.

IV. CONCLUSION

Wave-particle duality was known as the most impress-
ing demonstration of the nonclassical feature present in
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quantum theory from the very beginning of its origin.
This characteristics of the quantum system have been ex-
perimentally verified in various kinds of interferometric
set-up and are presently known as interferometric com-
plementarity. In recent years, the new duality relation is
proposed involving coherence and path distinguishability
of quanton. Here we consider the picture where the de-
tectors are influenced by the noisy environment, thereby
affecting both coherence as well as distinguishability and
hence complementarity relation. It is found that there
exist certain initial detector states and parameters spec-
ifying interactions between the detector and the quanton
such that the decohering effect of noisy detectors can be
reduced and even in some cases, is possible to completely
wash out. In this scenario, relevant tuning parameters
are identified and studied extensively. Specifically, the
asymmetric initial quantum states are found to be more
advantageous concerning the saturation of the comple-
mentarity than symmetric quantum states, irrespective
of the noise models for some choices of parameters. Our
investigations shed light on the consequence of decoher-
ence in the experimental test of wave-particle duality. It
can be interesting to study other factors like memory and
non-Markovian channels which can influence the duality
relation.
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Appendix A: Quantum noise

Let us discuss briefly the noisy channels considered in
this paper. We will fix the notations here.

1. Depolarizing channel

The quantum noise produced by a depolarizing channel
takes a single qubit state, ρ to a maximally mixed state
I/2 with probability γ and the state is left intact with
the rest of the probability. Therefore, we have

ρ −→ ED(ρ) =
γI

2
+ (1− γ)ρ. (A1)

In the operator-sum representation, Eq. (A1) can be
represented as

ED(ρ) =

(
1− 3γ

4

)
ρ+

γ

4

3∑
i=1

σiρσ
†
i , (A2)

where σi are Pauli matrices.
2. Amplitude damping channel

The amplitude damping channel (ADC) is a schematic
model that describes the interaction of a two-level atom
with the electromagnetic field (environment). The evolu-
tion in this case is described by a unitary transformation
that acts on atom and environment which can always be
taken in a pure state without any loss of generality. The
corresponding transformation is given by

|0〉S |0〉E → |0〉S |0〉E (A3)

|1〉S |0〉E →
√

1− γ |1〉S |0〉E +
√
γ |0〉S |1〉E (A4)

where the parameter γ denotes the dissipation strength.
Physically, it tells us that if an atom was in an excited
state, |1〉S , it makes a transition to the ground state |0〉S
with probability γ by emitting a photon. The environ-
ment as a result makes a transition from “no-photon”
state |0〉E to the “one-photon” state |1〉E . Tracing out
the environment, one obtains the Kraus operators, Ki,
given by

K1 =

(
1 0
0
√

1− γ

)
, K2 =

(
0
√
γ

0 0

)
. (A5)

The initial state ρ changes in presence of ADC can be
written as

EAD(ρ) = K1ρK
†
1 +K2ρK

†
2 . (A6)

3. Phase damping channel

Phase damping is a unique quantum mechanical noise
process, which explains the loss of quantum information
without the loss of energy. The effect of noise can be
given by following Kraus operators, Ki:

K1 =
√

1− γ I,

K2 =
√
γ

(
1 0
0 0

)
,

K3 =
√
γ

(
0 0
0 1

)
.

(A7)

The state evolves in this case as

EPD(ρ) = K1ρK
†
1 +K2ρK

†
2 +K3.ρ.K

†
3 (A8)
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