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We show that quantum absorption refrigerators, which have traditionally been studied as of three qubits, each
of which is connected to a thermal reservoir, can also be constructed by using three qubits and two thermal
baths, where two of the qubits, including the qubit to be locally cooled, are connected to a common bath.
With a careful choice of the system, bath, and qubit-bath interaction parameters within the Born-Markov and
rotating-wave approximations, one of the qubits attached to the common bath achieves a cooling in the steady
state. We observe that the proposed refrigerator may also operate in a parameter regime where no or negligible
steady-state cooling is achieved, but there is considerable transient cooling. The steady-state temperature can
be lowered significantly by an increase in the strength of the few-body interaction terms existing due to the
use of the common bath in the refrigerator setup. The proposed refrigerator built with three qubits and two
baths is shown to provide steady-state cooling for both Markovian qubit-bath interactions between the qubits
and canonical bosonic thermal reservoirs, and a simpler reset model for the qubit-bath interactions.

I. INTRODUCTION

The field of quantum thermodynamics [1, 2] has gained
considerable momentum in the last two decades. It aims to un-
derstand thermodynamic principles at the quantum mechani-
cal level [3], design effective quantum thermal machines [4],
and explore whether these quantum machines can provide ad-
vantages over their classical counterparts [5]. These quantum
machines are envisioned to aid the emergent quantum tech-
nologies via, for example, providing a better understanding of
the interplay between quantum correlations and work [2, 6],
and controlling power consumption in quantum computation
(cf. [7]). The interconnection of the subject with different
fields in science, such as statistical and solid-state physics [8],
quantum information theory [2, 9], and quantum many-body
physics [10] has motivated researchers from different fields to
explore the possibility of setting up experiments using meso-
scopic systems [11], trapped ions [12], nuclear magnetic res-
onance [13], and superconducting materials [14], where the
theoretical results can be tested.

Among the quantum thermal machines, quantum absorp-
tion refrigerators, constituted of quantum few-level systems,
often comprising a small number of qubits [15–19] and/or qu-
dits [15, 20], have been in focus. Among these, refrigerators
made of three qubits in contact with three local thermal baths
via Markovian qubit-bath interaction have attracted special in-
terest, since no external energy is required to attain the refrig-
eration [15–19, 21]. In particular, these machines gather their
driving energy from the heat baths, and are designed to locally
cool a chosen qubit by increasing its ground-state population.
A successful design of such a three-qubit quantum refriger-
ator would lower the temperature of the chosen qubit, often
termed the cold qubit, below its initial temperature when the
system achieves a steady state during its evolution under the
influences of the heat baths. It has also been shown that lower
than steady-state temperature can be achieved in the transient

regime by suitably tuning the system parameters [18, 19].
Besides theoretical advancements, schemes for realizing

these small quantum absorption refrigerators in quantum few-
level systems using quantum dots [22], circuit QED architec-
tures [23], and atom-cavity systems [24] have also been pro-
posed. Recently, a quantum absorption refrigerator has been
implemented using three trapped ions [25]. These refrigera-
tors are expected to be useful in situations where cooling of
systems as small as a qubit faster than the equilibration time
of the qubit with a heat-bath may be required in situ and on
demand, without any external energy transfer.

The enterprise of successfully implementing these three-
qubit quantum absorption refrigerators faces two major hur-
dles. On one hand, achieving optimal control on the perfor-
mance of the refrigerator requires careful engineering of the
reservoirs and their interactions with the qubits, so that the de-
sired steady-state cooling of the chosen qubit is achieved. On
the other hand, controlled attachment of a specific heat bath
to an individual qubit in the three-qubit working substance is
essential for the setup, such that the rest of the three-qubit sys-
tem as well as the two remaining baths remain perfectly insu-
lated from it. There have been recent efforts in developing op-
timal control over the reset operation of a single superconduct-
ing qubit via successful reservoir engineering [26] (cf. [27, 28]
and the references thereto). Also, with respect to the latter
problem, the performance of a three-qubit three-bath quan-
tum absorption refrigerator has been investigated where all the
baths interact with all the qubits at different instances [29].
However, a complete understanding of these problems with
respect to small quantum absorption refrigerators is yet to be
achieved.

In this vein, we ask the following questions.

(1) Is it possible to set up a three-qubit two-bath quantum
absorption refrigerator by connecting two of the three
qubits to a common thermal reservoir?

(2) If such a refrigerator exists, what is the effect of the
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few-body (involving more than two bodies) interactions,
resulting due to the use of the common bath, on the per-
formance of the refrigerator?

The former question is relevant from the perspective of obtain-
ing a “local cooling” of one of the qubits in situations where
attachment to a single-qubit may not be possible for all of the
available baths. Since we are interested in showing a reduc-
tion of temperature in a single qubit of a three-qubit two-bath
refrigerator, we refer it as local cooling. The precise defini-
tion of local cooling requires some notations, and is given at
the end of Sec. III B 1. On the other hand, the latter ques-
tion arises because such a set-up potentially gives rise to few-
body interactions between the modes of the common bath and
the two qubits attached to it. Moreover, answering this ques-
tion helps in gaining insight on how the microscopic details
of the common bath affects the performance of the refrigera-
tor, which may lead to an efficient engineering of the bath. In
this paper, we answer the first question affirmatively, and with
respect to the second question, we show that the few-body
interaction terms in the system-bath coupling corresponding
to the common bath, aids the three-qubit two-bath refrigera-
tor by introducing a steady-state cooling in situations where
no steady-state cooling exists in the absence of the few-body
interaction terms.

Specifically, in this paper, we propose a setup for a three-
qubit quantum refrigerator with two thermal baths. One of the
baths is attached to two of the qubits, among which one of the
qubits can be cooled, thereby showing the effects of a refrig-
erator, while the second bath is attached to the third qubit. We
consider the thermal baths to be bosonic in nature, interacting
with the respective qubits via Markovian qubit-bath interac-
tions. The interaction of the bath attached to the single qubit is
considered to be governed by two-body interactions between
the spin degree of freedom of the qubit and the bosonic bath
modes of the thermal reservoir. On the other hand, the bath
common to the rest of the qubits results in additional contri-
butions from a three-body and a four-body interaction term
to the system-bath interaction along with the two-body in-
teractions between the individual spin variables and the bath
modes. We analytically determine the Lindblad operators cor-
responding to the quantum master equation governing the evo-
lution of the system, and solve the equation numerically to
determine the time dynamics of the local temperature of the
individual qubits. We demonstrate that with a careful choice
of the system, the bath, and the system-bath interaction pa-
rameters within the Born-Markov and the rotating wave ap-
proximations, one of the qubits attached to the common bath
undergoes a “local” steady-state cooling.

Our investigation reveals that the three-qubit two-bath re-
frigerator can also operate in a region of the parameter space
where little or no steady-state cooling is obtained. In these sit-
uations, the steady-state temperature can be lowered with an
increase in the strengths of either of the three- and four-body
interaction terms, thereby confirming that a qubit attached to
the common bath has to act as a cold qubit. This proves
the presence of the common bath and consequently the few-
body interaction terms extremely advantageous in scenarios
where one is forced to operate in a parameter regime without

a steady-state cooling. Our results indicate that the effect of an
increase in the strength of the four-body interaction on lower-
ing the steady-state temperature of the cold qubit is very small
compared to the significant lowering of the cold-qubit temper-
ature due to an increase in the strength of the three-body in-
teraction term. We also demonstrate that our three-qubit two-
bath setup can provide refrigeration for other types of qubit-
bath interactions, for example, a reset interaction [15, 16]. We
also comment on the possibility of obtaining a local cooling
of one of the qubits by attaching the three-qubit system to a
single reservoir, and discuss the thermodynamic consistency
of such setups.

The paper is organized as follows. In Sec. II, we describe
the setup of the quantum absorption refrigerator constituted
of three qubits and two baths, and discuss the few-body terms
present in the qubit-bath interactions. We also discuss the
quantum master equation and the derivation of the Lindblad
superoperators. Section III contains our main results on local
steady-state cooling of a qubit in the cases of two- and single-
bath refrigerators, and the effect of the few-body interaction
terms on the temperature of the cold qubit in the steady state.
The discussion on the use of the reset interaction between the
qubits and the baths for constructing the three-qubit two-bath
quantum refrigerator is included in Sec. IV. Section V con-
tains the concluding remarks.

II. MODEL

We consider a system of three qubits, labeled by 1, 2, and
3, and described by a HamiltonianHS = H0 +gH1. HereH0

is a local Hamiltonian given by

H0 =

3∑
i=1

Ei
2
σzi , (1)

where Ei is the energy gap between the levels of qubit i, such
that the ground state |1〉i has an energy−Ei

2 while the excited
state |0〉i has the energy Ei

2 , and σαi is the αth component
of the Pauli matrices, α = x, y, z. On the other hand, H1

represents the interaction among the three qubits, the strength
of which is given by g. We are interested in an interaction of
the form

H1 = |010〉 〈101|+ h.c. (2)

between the individual qubits in the three-qubit system. The
motivation behind this choice lies in the fact that the dynam-
ics of the system represented by HS = H0 + gH1 under
Markovian qubit-bath interaction does not generate coherence
in the system, resulting in diagonal reduced states of individ-
ual qubits obtained from the thermal state of the three-qubit
system, once the system reaches its steady state. The interac-
tion Hamiltonian H1 is also in the same spirit as in the case
of a quantum refrigerator constituted of three qubits and three
thermal baths [15, 17–19], where a “local” cooling of one of
the qubits can be achieved by keeping each of the qubits in
contact with a bath at a specific temperature, and by carefully
choosing the qubit-bath interaction parameters.
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We consider a scenario where at time t = 0, qubits 1 and 2
are in thermal equilibrium with a common thermal heat bath,
B1, having a temperature τ1, while the qubit 3 is in thermal
equilibrium with the reservoir B2, which is at temperature τ2
(see Fig. 1). We also assume that at t = 0, the system Hamil-
tonian is solely represented by the local Hamiltonian H0, i.e.,
g = 0 at t = 0, such that the state of the three-qubit system at
t = 0 is given by ρS =

⊗3
i=1 ρi. Here,

ρi = ri |0〉i 〈0|+ (1− ri) |1〉i 〈1| , (3)

with ri = Z−1
i exp(−Ei/2kBTi) being the probabil-

ity that the qubit i is in excited state, and Zi =∑2
α=1 exp((−1)αEi/2kBTi) is the partition function of the

qubit i, kB being the Boltzmann constant, and Ti being the
temperature of the qubit i. At t = 0, T1 = T2 = τ1, T3 = τ2.

