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Ensembles containing orthogonal product states are found to be indistinguishable under local op-
erations and classical communication (LOCC), thereby showing irreversibility in the preparation and
distinguishing processes, which is commonly known as nonlocality without entanglement. On the
other hand, correlations arising from incompatible measurements on entangled states lead to Bell-
nonlocality. We unify these two concepts from the change in certain property incurred in the ensem-
ble under a suitable global unitary transformation. Specifically, we prove that under controlled-NOT
(CNOT) operation, a full product basis can create entangled states if and only if the full bases or
any subspace of it become irreducible in the process of LOCC discrimination. The proposed crite-
ria quantifies the amount of nonlocality associated with the sets of product states which are even
incomplete. For a set having entangled states, we modify the quantity accordingly and show that it
can provide an explanation for the phenomena of more nonlocality with less entanglement.

I. INTRODUCTION

Nonlocality associated with quantum theory had
been much debated and investigated from the time of
its inception [1]. Einstein, Podolski and Rosen (EPR)
pointed out that certain type of quantum correlation
[2], emerging from incompatible local measurements
on composite quantum systems, violates the assump-
tion of locality and reality [3] and hence it was argued
that the quantum theory is not complete in the sense
that it misses some variable to demonstrate a grand
narrative of nature [3]. In response to the EPR argu-
ment, Bohm proposed an ontological model of quan-
tum theory which restores reality but not locality [4].
Subsequently, in 1964, Bell proved that any theory com-
patible with quantum theory cannot satisfy the above
mentioned two assumptions simultaneously [5, 6]. In
spite of Bell’s comment, "correlations cry out for ex-
planation”, the second revolution of quantum technolo-
gies are heavily based on quantum nonlocality which
leads to device-independent quantum information pro-
cessing [7-10].

On the other hand, in 1999, Bennett ef al. provided
a set of product states, referred as nonlocality without
entanglement (NLWE) which cannot be distinguished
by local operation and classical communication (LOCC)
[11], thereby adding more cause to the Bell’s quotation.
In the context of distinguishability, it was shown that
global operations can give more information compared
to LOCC [12]. On the other hand, a set of orthogonal
states can always be distinguished by global measure-
ments while nonorthogonal states cannot. Instead of
global operations, if one allows only a restricted class of
operations like LOCC or separable operations, it is ex-
pected that there will be even a set of orthogonal quan-
tum states, containing especially entangled states which
cannot be discriminated by LOCC. Surprisingly, going
against the intuition, exhibition of the new type of non-
locality does not require entanglement in their prepa-
ration nor in joint measurement which distinguishes

them [11, 13]. Moreover, it was shown that any two
orthogonal quantum states are always distinguishable
by LOCC, independent of the content of entanglement
[14].

In this way, two types of nonlocality, studied inde-
pendently, emerge in the literature. As pointed out
by Niset and Cerf [15], entanglement does not imply
Bell-type nonlocality [16] while a new type of nonlo-
cality in terms of LOCC indistinguishability does not
guarantee entanglement in shared states [11] — we re-
fer Bell-nonlocality as type-I while Bennett-nonlocality
as type-II interchangeably. Moreover, a toy model was
proposed where several phenomena featuring quantum
theory including NLWE was demonstrated although
the theory does not exhibit Bell nonlocality, thereby
again separating the two concepts [17]. Type-II non-
locality initiates a plethora of results after its intro-
duction — a set of unextendible product basis (UPB)
[18, 19] are found to be LOCC indistinguishable and
also provides a methodical construction of bound en-
tangled states, several full and incomplete LOCC in-
distinguishable product ensembles are proven [20-23].
On the other hand, it was also shown that there ex-
ist sets of entangled states or sets of entangled as
well as product states that cannot be distinguished
by LOCC [14, 24—28]. Another interesting twist came
into the picture with the concept of more nonlocality
with less entanglement [26] — it was shown that al-
though three maximally entangled states can be dis-
tinguished by LOCC while when an entangled state is
replaced by a product state, thereby reducing the av-
erage entanglement in the ensemble, the ensemble be-
comes LOCC-indistinguishable. Phenomena of local-
indistinguishability find applications in the area like
quantum secret sharing and data hiding technology
which are primitives of cryptographic protocols [29],
the capacities of classical information transfer via quan-
tum states [30, 31].

