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In a quantum illumination (QI) protocol, the task is to detect the presence of the target which is typically
modelled by a partially reflecting beam splitter. We analyze the performance of QI when the target absorbs part
of the light that falls on it, thereby making the scenario more realistic. We present an optical setup that models
a target with these characteristics and explore its detectability in the quantum domain in terms of the Chernoff
bound (CB). For an idler-free setup, we use the coherent state for QI while the two mode squeezed vacuum
(TMSV) state is employed in the signal-idler scheme. In both the cases, we report an absorption-induced en-
hancement of the detection efficiency indicated by a lowering of CB with increasing amounts of absorption.
Interestingly, we show that in the presence of absorption, a more intense thermal background can lead to target
detection with enhanced efficiency. Moreover, we observe that the quantum advantage persists even for finite
amounts of absorption. However, we find that the quantum advantage offered by TMSV decreases monotoni-
cally with absorption, and becomes vanishingly small in the high absorption regime. We also demonstrate the
optimality of both the coherent and the TMSV states in their respective setups (idler-free and signal-idler) in the

limit of low reflectivity and absorption.

I. INTRODUCTION

Ilumination [1-8] is a process by which the presence of an
object immersed in a noisy background can be detected. Inter-
estingly, it was reported that quantum mechanical systems can
lead to the enhancement in the performance of illumination
over classical schemes, providing yet another avenue of quan-
tum advantage [1, 9-11]. In quantum illumination (QI), the
object to be detected (target) is modelled by a partially reflect-
ing beam splitter, a multislab of dielectric plates, in a thermal
background. If the target is present (hypothesis H7), its exis-
tence is confirmed by analyzing the reflected light while in the
absence of the target (hypothesis Hy), the detector merely gets
the background thermal signature. Therefore, the problem of
detecting the target reduces to the distinguishability of two
quantum states, po and p; that correspond to the hypotheses
Hjy and H; respectively. The error probability, p., involved
in distinguishing pg and p; quantifies the performance of the
illumination process. A computable upper bound to the error
is given by the quantum Chernoff bound (CB), Q, [12-16],

1 1
pe < 5Q =5 min uw(pipr ). 1)
When M copies of the probe are used, the above inequality
modifies as p.(M) < $OM. Moreover, the Chernoff bound
is asymptotically tight [17, 18], i.e., the inequality saturates
for large enough M. Therefore, to perform the entire analy-
sis regarding the performance of QI, it is enough to compute
the Chernoff bound for a single copy to estimate the error in-
curred due to M copies. Up to now, all the investigations on
QI are concentrated on the choices of the probes, ranging from
Gaussian to non-Gaussian states in presence or in absence of
noise [19-25].

In this paper, we introduce imperfection in a different com-
ponent involved in the illumination process. In particular, we
conceive the target in a more realistic context where in addi-
tion to the transmission and reflection, it absorbs some portion
of the light impinged on it [26, 27]. We model such a target
using a lossy beam splitter (BS) [28—31], naturally occurring
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FIG. 1. Schematic representation of a light absorbing target, mod-
elled with three beam splitters, two auxiliary and one primary. The
auxiliary beam splitters with reflectivity, r, and transmissivity, ¢, in-
corporates the loss in the signal and the thermal modes, while the
primary beam splitter has reflectivity, x, and transmissivity, 7, with
r, t, k, T > 0. The entire beam splitter setup constitutes the light
absorbing target.

in dielectric medium, where the loss quantifies the amount of
absorption in the target. Note here that such an absorbing tar-
get which can be modelled by auxiliary beam splitters [32]
has already been used to assess quantum communication pro-
tocols like quantum key distribution [33].

For introducing absorption in QI, we present an optical
setup using three lossless beam splitters, among them two are
the auxiliary beam splitters, modeling the absorption of the
system while the rest one is the primary beam splitter which
tunes the reflectivity and the transmissivity of the same, as de-
picted in Fig. 1. The two auxiliary beam splitters, each of
them having reflectivity r and transmission coefficient, ¢, with
r +t = 1, incorporate the absorption in the optical modes,
with the parameter r being the absorption parameter dictat-
ing the amount of absorption. On the other hand, the par-
tially transmitted signal and the thermal modes impinge on
the primary beam splitter, having reflectivity and transmis-



