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Entanglement witnesses form an effective method to locally detect entanglement in the laboratory without
having the prior knowledge of the full density matrix. However, separable states can be erroneously indicated as
entangled in such detections in the presence of wrong measurements or loss in detectors. Measurement-device-
independent entanglement witnesses (MDI-EWs) never detect fake entanglement even under wrong measure-
ments and for a particular kind of lossy detectors. A crucial assumption in the case of faithful detection of
entanglement employing MDI-EWs is that the preparation devices producing “quantum inputs” – which are
inputs additional to the quantum state whose entanglement is to be detected – are perfect and there is no noise
during their transmission. Here, we relax these assumptions and provide a general framework for studying the
effect of noise on the quantum inputs, invoking uniform and non-uniform noise models. We derive sufficient
conditions on the uniform noisy map for retaining the characteristic of MDI-EWs. We find that in the context
of non-uniform and entangling noise, fake entanglement detection is possible even by MDI-EWs. We also in-
vestigate various paradigmatic models of local noise and find conditions of revealing entanglement in the class
of Werner states.

I. INTRODUCTION

A most fascinating characteristic of a composite quantum
state is that it may be in a state where full knowledge about
the whole does not allow to have full knowledge about it parts,
which - in case when the whole state is pure - is called entan-
glement [1–3]. Entanglement can also exist in mixed states,
and over the last thirty years or so, several tasks, like tele-
portation [4], dense coding [5], secure key distribution [6],
and measurement-based computation [7] have been devised,
which have been performed using quantum entanglement as
resource with greater efficiency than their classical analogs.
Unsurprisingly therefore, in this era of the so-called second-
generation quantum technologies, detection of entanglement
is gaining more and more significance day by day, both theo-
retically and experimentally. For example, given the descrip-
tion of a shared state, one can apply the positive partial trans-
pose criterion [8, 9], range criterion [10], and some other crite-
ria [1–3] to find whether the state is entangled, whereas viola-
tion of Bell inequality [11] and other entanglement witnesses
(EWs) [2, 9, 12] are employed in the laboratory, respectively
when there is no and partial knowledge of the shared state.

In entanglement theory, an important idea is that given any
entangled state, there always exist a hermitian witness op-
erator such that its expectation value for the given state is
negative, while the same is non-negative for all separable
states [9, 12]. Moreover, these witness operators are imple-
mentable via local measurements. An important drawback of
this method is that a separable state may turn out to be entan-
gled to an experimentalist if wrong measurements were per-
formed [13–18]. Thus, if the measurement devices are not
trusted, the standard EWs may not guarantee entanglement.
On the other hand, violation of Bell inequality certifies en-
tangled states independent of measurements being performed
[17, 19, 20]. However, witnessing entanglement via viola-
tion of Bell inequality does not always provide an appropri-
ate method of identifying entanglement as there are entangled
states not exhibiting “Bell-nonlocality” [21, 22].

To overcome the measurement dependence of standard
EWs, the concept of measurement-device-independent entan-

glement witnesses (MDI-EWs) were introduced [23]. Specif-
ically, based on the idea of a semi-quantum nonlocal game
[24], it was shown that one can construct an MDI-EW from
a known standard EW [23]. Unlike the “Bell nonlocal game”
[25] for a bipartite scenario, each experimenter gets quantum
inputs from a “referee”, instead of classical inputs, in a semi-
quantum nonlocal game [24], and in this extended nonlocal
scenario, all entangled states turn out to be more “resource-
ful” than all separable states. The advantage of measurement-
device independence was also explored in the context of quan-
tum key distribution [26], verification of quantum steering
phenomena [27], multiple sharing of bipartite entanglement
[28], etc.

It is interesting to mention here that the witnesses of en-
tanglement are not always free from loopholes. It was known
previously that the Bell test suffers from the detection loop-
hole, and methods to address the problem was much discussed
[14, 29]. Though the MDI-EWs do not mistake a separable
state as entangled under wrong measurements, and are robust
against a particular kind of lossy detectors, it is not free from
the detection loophole in general [30]. In all the studies so far
regarding MDI-EWs, it was assumed that the sources prepar-
ing the quantum inputs are perfect. It is very natural to trust
the preparation device over the testing device. Still, imperfec-
tion in the preparation device cannot be avoided completely.
In the present work, we address the question how MDI-EWs
get affected when imperfection in devices preparing the rele-
vant quantum inputs is allowed.