All these counter-intuitive results make characteriz-
ing LOCC-indistinguishable sets of states to be highly
non-trivial. Although there are several works in which
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specific ensembles are extensively studied from the per-
spective of distinguishability by LOCC, investigations
towards the quantification of such ensembles are lim-
ited [32-35]. For this purpose, like Holevo bound [36]
for accessible information with global measurements, a
universal upper bound, known as local Holevo bound,
[32, 33] based on aquiring information via LOCC was
found [32, 33]. Interestingly, for the locally indistin-
guishable product ensembles, the local Holevo bound
cannot provide a better bound than the Holevo bound
with global operations. In a similar spirit of the lower
bound obtained in Ref. [37] for global actions, the lower
bound on locally accessible information has also been
obtained when one of the parties is two dimensional
[34]-

In the present work, we connect these two notions of
nonlocality which were inequivalent according to the
conventional wisdom, thereby leading to a character-
ization of LOCC-indistinguishable sets. In particular,
these sets can be classified into different categories — (1)
sets that can be distinguished by one round of LOCC,
independent of the parties who start the protocol, (2) an
ensemble which requires a specific party to start with,
(3) sets of states which require two or more rounds of
LOCC and finally (4) sets of states which are indistin-
guishable via infinite rounds of LOCC. Even among the
distinguishable states, sets mentioned in (1), (2) and (3)
surely possess different properties which are not well
understood. Here we investigate the effect of some spe-
cific transformations on the whole ensemble and find
that it has remarkable implications in characterizing
these sets. Considering full product bases, we show
that LOCC-indistinguishable sets always generate en-
tanglement under such transformation which is taken
to be a global entangling operation, i.e., controlled-NOT
(CNOT) operation, having potential to demarcate the
above four categories as well. Hence, we reveal a signif-
icant property that these indistinguishable sets of prod-
uct states have "potential to be entangled". Since the
generated state is also pure, its entanglement content
can be uniquely quantified by the von-Neumann en-
tropy of the reduced subsystem [38] and we call it as
the "nonlocal entropy" associated with the initial prod-
uct bases.

Specifically, we prove that for the full product ba-
sis of arbitrary dimensional bipartite system, nonlocal
entropy is positive if and only if the bipartite prod-
uct states either form irreducible basis or become ir-
reducible [21] in any rounds of the LOCC protocol.
Moreover, we show that pure entangled states gen-
erated from LOCC-indistinguishable sets of product
states always exhibit Bell-nonlocality [39] while LOCC-
distinguishable sets may not. From this idea, we can
provide a general method for quantifying nonlocality
associated with an arbitrary set of product states with
respect to a given protocol to probe local distinguisha-
bility. The quantification can also be interpreted from
a thermodynamic perspective, i.e., by linking nonlocal

entropy with a reduction in the amount of work which
can be extracted from subsystems locally [40]. We then
generalize this idea to incomplete product bases and
sets containing entangled states [18, 19, 25-28]. If the
set of states contains atleast one entangled state, we
propose, reduction of local entropy from the average
ensemble state after application of CNOT, as the per-
tinent figure of merit which can successfully quantify
the LOCC-indistinguishability. Most significantly, this
novel treatment uncovers a physical insight for the phe-
nomena of more nonlocality with less entanglement
[26]. Finally, we show how to obtain upper and lower
bounds on locally accessible information based on the
proposed quantifier.

II. CHARACTERISING IRREDUCIBLE PRODUCT
BASES VIA NONLOCAL ENTROPY

In this section, we characterize local distinguishabil-
ity of sets consisting of only product states — full prod-
uct bases (FPB) as well as incomplete product bases
and show how Bell-nonlocality emerges from Bennett-
nonlocality. Incomplete product bases are called com-
pletable if it can be made complete only by product
states and are uncompletable if its complementary sub-
space contains fewer number of product states than its
dimension. UPB is a prominent example of the last
one. Let us first define a physical quantity, dubbed here
as nonlocal entropy, which not only connects Bell-type
nonlocality to Bennett-type nonlocality but also cap-
tures the amount of nonlocality present in the product
orthogonal ensembles, thereby quantifies it. Moreover,
we will show that the measure introduced here has po-
tential to disclose the hierarchies in the degree of non-
locality present in these ensembles.

To set the stage, suppose the ensemble, {p;, |;)48 =
[p) ® |$P)}}5,, consisting of k states which are pro-
duced locally by two distantly situated parties, A and
B with probability p;. Since the states are orthogonal,
they can always be distinguished by global operations.
Moreover, individual states in the ensemble are prod-
uct, and hence they do not show any nonclassical corre-
lation, useful for quantum information processing tasks
[2]. However, it is highly nontrivial that there exists
ensembles of product states which are locally indistin-
guishable [11, 18, 19].

