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We propose a deterministic scheme of generating genuine multiparty entangled states in quantum networks
of arbitrary size having various geometric structures – we refer to it as entanglement circulation. The procedure
involves optimization over a set of two-qubit arbitrary unitary operators and the entanglement of the initial
resource state. We report that the set of unitary operators that maximize the genuine multipartite entanglement
quantified via generalized geometric measure (GGM) is not unique. We prove that the GGM of the resulting
state of arbitrary qubits coincides with the minimum GGM of the initial resource states. By fixing the output
state as the six-qubit one, we find the optimal way to create such states according to the available resource.
Moreover, we show that the method proposed here can be implemented by using logic gates, or by using the
time dynamics of realizable spin Hamiltonians. In case of an ordered system, GGM varies periodically with
time while the evolution via disordered models lead to a low but constant multipartite entanglement in outputs
at a critical time, which decreases exponentially with the increase of the strength of the disorder.

I. INTRODUCTION

Distributing information with minimal errors between sev-
eral parties (nodes) situated in distant locations remains a
challenging problem both in the classical and quantum do-
mains [1]. In recent times, quantum networks with promis-
ing applications in fields ranging from secure communica-
tion [2], exponential gains in communication complexity [3],
and clock synchronization [4] to distributed quantum comput-
ing [5] and distributed function computing [6, 7] have become
an active direction of research. It has also been established
that similar to the initial proposals of quantum communica-
tion schemes with a single sender and a single receiver [8–
11] requiring bipartite entanglement as resource [12], multi-
partite entanglement can be a key ingredient in most of the
quantum information processing tasks in quantum networks.
Therefore, creating/generating a multipartite state via appro-
priate quantum operations from states having lesser number of
parties with the assurance of multipartite entanglement is one
of the important enterprises in the development of quantum
networking test-beds.

Towards creating a quantum network having genuine mul-
tipartite entanglement, several proposals have been developed
in the last few years. There are broadly two methods by
which genuine multiparty entangled states can be shared over
a quantum network. One of them is the probabilistic cre-
ation of genuine multiparty entangled states [13–16], using
either projective, or unsharp, or positive operator valued mea-
surements [17], while the other one is the deterministic pro-
cess engaging unitary operations, or logic gate implementa-
tions in a quantum circuit [18]. Specifically, starting from
several copies of noisy states, one can possibly setup a quan-
tum network by employing quantum repeaters [19, 20], which
is a combination of entanglement distillation [21] and swap-
ping [22, 23], or by performing projective measurements in a
star network [24–26], or by applying unsharp measurement
on a single party of the multipartite state and an auxiliary
qubit [27]. On the other hand, there have also been propo-
sitions and experimental demonstrations of several techniques
such as fusion and expansion producing large multipartite en-

tangled states eg. Greenberger Horne Zeilinger (GHZ) [28],
W [29], and cluster states [30], starting from small entangled
states [31–43]. However, notice that in most of these works,
the network-building mechanism have been constructed to
create a specific class of multipartite states which are known
to be important for quantum computation or quantum commu-
nication tasks [44–51].

Going beyond the realm of creating specific entangled
states, in this work, we provide a generic method to determin-
istically generate multipartite entangled states. In particular,
we address the following questions:

1. Does a protocol for designing a quantum network with
a fixed genuinely multipartite entanglement content,
having a fixed size and a geometry, exist?

2. If such a protocol exists, is there an optimal resource?

3. Is this protocol robust against imperfections in the re-
quired operations?

In this work, we answer all three of these questions affirma-
tively. We provide a protocol for distributing genuinely multi-
party entangled states with a fixed generalized geometric mea-
sure (GGM) [52] over a large quantum network of fixed num-
ber of parties and of particular geometry – we call it as entan-
glement circulation. Moreover, we identify optimal resource
states according to the amount of multiparty entanglement
present in the output states, and optimal two-qubit unitary op-
erators that can be implemented in terms of single and two
qubit logic gates in circuit models [53–55]. We also present
a variant of this protocol where the output entangled state can
be generated by a time-evolution governed by a chosen quan-
tum many-body Hamiltonian with or without disorder, which
is realizable by currently available technologies based on pho-
tons [56], and trapped ions [57–60].