More specifically, in this article, we explore the ef-
fect of noisy inputs on detection of entanglement in the
measurement-device-independent way, when no other loop-
holes are present. We adopt a general framework of dealing
with noisy maps on the quantum inputs, which can be char-
acterized in two broad categories - (1) uniform noise and (2)
non-uniform noise. If all the quantum inputs, provided by the
“referee” to each party, are transmitted by the same type of
noisy channel, then the situation is deemed as within the cat-
egory of uniform noise. Otherwise, it falls under the category
of non-uniform noise. In the case of uniform noise, we derive
a sufficient condition on the noisy channels such that the MDI-
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EWs retain their character of detecting entanglement. Specifi-
cally, if the adjoint map of the noisy channel takes any separa-
ble operator to a separable one, the MDI-EW never mistakes
a separable state as an entangled one. We also present various
examples of non-uniform noise models, including entangling
maps, and, interestingly, find that it is possible to have false
detection of entanglement using MDI-EWs. We then investi-
gate conditions on detection of entanglement in Werner states
[31], under various uniform noise models, viz., white and col-
ored noise, bit-flip, phase-flip, bit-phase flip, and the ampli-
tude damping channel. Finally, the effect of a correlated noise
model, in which the noises over the quantum inputs of both
the parties are classically correlated [32], is also addressed.

This rest of the paper is organized as follows. In Sec. II,
we briefly review the MDI-EWs and discuss their modified
forms under noisy quantum inputs. In Sec. III, a sufficient
condition on the uniform noisy channel is derived such that
no fake entanglement detection will occur. In Sec. IV, two
examples of noisy maps are presented which may indicate a
separable state as an entangled one. In Sec. V, we obtain
the conditions of detecting an entangled state under various
noises, and we end with concluding remarks in Sec. VI.

II. MEASUREMENT-DEVICE-INDEPENDENT
ENTANGLEMENT WITNESS

In this section, we briefly review the construction of an
MDI-EW following Ref. [23]. An EW operator, W, which
is a hermitian operator acting on the Hilbert space,HA ⊗HB,
of dimension dA × dB, can be decomposed in the following
way:

W =
∑

s,t

βs,tτ
T
s ⊗ ω

T
t . (1)

Here {τT
s } and {ωT

t } are sets of density matrices acting on HA
andHB respectively, and βs,t is a set of real numbers. The su-
perscript “T” over τs or ωt denotes their transpositions. This
decomposition is not unique. Suppose now that Alice and
Bob share a bipartite quantum state, ρAB, on HA ⊗ HB. Ad-
ditionally, Alice and Bob are provided respectively with the
sets of states {τs} and {ωt} which satisfy Eq. (1). Alice per-
forms a positive operator-valued measurement (POVM), on
her part of the shared state, ρAB, and a randomly obtained
state from {τs}. Similarly, Bob also measures jointly on his
part of ρAB and a randomly obtained state from {ωt}. Let
the POVM at Alice’s (Bob’s) end be whether the projection
onto a fixed maximally entangled state occurs or not, viz.,
{|Φ+

A(B)〉〈Φ
+
A(B)|, Id2

A(B)
− |Φ+

A(B)〉〈Φ
+
A(B)|}, where Id2

A(B)
is the iden-

tity operator on the d2
A(B)-dimensional complex Hilbert space,

and |Φ+
A(B)〉 = 1

√
dA(dB)

∑dA(dB)
i=1 |i〉 ⊗ |i〉, with the tensor product

being between Alice’s (Bob’s) part of ρAB and her (his) ran-
domly obtained state. We denote the clicking of |Φ+

A(B)〉〈Φ
+
A(B)|

as outcome ‘1’, and thus the joint probability of getting ‘1’ by
both Alice and Bob is given by

P(1, 1|τs, ωt) = Tr[(|Φ+
A〉〈Φ

+
A|⊗ |Φ

+
B〉〈Φ

+
B|)(τs⊗ρAB⊗ωt)]. (2)

With this notation, the MDI-EW is defined as

I(P) =
∑

s,t

βs,tP(1, 1|τs, ωt). (3)

Now it is straightforward to see that the MDI-EW is related to
the standard EW in Eq. (1) as

I(P) =
Tr(WρAB)

dAdB
. (4)

Hence, if Tr(WρAB) < 0, the corresponding I(P) is also nega-
tive and is non-negative for all separable states.

For completeness, let us first show that performing wrong
measurements does not lead to fake entanglement detection,
as is already known in the literature.