Let us now apply a transformation which is taken
here as a global unitary on the set. We define nonlocal
entropy in the following way:
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where S(0) = —trolog, o denotes the von-Neumann
entropy which vanishes for pure states, plA is the lo-
cal density matrix of the individual states in the en-
semble and p;A(: trp[Uag|pAB) (pAB|UTY 5]) is that of
transformed ensemble. Uup, U4 are global and local
unitaries respectively and E is an entanglement mea-

sure [38]. For pure states, since S(plA) is also the en-
tanglement of the output state [38], we can interpret 45
as the capability of entanglement production of a given
ensemble. Therefore, it captures the potential of the ini-
tial ensemble to be entangled and we call it as nonlocal
entropy to differentiate from local entropy of the initial
ensemble, which is always zero for product states.

Moreover, WfZ = log, d — S(p?') is the maximal pos-
sible extractable work from side A from each states of
the ensemble with d4 being the dimension of A while
Wl.fAl " = log, d* — S(pQA) represents the same for result-
ing ensembles. Hence, nonlocal entropy can also be in-
terpreted as the maximal reduction of work extractable
in local subsystems of each state in the ensemble, due
to the application of global unitary operations. The su-
perscript arrow (—) represents the directionality of the
transformation. Specifically, when CNOT is taken as a
global transformation, — indicates that A acts as con-
trol and B as target which we will then show to be con-
nected with the irreducibility of sets. Similarly, we can
have 65", in which role of A and B gets reversed and
consequently, we define a symmetric nonlocal entropy
as

ds = 5(ds" +65 ). €)
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In next subsection we begin with some examples to
show how nonlocal entropy can characterize different
sets of FPB to motivate our main result described sub-
sequently.

A. Tllustration with two qubits

In this subsection, we consider product ensembles of
two qubits. We know that for two-qubits, there is no ex-
ample of nonlocality without entanglement [11] as well
as UPB [18, 19]. We, however, show that the hierarchies
present even in two-qubit product states can be well
demonstrated by nonlocal entropy.

Case 1. Let us first consider the ensemble £! =
{]00), |01), |10), |11) }. Without loss of generality, we as-
sume that the states are given with equal probability. A
possible example of a global unitary operation can be
the controlled-NOT (CNOT) operation. Moreover, we
know [41—43] (cf. [44]) that any two-qubit unitary op-
erations can be realized by a few single-qubit unitary
operators and three CNOT gates upto a global phase.
Since entanglement remains invariant under local uni-
tary operations, CNOT gates are enough for comput-
ing Js. After CNOT operation, the ensemble remains
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invariant and is independent of the sites which act as
control and target. Hence, ds vanishes for this ensem-
ble.

Case 2. We now consider another ensemble £ =
{10+),10—),110), [11)}, where [&) = —>(|0) +[1)). To
distinguish states of this ensemble by means of LOCC,
A should start the protocol [20]. If B starts the pro-
tocol, £2 cannot be distinguished by LOCC determin-
istically. If A acts as a control qubit, it is easy to
check that £2 remains invariant under CNOT operation
and hence é5’ vanishes. On the other hand, if CNOT
operation is performed with B being a control qubit,
2 {%(mo) +|11)), 10, |01)}, and hence 6§ = %
which leads to d5 = 0.25.

Let us now move to a general product bases consist-
ing of four arbitrary product states [25] in C2 ® C2. The
proof will be based on the notion of irreducibility of
the product basis [21] which is connected to Icoal dis-
tinguishability of FPB. In C%1 ® C%, an FPB is said to
be irreducible if it cannot be divided into two blocks of
states which lie in C'"! ® C*2 and in the complementary

subspace, C’T ® C% or into C%1 ® ¢’ dCh @ C’iz.

Theorem 1. Nonlocal entropy of any two-qubit full product
basis is non-zero if and only if the full product basis is irre-
ducible from the side who starts the protocol to distinguish.

Proof. Let us first consider if part. In C> ® C?, an en-
semble having four orthogonal states which are locally
distinguishable when A starts the protocol, takes the
form [25] as

X ={lp1) = |om); [y2) = |1m2);
p3) = 10n1°); |s) = [12)}, (4)

where |;) = a;0) + b;|1), i = 1,2 and |5;*) = —b;]0) +
a;|1), i = 1,2 and we assume that one of the a;,b; # 0.
In this case, when A starts the protocol, the ensemble
is reducible and one can easily check that after CNOT
operation from A to B, entanglement production van-
ishes. On the other hand, if B starts the protocol, the
ensemble is irreducible provided one of the {a;, b;} # 0.
Note here that if b;s are zero, the ensemble reduces to
Case 1 discussed above, while a1 = b; = 1/v/2,a, = 1
gives the second case. Let us now apply CNOT with
B being the control qubit. In this situation, each state
in £ transforms to nonmaximally entangled state after
CNOT operations and hence d5~ > 0 when one of the
{a;, b;}s are nonvanishing.