Precisely, by considering m number of initially entangled
states, each comprised with Ni, i = 1, 2, · · · ,m number of
qubits, we apply L(≤ m) number of optimized two-qubit uni-
tary operators acting on one qubit of each of theNi-party state
(see Fig. 1), so that a genuine multiparty entangled state hav-
ing N =

∑m
i=1Ni parties is produced. Existence of gen-

uine multiparty entanglement in the newly created state is
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FIG. 1. (Color online.) Schematic representation of the entangle-
ment circulation protocol (ECP) for constructing large multi-qubit
states by applying arbitrary two-qubit unitary operation over a num-
ber of smaller unit states (see Sec. II). Here, three unit cells of qubits,
constituted of N1, N2, and N3 qubits, are combined by a unitary op-
erator U1

2 ⊗ U2
2 with M = 4 to create a larger multi-qubit system

of N = N1 + N2 + N3 qubits. Our aim is to find out the optimal
unitary operator, U1

2 ⊗ U2
2 such that the resulting multipartite state

possess maximal genuine multipartite entanglement.

confirmed by computing the generalized geometric measure
[52, 61–64]. We prove that to establish a network consisting
of N parties with a fixed amount of GGM, one needs to cre-
ate a resource state having lesser number of parties containing
at least the same amount of GGM, since the minimum entan-
glement among the resource states coincides with the GGM
of the resulting state, obtained after applying optimal unitary
operators on the resource states. Starting with arbitrary three-
qubit pure states as the resource, we provide a recursion rela-
tion for obtaining the network with a large number of parties.
In this scenario, we also identify the optimal region in the
parameter space of the unitary operators to obtain the maxi-
mum possible entanglement in the resultant state. To assess
the effectiveness of the method, we generate multipartite ini-
tial states in a Haar uniform way and demonstrate that there is
a trade-off between the initial resource states of N1 and N2-
parties, and the resulting state having N1 +N2 parties.

In situations where the two-qubit unitary operation is dic-
tated by an interacting ordered spin Hamiltonian instead of
an arbitrary unitary operators, our analysis again presents the
recursion relation for the final state with 3m parties starting
from m copies of three-qubit initial entangled resource states.
We also determine the optimal time in which the maximal
GGM can be created from a given initial state by investigat-
ing the dynamics of the multipartite entanglement of the re-

sulting state. Extending our investigation into non-ideal sce-
narios where disorder can naturally appear in the interaction
strength of the spin Hamiltonian [65–68], we show that even
in the presence of disorder in the operation, few copies of ini-
tially entangled states with lesser number of parties can lead
to a finite amount of quench-averaged genuine multipartite en-
tanglement in the output state. Interestingly, we observe that
in the ordered case, maximal entanglement can only be pro-
duced during certain time intervals, while for evolution gov-
erned by a disordered spin models, quench-averaged genuine
multipartite entanglement in the output state remains almost
constant after a certain critical time. Furthermore, we provide
a prescription for obtaining multipartite entangled states over
a quantum network that is obeying a triangular geometry.

The rest of our paper is presented as follows. In Sec. II, we
introduce the procedure to extend multiparty entangled states
over large quantum networks and prove bounds on entangle-
ment of the output state in terms of the entanglement in the
resource states. We present a recursion relation in Sec. III
where thee-qubit states are used as inputs, and investigate the
features of the two-qubit unitary operations as well as the op-
timal distribution of the resource states over the quantum net-
work for obtaining the desired output state. We also comment
on the possibility of growing the output quantum state fol-
lowing a triangular geometry in SubSec. III C . In Sec. IV,
we explore the possibility of obtaining the desired genuinely
multiparty entangled state over a quantum network of fixed
number of parties as a result of a time evolution governed by
a quantum many-body Hamiltonian, and discuss the effect of
the presence of disorder in the Hamiltonian on the output state.
The concluding remarks can be found in Sec. V.