For each of the baths, we consider a canonical description
of a Markovian thermal bosonic reservoir, constituted of an
infinite collection of harmonic oscillators. In this paper, we
assume that both of the bosonic baths are characterized by
Ohmic spectral functions, given by Ji(E) = δiE exp(−E/Ω)
corresponding to the bath i, where δi is the dimensionless
qubit-bath interaction strength, and Ω is a cutoff frequency,
identical for both of the baths, which leads to a bath memory
time ∼ Ω−1. We work in the Markovian regime, with a value
of Ω large enough such that the bath memory time is much
smaller than all other relevant time scales. The Hamiltonian
for the bath Bi, i = 1, 2, is given by

HBi =

∫ ωi

0

ω̃η†i,ω′ηi,ω′dω′, (4)

where η†i,ω′(ηi,ω′) is the bosonic creation (annihilation) op-
erator corresponding to the mode ω′ of the bath i, having
units of 1√

ω′ , and ωi is the maximum frequency of the bath
i. ω̃ is a constant having the unit of frequency. In the situa-
tion described in Fig. 1, the full bath Hamiltonian is given by
HB =

∑2
i=1HBi .

The system-bath coupling considered in the above set-up is
given by HI = H

(1)
I +H

(2)
I , where H(j)

I denotes the interac-
tion between the bath j, j = 1, 2, and the system. As depicted
in Fig. 1, the bath B1 interacts with qubits 1 and 2, while the
bath B2 interacts with the qubit 3 only. The qubit-bath inter-
action Hamiltonian H(2)

I , therefore, is given by

H
(2)
I,2 =

∫ ω2

0

h2(ω)
√
ω̃(σ+

3 η2,ω + σ−3 η
†
2,ω)dω, (5)

where the “2” in the subscript indicates that the interaction
Hamiltonian is constituted of two-body interaction terms be-
tween the qubit 3 and the bosonic modes of the bath B2. On
the other hand, H(1)

I reads

H
(1)
I = H

(1)
I,2 + κ1H

(1)
I,3 + κ2H

(1)
I,4 , (6)

with

H
(1)
I,2 =

2∑
i=1

∫ ω1

0

h1(ω)
√
ω̃(σ+

i η1,ω + σ−i η
†
1,ω)dω,

H
(1)
I,3 =

∫ ω1

0

h1(ω)ω̃(σ+
1 σ
−
2 + σ−1 σ

+
2 )η†1,ωη1,ωdω,

H
(1)
I,4 =

∫ ω1

0

∫ ω1

0

ω̃
[
σ+

1 σ
+
2 η1,ωη1,ω′ + σ−1 σ

−
2 η
†
1,ωη

†
1,ω′

]
×h1(ω)h1(ω′)δ(E1 + E2 − ω − ω′)dωdω′. (7)

Here, the Hamiltonians H(2)
I,n, n = 2, 3, 4, represent interac-

tions between qubits 1 and 2 with the bosonic bath modes
of bath B1 via n-body interaction terms, κ1 and κ2 are the
relative strengths of H(1)

I,3 and H
(1)
I,4 with respect to HS +

HB + H
(1)
I,2 + H

(2)
I,2 , σ±i = 1

2 (σxi ± iσyi ) with i = 1, 2, 3,
and
√
ω̃hi(ω) =

√
Ji(ω) with i = 1, 2. The presence of

κ1 and κ2 gives us a handle to tune the strengths of three-
and four-body interactions, relative to the other terms in the
Hamiltonian. The HamiltonianH(1)

I,3 represents the interaction
between the qubit pair (1, 2) and a common bosonic mode of
the bath B1 via the number operator, and is a natural conse-
quence of having a single bath interacting with the two qubits
1 and 2. The full Hamiltonian representing the closed system
constituted of the three-qubit system and the two baths can,
therefore, be represented as

H = HS +HB +HI ,

= (H0 + gH1) +

2∑
i=1

HBi +

2∑
i=1

H
(i)
I,2 + κ1H

(1)
I,3 + κ2H

(1)
I,4 .

(8)

We point out here that in the absence of the three- and four-
body interaction terms (i.e., κ1 = κ2 = 0), the common ef-
fect of the bath B1 on the qubits 1 and 2 does not come into
consideration, and the setup behaves qualitatively similar to
a three-qubit three-bath construction of a quantum absorption
refrigerator (for example [19]).
Note: The interaction Hamiltonian H

(1)
I,4 represents a four-

body interaction between the qubit pair (1, 2) and two differ-
ent bosonic modes of the bath B1. There are different pos-
sibilities of four-body interactions between the qubits 1, 2,
and the bath modes. We choose one such possibility as the
form of H(1)

I,4 (Eq. (7)) in order to check whether the presence
of a four-body interaction term can affect the behavior of the
model in a significant way. In principle, one can include all
such four-body interaction terms obeying the energy conser-
vation principle.

A. Quantum Master Equation and Lindblad Operators

If the interaction of strength g among the three qubits is
turned on for t > 0, the system undergoes a dynamics accord-
ing to the quantum master equation (QME) in the Lindblad
form [30, 31],

ρ̇S = −i[HS , ρS ] + L(ρS), (9)
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FIG. 1. Schematic diagram representing the qubits-baths setup.
The qubits 1 and 2 are in contact with the bath B1 at temperature τ1,
while the qubit 3 is connected to the bath B2 at temperature τ2.

where L(.) is the non-unitary term determined according to
the type of the thermal baths attached to the system, and the
interactions of the thermal baths with the system. The general
form of the Lindblad superoperator L(.) is of the form

L(%) =
3∑

i=1

∑
j

γi,j

[
Li,j%L

†
i,j −

1

2
{L†i,jLi,j , %}

]
, (10)

where γi,j is a rate which may or may not depend on the en-
ergy of the system, and Li,j is a Lindblad operator [30, 31]
corresponding to a process for qubit i due to its reservoir and
occurring at the rate γi,j , j being a process index. Here and in
the rest of the paper, we consider the dimensionless time t in
units ofKt̃/~, the dimensionless energies {Ei}, and g in units
of K, and the dimensionless temperatures τ1, τ2, and {Ti} to
be in units of kBT̃i/K, where t̃ and T̃i are the actual time
and the absolute temperature, and K is an arbitrary constant
having the dimension of energy determined according to the
experimental setup used to implement the total Hamiltonian
H . We also assume Markovian system-bath interaction.

The form of the Lindblad operators can be derived by going
over to the interaction picture generated byHS+HB , and suc-
cessively applying Born Markov, and rotating-wave approxi-
mations [30, 31]. In the situation where g ∼ Ei, the rotating-
wave approximation is valid if and only if the typical energy
differences of the system max{γi} � min{Ei, g} [17, 18,
30, 31]. In this scenario, the nonunitary term in Eq. (9) can be
written as

L(ρS) =

2∑
j=1

4∑
n=2

∑
{E}

γj,n(E)
[
LEj,nρSL

E
j,n

†

−1

2

{
LEj,n

†
LEj,n, ρS

}]
, (11)

where j denotes the bath index, and {LEj,n} is the set of
Lindblad operators corresponding to the transitions due to the
bath Bi between the eigenstates of HS having energy-gap E,
where the transitions happen at the rates γj,n(E). Determina-
tion of LEj,n is equivalent to decomposing the system opera-

tors from the system-bath interaction terms H(j)
I,n, j = 1, 2,

n = 2, 3, 4, in HI into eigenoperators LEj,n corresponding
to energy E of HS . All the Lindblad operators are non-
Hermitian, satisfying [HS , L

E
j,n] = −ELEj,n, and are defined

as

LE1,2 =

2∑
i=1

∑
Ea′−Ea=E

|a〉 〈a| (σ+
i + σ−i ) |a′〉 〈a′| ,

LE1,3 =
∑

Ea′−Ea=E

|a〉 〈a| (σ+
1 σ
−
2 + σ−1 σ

+
2 ) |a′〉 〈a′| ,

LE1,4 =
∑

Ea′−Ea=E

|a〉 〈a| (σ+
1 σ

+
2 + σ−1 σ

−
2 ) |a′〉 〈a′| ,

LE2,2 =
∑

Ea′−Ea=E

|a〉 〈a| (σ+
3 + σ−3 ) |a′〉 〈a′| , (12)

where |a〉, |a′〉 are non-degenerate eigenstates of HS with en-
ergies Ea, Ea′ , respectively, and L−Ej,n = LEj,n

†. The explicit
forms of the Lindblad superoperators are obtained from these
expressions by using the eigenvectors {|0〉 , |1〉 , · · · , |7〉} of
HS given by

|0〉 = |000〉 , |1〉 = |001〉 , |2〉 = |100〉 ,
|3〉 = |011〉 , |4〉 = |110〉 , |5〉 = |111〉 ,
|6〉 = (ε+ |010〉+ |101〉)/

√
1 + |ε+|2,

|7〉 = (ε− |010〉+ |101〉)/
√

1 + |ε−|2, (13)

where

ε± =
1

2g

[
E3 −∆E ± Ẽ

]
, (14)

with ∆E = E2 − E1 and Ẽ = [(E3 −∆E)2 + 4g2]
1
2 , while

the eigenenergies corresponding to these states are

E0 =
1

2
(E12 + E3), E1 =

1

2
(E12 − E3),

E2 =
1

2
(E3 + ∆E), E3 = −1

2
(E3 + ∆E),

E4 = −1

2
(E12 − E3), E5 = −1

2
(E12 + E3),

E6 = Ẽ/2, E7 = −Ẽ/2, (15)

with E12 = E1 + E2.