Let us now move to the only if-part. Suppose en-
tanglement is generated through CNOT operation on
a two-qubit product state. Any product state is of the
form given by, |p1) ® |p2) = (a1|0) + by]1))(a2|0) +
by|1)), with alla;, b; s are unequal. Suppose B acts as
a control qubit.  After CNOT, the state becomes
a1(a2]00) + bo|11)) + by (a2|10) + bp|01) which is entan-
gled when a4, and b, do not vanish or all 4;, b;s are not
equal. Let us consider that by = 0 and a; = 1 which



implies that the state reduces to |¢1). Now we have
to show that a FPB can be constructed including |¢1),
which will be irreducible from B’s side. The orthogo-
nal product vector of |¢1) can be either |¢,) or |¢3) in
Eq. (4). And if we fix to one of them, the other possi-
bility leads to the ensemble, £, given in Eq. (4). This
set is irreducible if B starts the protocol. If none of the
coefficients vanish, we can also have a FPB which after
measurement by B leads to a state {|{142), |7 ¢)} or
{l¥19¥5), [¢is )} which is again irreducible if B starts
the protocol and hence the proof.

O

Remark 1. Since two-qubit LOCC-distinguishable FPB
are known [25], we note that they are distinguishable
by a single round of LOCC protocol. In higher dimen-
sion, we know that there exists FPB which can be dis-
tinguished by several rounds of LOCC protocol [18].
Therefore, we have to modify the proof of the theorem
in higher dimension, which leads to a most general way
of quantifying nonlocality of LOCC-indistinguishable
set of product states, as we will show in succeeding
section.

Remark 2. Instead of full product basis, if we consider
the incomplete basis, the sufficient condition holds, i.e.,
if the states are indistinguishable even from one side,
the entanglement generation is possible as we will illus-
trate in higher dimensions by considering an example
of UPB.

B. Higher dimensional Product states

Let us prove the necessary and sufficient condition
for FPB having arbitrary dimensional bipartite states.

Theorem 2. Entanglement will be generated from the appli-
cation of CNOT on a set of full product bases if and only if
the full product bases contain an irreducible subspace from
the party who acts as a control.

Proof. Suppose the LOCC protocol is started by one of
the parties, say, A. If she finds an irreducible sub-
space in FPB, it means that A cannot design any fur-
ther measurements which can divide the rest of the
states into two blocks. It then immediately implies that
there exists states in that subspace which is nonorthog-
onal at A’s side. Therefore, without loss of generality,
we assume that the ensemble consists of states of the
form {|¢1) = [11)[0); [2) = [72)[1)} which is orthog-
onal from B’s part and where |1;) = Z;ial aijli). In

Ch @ C%, the generalised CNOT operation can be de-
fined as

[i,i) = |i,i D, i), (5)

where @, represents the addition modulo d,. Apply-
ing the CNOT gate on |¢;)s where A is the control
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qubit, we immediately find that entanglement of the
output state is nonvanishing.

Let us now concentrate on only if-part. We first notice
that in C%1 @ C%, full product basis should contain d;d;
number of orthogonal product states and hence there
will be d; states which are orthogonal from A’s side
while the rests are orthogonal from B’s side. Now sim-
ilar to Theorem 1, any product state in two-qudits is of
the form }:dl 1111\ ) ® Zdz Ly b;|i) with all a; and b;s be-
ing unequal It can generate entanglernent after CNOT
operations with A as control qubit when all b;s except
one vanishes, thereby reduces to a state |¢;), where we
assume that b; # 0 or some of the b; s vanish or none
of them vanish. In all these situations, from the con-
struction of FPB mentioned above, we can conclude that
there exists a round of LOCC protocol where either the
state at A’s side are all same or are nonorthogonal. In
both these situations, there will be an irreducible sub-
space in the constructed FPB from A’s side and hence
the proof. O

Corollary 1. If a set of product states is indistinguishable
by LOCC, it is surely irreducible [21] and hence for locally
indistinguishable FPB, entanglement production by CNOT
operations always occurs.

To illustrate Theorem 2, let us now move on to the
examples of product states which are indistinguishable
with local operations and more than one round or in-
finite round of classical communication. We have cho-
sen two examples — one in C3 ® C? and another one in
G el

Case 1. In C2 ® C%, all FPB are LOCC-distinguishable.
Let us consider a basis in C® ® C?, consists of {% (1) £

12))|0), |11), |21),|00),|01) }. The states are distinguish-
able when B starts the protocol and also reducible.
However, if A starts the protocol by projecting the states
in |0) and the subspace spanned by |1) and |2), then in
the latter occasion, the resulting ensemble of first four
states becomes irreducible. Therefore, A can not com-
plete the task of distinguishing perfectly unless B helps
and it is straightforward to see that average entangle-
ment generated from the ensemble, if Alice acts as a
control, is 5" = 1/3 > 0.