Measurement-device-independence of MDI-EW

If instead of the measurement, {|Φ+
A(B)〉〈Φ

+
A(B)|, Id2

A(B)
−

|Φ+
A(B)〉〈Φ

+
A(B)|}, Alice (Bob) performs some arbitrary measure-

ment {A1(B1), A2(B2)}. Let A1(B1) be the POVM element cor-
responding to the outcome ‘1’ in the joint probability expres-
sion given in Eq. (2). It is seen that still the MDI-EW function
is positive for any separable state. To prove this, let us con-
sider a product state, σ = σA ⊗σB acting on the Hilbert space
HA⊗HB. Then the corresponding MDI-EW can be written as

I(Pσ) =
∑

s,t

βs,tTr[(A1 ⊗ B1)(τs ⊗ σA ⊗ σB ⊗ ωt)]

=
∑

s,t

βs,tTr[(A′1 ⊗ B′1)(τs ⊗ ωt)], (5)

where A′1 = Trs[A1(IA ⊗ σA)] and B′1 = Trt[B1(σB ⊗ IB)] are
elements of effective POVMs acting on the quantum inputs
τs and ωt corresponding to outcomes ‘1’. Here, IA(B) denotes
the identity operator on Hilbert spaceHA(B) and Tri represents
tracing over the pertaining input Hilbert space. Hence we get
I(Pσ) = Tr[(A′T1 ⊗ B′T1 )W]. Since A′T1 and B′T1 are hermitian
matrices, I(Pσ) ≥ 0 for any POVM elements A1 and B1. Since
I(Pσ) is positive for any product state, it is straightforward to
see that it is positive for any separable state, whatever be the
measurement performed.

MDI-EW for Werner states

To explain the construction of MDI-EW through a particu-
lar example, let us consider the Werner family [31],

ρv = v|Ψ−〉〈Ψ−| + (1 − v)I4/4, (6)

where v ∈ [0, 1], |Ψ−〉 =
|01〉−|10〉
√

2
, and Id is the d dimensional

identity operator. Using the positive partial transposition cri-
terion it can be shown that ρv is entangled for v > 1

3 [33],
and this entanglement can be detected by the witness opera-
tor, W = 1

2 I4 − |Ψ
−〉〈Ψ−| [2, 12]. This witness operator can be
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decomposed as in Eq. (1) with

βs,t =
5
8

if s = t, βs,t = −
1
8

if s , t,

τs = σs
I2 + ~n.~σ

2
σs, ωt = σt

I2 + ~n.~σ
2

σt. (7)

Here, s, t = 0, 1, 2, 3, ~n = (1, 1, 1)/
√

3, ~σ = (σ1, σ2, σ3),
i.e., the three Pauli matrices, and σ0 = I2. Using this witness
operator, W, one can construct the corresponding MDI-EW as

I(P) =
5
8

∑
s=t

P(1, 1|τs, ωt) −
1
8

∑
s,t

P(1, 1|τs, ωt),

which, for the Werner state, leads to

I(P) =
1 − 3v

16
.

Modification of MDI-EW with noisy quantum inputs

So far, we have assumed that the sources of input states
are perfect and that there is no noise in the transmission lines
which carry quantum inputs to the local experimenters. Let
us now consider a situation where quantum inputs are not the
desired ones. Let us describe the process within a general
framework i.e., let us assume that the inputs are affected by
some completely positive trace preserving (CPTP) map to cre-
ate Λst(τs⊗ωt), where Λst is the CPTP map acting on the orig-
inal inputs. The corresponding noisy MDI-EW is then given
by

IΛst (P) =
∑

s,t

βs,tP(1, 1|Λst(τs ⊗ ωt)). (8)

Note that the noisy map, Λst, may depend on the quantum
inputs, as indicated by superscript st. But if the noise on all
input states are the same, i.e., Λst has no explicit dependence
on the indices s and t, then we call such noise as uniform
noise over the quantum inputs, and otherwise, we call it non-
uniform.

The modified MDI-EW under uniform noise, Λ(.), is given
by

IΛ(P) =
∑

s,t

βs,tTr[(|Φ+
A〉〈Φ

+
A| ⊗ |Φ

+
B〉〈Φ

+
B|)

×(Λ(τs ⊗ ωt) ⊗ ρAB)]

=
∑

s,t

βs,tTr[Λ(τs ⊗ ωt)TρAB]/(dAdB)

= Tr[W ′ρAB]/(dAdB), (9)

where W ′ =
∑

s,t βs,tΛ(τs ⊗ ωt)T.