III. PERFORMANCE AS A REFRIGERATOR

We now discuss the performance of the three-qubit system
described by the Hamiltonian HS interacting with two reser-
voirs (see Sec. II) as a quantum refrigerator, where the local
temperature of one of the qubits is lowered as an effect of the
dynamics of the system. Note that the availability of the two
baths B1 and B2 of temperatures τ1 and τ2 (τ1 < τ2), re-
spectively, implies that the temperature of a chosen qubit can
always be lowered to τ1 by keeping it in equilibrium with the
bath B1. Therefore, operation of the machine as a refrigerator
for one of the qubits is beneficial if and only if the temperature
of the qubit can be lowered below τ1 during the dynamics. In
the subsequent discussions, we shall demonstrate that this is
indeed the case for the three-qubit two-bath setup discussed in
Sec. II.
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A. Working principle

At t = 0, the three-qubit system is in contact with the ther-
mal reservoirs B1 and B2 as shown in Fig. 1. Let us denote
the probabilities of finding the system in the energy eigen-
states |010〉 and |101〉, corresponding to the energy eigen-
values E010 = (E3 − ∆E)/2 and E101 = (∆E − E3)/2,
by p010 and p101, respectively. When the interaction term
H1 in the system Hamiltonian HS is turned on, it incorpo-
rates a transition |010〉 ↔ |101〉 between the states |010〉 and
|101〉. We begin by assuming the weak-coupling regime of
operation, given by g � min{Ei}, ensuring that the energy
eigenvalues and eigenstates ofHS are not drastically modified
once the interaction Hamiltonian H1 is turned on (for g → 0,
E6 → E010 and E7 → E101). We also assume the energy-
preserving interactions between the qubits; i.e., we require
that H1 commutes with H0, which requires that ∆E = E3,
i.e., E2 = E3 + E1. In this scenario, if the probability of the
transition |010〉 → |101〉 can be increased (i.e., p101 > p010),
it may lead to a cooling of qubit 1 in the sense that the pop-
ulation of the ground state |1〉 of qubit 1 increases due to a
transfer of excitation from qubit 1 to either qubit 2, or qubit
3, or both. The qubit among 2 and 3 receiving the transferred
energy undergoes a heating by an increase in the population
of its excited state.

For E101 = E010 = 0, one can write p010 and p101 explic-
itly in terms of the energies of the individual qubits and their
equilibrium temperatures as

p010 =

3∏
i=1

Z−1
i exp

[
∆E

2kB

{
1

τ1
− 1

τ2

}]
,

p101 =

3∏
i=1

Z−1
i exp

[
−∆E

2kB

{
1

τ1
− 1

τ2

}]
, (16)

where Zi is the partition function for qubit i (see Eq. (3) and
subsequent discussions). It is clear from Eq. (16) that p010 =
p101 for τ1 = τ2, thereby prohibiting any transition between
the energy levels E101 and E010. Let us assume that τ1 <
τ2, so that 1

τ1
− 1

τ2
> 0. Under this condition, we note the

following important points.

1. For ∆E = 0, p010 = p101, forbidding a transition be-
tween the energy levels E010 and E101. Therefore, no
cooling of either of the qubits 1 or 2 takes place, which
is consistent with the symmetry of the setup.

2. For ∆E > 0 (∆E < 0), p101 > p010 (p010 > p101),
implying a cooling of qubit 1 (qubit 2).

3. Note that a cooling (heating) of qubit 3 takes place for
∆E > 0 (< 0). Therefore, ∆E > 0 provides a sit-
uation where two out of the three qubits may undergo
cooling when the interaction Hamiltonian is turned on.

On the other hand, for τ1 > τ2, 1
τ1
− 1
τ2
< 0, implying p010 >

p101 (p010 < p101) for ∆E > 0 (< 0), and the algorithmic
cooling and heating of the different qubits occur accordingly.

We point out here that although the above consideration of
algorithmic cooling or heating of individual qubits indicates

the trend of the temperature of the qubits when the dynamics
is started by turning on g, it does not predict whether an over-
all cooling or heating of the chosen qubit will occur once the
system reaches its steady state. (Similarly, it is difficult to pre-
dict - without following the actual evolution - the possibility
of cooling in the strong-coupling regime.) The steady state of
the system is a result of the initial state of the system, the sys-
tem Hamiltonian, the types of the bath, as well as the specific
form of the qubit-bath interactions. Note here that a three-
qubit quantum refrigerator can also be constructed using three
thermal baths instead of two (for example, see [15, 17, 18]).
A steady-state cooling of qubit 1 occurs under the weak- as
well as strong-coupling condition of the three-qubit three-bath
quantum refrigerator [17, 18] using bosonic thermal baths. We
shall discuss the salient features of these machines, and the
specific differences between their properties and the proper-
ties of the three-qubit two-bath refrigerator model in subse-
quent sections.

B. Dynamics of cold-qubit temperature

Once the interaction of strength g among the three qubits
is turned on for t > 0, the system is out of equilibrium and
undergoes a dynamics according to Eq. (11). A cooling of the
qubit, say, 1, occurs at a finite time instant t during the evo-
lution if the temperature T1(t) < τ1. Since the Markovian
qubit-bath interactions do not generate coherence in the sys-
tem, a local temperature of qubit 1 can be defined using the
fact that the local density matrices of the individual qubits are
always diagonal during the evolution of the system as well as
in the steady state. Considering the diagonal form given in
Eq. (3) for the state ρ1(t) of qubit 1 during the dynamics, its
temperature, as a function of time, is given by

T1(t) = E1

[
ln

(
1− r1(t)

r1(t)

)]−1

, (17)

where ρ1(t) = Tr23[ρS(t)], ρS(t) being the three-qubit state
as a function of time according to the evolution of the system.
Note that the local temperatures of qubits 2 and 3 can also be
defined using equations similar to Eq. (17).

We fix ∆E = E3 > 0, and focus on the dynamics of the
temperature of qubit 1, which we refer to as the cold qubit
from here onward. We solve the QME numerically using the
Runge-Kutta 4th-order method, and determine the quantum
state of the system as a function of the system as well as
system-bath interaction parameters, and time. The temper-
ature of the cold qubit, T1(t), as a function of time can be
derived using Eq. (17). We consider the steady state of the
dynamics of the cold qubit temperature to be achieved when

|T1(t)− T1(t− δt)| < 10−9 (18)

for a finite time interval ∆t � δt. We have chosen ∆t =
5 × 102, and δt = 10−1 for all our computations reported in
this paper. Let the criterion defined in Eq. (18) be satisfied
for the first time during the dynamics at the time t′. Then
the system is considered to have achieved steady state at time



6

T
1
(t

)

<latexit sha1_base64="flcnVXFisW79C7quw3KURfx9Swo=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBDiJexKQL0FvXiMkBckS5idzCZjZneWmV4hhPyDFw+KePV/vPk3TpI9aGJBQ1HVTXdXkEhh0HW/nbX1jc2t7dxOfndv/+CwcHTcNCrVjDeYkkq3A2q4FDFvoEDJ24nmNAokbwWju5nfeuLaCBXXcZxwP6KDWISCUbRSs97zSnjRKxTdsjsHWSVeRoqQodYrfHX7iqURj5FJakzHcxP0J1SjYJJP893U8ISyER3wjqUxjbjxJ/Nrp+TcKn0SKm0rRjJXf09MaGTMOApsZ0RxaJa9mfif10kxvPYnIk5S5DFbLApTSVCR2eukLzRnKMeWUKaFvZWwIdWUoQ0ob0Pwll9eJc3Lslcp3zxUitXbLI4cnMIZlMCDK6jCPdSgAQwe4Rle4c1Rzovz7nwsWtecbOYE/sD5/AF1iY5r</latexit>

(a)

T
1
(t

)

<latexit sha1_base64="flcnVXFisW79C7quw3KURfx9Swo=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBDiJexKQL0FvXiMkBckS5idzCZjZneWmV4hhPyDFw+KePV/vPk3TpI9aGJBQ1HVTXdXkEhh0HW/nbX1jc2t7dxOfndv/+CwcHTcNCrVjDeYkkq3A2q4FDFvoEDJ24nmNAokbwWju5nfeuLaCBXXcZxwP6KDWISCUbRSs97zSnjRKxTdsjsHWSVeRoqQodYrfHX7iqURj5FJakzHcxP0J1SjYJJP893U8ISyER3wjqUxjbjxJ/Nrp+TcKn0SKm0rRjJXf09MaGTMOApsZ0RxaJa9mfif10kxvPYnIk5S5DFbLApTSVCR2eukLzRnKMeWUKaFvZWwIdWUoQ0ob0Pwll9eJc3Lslcp3zxUitXbLI4cnMIZlMCDK6jCPdSgAQwe4Rle4c1Rzovz7nwsWtecbOYE/sD5/AF1iY5r</latexit>

T
1
(t

)

<latexit sha1_base64="flcnVXFisW79C7quw3KURfx9Swo=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBDiJexKQL0FvXiMkBckS5idzCZjZneWmV4hhPyDFw+KePV/vPk3TpI9aGJBQ1HVTXdXkEhh0HW/nbX1jc2t7dxOfndv/+CwcHTcNCrVjDeYkkq3A2q4FDFvoEDJ24nmNAokbwWju5nfeuLaCBXXcZxwP6KDWISCUbRSs97zSnjRKxTdsjsHWSVeRoqQodYrfHX7iqURj5FJakzHcxP0J1SjYJJP893U8ISyER3wjqUxjbjxJ/Nrp+TcKn0SKm0rRjJXf09MaGTMOApsZ0RxaJa9mfif10kxvPYnIk5S5DFbLApTSVCR2eukLzRnKMeWUKaFvZWwIdWUoQ0ob0Pwll9eJc3Lslcp3zxUitXbLI4cnMIZlMCDK6jCPdSgAQwe4Rle4c1Rzovz7nwsWtecbOYE/sD5/AF1iY5r</latexit>

T
1
(t

)