sivity, x and 7 respectively. Note that the reflectivity of the
absorbing target in terms of these parameters is t«, while its
transmissivity being ¢7. In the lossy scenario, we analytically
compute the Chernoff bounds both for the coherent as well
as for the TMSV states and show that unlike the absorption-
free situation, the Chernoff bounds for both the states do not
reduce to the Uhlmann’s fidelity (the quantum version of the
Bhattcharyya bound) [34]. We exhibit that the absorption of
light leads to a lower probability of error both in case of the
coherent and the TMSV state which we refer to as absorption-
induced enhancement. Note that even in the presence of ab-
sorption, the TMSV state continues to outperform the coher-
ent state. Moreover, we prove that the coherent state is an
optimal idler-free probe in the limit of low absorption and tar-
get reflectivity, while in the signal-idler setup, the TMSV state
turns out to be optimal under the same limiting conditions.

The rest of the paper is organised in the following way. We
first introduce a detailed formalism of the absorbing BS, high-
lighting the input-output relations of the optical modes in Sec.
II. In Sec. III, we proceed to calculate the analytical forms of
the Chernoff bound for the coherent state and demonstrate its
optimality in the idler-free illumination protocol. We analyse
quantum illumination using the TMSV state in Sec. IV while
the quantum advantages of the illumination process with a re-
alistic target having different absorption parameters are shown
in SubSec. IV A. In Sec. V, we derive the optimal probes
for quantum illumination of an absorbing target in the single
mode and two mode regimes. Concluding remarks are pre-
sented in Sec. VI.

II. MODELLING ABSORPTION BY A LOSSY BEAM
SPLITTER

For a lossy beam splitter (LBS), if {b1, b2} are the output
optical modes and {a1,as} are the input optical modes, we
have

(bby + blbs) < (alar + afas), 2)

which directly follows from the condition of the lossy beam
splitter [28], given by

T+R<1, 3)

where 7 and R respectively denote the transmission and re-
flection coefficients of the LBS. It means that if N number of
photons impinge on both the input modes of the lossy beam
splitter, the total number of photons at the output modes is
strictly less than N, implying that some other modes intrin-
sic to the system (beam splitter) get excited. Let {g;, g»} and
{h1, ha} be the device input modes and output modes respec-
tively. All the output modes {b, h} (optical + device) are re-
lated to all the input modes {4, g} by the matrix A [35] such

R TR

The output optical modes are given by b =Ta+ Ag, where
T and A denote the transmission and absorption matrices re-
spectively. Imposing the unitarity condition which in turn im-
plies the photon number conservation (including the photons
that get absorbed), we have

TIT + ATA =1, (5)

with I being the identity operator. Note that ATA > 0 refers
to a finite absorption. In our model, as depicted in Fig. 1, the
transmission and absorption matrices are taken respectively as

TIT=+¢I, and ATA = (1 —¢) L. (6)

Naturally, 1 — ¢ = r, i.e., the reflectivity of the auxiliary
BS, which controls the amount of absorption. For a detailed
derivation of the T and A matrices, see Appendix A. Our ap-
proach of modelling absorption process using two auxiliary
beam splitters has an added advantage since it provides an
actual optical setup that replicates the loss, giving a physical
interpretation to the device modes as well.

III. TARGET DETECTION IN AN IDLER-FREE SETUP

When the target absorbs some of the light that impinges
on it, we find that its presence can be detected more effi-
ciently compared to the absorption-free case. We will show
in this section and in the succeeding sections that the en-
hancement features persist both for the classical (idler-free)
and quantum illumination schemes — absorption-induced en-
hancement. Here, we sketch the derivation of the Chernoff
bound for the coherent state.

A. Chernoff bound for the coherent state

Here, the objective is to evaluate the distance between pg
(when the target is absent) and the resulting state, p; af-
ter the coherent state (CS) of signal strength Ng, |¢)s =
exp(—Ng/2) >0 (N2 /n!)'/2|n) passes through the opti-
cal setup that models the light-absorbing target as depicted in
Fig. 1. When the target is absent, py = pr = > _, 7™ /(1+
7)™ * 1 m)(m|, which represents the thermal background hav-
ing mean photon number n. As the combined actions of the
beam splitters in Fig. 1 preserve Gaussianity, we can ana-
Iytically compute p; in the phase space using symplectic op-
erations corresponding to the BS setup in terms of the dis-
placement vector and the covariance matrix (for detailed cal-
culations, see Appendix. B). The displacement vector and the
covariance matrix in the target-absent (pg) and -present (p)
scenarios have the following expressions:

0
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The subscripts, ¢, of the displacement and the covariance
matrix denote the corresponding p;s (¢ = 0,1) and Iy =

og = (2ﬁ + 1)12; 7



diag{1,1}. We will now denote the states in their normal
mode form as p; = (d;,S;, {vF}), where d; is the displace-
ment vector and S; is the symplectic matrix having a set of k
symplectic eigenvalues {1*} [15]. In this case, the symplectic
decompositions take the forms as

Po = (d071272ﬁ+ 1), and
p1 = (d]_,IQ,?’FLtT + ].) (9)

Using Eq. (9) and following the prescription given in Ref.
[15], the Chernoff bound for the coherent state reads as
Qcs = ming<s<1[QS”], where

_ KktNg
oxp (~ ()
(T4 7) (1 + art) > — ()7

QoS =

(10)

Unlike the usual illumination scheme with a non-absorbing
target, we interestingly find that the parameter s in this lossy
scenario does not have a unique value (= %) in Eq. (10), i.e.,
the value of s can be determined depending on the amount of
absorption and the background photon strength. For a fixed
n, the optimal s increases with the absorption parameter r as
shown in Fig. 2. Notice that it only reduces to the Uhlmann’s
fidelity [16], i.e., with s = 1/2 in the limiting case.

We observe another striking feature which is completely
different from the absorption-free case, where, as expected,
the detection efficiency decreases when the background ther-
mal noise increases. However, when the absorption param-
eter is more than a critical value (2 0.1) (see inset of Fig.
2), a higher n actually leads to a lower Chernoff bound. Al-
though this feature of noise-induced enhancement of target
detection at the first glance seems counter-intuitive, we can
provide a physical explanation for this. In presence of absorp-
tion and low reflectivity, the light that reaches the detector is
only a fraction of the signal intensity combined with back-
ground noise (which also suffers absorption, a feature which
is absent in a non-absorbing target) (p; ), while in the absence
of the target, a strong thermal background implies that the de-
tector senses a high-intensity light (pg). It makes the photon
number difference between py and p; quite high resulting in a
more efficient distinguishability.

IV. ABSORPTION IMPROVES TARGET DETECTION -
ANALYZING QUANTUM ADVANTAGE

In this section, we focus on the quantum advantages ob-
tained in the QI via the signal-idler setup using the two mode
squeezed vacuum (TMSV) state, over the coherent state-based
optimal classical scheme, in the lossy scenario. We first com-
pute Q for the TMSV state in this domain and demonstrate
a monotonic enhancement of the quantum advantage with re-
spect to the absorption parameter of the target which we illus-
trate by considering two regimes — intermediate domain and
limiting cases.

The two mode squeezed vacuum state, given by

[V)ramsy = Dope o /NE/v/ (14 Ng)t*7|n)|n), is shown
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FIG. 2. The upper bound for the error probability i.e. %Q (ordi-
nate) against the optimal value of s, denoted by s.,: (abscissa). The
color scheme (light to dark) denotes different absorption parameters
of the target, and we show that s,,; decreases with an increase in the
amount of light absorption. The solid squares represent the coherent
state while the points for the TMSV state are the hollow circles. The
solid lines indicate a mean thermal background strength of 7 = 2
and the dotted lines depict 7 = 200. The inset shows a magnified
version of a region at very low absorption, where there is a crossover
between the plots corresponding to low and high background thermal
noise. For vanishing absorption, 7 = 200 gives a higher error proba-
bility, but as the absorption increases, higher background noise leads
to a lower value of CB, %Q. Here, the signal strength, Ng = 0.5,
and we set £ = 0.01. Both the axes are dimensionless.

to be the optimal two mode probe state for detecting a non-
absorbing target [36]. It was also proven that it can outper-
form the coherent state-based illumination protocol in the low
signal strength and high background noise limit [9], thereby
establishing the quantum advantage.