II. ENTANGLEMENT CIRCULATION PROTOCOL

We now introduce a procedure for preparing large multi-
party entangled states, starting from a number of genuine mul-
tiparty entangled states of small number of qubits, using uni-
tary operations. Let us consider a system of N =

∑m
i=1Ni

qubits constituted of m disconnected groups of qubits, where
the group i has Ni qubits. Each group of qubits is represented
by an entangled state |Φ〉Ni

, such that the initial state |Φ〉N of
the N -qubit system is given by

|Φ〉N =

m⊗

i=1

|Φ〉Ni
. (1)

An M -qubit unitary operator UM is operated on the state
|Φ〉N , where the M -qubit support of UM is constituted of tak-
ing at least one qubit from each of the m groups of qubits,
i.e., m ≤ M ≤ N (see Fig. 1). For the ease of discussion,
we refer to these groups of qubits to be the unit cells, and the
corresponding states {|Φ〉Ni

} to be the unit states. Note that
the unit states can be considered to have identical sizes in typ-
ical quantum network building exercises, so that Ni = Nj ,
(i 6= j), although we will also deal with unit states of dif-
ferent sizes, i.e., Ni 6= Nj , (i 6= j), as demonstrated in the
following subsection. The resultant N -qubit pure state reads
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as

|Ψ〉N = UM ⊗ IM |Φ〉N , (2)

which depends on the parameters involved in the quantum
states {|Φ〉Ni

, i = 1, 2, · · · ,m} as well as UM , where IM̄
denotes the identity operator in the qubit Hilbert space acted
on the rest of the qubits except M , we denote the set by M̄ .
We claim that a unitary operation UM and the suitable initial
state can lead to a genuine multipartite entangled state, |Ψ〉N ,
as will be shown in subsequent section. We refer this method
of creating multipartite entangled state as the entanglement
circulation protocol (ECP). Since any arbitrary unitary opera-
tors can be decomposed in terms of single and two qubit logic
gates [53], repetitive applications of these gates can imple-
ment UM , thereby create multiparty entangled states [54, 55].

In situations where any of the m genuinely multiparty en-
tangled states is k-separable (see Appendix A), say, |Φ〉Ni

,
this protocol can be applied to first create Ni-qubit genuine
multiparty entangled state by designing an appropriate uni-
tary operator UM ′ (M ′ ≤ Ni), and subsequently apply UM to
create the N -qubit genuine multiparty entangled state follow-
ing Eq. (2). Note also that although we discuss the protocol in
detail with arbitrary multi-qubit pure states in the subsequent
sections, the protocol has the potential for generalization to
mixed states of qubits as well as in higher-dimensional sys-
tems.

In this work, to quantify genuine multipartite entanglement
of the resulting state, a distance-based entanglement measure,
namely the generalized geometric measure (GGM) (see Ap-
pendix A for a definition) is computed [52].

A. Bounding GGM of output states with GGMs of inputs

Let us illustrate the multipartite entanglement circulation
protocol described above with the minimal support for the uni-
tary operator by fixingM = 2. An arbitrary two-qubit unitary
operator U2 can be written as

U2 = (A1 ⊗A2)Ud(A3 ⊗A4), (3)

with {Ai ∈ U(2), i = 1, 2, 3, 4}, and Ud being a “non-local”
component of the operator, given by

Ud = exp


−i

∑

j=x,y,z

αjσj ⊗ σj


 , (4)

where 0 ≤ αj ≤ π
2 , σj are the Pauli matrices, and αj ∈ R,

for j = x, y, z.
Let us first consider two arbitrary unit states, |Φ〉N1

and
|Φ〉N2

, with N1, N2 ≥ 2, such that the initial state |Φ〉N hav-
ing N = N1 +N2 qubits can be represented as

|Φ〉N = |Φ〉N1
⊗ |Φ〉N2

. (5)