<latexit sha1_base64="flcnVXFisW79C7quw3KURfx9Swo=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBDiJexKQL0FvXiMkBckS5idzCZjZneWmV4hhPyDFw+KePV/vPk3TpI9aGJBQ1HVTXdXkEhh0HW/nbX1jc2t7dxOfndv/+CwcHTcNCrVjDeYkkq3A2q4FDFvoEDJ24nmNAokbwWju5nfeuLaCBXXcZxwP6KDWISCUbRSs97zSnjRKxTdsjsHWSVeRoqQodYrfHX7iqURj5FJakzHcxP0J1SjYJJP893U8ISyER3wjqUxjbjxJ/Nrp+TcKn0SKm0rRjJXf09MaGTMOApsZ0RxaJa9mfif10kxvPYnIk5S5DFbLApTSVCR2eukLzRnKMeWUKaFvZWwIdWUoQ0ob0Pwll9eJc3Lslcp3zxUitXbLI4cnMIZlMCDK6jCPdSgAQwe4Rle4c1Rzovz7nwsWtecbOYE/sD5/AF1iY5r</latexit>

T
1
(t

)

<latexit sha1_base64="flcnVXFisW79C7quw3KURfx9Swo=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBDiJexKQL0FvXiMkBckS5idzCZjZneWmV4hhPyDFw+KePV/vPk3TpI9aGJBQ1HVTXdXkEhh0HW/nbX1jc2t7dxOfndv/+CwcHTcNCrVjDeYkkq3A2q4FDFvoEDJ24nmNAokbwWju5nfeuLaCBXXcZxwP6KDWISCUbRSs97zSnjRKxTdsjsHWSVeRoqQodYrfHX7iqURj5FJakzHcxP0J1SjYJJP893U8ISyER3wjqUxjbjxJ/Nrp+TcKn0SKm0rRjJXf09MaGTMOApsZ0RxaJa9mfif10kxvPYnIk5S5DFbLApTSVCR2eukLzRnKMeWUKaFvZWwIdWUoQ0ob0Pwll9eJc3Lslcp3zxUitXbLI4cnMIZlMCDK6jCPdSgAQwe4Rle4c1Rzovz7nwsWtecbOYE/sD5/AF1iY5r</latexit>

 0.75

 0.8

 0.85

 0.9

 0.95

 1

 1.05

 0  0.5  1  1.5  2  2.5

S1

S3

S2

 0.7

 0.75

 0.8

 0.85

 0.9

 0.95

 1

 0  0.5  1  1.5  2  2.5

S1

S3

S2

 0.7

 0.75

 0.8

 0.85

 0.9

 0.95

 1

 0  0.5  1  1.5  2  2.5

S1

S3

S2

(b) (c)

 0.75

 0.8

 0.85

 0.9

 0.95

 1

 1.05

 0  0.5  1  1.5  2  2.5

S1

S3

S2

 0.7

 0.75

 0.8

 0.85

 0.9

 0.95

 1

 0  0.5  1  1.5  2  2.5

S1

S3

S2
T

1
(t

)

<latexit sha1_base64="flcnVXFisW79C7quw3KURfx9Swo=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBDiJexKQL0FvXiMkBckS5idzCZjZneWmV4hhPyDFw+KePV/vPk3TpI9aGJBQ1HVTXdXkEhh0HW/nbX1jc2t7dxOfndv/+CwcHTcNCrVjDeYkkq3A2q4FDFvoEDJ24nmNAokbwWju5nfeuLaCBXXcZxwP6KDWISCUbRSs97zSnjRKxTdsjsHWSVeRoqQodYrfHX7iqURj5FJakzHcxP0J1SjYJJP893U8ISyER3wjqUxjbjxJ/Nrp+TcKn0SKm0rRjJXf09MaGTMOApsZ0RxaJa9mfif10kxvPYnIk5S5DFbLApTSVCR2eukLzRnKMeWUKaFvZWwIdWUoQ0ob0Pwll9eJc3Lslcp3zxUitXbLI4cnMIZlMCDK6jCPdSgAQwe4Rle4c1Rzovz7nwsWtecbOYE/sD5/AF1iY5r</latexit>

 0.7

 0.75

 0.8

 0.85

 0.9

 0.95

 1

 0  0.5  1  1.5  2  2.5

S1

S3

S2

(d) (e) (f)

<latexit sha1_base64="4mSRiAOC1HPbUsbyd7QN48TyFAA=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsN+3azSbsToQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IJHCoOt+O4W19Y3NreJ2aWd3b/+gfHjUNnGqGW+xWMa6E1DDpVC8hQIl7ySa0yiQ/CEY3878hyeujYjVPU4S7kd0qEQoGEUrNbFfrrhVdw6ySrycVCBHo1/+6g1ilkZcIZPUmK7nJuhnVKNgkk9LvdTwhLIxHfKupYpG3PjZ/NApObPKgISxtqWQzNXfExmNjJlEge2MKI7MsjcT//O6KYbXfiZUkiJXbLEoTCXBmMy+JgOhOUM5sYQyLeythI2opgxtNiUbgrf88ippX1S9y2qtWavUb/I4inACp3AOHlxBHe6gAS1gwOEZXuHNeXRenHfnY9FacPKZY/gD5/MH4xeNAQ==</latexit>

t
<latexit sha1_base64="4mSRiAOC1HPbUsbyd7QN48TyFAA=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsN+3azSbsToQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IJHCoOt+O4W19Y3NreJ2aWd3b/+gfHjUNnGqGW+xWMa6E1DDpVC8hQIl7ySa0yiQ/CEY3878hyeujYjVPU4S7kd0qEQoGEUrNbFfrrhVdw6ySrycVCBHo1/+6g1ilkZcIZPUmK7nJuhnVKNgkk9LvdTwhLIxHfKupYpG3PjZ/NApObPKgISxtqWQzNXfExmNjJlEge2MKI7MsjcT//O6KYbXfiZUkiJXbLEoTCXBmMy+JgOhOUM5sYQyLeythI2opgxtNiUbgrf88ippX1S9y2qtWavUb/I4inACp3AOHlxBHe6gAS1gwOEZXuHNeXRenHfnY9FacPKZY/gD5/MH4xeNAQ==</latexit>

t
<latexit sha1_base64="4mSRiAOC1HPbUsbyd7QN48TyFAA=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsN+3azSbsToQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IJHCoOt+O4W19Y3NreJ2aWd3b/+gfHjUNnGqGW+xWMa6E1DDpVC8hQIl7ySa0yiQ/CEY3878hyeujYjVPU4S7kd0qEQoGEUrNbFfrrhVdw6ySrycVCBHo1/+6g1ilkZcIZPUmK7nJuhnVKNgkk9LvdTwhLIxHfKupYpG3PjZ/NApObPKgISxtqWQzNXfExmNjJlEge2MKI7MsjcT//O6KYbXfiZUkiJXbLEoTCXBmMy+JgOhOUM5sYQyLeythI2opgxtNiUbgrf88ippX1S9y2qtWavUb/I4inACp3AOHlxBHe6gAS1gwOEZXuHNeXRenHfnY9FacPKZY/gD5/MH4xeNAQ==</latexit>

t

<latexit sha1_base64="4mSRiAOC1HPbUsbyd7QN48TyFAA=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsN+3azSbsToQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IJHCoOt+O4W19Y3NreJ2aWd3b/+gfHjUNnGqGW+xWMa6E1DDpVC8hQIl7ySa0yiQ/CEY3878hyeujYjVPU4S7kd0qEQoGEUrNbFfrrhVdw6ySrycVCBHo1/+6g1ilkZcIZPUmK7nJuhnVKNgkk9LvdTwhLIxHfKupYpG3PjZ/NApObPKgISxtqWQzNXfExmNjJlEge2MKI7MsjcT//O6KYbXfiZUkiJXbLEoTCXBmMy+JgOhOUM5sYQyLeythI2opgxtNiUbgrf88ippX1S9y2qtWavUb/I4inACp3AOHlxBHe6gAS1gwOEZXuHNeXRenHfnY9FacPKZY/gD5/MH4xeNAQ==</latexit>

t
<latexit sha1_base64="4mSRiAOC1HPbUsbyd7QN48TyFAA=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsN+3azSbsToQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IJHCoOt+O4W19Y3NreJ2aWd3b/+gfHjUNnGqGW+xWMa6E1DDpVC8hQIl7ySa0yiQ/CEY3878hyeujYjVPU4S7kd0qEQoGEUrNbFfrrhVdw6ySrycVCBHo1/+6g1ilkZcIZPUmK7nJuhnVKNgkk9LvdTwhLIxHfKupYpG3PjZ/NApObPKgISxtqWQzNXfExmNjJlEge2MKI7MsjcT//O6KYbXfiZUkiJXbLEoTCXBmMy+JgOhOUM5sYQyLeythI2opgxtNiUbgrf88ippX1S9y2qtWavUb/I4inACp3AOHlxBHe6gAS1gwOEZXuHNeXRenHfnY9FacPKZY/gD5/MH4xeNAQ==</latexit>

t
<latexit sha1_base64="4mSRiAOC1HPbUsbyd7QN48TyFAA=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsN+3azSbsToQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IJHCoOt+O4W19Y3NreJ2aWd3b/+gfHjUNnGqGW+xWMa6E1DDpVC8hQIl7ySa0yiQ/CEY3878hyeujYjVPU4S7kd0qEQoGEUrNbFfrrhVdw6ySrycVCBHo1/+6g1ilkZcIZPUmK7nJuhnVKNgkk9LvdTwhLIxHfKupYpG3PjZ/NApObPKgISxtqWQzNXfExmNjJlEge2MKI7MsjcT//O6KYbXfiZUkiJXbLEoTCXBmMy+JgOhOUM5sYQyLeythI2opgxtNiUbgrf88ippX1S9y2qtWavUb/I4inACp3AOHlxBHe6gAS1gwOEZXuHNeXRenHfnY9FacPKZY/gD5/MH4xeNAQ==</latexit>

t

<latexit sha1_base64="wR9YYYoD/CodTISxA9hjhCaaIv4=">AAAB9HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY9ELx4xkUcCK5kdBpgwO7vO9JKQDd/hxYPGePVjvPk3DrAHBSvppFLVne6uIJbCoOt+O7m19Y3Nrfx2YWd3b/+geHjUMFGiGa+zSEa6FVDDpVC8jgIlb8Wa0zCQvBmMbmd+c8y1EZF6wEnM/ZAOlOgLRtFKfgdFyA3x3Me0Mu0WS27ZnYOsEi8jJchQ6xa/Or2IJSFXyCQ1pu25Mfop1SiY5NNCJzE8pmxEB7xtqaJ2l5/Oj56SM6v0SD/SthSSufp7IqWhMZMwsJ0hxaFZ9mbif147wf61nwoVJ8gVWyzqJ5JgRGYJkJ7QnKGcWEKZFvZWwoZUU4Y2p4INwVt+eZU0LsreZblyXylVb7I48nACp3AOHlxBFe6gBnVg8ATP8Apvzth5cd6dj0VrzslmjuEPnM8f6tiRjg==</latexit>