In the next section, we discuss the effect of noisy inputs on
the entanglement detection process.

III. STATUS OF SEPARABLE STATES UNDER MDI-EW
WITH UNIFORM NOISE ON QUANTUM INPUTS

Let us first consider the case where inputs are affected by
uniform noise, and investigate whether the modified MDI-EW
shows all the separable states as separable for arbitrary mea-
surements. In the following theorem, we answer to this ques-
tion for uniform noise on all quantum inputs.

Before stating the theorem, we mention the definition of
adjoint of a map. Let O1 and O2 be positive semidefinite
operators on a Hilbert space and M be a CPTP map on the
space of operators. Then the adjoint map, M+, is defined by
Tr[O1.M(O2)] = Tr[M+(O1).O2].

Theorem 1. A uniform noisy map Λ(.) is acting on the joint
quantum inputs, τs⊗ωt, for all values of s and t in an MDI-EW
setup. IΛ(P) > 0 holds for all separable states and arbitrary
measurements, if the adjoint map Λ+ takes any separable pos-
itive semidefinite operators to another such operator.

Proof. Let Alice and Bob share a product state, σ = σA ⊗σB.
Thus the modified MDI-EW with effective POVM elements
A′1 = Trs[A1(IA ⊗ σA)] and B′1 = Trt[B1(σB ⊗ IB)] (mentioned
in Sec. II) on the noisy inputs Λ(τs ⊗ ωt) corresponding to
both obtaining outcomes ‘1’ is given by

IΛ(Pσ) =
∑

s,t βs,tTr[A′1 ⊗ B′1Λ(τs ⊗ ωt)].
=

∑
s,t βs,tTr[Λ+(A′1 ⊗ B′1)τs ⊗ ωt]. (10)

Since Λ+(.) has the property that it maps any product positive
semidefinite operator to a separable operator on the Hilbert
spaceHA ⊗HB, we can write

Λ+(A′1 ⊗ B′1) =
∑

k

Ak ⊗ Bk, (11)

where Ak and Bk are positive semidefinite operators on HA
andHB respectively. This implies that

IΛ(Pσ) =
∑

k

∑
s,t

βs,tTr[(Ak ⊗ Bk)(τs ⊗ ωt)] > 0, (12)

as argued in Sec. II, in the proof of I(Pσ) > 0. Since
IΛ(Pσ) > 0 for any product state, it remains non-negative for
arbitrary convex combinations of any product states, i.e., for
all separable states. �

Note that if the noisy CPTP map, Λ(.), is dependent on in-
dices s and t, the argument used in Sec. II will not be appli-
cable. Actually, we give an example in the next section, in
which a map dependent on the indices, or in other words, a
non-uniform noisy map, leads to a separable state being mis-
taken as entangled by the noisy MDI-EW. Note that a noisy
map of the form Λ(τs ⊗ ωt) = Λ1(τs) ⊗ Λ2(ωt) is called local
noise. Moreover, uniform local noisy maps form a subset of
uniform noisy maps taking separable operators to separable
operators. We, therefore, have the following corollary.

Corollary 2. The modified MDI-EW under a local uniform
noise on quantum inputs never indicates a separable state as
an entangled one, provided the adjoints of the local noises
preserves the positive semidefiniteness of operators.
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IV. FAKE ENTANGLEMENT DETECTION UNDER
NON-UNIFORM AND GLOBAL NOISE

In this section, we discuss two examples of noise models
on quantum inputs, for which the noisy MDI-EWs can
mistake separable states as entangled. In both the examples,
we stick to the MDI-EWs corresponding to the Werner class
of states, ρv, mentioned in Sec. II.

Example 1. A class of non-uniform local noisy channels on
the quantum inputs:
Let the quantum inputs, after getting affected by such noise
process, transform into

τ′s = pA
s τs + (1 − pA

s )|θ〉〈θ|,
ω′t = pB

t ωt + (1 − pB
t )|θ〉〈θ|, (13)

where τs and ωt for ρv are given in Sec. II, |θ〉 is a pure state in
the Hilbert space of dimension two, and pA

s and pB
t are prob-

abilities. Notice that Eq. (13) is an example of non-uniform
noise over the quantum inputs, and the joint noisy quantum
input can be written as τ′s ⊗ ω

′
t = Λst(τs ⊗ ωt).