Here, we aim to derive an expression for the Chernoff
bound achieved by the TMSV state, when trying to detect an
absorbing target. For a TMSV state of mean signal strength
Ng, the displacement vector and the covariance matrix in the
absence (pg) and presence (p1) of an absorbing target have the
following expressions:
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where S = 2Ng +1,Bp = 2n+ 1,B = 2ntt + 1, A =
2kNgt + B and C; = 24/tNg(Ng + 1). The normal mode
decompositions of py and p; thus become [9]

po = (do, 14, By, S), and (14)

p1 = (d1,S1,v1,v2), (15)

where v, = § ((—1)"'(5 —A)+ \/(A +5)% — 4/%03) with

I, = diag{1,1,1,1}. The symplectic S; which diagonalises
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The analytical form of CB for the TMSV state, is Qryrsv =
ming<s<1 [QTM5V], where

QTMSsV _ [ 4G(By)G(8)G1—s(v1)G1-s(12) ]
’ (Z—li_—g + AS(BO)) (Zl_—s + AS(S)) - Q%—sl’;)
where ¥, = (Ai—s(1)z% + Al_s(VQ)ZC(E),
X, = (Al,s(ul)m% + Al,s(yg)xi) and Q_, =
(A1—s(r1) + Ai_s(v2))x_x4. The function Gp(z) and
A, (x) are respectively given by [15]
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Ap(z) = 19)
However, one can find that the value of s which minimises Q5
to furnish the Chernoff bound again depends on both the loss
parameter r and the mean background noise strength 7.
Remark. Up to numerical accuracy, s,,; for the TMSV and the
coherent states are almost identical for the same set of system
parameters, i.e., their difference is O(10~%) or less.

A. Chernoff bound vs absorption: Quantum advantage of
TMSV

In the previous section, we have derived the quantum Cher-
noff bound of the TMSV state, for a light absorbing target,
having reflectivity tx, and absorption coefficient r. Here, we
will discuss about the same for the different limit of absorp-
tion coefficients. Depending on the amount of absorption, one
can identify three regimes — low, intermediate and high ab-
sorption parameters and we discuss some novel features of
each regime. On the other hand, Eq. (10) can represent the
error probability in detecting an absorbing target using the co-
herent state as the probe and hence comparing the quantities
for CS and the TMSV state, we can establish the quantum ad-
vantage in the illumination process with light absorbing target
provided the CS leads to an optimal classical probe which we
will discuss in the next section.

1. Intermediate regime

When the absorbing power of the target is neither too high
nor too low, the exact Chernoff bound depends on the opti-
mization of s which is again dependent on the absorption pa-
rameter r as well as the mean background photon number 7
and hence cannot be analytically obtained. We numerically
verify that when s € (0.5,1), the Chernoff bound decreases

with the increasing signal strength Ng. The counter-intuitive
aspect of the absorbing target is that the detection is enhanced
by the presence of absorption. As the target becomes more
absorbing, the Chernoff bound goes down steadily, as shown
in Fig. 2. It may be explained due to the loss of background
thermal noise, which too is absorbed by the target. In other
words, in the event of no target, the thermal state reaches the
detector while in the presence of the target, the state at the
detector is a mixture of a highly absorbed signal and thermal
states. Hence distinguishability is enhanced as compared to
the case of the non-absorbing target, and the error probabil-
ity in detection goes down. These results clearly demonstrate
the constructive effect of an absorbing target towards its de-
tection. The higher the absorbing power, the more easily can
the reflected signal be analysed to infer its presence. In fact,
for absorption-less targets, the presence is assessed by analyz-
ing the reflected (presence of) light. On the contrary, for light
absorbing targets, their presence is inferred from both the re-
flected (presence of) light and the absorbed (absence of) light.
The absorbing nature of the target yields a better detection
probability due to the fact that the background thermal noise
is also equally affected. Thus, for a light absorbing target, the
background thermal noise enhances detection efficiency as the
absorbing power of the target increases (see Fig. 3(c)).

Let us now address the question whether the absorption-
induced enhancement in target detection translates to quantum
advantage, which for M copies reads as

AM = Qé{S - QYMMSV' (20)

Fig. 3 (a) depicts that the quantum advantage persists even
in presence of absorption although Aj; decreases with the
increase of r. The trends of A); indicates that the perfor-
mance of the TMSV and coherent states as probes approach
each other with increasing absorbing power. Therefore, an
absorbing target leads to a detection with a much lower er-
ror probability and also makes the classical protocol as good
as compared to the TMSV state-based quantum illumination
scheme for high absorption.