⇥104
<latexit sha1_base64="wR9YYYoD/CodTISxA9hjhCaaIv4=">AAAB9HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY9ELx4xkUcCK5kdBpgwO7vO9JKQDd/hxYPGePVjvPk3DrAHBSvppFLVne6uIJbCoOt+O7m19Y3Nrfx2YWd3b/+geHjUMFGiGa+zSEa6FVDDpVC8jgIlb8Wa0zCQvBmMbmd+c8y1EZF6wEnM/ZAOlOgLRtFKfgdFyA3x3Me0Mu0WS27ZnYOsEi8jJchQ6xa/Or2IJSFXyCQ1pu25Mfop1SiY5NNCJzE8pmxEB7xtqaJ2l5/Oj56SM6v0SD/SthSSufp7IqWhMZMwsJ0hxaFZ9mbif147wf61nwoVJ8gVWyzqJ5JgRGYJkJ7QnKGcWEKZFvZWwoZUU4Y2p4INwVt+eZU0LsreZblyXylVb7I48nACp3AOHlxBFe6gBnVg8ATP8Apvzth5cd6dj0VrzslmjuEPnM8f6tiRjg==</latexit>

⇥104
<latexit sha1_base64="wR9YYYoD/CodTISxA9hjhCaaIv4=">AAAB9HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY9ELx4xkUcCK5kdBpgwO7vO9JKQDd/hxYPGePVjvPk3DrAHBSvppFLVne6uIJbCoOt+O7m19Y3Nrfx2YWd3b/+geHjUMFGiGa+zSEa6FVDDpVC8jgIlb8Wa0zCQvBmMbmd+c8y1EZF6wEnM/ZAOlOgLRtFKfgdFyA3x3Me0Mu0WS27ZnYOsEi8jJchQ6xa/Or2IJSFXyCQ1pu25Mfop1SiY5NNCJzE8pmxEB7xtqaJ2l5/Oj56SM6v0SD/SthSSufp7IqWhMZMwsJ0hxaFZ9mbif147wf61nwoVJ8gVWyzqJ5JgRGYJkJ7QnKGcWEKZFvZWwoZUU4Y2p4INwVt+eZU0LsreZblyXylVb7I48nACp3AOHlxBFe6gBnVg8ATP8Apvzth5cd6dj0VrzslmjuEPnM8f6tiRjg==</latexit>

⇥104

<latexit sha1_base64="wR9YYYoD/CodTISxA9hjhCaaIv4=">AAAB9HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY9ELx4xkUcCK5kdBpgwO7vO9JKQDd/hxYPGePVjvPk3DrAHBSvppFLVne6uIJbCoOt+O7m19Y3Nrfx2YWd3b/+geHjUMFGiGa+zSEa6FVDDpVC8jgIlb8Wa0zCQvBmMbmd+c8y1EZF6wEnM/ZAOlOgLRtFKfgdFyA3x3Me0Mu0WS27ZnYOsEi8jJchQ6xa/Or2IJSFXyCQ1pu25Mfop1SiY5NNCJzE8pmxEB7xtqaJ2l5/Oj56SM6v0SD/SthSSufp7IqWhMZMwsJ0hxaFZ9mbif147wf61nwoVJ8gVWyzqJ5JgRGYJkJ7QnKGcWEKZFvZWwoZUU4Y2p4INwVt+eZU0LsreZblyXylVb7I48nACp3AOHlxBFe6gBnVg8ATP8Apvzth5cd6dj0VrzslmjuEPnM8f6tiRjg==</latexit>

⇥104
<latexit sha1_base64="wR9YYYoD/CodTISxA9hjhCaaIv4=">AAAB9HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY9ELx4xkUcCK5kdBpgwO7vO9JKQDd/hxYPGePVjvPk3DrAHBSvppFLVne6uIJbCoOt+O7m19Y3Nrfx2YWd3b/+geHjUMFGiGa+zSEa6FVDDpVC8jgIlb8Wa0zCQvBmMbmd+c8y1EZF6wEnM/ZAOlOgLRtFKfgdFyA3x3Me0Mu0WS27ZnYOsEi8jJchQ6xa/Or2IJSFXyCQ1pu25Mfop1SiY5NNCJzE8pmxEB7xtqaJ2l5/Oj56SM6v0SD/SthSSufp7IqWhMZMwsJ0hxaFZ9mbif147wf61nwoVJ8gVWyzqJ5JgRGYJkJ7QnKGcWEKZFvZWwoZUU4Y2p4INwVt+eZU0LsreZblyXylVb7I48nACp3AOHlxBFe6gBnVg8ATP8Apvzth5cd6dj0VrzslmjuEPnM8f6tiRjg==</latexit>

⇥104
<latexit sha1_base64="wR9YYYoD/CodTISxA9hjhCaaIv4=">AAAB9HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY9ELx4xkUcCK5kdBpgwO7vO9JKQDd/hxYPGePVjvPk3DrAHBSvppFLVne6uIJbCoOt+O7m19Y3Nrfx2YWd3b/+geHjUMFGiGa+zSEa6FVDDpVC8jgIlb8Wa0zCQvBmMbmd+c8y1EZF6wEnM/ZAOlOgLRtFKfgdFyA3x3Me0Mu0WS27ZnYOsEi8jJchQ6xa/Or2IJSFXyCQ1pu25Mfop1SiY5NNCJzE8pmxEB7xtqaJ2l5/Oj56SM6v0SD/SthSSufp7IqWhMZMwsJ0hxaFZ9mbif147wf61nwoVJ8gVWyzqJ5JgRGYJkJ7QnKGcWEKZFvZWwoZUU4Y2p4INwVt+eZU0LsreZblyXylVb7I48nACp3AOHlxBFe6gBnVg8ATP8Apvzth5cd6dj0VrzslmjuEPnM8f6tiRjg==</latexit>

⇥104

FIG. 2. Dynamics of cold-qubit temperature in the weak- and strong-coupling operating regimes. We choose g = 10−2 (“weak-
coupling”) in panels (a), (b), and (c), and g = 0.5 (“strong-coupling”) in panels (d), (e), and (f). The values of κ1 differ in the different panels,
with κ1 = κ2 = 0 for panels (a) and (d), κ1 = 1, κ2 = 0 for (b) and (e), κ1 = 2, κ2 = 0 for (c), and κ1 = 4, κ2 = 0 for (f). κ2 is kept
at zero throughout. The definitions of the types of dynamics denoted by S1-S3 are as given in Sec. III B 1. For all of the panels (a)-(f), the
values of the qubit-bath interaction parameters are chosen to be i) δ1 = 10−8, δ2 = 10−4 for S1, ii) δ1 = 10−4, δ2 = 10−5 for S2, and
iii) δ1 = 10−4, δ2 = 10−8 for S3. The horizontal black dashed lines in panels (a) and (d) correspond to the cold bath temperature τ1. For
the other panels, the same coincide with the horizontal upper boundaries. All quantities plotted are dimensionless.

ts = t′ − ∆t, and the steady-state temperature of the cold
qubit is given by T s1 = T1(t = ts). We consider a steady-
state cooling (SSC) to be the scenario where the dynamics of
the system leads to a steady-state temperature, T s1 , of the cold
qubit which is less than its initial temperature, τ1. In this sit-
uation, the qubit 1 represents the object to be cooled, and the
rest of the system and the reservoirs construct the refrigerator
that dynamically takes the object to a temperature lower than
its initial temperature, and keeps it at the lowered temperature
as t→∞. On the other hand, a transient cooling (TC) of the
cold qubit takes place if T1(t) < τ1 at a time t < ts. Such
transient cooling can happen for t� ts.

1. Refrigeration with κ1 = κ2 = 0

We first consider a situation where the interaction between
the qubits 1, 2 and the bath B1 is determined only by the two-
body interaction term H

(1)
I,2 (κ1 = κ2 = 0 in Eq. (8)). The

temperature of the cold qubit may exhibit a variety of dynam-
ics. However, subject to cooling occurring in qubit 1, its dy-
namic profiles can, in general, be categorized into three types,
namely, S1; when SSC is better than TC; S2, when TC is bet-

ter than SSC, and S3. when TC takes place without an SSC.
Let us assume that T t1 is the minimum temperature achieved
by the cold qubit during transient dynamics for t < ts. Using
T t1 and T s1 , the three scenarios for cooling of qubit 1 can be
described as follows:

S1. SSC better than TC. This situation can be charac-
terized by T s1 < T t1 < τ1, and assuming continuity,
T s1 = T t1 < τ1.

S2. TC better than SSC. This refers to a cold qubit dynam-
ics with T t1 < T s1 < τ1.

S3. TC without SSC. In the third scenario, only transient
cooling occurs with no or negligible SSC, i.e., T t1 <
τ1 . T s1 .

We demonstrate these three types of temperature dynamics
for the qubit 1 in panels (a) and (d) of Fig. 2, where we
keep κ1 and κ2 at zero values. The values of the energies
of the individual qubits, the temperatures of the baths, and
the cut-off frequency are fixed at E1 = 1, E2 = 2, E3 = 1,
τ1 = 1, τ2 = 5, and Ω = 103 for demonstration. Unless
otherwise mentioned, we keep these values fixed through-
out the paper. The values of the rate constants, γ1,2(E) and
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γ2,2(E), are determined from the energies of the individual
qubits as well as the temperatures of the thermal reservoirs
(see Appendix A 1). For demonstration, we choose two dif-
ferent values of the qubit-qubit interaction strength g, rep-
resenting the weak-

(
g = 10−2, max{γi} � g � min{Ei}

)
and the strong-coupling (g = 0.5, max{γi} � g ≈ Ei) op-
erating regimes of the machine, such that the rotating wave ap-
proximation (max{γi} � min{g,Ei}) remains valid in both
cases. Unless otherwise mentioned, we use these two values
of g as representative of the two regimes in all our demonstra-
tions in this paper. The oscillations in the transient dynamics
of the cold-qubit temperature increase with an increase in the
value of g (see panels (a) and (d) of Fig. 2), implying that a
steady-state cooling can, in principle, be achieved without an
oscillatory dynamics in the strong-coupling regime when g is
high enough (cf. [18] for the similar dynamics in the case of a
three-qubit three-bath refrigerator).