Case 2: Nonlocality without entanglement [11]. We now
consider the famous example of full basis in C°> ® C3 ,
given by

[§1) = [1)[1); [$2) = 0)[0+1);

[$3) = 10010 = 1); [a) = [2)[1 +2);

[9s5) = [2)[1 = 2); [y6) = [1+2)]0)

[§7) = [1=2)[0); [ys) = [0+ 1)[2)

[$9) = 10 -1)[2), (6)
where |i +j) = %(h) +]j)). In case of product states,

the second term in Eq. (2) always vanishes and non-
avnishing value of the first term guarantees the states



to be LOCC-indistinguishable. In this case, after CNOT
gate, we find that the last four states only contribute
and therefore, we have

55 = 4/9. @)

It can be easily checked that the similar value can be ob-
tained for 65~ and therefore, nonlocal entropy is strictly
positive.

Upto now, we considered the ensembles which are
the full basis. Let us discuss how the idea of character-
ising local distinguishability via entanglement creation
through CNOT can be applied to the set of incomplete
product basis.

Corollary 2. For incomplete product basis, if the set can
be completed only by the product states and the full product
basis is reducible in any round of the LOCC protocol, the
entanglement generation is not possible.

Proof. In Theorem 2, we prove that if the FPB is re-
ducible via LOCC, the corresponding ensemble cannot
create entanglement. If the FPB is reducible, surely the
subset is also reducible and hence cannot create entan-
glement. O

Let us now consider the uncompletable product

states which are indistinguishable by LOCC and hence
they are irreducible. The above Corollary cannot shed
light on them.
Case 3: Unextendible product bases [18, 19]. If we relax
the FPB to a set of orthogonal product states forming
incomplete set, the nonlocal entropy may increase even
for the set which is LOCC distinguishable. For exam-
ple, the ensemble {|00), |10),|+ 1)}, can produce pos-
itive entanglement entropy. If the set is not extendible
i.e.,, UPB, the nonlocal entropy can be shown to be al-
ways positive. Let us consider the incomplete product
ensemble in two qutrits, given by

1

[$1) = —=10)(10) = [1)); [$2) = —=12)(11) = [2))

(1) = 2))10);

S
N

45 = —=(10) = 1D)12); [a) = =

V2
1
[9s5) = 3(10) +[1) +12))((|0) + [1) +2))- ®)
After CNOT operations, we find 657 = 05 = (2+
log, 3)/5.

We find that all these sets can produce entanglement
via CNOT operations, thereby showing nonlocal nature
of the ensembles. In this respect, let us state the follow-
ing theorem.

Theorem 3. For any locally indistinguishable product basis,
nonlocal entropy is strictly positive.

Proof. If a product orthogonal ensemble cannot be dis-
tinguished locally, there always exist atleast a pair of
two or more states in the ensemble whose one of
the subsystems are nonorthogonal with other pair, i.e.

5

if {|y2)|YB)}k | is locally indistinguishable, then it
should consist of two states which without loss of gen-
erality, can be taken of the form

[91) = 1) 19); [2) = |n2)|97), ©)

where 71 = Z?ial a;|i) and |mp) = Z?;Bl bi|i) and say,

|¢) = |d —1) and |¢ = |0) are two orthogonal states.
Here, we assume that during CNOT operation, A acts
as a control. If we operate CNOT on these states, the
resulting state can be written as

di—1 di—1

i) = Y aili,i g, i); |[9;) = Y bilii),  (10)
i=0 i=1

whose local density matrices have nonvanishing en-
tropy, thereby creating 65 > 0. The locally indistin-
guishable ensemble also consists of states where the A-
part interchenages with part-B, and therefore, it also
gives 5§~ > 0, thereby showing Js to be nonvanishing

for any locally indistinguishable ensembles in C%1 ® C%2.
Above characetristics is true both for complete as well
as incomplete basis and hence it is true both for NLWE
basis as well as UPB. Notice, moreover, that with the
increase of dimension, number of such states increases
and hence the amount of Jg also increases (eg. see

[13]). O

We end this section by making a comment on how be-
haviour of ensemble under certain transformation en-
ables quantification of nonlocality associated with the
set corresponding to a protocol that distinguishes them.
Since, in general, a LOCC protocol includes multiple
rounds of classical communication by both the parties,
we propose a weighted nonlocal entropy as the proper
quantifier. If at some round, states which are not elim-
inated by previous measurements, become irreducible
from both sides, only then we put non-zero weight to
the amount of entanglement generated from those irre-
ducible states via CNOT operation, otherwise we put
zero-weight to it.