We will now show that there exist measurements such that
the modified MDI-EW becomes negative, i.e., IΛst (Pσ) < 0,
due to the given noisy quantum inputs τ′s and ω′t , even for a
product state σ = σA ⊗ σB. Let A′1 = Trs[A1(IA ⊗ σA)] and
B′1 = Trt[B1(σB ⊗ IB)] be elements of the effective POVM
acting on Λst(τs ⊗ ωt) corresponding to outcomes ‘1’ on both
sides. Since the effective POVM elements can be arbitrary, we
choose, without loss of generality, A′1 = B′1 = |θ⊥〉〈θ⊥|, where
|θ⊥〉 is orthogonal to |θ〉. Therefore, the noisy MDI-EW is

IΛst (Pσ) =
∑

s,t

βs,t pA
s pB

t 〈θ
⊥|τs|θ

⊥〉〈θ⊥|ωt |θ
⊥〉. (14)

Consider now the following choice of probabilities:

s/t pA
s pB

t

0 q 0
1 q 0
2 q 0
3 0 q

Here, 0 6 q 6 1. Now with this choice of probabilities, we
obtain

IΛst (Pσ) =
−q2

8
〈θ⊥|ω3|θ

⊥〉

2∑
s=0

〈θ⊥|τs|θ
⊥〉. (15)

Note that the expectation value of any quantum state is
non-negative. Thus the quantity, IΛst (Pσ), can either be zero
or negative, but, since the pure state |θ〉 can be arbitrarily
chosen, therefore, there always exist several choices of |θ〉
(actually, an infinity of them) such that IΛst (Pσ) < 0. Notice
that βs,t = −1

8 , if s , t, and equal to 5
8 when s = t. Therefore,

the probabilities mentioned in the table are intentionally used
such that no contribution for IΛst (Pσ) comes up from the case
s = t.

Example 2. Noise mapping separable quantum inputs to en-
tangled ones:
Suppose now that the noisy quantum states coming to the ob-
servers A and B, although initially separable at preparation,
somehow becomes entangled on transmission, having reduced
states τ′s and ω′t , respectively. Such entanglement could also
occur due to malicious referee who intentionally replaces a
product input by an entangled one, to derail the entanglement
detection process. The same could also happen due to a prepa-
ration procedure where the source preparing the inputs for Al-
ice is not completely separated from the one that prepares the
inputs for Bob. For example, consider τ′s = pτs +

1−p
2 I2 and

ω′t = pωt +
1−p

2 I2. Note that the quantum inputs, τs and ωt, are
pure states and thus will be denoted by |ψs〉 and |ψt〉 for this
example. Now, let a global map over any pair of quantum in-
puts (each pair consists of one quantum input from Alice and
another from Bob) be defined as Λ(τs ⊗ ωt) ≡ |χst〉〈χst |, with

|χst〉 =

√
1 + p

2
|ψsψt〉 +

√
1 − p

2
|ψ⊥s ψ

⊥
t 〉,

where |ψ⊥〉 denotes the orthogonal qubit state (with an arbi-
trarily chosen phase) to an arbitrarily chosen qubit state, |ψ〉.
It is easy to see that

τ′s = Trt[Λ(τs ⊗ ωt)],
ω′t = Trs[Λ(τs ⊗ ωt)]. (16)

Let us consider the scenario of verification of measurement-
device independence for any MDI-EW. Let Alice and Bob
share a product quantum state σA ⊗ σB and perform arbitrary
measurements as considered to obtain Eq. (5). Therefore, the
noisy MDI-EW using the quantum inputs |χst〉 for the given
scenario takes the form,

IΛ(Pσ) =
∑

st

βstTr[A′1 ⊗ B′1.|χst〉〈χst |].

It can be checked that for p = 0, A′1 = (I2 + σy)/2 and
B′1 = (I2 − σy)/2, IΛ(Pσ) takes a negative value, -0.041, cor-
rect to the third decimal place. Therefore, there exist separable
states which can be detected as entangled under the situation
of entangled quantum inputs, and hence measurement-device
independence of the given noisy MDI-EW is not valid.