Note that the different types of cooling of qubit 1 reported
above are qualitatively similar to the dynamics of cold-qubit
temperature obtained in [19], where a three-qubit three-bath
setup of the refrigerator was used. As already mentioned in
Sec. II, the reason behind such similarity is the absence of the
common effect of the bath B1 due to the absence of the few-
body interaction terms in the system-bath interaction. Note
also that as the qubit pair, 1 and 2, is interacting with a com-
mon bath, it is difficult to conceptualize and determine the
direction of heat flow from or to either of these qubits, and
to explain the cooling process of the individual qubits accord-
ingly. Nevertheless, we observe that a local cooling occurs in
the qubit 1 during the dynamics of the three-qubit system –
its indication being a reduction in the value of r1 over time.
Therefore, in the subsequent sections of this paper, we will
refer the cooling of qubit 1 as “local” cooling.

2. Better local cooling in the presence of three-body interaction

We now investigate the effect of the three-body interaction
term in the interaction between the qubits 1, 2, and the bath
B1, which is crucial in incorporating the effect of the simulta-
neous interaction of a common bath mode with both the qubits
1 and 2. Note that for 0 ≤ κ1 < 1 and κ2 = 0, the effect
of HS + HB + (H

(1)
I,2 + H

(2)
I,2) in the total Hamiltonian (see

Eq. (8)) dominates, while for κ1 > 1, the leading term in the
total Hamiltonian isH(1)

I,3 . However, note that a nonzero value
of κ1 also leads to non-zero transition rates γ1,3(E) (see Ap-
pendix A 1), and contributes to it as κ2

1. In order to preserve
the validity of the rotating-wave approximation, κ1 can only
be increased up to a maximum possible value κm1 . In the pa-
rameter space of the three-qubit quantum refrigerator model
constituted of two baths, κm1 is a function of {Ei; i = 1, 2, 3},
g, {τi; i = 1, 2}, {δi; i = 1, 2}, and Ω (see Eq. (A11)). As the
rotating-wave approximation sets upper bounds on the values
of the γ, upper bounds are set on the κ1 and κ2. The expres-
sions of κ1 and κ2 are given in Eqs. (A11) and (A15), respec-
tively. For all our demonstrations, we choose κ1 ≤ κm1 , so
that γ1,3(E)∼ 10−3 for the weak- and∼ 10−2 for the strong-
coupling regimes, ensuring that γ1,3(E) has a sufficiently low

value compared to the corresponding values of g, and there-
fore satisfying the rotating-wave approximation. An increase
in the value of κ1 results in γ1,3(E) being comparable to g,
thereby violating the rotating-wave approximation.

In Figs. 2(b)-(c) and Figs. 2(e)-(f), we depict the effect of
increasing κ1 on the dynamics of the cold-qubit temperature
for the weak- and strong-coupling regimes, respectively, while
keeping the strength of the four-body interaction term zero
(κ2 = 0). It is clear from the figures that the steady-state
temperature of the cold qubit is significantly lowered from its
value at κ1 = 0, κ2 = 0 for a non-zero strength of H(1)

I,3 . This
effect of the three-body interaction term is advantageous par-
ticularly when one is forced to work in the parameter regime
where the dynamics is of S2 or S3 type for κ1 = 0, κ2 = 0,
although a local steady-state cooling of qubit 1 is desired.
The effect of a non-zero κ1 is more prominent in the strong-
coupling regime of operation of the three-qubit quantum re-
frigerator with two baths. This is clearly seen from Figs. 3(a)-
(b), where we plot the variation of the steady-state tempera-
ture of the cold qubit as a function of κ1 in the (a) weak- and
(b) strong-coupling operating region, keeping κ2 = 0. Note
that

(i) the effect of the three-body interaction on the steady-
state temperature of the type-S1 dynamics is negligible,
while considerable lowering of T s1 takes place with in-
creasing κ1 for type-S2 and type-S3 dynamics; and

(ii) when the three-body interaction term is dominating in
the total Hamiltonian and the four-body interaction term
is absent (i.e., κ1 > 1, κ2 = 0), the steady-state tem-
perature of qubit 1 corresponding to both type-S2 and
type-S3 dynamics tend to have identical behavior qual-
itatively as well as quantitatively with increasing κ1.

At this point, it is logical to ask how T s1 varies with the sys-
tem parameters and the temperatures of the baths, when the
qubit-bath interaction corresponding to the bath 1 has only
two-body (κ1 = κ2 = 0), and two-body as well as three-body
(κ1 > 0, κ2 = 0) interactions. As discussed in Sec. III A,
the temperature of qubit 1 does not decrease unless ∆E > 0.
However, in the absence of the three-body interaction term
(i.e., for κ1 = 0), T s1 has a non-monotonic variation with in-
creasing ∆E in both weak- as well as strong-coupling regimes
of the refrigerator. The variation increases in both regimes as
the strength of the three-body interaction term increases [see
Figs. 4(a) and 4(b)]. With increasing ∆E, the values of T s1
decreases first, attains a minimum, and then increases again
to achieve an almost constant value close to τ1. This implies
that an optimum value of ∆E exists for a specific value of
κ1 in order to obtain the maximum possible local steady-state
cooling. Increasing ∆E beyond the optimum value for a spe-
cific value of κ1 would decrease the performance of the setup
as a refrigerator for qubit 1, and eventually lead to a situation
where almost no local steady-state cooling will be obtained.
The minimum value of T s1 decreases with increasing κ1 while
keeping κ2 = 0, as depicted clearly in the figure.

In Fig. 4(c), we plot T s1 as a function of g, where the
value of g changes from weak-coupling regime to strong-
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interaction parameters are δ1 = 10−4, δ2 = 10−5. All quantities plotted are dimensionless.



9

coupling regime, and the values of the parameters δi are cho-
sen such that the rotating-wave approximation remains valid
in both regimes. We investigate both situations where only
two-body (κ1 = κ2 = 0), and two- as well as three-body
(κ1 6= 0, κ2 = 0) interactions are present in H(1)

I , but the
four-body interaction term is absent (κ2 = 0). As the figure
demonstrates, T s1 increases monotonically with g, indicating
a better local steady-state cooling being favored when the re-
frigerator is operating with a lower value of g. With increasing
strength of κ1 keeping κ2 = 0, T s1 decreases for a fixed value
of g.

We also investigate how the steady-state temperature of
qubit 1 varies with the temperatures of the baths B1 and B2.
We find that T s1 decreases monotonically with ∆τ = τ2 − τ1,
which is demonstrated in Fig. 5. Note that with increasing
κ1 and κ2 fixed at 0, the decrease in T s1 becomes gradually
slower, and at a high-enough value of κ1, T s1 becomes almost
constant with ∆τ .

3. Effects of four-body interaction is negligible

At this point, a natural question is whether the steady-state
temperature of the cold qubit continues to decrease as one
keeps on adding higher order interaction terms in the qubit-
bath interactions corresponding to the bath B1. To investi-
gate this question, we add a four-body interaction term of the
form H

(1)
I,4 to H

(1)
I (see Eq. (8)). As already mentioned in

Sec. II, there are different possibilities for the form of the four-
body interaction term obeying the energy conservation princi-
ple. We choose a specific term among the different possibili-
ties in order to check whether there is a substantial difference
in results due to the presence of the four-body interaction in
H

(1)
I . The strength of the four-body interaction term relative

to HS + HB + (H
(1)
I,2 + H

(2)
I,2) is taken to be κ2. We find

that for a fixed value of κ1 ≥ 0, even a very high value of κ2

changes T s1 only negligibly. This trend is prominent only in
the S2-S3 type dynamics (see Figs. 6(b)-(c)). This observa-
tion is also supported by the variations of T s1 with ∆E, g, and
∆τ , with κ2 6= 0 (see Figs. 4-5). A small effect of H(1)

I,4 in
the local temperature of the qubit 1 can be understood from
the fact that although κ2, similar to κ1, contributes as κ2

2 in
the expression of γ1,4(E), unlike γ1,3(E), γ1,4(E) depends
on the Ohmic spectral function as ∼ h1(E)h1(E′) ∼ J1(E).
Therefore, the values of the transition rates γ1,4(E), within
the validity of the rotating-wave approximation, become very
small, and so is the effect of the four-body interaction term.
Since the dependence of the transition rate γ1,4(E) on κ2 and
J1(E) remains the same for all possible forms of the four-
body interaction terms, the effect due to other forms of four-
body interaction terms is also expected to be negligible.

Fig. 5 also brings forth a rather curious result. For κ1 > 0,
we get T s1 < τ1 even for negligible or vanishing ∆τ ; i.e.,
local cooling of qubit 1 occurs even without a temperature
difference between the two baths. This finding motivates the
question as to whether a local cooling of qubit 1 is possible if
one works with a single bath and few-body interaction terms,

which we briefly discuss in the succeeding subsection.