2. Limiting cases: low and high absorption

When the absorbing power of the target is low i.e., in the
limit » — 0, it can be shown that s — % as depicted in Fig. 2,
and the Chernoff bound for the coherent state, with kr — 0

and n >> 1, reduces to

21
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In the limit of low Ng, we provide the following ansatz for
the Chernoff bound of the TMSYV state:

kNg }, 22)

Qrsy = exp [ N5

TMSV p a(l—r— k)
which matches with numerical calculations upto an accuracy
of 1075, Clearly, for a given signal strength Ng, we see that
Orymsv < Qegs, thereby guaranteeing quantum advantage
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FIG. 3. The variation of the quantum advantage (%A ) and the Chernoff bound against different parameters for the coherent and the TMSV
states having mean signal strength Ns = 1.0 and k = 0.01. The dotted lines represent a background noise having # = 1 and the solid

lines correspond to 7 = 5. (a) Quantum advantage,

%A Mm=10 (ordinate), with respect tot the absorption parameter, 7, (abscissa) for varying

background thermal noise. It clearly demonstrates the decrease in quantum advantage with increasing absorption parameter. (b) Logarithm of
%QM (y-axis) vs. logarithm of the number of copies (log,, M) (z-axis) in the limit of the low absorption parameter (0.1%) for the coherent
state (in red) and the TMSYV state (in black). It shows that the error probability worsens with an increase of the background noise strength. (c)
Same plot as panel (b) for the intermediate absorption regime (30%). In this case, increase in thermal noise assists in target detection. All the

axes are dimensionless.

in the low loss regime (see Fig. 3(b)). In this limit, a higher
background noise hampers the detection probability, as in the
case of a non-absorbing target. Furthermore, it is worthwhile
to mention that the quantum advantage is more in the case
of a very low absorption regime compared to the completely
absorption-free (r = 0) scenario.

Let us now move to another extreme situation, i.e., in the
limit » — 1 when the target approaches the perfect absorp-
tion regime. In this scenario, both the signal and the thermal
states are almost completely absorbed by the target. It im-
plies that no light reaches the target and hence its presence
has to be assessed by the absence of light. Thus, for target
detection, the state discrimination problem reduces in differ-
entiating between pg = pr and p; = |0)(0| which we obtain
by substituting » — 1 (or equivalently ¢ — 0) in Eq. (8) for
which the Chernoff bound can be expressed as Qcgs = I-Tn
Interestingly, the Chernoff bound turns out to be equal to the
probability of the vacuum mode being present in the ther-
mal mode for the coherent state. In case of probing with the
TMSV state, the state discrimination problem is between the
states pg = pr ® pr and p; = [0)(0] ® p;, where py is
the reduced state obtained by tracing out the signal mode in
|)rarsy which turns out to be a thermal state with mean
photon number Ng. Since p; is a fixed addition in both pg
and py, it does not aid in enhancing the detection probability,
and we get Qrayrsv Qcs = 117 +n Some important fea-
tures emerge from our analysis. Firstly, in both the cases, the
optimal s parameter in the Chernoff bound approaches unity
to minimize it. Secondly, the Chernoff bound decreases with
the background thermal noise strength 7, implying a better
detection for higher noise values with @ — 0 for 7 — oo.
Finally, the quantum advantage, as defined in Eq. (20), iden-
tically vanishes irrespective of n and Ng for r — 1.

V. OPTIMAL PROBES FOR DETECTION OF LIGHT
ABSORBING TARGETS

In this section, we show that, in the limit of low absorb-
ing power and low reflectivity of the target, the coherent state
provides the optimal illumination scheme in the single mode
regime, whereas the same in the two mode case is exhibited by
the TMSV state. We base our analysis on the multiple beam
splitter model as depicted in Fig. 1. When the low reflectivity
condition of the target is considered in terms of the primary
BS, it can be approximated as

U(r) = explf(ah — abh)] ~ 1+ r(ab— abh), (23)

where the reflectivity parameter \/k = sinf = 6 in the low
reflectivity approximation which leads to a significant contri-
bution in the Chernoff bound as we will show later. On the
other hand, in the low loss regime, the auxiliary beam split-
ters having their reflectivity parameter, satisfying the condi-
tion, \/r = sin§’ & ' are approximated as
U(r) = explt/ (a'b—ab")] = 1+v/r(afb—abt)+ (alb—ab')2
(24)

The auxiliary BSs are approximated upto the second order of
their reflectivity parameter, since we will see that the contri-
bution to the Chernoff bound due to the absorption is absent
for lower order terms.