V. DETECTION OF ENTANGLEMENT UNDER VARIOUS
UNIFORM NOISE MODELS

In Sec. III, we have shown that under special types of uni-
form local or global noise, no separable state will appear as
entangled. In this section, we consider different types of uni-
form noise on the input states, none of which leads to fake
detection of entanglement for Werner states. We derive con-
ditions for witnessing entanglement of Werner states using
MDI-EWs.
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A. White noise: Admixture with completely depolarized state

With admixture with white noise with a pure state, say ξ,
the state becomes

ξwn(p) = pξ +
(1 − p)

2
I2,

where p is the noise parameter, so that 1 − p is the amount of
white noise that gets mixed with the original state. The sub-
script, wn, stands for “white noise”. Let the input states that

Alice and Bob get from the referee get admixed with white
noise with noise parameters p1 and p2 respectively. The new
(i.e., altered) input states read

(τs)wn = p1τs +
1 − p1

2
I2, (ωt)wn = p2ωt +

1 − p2

2
I2.

The corresponding noisy MDI-EW is given by

Iwn(P) =
∑

s,t

βs,tP(1, 1|(τs)wn, (ωt)wn).

Considering white noise in Eq. (9), we have

Iwn(P) =
1

dAdB

∑
s,t

βs,tTr
[
p1 p2τ

T
s ⊗ ω

T
t +

p1(1 − p2)
2

τT
s ⊗ I2 +

(1 − p1)p2

2
I2 ⊗ ω

T
t +

(1 − p1)(1 − p2)
4

I2 ⊗ I2

]
.

For the MDI-EW corresponding to the Werner states,∑
s,t βs,tτs =

∑
s,t βs,tωt = I2/2. Hence, due to the presence of

white noise, the noisy MDI-EW of an Werner state becomes

Iwn(P) =
1
4

Tr


p1 p2

∑
s,t

βs,tτ
T
s ⊗ ω

T
t +

1 − p1 p2

4
I4

 ρAB


= p1 p2I(P) +

1 − p1 p2

16
.

The above MDI-EW will be negative if

p1 p2I(P) +
1 − p1 p2

16
< 0

⇒p1 p2

(
1 − 3v

16

)
+

1 − p1 p2

16
< 0

⇒v >
1

3p1 p2
. (17)

So, if for the shared quantum state, ρv, the inequality in (17)
is satisfied, ρv is entangled and can be detected by the noisy
MDI-EW, Iwn(P).

B. General admixture: Admixing with arbitrary quantum
state

Consider now a more general noisy channel, viz. admixture
of arbitrary quantum states with the input states. The altered
inputs are now

(τs)qs = p1τs + (1 − p1)X, (ωt)qs = p2ωt + (1 − p2)Y. (18)

Here X =

[
x0 x1 + ix2

x1 − ix2 1 − x0

]
and Y =

[
y0 y1 + iy2

y1 − iy2 1 − y0

]
are density matrices and the subscript qs in a noisy quantum
input is used to indicate that it is a mixture of an ideal quantum
input with any quantum state. Note that since X and Y are
quantum states, therefore, x0, x1, and x2 satisfy (1 − 2x0)2 +

(2x1)2 + (2x2)2 ≤ 1 and similarly y0, y1, and y2 satisfy (1 −
2y0)2 + (2y1)2 + (2y2)2 ≤ 1. Considering these noisy input
states in the MDI-EW operator, we get

Iqs(P) =
p1 p2

4
Tr[Wρv] +

p1(1 − p2)
4

Tr[I ⊗ XTρv] +
p2(1 − p1)

4
Tr[YT ⊗ Iρv] +

(1 − p1)(1 − p2)
4

Tr[XT ⊗ YTρv]

=
1 − 3p1 p2v

16
−

v(1 − p1)(1 − p2)(1 − 2x0)(1 − 2y0)
16

−
v(x1y1 + x2y2)(1 − p1)(1 − p2)

4
.

Hence this MDI-EW can identify entangled states if

v > A−1 [for A ≥ 0] or
v < A−1 [for A < 0], (19)

where A = [3p1 p2+(1−p1)(1−p2){(1−2x0)(1−2y0)+4(x1y1+

x2y2)}]. Since 0 ≤ v ≤ 1, we can ignore the second inequality,
i.e., the cases of negative A. The values of A, minimized and
maximized over all the states X and Y , are given by Amin =

3p1 p2 − (1 − p1)(1 − p2) and Amax = 3p1 p2 + (1 − p1)(1 −
p2), respectively. In Fig. 1, we plot the lower bounds on ν
corresponding to these two cases in the left and right panels.
The left panel corresponds to the case when A = Amin and the
right panel corresponds to the case of A = Amax.
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FIG. 1: Depiction of detecting entangled Werner states using MDI-EW with Alice (Bob) using noisy quantum inputs in which
ideal quantum inputs are mixed with quantum states X (Y), given in Eq. (18). The Werner state parameter ν is lower bounded
by a quantity A−1 which is a function of states, X and Y , and the noise parameters, p1 and p2. The left panel correspond to the
case when the quantum states X and Y are such that A = Amin, whereas, the right panel correspond to the case when A = Amax.
The axes denote the corresponding noise parameters. An entangled state would be detected if the values of the noise parameters
are such that the point belongs to the colored region and the value of ν is greater than the number corresponding to that color
indicated in the colored box. All quantities are dimensionless.