4. Three-qubit refrigerator with a single bath?

Here we assume that a system of three qubits is in-
teracting with a common bosonic bath B at temperature
τ , characterized by the Ohmic spectral function, J(E) =
δE exp(−E/Ω), where Ω is the cut-off frequency (see
Sec. II). The local Hamiltonian H0 and the interaction Hamil-
tonian H1 are as in Eqs. (1) and (2), respectively, where we
consider only two-body and three-body interaction terms for
the qubit-bath interaction (i.e., κ2 = 0). The Hamiltonian of
the common bath B is given by

HB =

∫ ω

0

ω̃η†ω′ηω′dω′, (19)

while the qubit-bath interaction Hamiltonian is

HI = HI,2 + κ1HI,3, (20)

with

HI,2 =

3∑
i=1

∫ ω

0

h(ω)
√
ω̃(σ+

i ηω + σ−i η
†
ω)dω,

HI,3 =

∫ ω

0

h(ω)ω̃(σ+
1 σ
−
2 + σ−1 σ

+
2 )η†ωηωdω,

+

∫ ω

0

h(ω)ω̃(σ+
2 σ
−
3 + σ−2 σ

+
3 )η†ωηωdω,

+

∫ ω

0

h(ω)ω̃(σ+
1 σ
−
3 + σ−1 σ

+
3 )η†ωηωdω. (21)

such that the total Hamiltonian for the system-environment
duo is represented as

H̃ = (H0 + gH1) +HB +HI,2 + κ1HI,3. (22)

In the presence of only two-body interaction between the
qubits and the bath (i.e., with κ1 = 0), none of the qubits
is cooled, which is in contrast with the local cooling of qubit
1 in the case of the three-qubit two-bath model (see Figs. 2(a)
and (d)). When κ1 6= 0, local cooling of qubit 1 takes place, as
depicted in Fig. 7. For both weak as well as strong coupling,
an increase in the value of ∆E results in a local cooling of
the first qubit. The thermodynamic consistency of this setup,
as well as the setup with two baths of possibly equal tempera-
tures, is commented on in the following section.

C. Thermodynamic consistency of single- and two-bath
refrigerators

For a quantum thermal machine described by a quantum
master equation, the validity of the second law of thermody-
namics is determined by the balance equation of entropy pro-
duction rate,

dS

dt
−
∑
i

βiQi = ∆ (23)
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FIG. 6. Response to four-body interaction term is insignificant. We analyze here the consequences of a four-body interaction term in the
Hamiltonian representing the interaction between the bath B1 and the qubits 1 and 2. For a), we depict the temperature of cold qubit, T1(t),
vs the scaled time. The operating regime of the machine is chosen to be the strong-coupling regime (g = 0.5), and the values of the qubit-bath
interaction parameters are δ1 = 10−4, δ2 = 10−8. For b) and c) the operating regime is weak-coupling (g = 10−2) and strong-coupling
(g = 0.5), respectively, and the values of the qubit-bath interaction parameters are the same as in Fig. 2. Trends of TS

1 with the increase of
coupling of four-body interaction term, κ2, are shown. All quantities plotted are dimensionless.

where S is the entropy of the system, Qi quantifies the flow
of entropy (heat) from the system to the bath i, βi = 1

kBTi

with kB being the Boltzmann constant, Ti is the absolute tem-
perature of the bath i, and ∆ is the source term quantifying
the entropy production rate of the system. It has been shown
that the second law of thermodynamics is always valid for
global master equations, but seems to be violated in cases of
local master equations where the Lindblad operators are ob-
tained by considering transitions between eigenstates of lo-
cal Hamiltonians of the individual subsystems (e.g., H0 in
Eq. (1)) [32]. Therefore, the usual definition of the heat cur-
rent, viz. Qi = Tr(HsLi(ρs)), whereLi(ρs) is the dissipating
term corresponding to the bath i and Hs, is the local Hamil-
tonian, may not be a proper definition to check the validity of
Eq. (23), and the actual expression of the heat currents Qi has
to be carefully determined [33]. In the single- and two-bath re-
frigerator setups, we have obtained the Lindblad operators by
considering transitions between eigenstates of the total system
Hamiltonian, HS = H0 + H1, thereby following the global
approach of the master equation. This implies that the bal-
ance equation is always valid in our case. The excess terms
that appear due to the consideration of the “nonlocal” term,
H1, may also be incorporated into the entropy production rate
term on the right-hand side of Eq. (23), to be interpreted as
“excess source” terms in the thermodynamics of the system.
The weak-coupling Lindblad master equation sometimes fails
to describe the stationary nonequilibrium properties, and this
problem can also be resolved by constructing the master equa-
tion in a different way (see [34]).

IV. REFRIGERATION USING RESET MODEL OF
QUBIT-BATH INTERACTION

In order to check whether the features of the local steady-
state cooling obtained in the three-qubit refrigerator model

constituted using two thermal baths are artifacts of the spe-
cific qubit-bath interactions used in this paper, or are generic
properties of the two-bath construction, we consider a sec-
ond and rather well-studied model of qubit-bath interaction,
namely, the reset model [15, 17–19]. We assume that at each
time step, the bath induces a probabilistic reset on the attached
qubit or group of qubits, such that the state of the qubit or the
group of qubits is replaced by the initial (t = 0) thermal state.
In the two-bath setup described in Fig. 1, the dynamical term
L(ρS) (Eq. (9)) can be written as (cf. [15] for the three-bath
setup)

L(ρS) = p1 [(ρ1 ⊗ ρ2)⊗ Tr12(ρS(t))− ρ]

+p2 [ρ3 ⊗ Tr3(ρS(t))− ρ] , (24)

where ρ1 ⊗ ρ2 and ρ3 are respectively the thermal states of
the qubit-pair (1, 2) and the qubit 3 at t = 0, and the states
ρi are given in Eq. (3). The qubit-bath interaction parame-
ters pα, α = 1, 2, are the probability densities per unit time,
which provide the probability with which the reset opera-
tion is performed by the bath, and thereby provide a figure
of merit of the quality of insulation of the qubit(s) from the
bath(s). Here, we have assumed that the bath B1 resets the
states of the qubits 1 and 2 simultaneously. It can be shown
by straightforward algebra that the Lindblad operators corre-
sponding to the dynamics described by Eq. (24) are of the
form L2,j = I1 ⊗ I2 ⊗ A3,j and L1,l = A1,j ⊗ A2,k ⊗ I3,
with j, k = 1, 2, 3, 4 and l = 1, 2, · · · , 16, where the op-
erators {Ai,j} have the form Ai,1 = σ−i , Ai,2 = σ+

i ,
Ai,3 = 1

2 (Ii + σzi ), and Ai,4 = 1
2 (Ii − σzi ). The tran-

sition rates γ2,j = p2r̃2,j (in Eq. (10)) corresponding to
the transformations due to the operators L2,j have two com-
ponents, (i) the qubit-bath interaction parameter p2, and (ii)
the temperature-dependent component {r̃2,j}, j = 1, 2, 3, 4,
with r̃2,1 = 1 − r3(0), r̃2,2 = r3(0), r̃2,3 = r3(0), and
r̃2,4 = 1− r3(0)), which are fully determined by the thermal
bath. In the case of the Lindblad operators L1,l corresponding
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FIG. 7. Local cooling in a three-qubit single-bath refrigerator. We set the values of the parameters as δ = 10−4 and E1 = 1 for all
panels. In each panel, we plot for three values of ∆E, viz, 1, 2, 3. Weak-coupling instances (g = 10−2) are considered in panels (a) for
κ1 = 1, κ2 = 0 and (b) for κ1 = 2, κ2 = 0, while strong-coupling ones (g = 0.5) are in panels (c) for κ1 = 1, κ2 = 0 and (d) for
κ1 = 4, κ2 = 0. The black dashed lines represent the bath temperature τ = 1. All quantities plotted are dimensionless.
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FIG. 8. Consequences of using reset model. (a) Dynamics of cold-qubit temperature in the weak-coupling (g = 10−2) operating regime.
The values of the qubit-bath interaction parameters are chosen to be i) δ1 = 10−7.5, δ2 = 10−3.5 for S1, ii) δ1 = 10−3.5, δ2 = 10−7.5

for S2, and iii) δ1 = 10−3, δ2 = 10−4 for S3. Variations of T s
1 as functions of (b) ∆E for g = 10−2, (c) g, and (d) ∆τ for g = 10−2

are presented. The reset probabilities are taken to be p1 = 10−3.5 and p2 = 10−2.5 for (b), (c), and (d). The black dashed line in panel (a)
represent the cold bath temperature τ1. All quantities plotted are dimensionless.

to the qubit-pair (1, 2), the transition rates γ1,l can be obtained
as γ1,l = p1r̃a,j r̃b,k, l = 1, 2, · · · , 16, j, k = 1, 2, 3, 4, where
r̃a,j and r̃b,k have the same form as that of r̃2,j .

The discussion on the working principle of the three-qubit
refrigerator (Sec. III A) is valid also for this model. How-
ever, it may not be intuitively clear whether the three types
of dynamics of the temperature for the qubit 1 are obtained
once the qubit-qubit interaction is turned on. We answer this

question affirmatively in this paper. In Fig 8(a), we illustrate
an example of the dynamics of the temperature of qubit 1 in
the three-qubit two-bath system (Fig. 1), where qubit 1 has
undergone dynamics of types S1, S2, and S3 for g = 10−2.
The calibration of the temperature of the steady state of qubit
1 in the case of the reset model is qualitatively similar when
∆E, g, and ∆τ are chosen as the calibration parameter (see
Figs. 8(b)-(d)). We point out here that the use of the reset
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model as the qubit-bath interaction has the liberty of using any
value of the reset probability densities pi, acting as the qubit-
bath interaction parameters, which is in contrast to the case
of the bosonic baths where the rotating-wave approximation
imposes additional restrictions on the values of the system-,
bath-, as well as the qubit-bath-interaction parameters. There-
fore, a one-to-one comparison between the reset model and
the model considering bosonic baths may not be possible.

V. DISCUSSION

We considered a quantum absorption refrigerator consti-
tuted of three interacting qubits and two thermal baths, where
two of the qubits, including the target qubit for local cooling,
are kept in contact with a common reservoir. The interaction
between each qubit and its corresponding bath is considered to
be Markovian in nature, and we used thermal reservoirs made
of an infinite number of quantum harmonic oscillators. The
use of the common reservoir results in the presence of three-
and four-body interaction terms in the Hamiltonian represent-
ing the qubit-bath interactions. We specifically considered a
three-body interaction term involving the interaction between
the spin degree of freedom of the qubit with the number opera-
tor corresponding to a specific bosonic mode, and a four-body
interaction term constituted of the spin degrees of freedom of
the qubits and two different bath modes of the common bath.