As our treatment of merging two kinds of nonlocality
provides a way of quantification, let us investigate the
transformation which enables us to quantify ensembles
containing also entangled state as its member.

III. IDENTIFYING HIERARCHY IN SETS HAVING
ENTANGLED STATE(S)

We will now show that ensembles, which contain
atleast one entangled state, behave differently than the
set of product states when considered under certain
global transformations. Towards quantifying nonlocal-
ity associated with such a set, we modify the method-
ology accordingly, which can be thought of a "reverse
method" than the one used for product states. It was
already known that LOCC-indistinguishability is not
direct connected with the entanglement content of the



set of states, as shown by the examples of local distin-
guihsability of two orthogonal states [14] as well as by
"more nonlocality with less entanglement” [26].

Apart from characterising the sets, the proposed fig-
ure of merit provides an explanation for the phenom-
ena of "more nonlocality with less entanglement" [26],
which was missing in the literature. To the best of our
knowledge, till now, there exists only a single natural
quantifier of such ensemble of states which invokes the
gap between accessible information extractable by local
and global means [35].

Before presenting the modified figure of merit, let
us illustrate the effect of CNOT on ensembles of two-
qubit maximally entangled basis, {|¢~) = %(|00) +
111)); [p*) = %(|Ol) 4 110))}. If CNOT acts from A to
B, all the states becomes product, given by {%(\O) =+
11))0); %(\O) +1))[1)}. The fact of disentangling en-
tangled state through entangling operation is also no-
ticed very recently and employed to define absolute en-
tangled set [45].

Motivated by the action of CNOT on entangled states,
we come up with the following quantity: For a given
ensemble to be distinguished, {p;, [¢{1B)}% |, we con-
sider the gap between the local entropy of the average
initial state and that of transformed average ensemble

by means of global unitary operations. In general, it can
be written as

A = max[m&x (S(ﬁA) - 5(p’A),5(ﬁB) - 5((73)){11)

where p/,i = A,B is the reduced density matrix of
the average initial state p% = Y, p;|/B) (p/AB| while

0" = i pill|pfB) (p/B|UT, with o7, i = A, B being
the local subsystems. One has to first maximize over all
global unitaries, so that the each output state becomes
as less entangled as possible. If all the states become

product, FAB is separable and finally maximum has to
be taken between two quantities obtained from subsys-
tems. "—" in the superscript indicates that if the unitary
is CNOT, A acts as a control qubit while B is the target.

If the states are locally distinguishable, the reduction
in the amount of local entropy of the ensemble state can
be made maximum via global unitary operations, i.e., it

will be possible to have max[S(p?), S(p?)] where S (FA)

or S(FB) is vanishing. On the other hand, for locally
indistinguishable set of states, such a maximum local
entropy reduction does not occur with the application
of CNOT. It is to be noticed that unlike in the case of
pure product bases, here we consider the reduced den-
sity matrix of the average state of the ensemble which is
a mixed state. Therefore, the entropy of the local den-
sity matrix is not a faithful measure of entanglement.
However, the quantifier can still be interpreted from a
thermodynamic perspective i.e., the maximal amount of
work which can be extracted by local parties from the

average state and is given by
—A A —B  —B
A? = max[ml?x (Wfi}’l — Wi}’l’ Wfi?’l — Wi}’l)}’ (12)

where W;,, = log, d' — S(p’) and Wiy = log,d' — S(p™)
withi = A, B.

Similarly, one can define A;~ when B is the control.
We expect to have the same value for the ensembles
whose LOCC (in)distinguishability do not depend on
the party who starts the protocol. To obtain a symmetric
quantity, we again introduce

1
As = E(A? +A5), (13)

which reaches its maximum value if sets of states are
LOCC distinguishable from both sides.

Before presenting the general result, let us consider
an ensemble consisting of any two maximally entangled
states, given by

1
V2

The local entropy of the average initial state is 1 while
after CNOT operation, S@A) = 1and S(@E®) = 0.
Therefore, the maximum is 1 which is the maximal re-
duction in extractable work by the use of a known sin-
gle qubit state. Note that if |¢~) is replaced by |¢~),
one has to perform first single qubit unitary opera-
tion, say o followed by CNOT operation which yields
the same maximum value. In the case of {¢, ¢, 9~}
and for a set having all the two-qubit maximally entan-
gled states, we obtain Ag” to be 0.0817 and zero respec-
tively. Notice that the last two ensembles are LOCC-
indistinguishable [24] while E ., can be distinguished
by LOCC.