To calculate the minimum error probability in detecting
a light absorbing target in the limit of low reflectivity and
vanishing loss, the detected state in case of the target being
present can be written by expanding about pg as

p1 = po + €(VKkdpa + V/ropy, + rdpy +TRpC),

where K — 0 is the low reflectivity and » — 0 represents
the low loss approximation. dp, is given by 9p1/0v/k|.—0
while dp) = 0p1/0v/T]r =0, dpp = %6p1/87‘|,n_,0 and dp, =
ap1 TK ]. At the end of our calculations, we take
e — 1.

(25)




In this case, the Chernoff bound can be expressed as [17]
Q =1-— =, where
= Z |(1(VESpa + V/1dp}, + 7dpy + /TESpe) K [*
(\/ Xj T VX )

[

(26)
Here |i) are eigenvectors of py with corresponding eigen-
values ;. The background thermal noise is considered to
be the thermal state piy, = Y oo_o Am|m)(m| where A, =

%, with i denoting the mean photon number.

A. Single mode optimal probes

In case of a lossless target, the single mode optimal probe
is known to be the coherent state [11, 36]. Let us now identify
the optimal probes for detecting a target modelled by a lossy
beam splitter. We demonstrate that, even if the target is an
absorbing one, the coherent state still remains optimal as
probes in the single mode case.

Theorem 1. A single mode state with mean photon number
Ng, which provides the optimal Chernoff bound in illumina-
tion for a light absorbing target, is the coherent state when the
reflectivity of the primary beam splitter is low in the limit of
low absorption and low reflectivity.

Proof. A single mode state in the Fock basis can be repre-
sented as

=Y Culn), 27)
n=0

and in this case, p; takes the form as

= > VRV D A
m=0

(Clm){m + 1] + ¢*jm + 1) (m|) +

(1= rm)Am +r(m+ DAppr)|m)(m| (28)
where ( = Y C,Cy v/n+1. Clearly, ép;, = dp. = 0,
which means that the leading order contribution due to ab-
sorption comes from the quadratic terms of the reflectivity pa-

rameter of the auxiliary beam splitters. The states dp, and Jpp
in Eq. (25) are given by

0pa :Z vVm 4+ 1(Ame1 — Am) X

(Clm)(m + 1| + {|m + 1)(m]), (29)
5py :é S g1 (m+ 1) = mAw)m)(ml. (30)

Therefore, Q in Eq. (26) reduces to
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In this case, {|j)}, and {|k)} correspond to the eigenvectors
|m) of the thermal state and x; = \;, since pg = pyp, in case of
the single mode probe. If both the coefficients of €2 in Eq. (31)
are maximized by the coherent state, we can conclude that it
is the optimal probe for a single mode illumination protocol.
Firstly, the second subtracted term is the same for all single
mode states, since it is independent of any state parameter and
depends only on the background noise. Thus the minimization
of Q depends only on the first subtracted term, which is given
by

m+1) (‘C|2+|§*| )
F+ VAm11)? ’

where ( contains the dependence on the probe state. It is ev-
ident that the optimisation of Eq. (31) depends only on the
magnitude of (. In Ref. [36], it has been shown that since
C(=>,0.Cr  vn+1<3 |Cy]|Chia|v/n+ 1, we can
consider the C;s to be real. Thus, subject to the normalisation
(3>, C% = 1) and the energy (>, nC? = Ng) constraints,
the maximization condition for ¢ reduces to [36]

CriiVn+1+Ch_1v/n+2C, (11 +np2) =0 (33)

(32)

HZ (m+ 1)(

m,n=0

which is satisfied by a coherent state of signal strength Ng for
Lagrange multipliers p; = — ‘/JQTS -3 \/7 There-
fore, the coherent state maximises the subtracted terms in Eq.
(31) and therefore minimises the Chernoff bound. Thus, a
choice for the optimal single mode state for illumination of
a light absorbing target is a coherent state with mean signal

strength Ng. l

and po =

B. Two mode optimal probes

Let us now move to the scenario of quantum illumination
process where two mode states are considered as probes. It
was shown that for a low reflectivity, TMSV state act as an
optimal probe in the no-absorbing domain [11, 36]. We will
now show that the TMSV state still remains optimal in the ab-
sorbing regime.

Theorem 2. The two mode state providing the optimal illu-
mination protocol for a light absorbing target, is the TMSV
state with mean signal photon number Ng in the limit of low
reflectivity and low absorption by the target.