We first studied a situation where the few-body interactions
are absent, and showed that the three-qubit two-bath setup can
indeed lead to a local steady-state cooling of one of the qubits
connected to the common bath. We also showed that similar to
a three-qubit three-bath refrigerator, a parameter regime exists
also for the two-bath setup where little or no local steady-state
cooling is achieved, thereby making the parameter regime dis-
advantageous for the functioning of the machine. However, in
such situations, the few-body interaction terms play an impor-
tant role. We demonstrated that in these parameter regions,
upon turning on the strengths of the three- and four-body in-
teraction terms, the steady-state temperature of the cold qubit
decreases monotonically with an increase in the interaction
strengths, resulting in substantial local steady-state cooling.
Our findings suggest that the effect of the three-body interac-
tion term in reducing the steady-state temperature is consider-
ably higher compared to the four-body interaction term. We
also explained the reason behind the effect of four- and higher
than four-body interactions on the local steady-state cooling
being so small compared to the three- and two-body terms.
We further demonstrated that our setup can perform as a re-
frigerator even when the qubit-bath interaction is replaced by
the widely studied reset model.

It is interesting to investigate the possible connections be-
tween the local temperature of the individual qubits and the
different types of quantum correlations among the qubits in
the system. We have checked that in the three-qubit two-bath
setup of the quantum refrigerator, bipartite entanglement [35],
as measured by negativity [36–38], in the partition 1 : 23
of the three-qubit system remains at zero irrespective of the
values of the system, the bath, and the system-bath interac-

tion parameters as well as in the presence and absence of the
few-body interaction terms in the qubit-bath interactions. The
quantum coherence [39] of qubit 1, computed using the re-
duced state of qubit 1 which is obtained by tracing out the
rest of the qubits, also exhibits similar behavior in the eigen-
basis of the local Hamiltonian. However, the quantum coher-
ence for the three-qubit system in the computational multi-
orthogonal product basis, and the mutual information [40] in
the 1 : 23 bipartition of the three-qubit system, oscillates at
first, and then stabilizes to a nonzero value – a behavior that is
qualitatively similar to the dynamics of the total mutual infor-
mation in the three-qubit three-bath setup [19]. These features
also remain unchanged irrespective of whether the three- and
four-body terms are present in the qubit-bath interactions.
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Appendix A: Explicit forms of Lindblad operators and
transition rates

1. Lindblad operators

In order to determine the explicit forms of the Lindblad op-
erators, we note that the eigenstates ofHS and the correspond-
ing eigenenergies are given by Eqs. (13) and (15). We first
consider the Lindblad operators corresponding to the bath B1

(i.e., for transitions corresponding to qubit-pair 12). As per
Eqs. (12) and (13), there are 18 possible transition channels
LEj,n for the qubit pair 12, among which the ones for positive
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energy gaps are given by

LE1
1,2 = |2〉 〈0|+ |5〉 〈3| ,

LE2
1,2 = |3〉 〈1|+ |4〉 〈2| ,

L
1
2 (E12−E3+Ẽ)
1,2 = ε+ |4〉 〈6|+

√
1− ε2− |7〉 〈1| ,

L
1
2 (E12−E3−Ẽ)
1,2 = ε− |4〉 〈7|+

√
1− ε2+ |6〉 〈1| ,

L
1
2 (E12+E3+Ẽ)
1,2 = ε− |7〉 〈0|+

√
1 + ε2+ |5〉 〈6| ,

L
1
2 (E12+E3−Ẽ)
1,2 = ε+ |6〉 〈0|+

√
1− ε2− |5〉 〈7| ,

L
1
2 (E3+∆E+Ẽ)
1,3 = ε− |7〉 〈2|+

√
1− ε2+ |3〉 〈6| ,

L
1
2 (E3+∆E−Ẽ)
1,3 = ε+ |6〉 〈2|+

√
1− ε2− |3〉 〈7| ,

LE12
1,4 = |4〉 〈0|+ |5〉 〈1| , (A1)

with ε± = ε±/
√

1 + |ε±|2. The transition channels corre-
sponding to the negative energy gaps, −E , are obtained from
L−E1,n = LE1,n

†, n = 2, 3, 4. Similarly, there are 6 possible
transition channels for qubit 3 connected to the bath B2, and
the ones corresponding to positive energy gaps are given by

LE3
2,2 = |1〉 〈0|+ |5〉 〈4| ,

L
1
2 (E3+∆E+Ẽ)
2,2 = ε+ |3〉 〈6|+

√
1− ε2− |7〉 〈2| ,

L
1
2 (E3+∆E+Ẽ)
2,2 = ε− |3〉 〈7|+

√
1− ε2+ |6〉 〈2| , (A2)

while the collapse operators corresponding to the negative en-
ergy gaps are given by L−E2,2 = LE2,2

†.

2. Transition rates

The transition rates γ(E) can be expressed in terms of the
bath operators b(j) corresponding to the bath Bj as [31]

γklj,n(E) = 2πTr
[
b
(j)
k,n(E)b

(j)
l,nρBj

]
, (A3)

with ρBj
being the state of bath Bj and n = 2, 3, 4 cor-

responding to two-, three-, and four-body interaction terms.
Here, k and l are the indices that run from 1 to 2 and con-
struct a 2× 2 matrix for each transition energy E. We denote
the bath operators corresponding to the bath Bj by b(j)l,n, while

b
(j)
l,n(E) is the bath operator for the transition energy E, with

b
(j)
l,n =

∫ ωj

−ωj

b
(j)
l,n(ω)dω. (A4)

For the two-body interaction terms, H(1)
I,2 and H(2)

I,2 , the bath

operators, b(j)l,2 (E), are

b
(j)
1,2(ω) =

{
1
2

√
ω̃hi(ω)ηi,ω, ω > 0,

1
2

√
ω̃hi(ω)η†i,ω, ω < 0,

b
(j)
2,2(ω) =

{
− i

2

√
ω̃hi(ω)ηi,ω, ω > 0,

i
2

√
ω̃hi(ω)η†i,ω, ω < 0,

(A5)

and the operators b(j)l,2 (l = 1, 2, j = 1, 2) are given by

b
(j)
l,2 =

1

2

√
ω̃

∫ ωj

0

hj(ω)(ηi,ω + η†j,ω)dω. (A6)

The corresponding transition rates, for j = 1, 2, are given by

γj,2(E) = 2π

{
Jj(E)[1 + f(E, k−1

B τ−1
j )], E > 0,

Jj(|E|)f(|E|, k−1
B τ−1

j ), E < 0.
(A7)

Similarly, for the interaction term H
(1)
I,3 , the bath operators

are

b
(1)
1,3(ω) =

{
1
2κ1ω̃h1(ω)η†1,ωη1,ω, (ω > 0)
1
2κ1ω̃h1(ω)η†1,ωη1,ω, (ω < 0)

,

b
(1)
2,3(ω) =

{
− i

2κ1ω̃h1(ω)η†1,ωη1,ω, (ω > 0)
i
2κ1ω̃h1(ω)η†1,ωη1,ω, (ω < 0)

. (A8)

and

b
(1)
1,3 = κ1ω̃

∫ ω1

0

dωh1(ω)η†1,ωη1,ω, b
(1)
2,3 = 0, (A9)

such that

γ1,3(E) = 2π
κ2

1

ω̃

√
J1(|E|)f(|E|, β1)

×
∫ ω1

0

dω
√
J1(ω)f(|ω|, β1). (A10)

So κ2
1 can be represented as

κ2
1 =

ω̃

2π
γ1,3(E)

1√
J1(|E|)

f−1(|E|, β1)

×
(∫ ω1

0

dω
√
J1(ω)f(|ω|, β1)

)−1

. (A11)

For the four-body interaction term H
(1)
I,4 , the bath operators

b
(i)
l,4(E) are

b
(1)
1,4(ω) =

{
1
2
κ2ω̃h1(ω)h1(E12 − ω)η1,ωη1,(E12−ω), ω > 0,

1
2
κ2ω̃h1(ω)h1(E12 − ω)η†1,ωη

†
1,(E12−ω), ω < 0,

b
(1)
2,4(ω) =

{
− i

2
κ2ω̃h1(ω)h1(E12 − ω)η1,ωη1,(E12−ω), ω > 0,

i
2
κ2ω̃h1(ω)h1(E12 − ω)η†1,ωη

†
1,(E12−ω), ω < 0,

(A12)

and the operators b(j)l,4 can be written as
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b
(1)
1,4 =

1

2
κ2ω̃

∫ ω1

0

dωh1(ω)h1(E12 − ω)
[
η1,ωη1,(E12−ω) + η†1,ωη

†
1,(E12−ω)

]
,

b
(1)
2,4 =

i
2
κ2ω̃

∫ ω1

0

dωh1(ω)h1(E12 − ω)
[
η1,ωη1,(E12−ω) − η†1,ωη†1,(E12−ω)

]
, (A13)

where l, j = 1, 2. Substitution of Eqs. (A12) and (A13) in Eq. (A3) and subsequent algebra leads to

γ1,4(E) = 2π
κ2

2

ω̃

{
J1(E)J1(E12 − E)[1 + f(E, k−1

B τ−1
1 )][1 + f(E12 − E, k−1

B τ−1
1 )], E > 0,

J1(|E|)J1(E12 − |E|)f(|E|, k−1
B τ−1

1 )f(E12 − |E|, k−1
B τ−1

1 ), E < 0,
(A14)

and κ2
2 takes the form

κ2
2 =

ω̃

2π
γ1,4(E)

{
J−1

1 (E)J−1
1 (E12 − E)[1 + f(E, k−1

B τ−1
1 )]−1[1 + f(E12 − E, k−1

B τ−1
1 )]−1, E > 0,

J−1
1 (|E|)J−1

1 (E12 − |E|)f−1(|E|, k−1
B τ−1

1 )f−1(E12 − |E|, k−1
B τ−1

1 ), E < 0,
(A15)

where f(E, k−1
B τ−1

α ) = 1/(exp(E/kBτα) − 1) is the Bose-
Einstein distribution. Note that in order to take care of the

non-analyticity of f(E12 − E, k−1
B τ−1

1 ) at E = E12, we
choose h1(E) such that limE→E12 J(E12 −E)[1 + f(E12 −
E, k−1

B τ−1
1 )] is finite.
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