Result 1. Let us now consider an ensemble consisting
of two othergonal states [14]. We know that any two
orthogonal states are always locally distinguishable [14]
if A starts the protocol, and are given by

Emax = {¢£) = —=(]00) £ [11))}. (14)

E* = {|y1) = [0m) + [112), [h2) = [0m1) + 1772L>(}/ )
15
where |17;) = a;|0) 4+ b;|1), i = 1,2 are arbitrary single-
qubit states and [7;) = —b;{0) +a;|1), i = 1,2 are the
corresponding orthogonal ones. Without loss of gener-
ality, we assume that a; > b;. The initial local entropies
of the average state are S(p”') and S(p?). Let us now ap-
ply CNOT operations on |¢;)s where qubit at A’s side
acts as a control qubit while the target qubit is the qubit
at B’s side, and we get

E? = {ly1) = |0y1) + [115); [92) = 0m1°) + \1772L>(}/6)
1

where [75) = a,[1) + b|0) and [3) = ~Ba1) +@[0).

The corresponding final local entropies of the average

state are S(FA) and S(FB). Similarly, one can compute



S(FA) and S (FB) when the role at A and B with re-
spect to CNOT operation gets reversed. For example,
when a1 = %,az = %, we obtain Ag” = 0.0007 while,
A = 0. We find Ag” > A for all nonvanishing a; and
b;s. Interestingly, we note that the set is distinguishable
when left party starts the protocol but not the other way
around.

Result 2. In C?> @ C?, a full basis containing non-
maximally entangled states, given by

E* = {|y1) = a]00) + b[11);
|$2) = —b|00) + al11);
[¢3) = a|01) + b[10)

[¢4) = —b[01) +4[10)}, (17)

4

with 2 and b being real are known to be indistinguish-
able by LOCC [24]. Following similar procedure as
above, we find Ay’ is vanishing for the full set while
unity for sets containing any two states from the set.
Interestingly, if we consider first three states, the value
remains strictly in between as expected. For clarity, we
provide the expression for that case, A’ = 1[2— (2 —
b?)log,(2 — b?) — (14 b?) log,(1 + b?)]. Similar result
can also be obtained for complex a and b.

Result 3. Let us now discuss the ensemble which
demonstrates more nonlocality with less entanglement
containing states in C° @ C3. To explain it, we first con-
sider a set of maximally entangled states, given by [26]

Esos ={|i1) = %(\om +wl11) + w?22));

00) + w?|11) + w|22));

1
[h2) = %(

) = %uow +12)+ 200}, @8)

whereas the second set contains first two states from the
set with last one being replaced by |01). It was shown
that the first set is LOCC-distinguishable while the sec-
ond is not [26]. It can be easily checked that by op-
erating CNOT twice, we can disentangle all the states
in E3z3 as well as the second set. It turns out that for
the first set, A? is log, 3 while for the second set, it is
less than log, 3, specifically, 1.43552, thereby revealing
their difference with respect to LOCC-discrimination
task. Apart from the LOCC protocol which differen-
tiates these two sets, the above observation reveals the
physical explanation of the phenomenon.

It is to be mentioned here that if we increase the di-
mension of the systems, to maximize Ag, we have to
operate CNOT several times, preceded by a few local
unitary operators, which overall constitute a global uni-
tary operation, as shown before.

A. Ensembles with maximally entangled states in
two-qudits

We end this section considering an extension of our
result to a set of maximally entangled states in C? @ C.

Theorem 4. In two-qudits, any d orthogonal maximally
entangled states written in a canonical form maximizes Ag
while for d? states, it vanishes. Ag for the ensemble consist-
ing of d + 1 to d*> — 1 maximally entangled states chosen in
that form lies in between maximum and minimum.

Proof. In C* ® C?, any full orthogonal maximally entan-
gled basis in a canonical form shared by A and B can
be written as

1 4=l 27ilk
ITm%—;gg;@@v7;ﬁMN®M@dm% (19)

where I,m = 0,1,...d — 1. For a given m values, there
are d pairwise orthogonal maximally entangled states,
lying in the same subspace and we refer them as a
block. Hence, the full bases of maximally entangled
state of the form, given above, consists of d such blocks.
By applying CNOT operation in Eq. (19) from A to B
d — 1 times, it can be found that the reduced state at
B’s side obtained from each state in the k-th block be-
comes |k), where, k = 0,1,...d — 1, which implies that
the average reduced state is a pure state. Hence if 4
number of states are chosen from the same block for the
purpose of LOCC-discrimination task, then S(FB) =0,
thereby maximizing Ag = log,d. On the other hand,
if d states are chosen from different blocks, we have to
transfer them to a same block by local unitary transfor-
mations first and then applies CNOT operation which
again maximizes Ag.