C. Bit-flip, bit-phase flip, and phase flip

The bit-flip, bit-phase flip, and phase flip noises can be rep-
resented by using the Pauli matrices (i.e., σ1, σ2, or σ3). For
example, if |0〉 and |1〉 are eigenvectors of σ3, σ1|0〉 = |1〉 and
σ1|1〉 = |0〉, giving the action of the bit flip noise.

Let the noisy input states be such that they are probabilisti-
cally acted on by a Pauli matrix. The noisy input states under
the action of Pauli noise reads as

(τs)i = p1τs + (1− p1)σiτsσi, (ωt) j = p2ωt + (1− p2)σ jωtσ j,

where i, j = 1, 2, 3. The noisy MDI-EW for Werner states,
therefore, becomes

Ii, j(P) = p1 p2I(P)

+
p1(1 − p2)

4
Tr

[
W(I2 ⊗ σ

T
j )ρv(I2 ⊗ σ

T
j )
]

+
p2(1 − p1)

4
Tr

[
WσT

i ⊗ I2ρvσ
T
i ⊗ I2

]
+

(1 − p1)(1 − p2)
4

Tr
[
WσT

i ⊗ σ
T
j ρvσ

T
i ⊗ σ

T
j

]
.

Some algebra gives us that Ii, j(P) = f1(p1, p2) for all i = j and
Ii, j(P) = f2(p1, p2) for all i , j, where

f1(p1, p2) =
1 + (4p1 + 4p2 − 8p1 p2 − 3)v

16
and

f2(p1, p2) =
1 + v(1 − 4p1 p2)

16
.

Therefore if both the input states are affected by the same
noise, i.e. i = j, then the condition for entanglement detec-

tion of an entangled Werner state is

v >
1

8p1 p2 − 4p1 − 4p2 + 3
[for positive denominator],

v <
1

8p1 p2 − 4p1 − 4p2 + 3
[for negative denominator].

(20)

On the other hand, if i , j, i.e. the two noises in the two
input states are different from each other, entanglement in the
Werner state is revealed when

v >
1

4p1 p2 − 1
for p1 p2 >

1
4
,

v <
1

4p1 p2 − 1
for p1 p2 <

1
4
. (21)

Again, considering the same logic as mentioned for (19), we
can ignore the second inequalities of (20) and (21). In Fig.
2 we plot the two lower bounds on ν given in (20) and (21).
The left and right panels, respectively, show the values of ν
above which the entangled state can be detected when the two
inputs of the MDI-EW suffer same and different noises. Note
that from (20), we can see that p1 and p2 have to be either
less than 1/2 or greater than 1/2 together, in order to detect
any entangled Werner state, which explains the two straight
line boundaries dividing the colored regions in the left panel
of Fig. 2.

D. Amplitude-damping noise

In this subsection, we analyze the effect of noise when both
the inputs are affected by local amplitude-damping channels.
The input states transform under the channel as

(τs)ad =
∑
µ

MµτsM†µ, (ωt)ad =
∑
µ

Mµωt M†µ.
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FIG. 2: Condition for identification of entangled Werner state using noisy MDI-EW for bit-flip, bit-phase flip, and phase flip
noise models. Even if the input states of the MDI-EW are admixed with bit flip or bit-phase flip or phase flip noise, with noise
parameters p1 and p2, the MDI-EW can spot its entanglement if v is above the value indicated by the color. The left and the
right panels correspond to the cases when the both the quantum inputs are affected by same noise (e.g., bit-flip noise on both the
inputs) and different noise (e.g., a bit-flip noise on one quantum input and a phase-flip noise on another), respectively. For the
case of same noise on both the inputs, noise parameters p1 and p2, together, can take values either greater than 1/2 or less than
1/2, in order to detect any entangled Werner state, which is illustrated in the left panel by the separation of two colored regions.