Proof. An optimal two mode probe state can be represented
as [36]

= Z Chpln,n), (34)
n=0

with

dpa= chcn+1 Vin+1D)(m+ 1) Apyr —

n,m

(\n m)(n+1,m+1+n+1,m+1)@n,ml), (35)

5[)1,— ZC

n,1Mm

Amy1(m—+ 1) —mAy,)|n, m)(n,m|. (36)



The Chernoff bound is again given by Eq. (31) and in this
case, |i) = |n,m) and x; = Cpv/ . The second subtracted
term due to dpj reduces to

2

T
4

00 _ 2
Z [(m + 1))‘m+1 m)\m] (37)

)

m=0 >\m

whose maximization condition is again independent of the

state. The minimisation of Q depends only on the first sub-
tracted term,

(1 +27)? & o N
_ 1 — 38
where M(z,y) = (\/Ei%' It can be shown [36] that

Eq. (38) is maximised, subject to normalisation and energy
constraints, by C2 = NZ/(1 + Ng)"! which represents
the TMSV state. Therefore, the TMSV state minimises O,
thereby giving the optimal two mode state for quantum illu-
mination involving a light absorbing target. |

VI. CONCLUSION

Modelling the target in a realistic manner is one of the most
crucial tasks of the illumination process. In earlier works, tar-
gets were modelled using a beam splitter with a low reflec-
tivity. However, the beam splitter is seldom perfect and some
amount of light gets inevitably lost or absorbed. A realistic
model of the target should take into account these inherent
target characteristics. Towards fulfilling it, we introduced a
target incorporating an additional feature of absorption on top
of reflection and transmission which we designed via two aux-
iliary and a primary beam splitters, thereby ensuring it to be
implemented easily in an optical setup.

Our investigation revealed that the absorption of light by
the target leads to an enhancement in the performance of
the illumination protocol with the coherent state, thereby im-
proving the bound in the classical domain and the quantum
illumination (QI) process involving a signal-idler setup via
the two mode squeezed vacuum (TMSV) state. Unlike the
non-absorbing target, we interestingly found that the Cher-
noff bound, the upper bound in the error probability of the
detection, depends on the loss parameter and the mean photon
number, thereby not reducing to the Uhlmann’s fidelity. We
also proved that the coherent state for the single mode (clas-
sical) scheme is optimal when both the reflectivity of the pri-
mary beam splitter and the absorption parameter are very low.
It immediately prompted us to interpret the positive value in
the difference between the Chernoff bounds for the coherent
and the TMSYV states as the quantum advantage offered by the
TMSYV state. We further reported that the quantum advantage
decreases with the absorption parameter of the target, thereby
furnishing the coherent state as the better probe in interme-
diate to high absorption regimes. Interestingly, for a light
absorbing target, the background thermal noise enhances the
detection efficiency with the increase of the absorbing power
of the target while for the absorption-free targets, the thermal

noise reduces the detection efficiency. Our work widens the
model for the target in the illumination procedure taking it a
step forward to reality.
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Appendix A: The transmission and absorption matrices

Here we provide a sketch of the derivation of the transmis-
sion matrix T and the absorption matrix A. First, note that the
output modes of the two auxiliary beam splitters modelling
the absorption, are related to the input modes, by

arr = Viar +v/rgs,

hy = —\/rar + Vg, (A1)
and
as = Vtas +ri,
hi = —ras + vVt (A2)
And for the final beam splitter, one has
bs = V/Tar + Vrasr,
ZA)T = 7\/%&71/ + \/;(AZS/. (A3)

Note that the auxiliary beam splitters have a transmission co-
efficient ¢ while the primary one has 7, as shown in Fig. 1.
The corresponding reflectivities are denoted as r and s re-
spectively. Following the mode transformation in Egs. (Al)
to (A3), we obtain

)-r()rl)
where T = /tU and A = \/rU, with
U= (ﬁ _‘/\/2) . (A5)
It trivially follows from the above analysis that
TIT=+¢I, and ATA = (1 —¢) I, (A6)

establishing 1 — ¢t = r as the loss parameter.