If the full basis i.e. d° states are given, p'* as well as
p'B are maximally mixed after CNOT operation which
is same as the initial reduced density matrix of the av-
erage state, thereby Ag vanishes for this ensemble.

Let us now consider an ensemble consisting of d + k
orthogonal maximally entangled states. By local uni-
tary operations, d states can be transferred to a same
block having the same value of m while the rest k states
remain in other blocks. After applying CNOT to all
the states in the ensemble d — 1 times, p'8(4) is neither
a pure state nor a maximally mixed state. However,
the initial average local entropy in this situation still
remains log, d and hence Ag for these ensembles lies
between maximum and minimum.

A

O

IV. CONNECTION BETWEEN NON-LOCAL ENTROPY
WITH LOCALLY ACCESSIBLE INFORMATION

In quantum information theory, Holevo bound [36],
denoted by x, is an important quantity which provides



. . . 1
an upper bound on accessible information, 5., ob-

tained by global measurements on an ensemble {p;, p;}.

Mathematically, I,;qéc < x = S(p) — X;piS(p;). Here
0 = Yipipi and x is known as the Holevo quantity.
On the other hand, if the measurements are restricted
to local operations and classical communication, it is
obvious that the information gained from the ensem-
bles consisting of bipartite states would be less than the
Holevo quantity. Evaluating accessible information ex-
actly in q general scenario is a very hard task. How-
ever, it was found that locally accessible information
IE2CC, from an ensemble {p;, p/\B}, is upper bounded
by S(p4) + S(p?) —maxa p ¥; piS(pfq/B) where p* is the
local density matrix of the average ensemble state [33].

In the case of ensemble of product states, S (plA/ By=o0
and hence the above mentioned upper bound does
not provide a better bound for LOCC-indistinguishable
product bases. = Moreover, note that for LOCC-
distinguishable sets of product states, locally accessible
information coincides with that of accessible informa-
tion by global means. Let us see whether our proposed
quantifier can provide some bound on accessible infor-
mation in a meaningful way. In the case of full product
bases, if they are indistinguishable, we have shown that
after the application of CNOT on the ensemble, FPB
transforms to an ensemble which contains atleast a sin-
gle entangled state. In case of full basis, it was shown
[26] that the sets are LOCC-indistinguishable if one
(two) of the state is entangled. And hence, after CNOT
operation, the resulting ensemble is surely LOCC indis-
tinguishable and hence we can obtain a lower bound on
locally accessible information for these ensemble, i.e.,
1 pi 19 E) 1) = L2 (pu UlpriyP) ).

If the ensembles consist of entangled states, the op-
posite happens, and we get an upper bound, ie,
I (i, [9*5)}) < IR ({ps Ulp)}) < (7" +

S(FB) — maxy ) PiS(PgA/B)/ where the notations

have usual meaning. Note that the second bound is ef-
fective when the set retains some of its entangled states
even after application of CNOT operation (eg. the set
E? in previous subsection).

V. CONCLUSION

In any physical theory, how objects change under cer-
tain transformations, has utmost significance in bench-

marking the theory. We apply this idea to connect two
notions of nonlocality in quantum theory. In the first
case, there exist certain correlations emerging from in-
compatible measurements on entangled systems, which
can not be described by local realistic models —known
as Bell-nonlocality. On the other hand, there are prod-
uct states which are locally immeasurable, which is
known as nonlocality without entanglement. The sec-
ond type of nonlocality refers to the property of an
ensemble while the first kind is for a particular com-
posite state. Here we applied a global unitary trans-
formation on the set of full product bases and showed
that the resulting states behave according to their dis-
crimination protocol under local operations and classi-
cal communication (LOCC). In particular, we proposed
a physical quantity, the generation of average entangle-
ment from the ensemble under the considered transfor-
mation. The figure of merit, dubbed here as nonlocal
entropy, tuned out to quantify faithfully the amount
of nonlocality associated with the set. It vanishes for
LOCC-distinguishable sets and becomes maximum for
LOCC-indistinguishable sets of states which are indis-
tinguishable irrespective of the parties, starting the pro-
tocol and even with the help of infinite rounds of classi-
cal communication. We also characterised successfully
incomplete product bases including unextendible prod-
uct bases with respect to the proposed quantifier.

We also showed that a modified quantifier un-
der global unitary transformation can reveal the local
(in)distinguishability properties of an ensemble consist-
ing of at least one entangled state. We demonstrated it
by considering a set of nonmaximally entangled states
in two-qubits as well as maximally entangled states in
a canonical form in arbitrary dimension. Interestingly,
a satisfactory explanation for the phenomena of more
nonlocality with less entanglement can be revealed via
this quantification.
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