Here, Mµ’s are the amplitude-damping Kraus operators with
the property

∑
µ M†µMµ = I, and the subscript, ad, represents

“amplitude damping”. Due to the presence of such noise, the
MDI-EW operator takes the form,

Iad(P) =
∑
s,t,µ,ν

βs,tTr[(MT
µ τ

T
s M∗µ) ⊗ (MT

νω
T
t M∗ν)ρv]/4

=
∑
µ,ν

Tr[WM∗µ ⊗ M∗νρvMT
µ ⊗ MT

ν ]/4. (22)

The Kraus operators corresponding to the amplitude-damping
channel are given by

Ma
0 =

(
1 0
0
√

1 − ε

)
, Ma

1 =

(
0
√
ε

0 0

)
,

in the computational basis. The variable ε is the noise param-
eter of the channel. Putting these matrix forms of the Kraus
operators in Eq. (22), and focusing on Werner states, we ob-
tain the following conditions for detecting its entanglement
using Iad(P):

v >
[
1 − ε1 − ε2 + 2ε1ε2 + 2

√
(1 − ε1)(1 − ε2)

]−1
.

Here 1 or 2 written in the suffixes of the noise parameters
indicate noise corresponding to Alice’s or Bob’s input. In Fig.
3, we plot this bound on ν.

E. Noisy channel with memory

The channels considered until now are all memoryless,
while realistic channels are often not so. Let us now consider
a scenario where the noises in the two input states are not in-
dependent, but correlated by some memory effect [32]. Here,
the term “memory” is used in the sense that within a single
run of the experiment, noise to Bob’s input has memory of
that to Alice’s one, of the same run. This is an example of a
global noise. Here we focus on Pauli correlated noise [32].
The noisy joint input state under the action of such noise is
given by

(τs ⊗ ωt)cn =
∑
i, j

Ai j(τs ⊗ ωt)A
†

i j,

where Ai j =

√
(1 − m)pi p j + mp jδi jσi ⊗ σ j and i, j = 1, 2, 3.

Here, 0 ≤ m ≤ 1. The corresponding noisy MDI-EW can be
represented as

Icn(P) =
∑
i, j

Tr(AT
i jWA∗i jρv).

Some calculations show that the noisy MDI-EW can success-
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FIG. 3: Successful detection of entangled Werner state using
noisy MDI-EW for the amplitude-damping noise in the
quantum inputs. The colored region represents the bounds on
entangled states that can be detected using MDI-EW in
presence of amplitude damping noise with parameters ε1 and
ε2. All quantities are dimensionless.

fully detect an entangled Werner state if

v >
1

3 + 8(m − 1)
∑

i, j pi p j
.

Note that for m = 1, the condition for entanglement detection
of Werner state in the memoryless case is reproduced.

VI. CONCLUSION

In the laboratory, one of the most appropriate methods to
identify entanglement of a shared state is to employ entan-
glement witnesses (EWs), since there exists an associated lo-
cally measurable witness operator for every entangled state,
guaranteed by the Hahn-Banach theorem. In general, standard
EWs rely on trusted measurements for the purpose of faithful
detection. On the contrary, measurement-device-independent

entanglement witnesses (MDI-EWs) never indicate a separa-
ble state as entangled even for wrong measurements, and are
also robust against a particular kind of lossy detectors. Pre-
vious works in the literature on MDI-EWs assumed that the
“quantum input” states, required in MDI-EWs detection pro-
cess, are perfect. Here, the phrase “quantum input” is used
for input quantum states that are needed by the observers to
carry out the relevant MDI-EW protocol, and these quantum
states are different from the shared quantum state whose en-
tanglement is to be detected. Here we relaxed the condition of
preparation of perfect quantum inputs and considered noisy
inputs within a general framework of noisy MDI-EWs. Noisy
inputs may occur due to some imperfections in the preparation
devices or errors in the transmission lines. We classified noise
processes into two broad classes, uniform and non-uniform,
according to their action on the inputs. We found that in the
presence of uniform noise over the input states, if the adjoint
of the corresponding noise maps separable operators to sepa-
rable ones, fake entanglement detection never occurs. We also
considered examples of non-uniform noise and global entan-
gling noise, where a separable state appear as an entangled
one in the identification process, if the measurement device is
not trusted. We explored MDI-EWs for the Werner class of
states with various noise models on the input states and deter-
mined conditions for faithful detection of their entanglement.
Finally, we examined an example of correlated noise due to a
memory effect, and derived the condition for revealing entan-
glement of Werner states in this scenario.
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