Appendix B: Computation of p;

We now present the computation of p;, which corresponds
to the case where the target is present by using the coherent
and the TMSV state as the probe states. Recall that we can
group the canonical position and momentum operators of an
N mode Gaussian state in the vector as

R:(jlaﬁlv'"ai/\hﬁ/\/)T (Bl)

and the Gaussian state is completely specified by the displace-
ment vector and the covariance matrix, given by

(RiR; + R;Ri) — 2(R;)(R;)],  (B3)

d; = (Ry), (B2)
1

O‘ij = 5

where i,j = 1,2,...,d with the annihilation operator being
a = (% 4 ip)/2 in terms of the mode quadratures.

1. Coherent states

When the coherent states are used as probes for target de-

tection, we lay out the sketch of the derivation for p;. Since
the initial input states are all Gaussian and as mentioned ear-
lier, the optical setup modelling loss preserves Gaussianity,
one can efficiently compute p; in the phase space.
As clearly illustrated in the schematic diagram, there are four
input modes, two of which correspond to the thermal and the
coherent state, while the remaining two modes corresponds to
the ground states of the device, which are the vacuum states.
Note that the combined four states are Gaussian and are de-
scribed by the following displacement vector and covariance
matrix:

d=dr ®dg 4, ©dcs
= (0,0)" @ (0,0,0,0)" & (2¢/Ns,0)T,
=01 PB0g4 Pocs =20+ 1) 214 B 1, (B4)
where Ng is the signal strength of the coherent state while
7. denotes the average number of photons in the thermal state

with Iy = diag{1, 1,1, 1}. The joint operation of the two aux-
iliary beam splitters is described by the symplectic operation,

Sa =51 D85, (B5)
where
Vi—-r 0 T 0
0 1—r 0 T
s = | e VT A e
0 —vr 0 I—r

with ¢ being the transmission coefficient of the auxiliary beam
splitters and follows the same mode transformations as given
in Egs. (A1) — (A3). The resultant state is now described by
these updated moments as

d— SAd7
o — Spo8%. (B7)

Tracing out the device modes, we now have the effective state
that impinges in the primary beam splitter, described by

des = (0,0,0,2¢/tNg)T,
Oes = (1 4 27t)I; © Ia. (B8)

The action of the primary beam splitter with transmissivity 7
is described by the symplectic operation,

Sp = 51(7), (B9)

where the form of S; is given in Eq. (B6). The state can be
updated by following the same rules as in Eq. (B7). Finally,
the state that impinges on the detector, p; described by the

moments reads as
dy = (24/tkNs,0)T,

o1 = (1 + 2nt7)1s. (B10)

2. TMSYV state

Let us compute the displacement vector and the covariance
matrix of the state that goes to the detector, p;, when the
TMSV state is used for target detection whose one part is used
as the probe, while the other part forms the idler that directly
goes to the detector. A TMSYV state of squeezing strength r is
described by

dTMSV = (07 Oa 0) O)T7
(2Ns + 1) I,

_ 2¢/Ns(1 + Ns) Zs
OTMSV = (2\/mz2 5 8 )

(2Ng +1) I
(B11)
The displacement vector and covariance matrix of the entire
state that impinges on the auxiliary beam splitters are given
by
d=dr ®dg, g, ®drmsyv = (0,0,0,0,0,0,0,0,0, 0)7T,
=07 D0g g, DOTMSV

=@2n+ 1) Ly ® ormsy, (B12)

where 7 is the average number of photons and the form of
ormsvy is given in Eq. (B11). In this case, the action of the
two auxiliary beam splitters on all the modes are given by the
following symplectic operation:

S =S4 01y, (B13)

where S 4 is given in Eq. (B5). The updated state is obtained
by applying the rules given in Eq. (B7). After tracing out the
device modes, we end up with the effective state that impinges
on the primary beam splitter, given by

des = (0,0,0,0,0,0)7,

Oes = (14 20t)I2 @ o, (B14)
where

(1+ 2tNg) I,

o = ( 2\/tNS(1+N5) Z2>
B 2\/th(1+Ns) Zo '

(1+42Ng) I,
(B15)



The effective state falls on the primary beam splitter whose
action is described by the symplectic operation as

Sp = Si(7) & I, (B16)

where the form of S; is given in Eq. (B6). The final output
state is obtained via the Eq. (B7). Finally, tracing out the
transmitted part of the signal, we arrive at the phase space

description of p; when the TMSV state is used as the probe:

dy = (0,0,0,0)7, (B17)

ot (1+2t(n7 + kNg)) Iz 2/tkNg(1+ Ng) Zo
'\ 2y/tkNs(1 + Ng) Zo (2Ng +1) I, '

(B18)
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