The resultant state,

|Ψ〉N = U2 |Φ〉N (6)

is obtained by applying the two-qubit unitary operator U2 on a
qubit-pair constituted of one qubit from each of the unit cells.
Let the GGMs of the two units states |Φ〉N1

and |Φ〉N2
be G1

and G2 respectively, while the GGM of the final state |Ψ〉N
is given by G. We present Proposition I that conditionally
expresses G in terms of G1 and G2.
� Proposition I. The GGM of arbitrary pure multi-qubit
state, |Ψ〉N , resulting from two arbitrary pure unit states
|Φ〉N1

and |Φ〉N2
via application of optimal unitary opera-

tor, U2 on two qubits, one from each of the unit states, turns
out to be

max
{U2}
G = min{G1,G2}, (7)

with the condition that the values of G, G1, and G2 corre-
spond to the eigenvalue of any one of the single-qubit reduced
density matrices obtained respectively from |Ψ〉N , |Φ〉N1

, and
|Φ〉N2

, by tracing out the rest of the qubits from them.
Proof. We assume here that the GGM for any arbitrary multi-
qubit quantum state always corresponds to one of the single-
qubit reduced density matrices computed from the quantum
state by tracing out the rest of the qubits except one. Hence
we write the Schmidt decomposition of an arbitrary N1-qubit
pure state considering the bipartition between a single qubit
and the rest as

|Φ〉N1
=
√
γ1 |x〉 |0〉+

√
δ1 |y〉 |1〉 , (8)

where {|0〉 , |1〉} is the computational basis for the two-
dimensional Hilbert space. Similarly, one can also write, for
an N2-qubit state,

|Φ〉N2
=
√
γ2 |0〉 |u〉+

√
δ2 |1〉 |v〉 , (9)

and the joint initial state of N = N1 +N2 qubits reads as

|Φ〉N =
√
γ1γ2 |x00u〉+

√
γ1δ2 |x01v〉

+
√
δ1γ2 |y10u〉+

√
δ1δ2 |y11v〉 . (10)

The resultant state |Ψ〉N = U2 |Φ〉N is obtained by apply-
ing the arbitrary two-qubit unitary operator U2 on a pair of
qubits which is constituted of one qubit from each of |Φ〉N1

and |Φ〉N2
. However, note that the local unitary operators

{Ai, i = 1, 2, 3, 4} have no effect on entanglement, and there-
fore can be ignored. The non-local unitary, Ud, when ex-
panded, takes the form

Ud =



µ1 0 0 µ2

0 µ3 µ4 0
0 µ4 µ3 0
µ2 0 0 µ1


 , (11)

where

µ1 = e−iαz cos(αx − αy), µ2 = −ie−iαz sin(αx − αy),

µ3 = eiαz cos(αx + αy), µ4 = −ieiαz sin(αx + αy). (12)

Determining the explicit effects of Ud on the two-qubit com-
putational basis as

Ud |00〉 = µ1 |00〉+ µ2 |11〉 , Ud |01〉 = µ3 |01〉+ µ4 |10〉 ,
Ud |10〉 = µ3 |10〉+ µ4 |01〉 , Ud |11〉 = µ1 |11〉+ µ2 |00〉 ,

(13)
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and applyingUd on two parties having dimension 2 in the state |Φ〉N , each from one of |Φ〉N1
and |Φ〉N2

, the resultant state
of the joint system can be written as

|Ψ〉N =
√
γ1γ2(µ1 |x00u〉+ µ2 |x11u〉) +

√
γ1δ2(µ3 |x01v〉+ µ4 |x10v〉) +

√
δ1γ2(µ3 |y10u〉+ µ4 |y01u〉)

+
√
δ1δ2(µ1 |y11v〉+ µ2 |y00v〉). (14)

Let us assume, without any loss of generality, that γ1 ≥ δ1,
and γ1 ≥ γ2 ≥ δ2, which implies min{G1,G2} = 1 − γ1.
Note also that |Ψ〉N is written as an effective four-party state
in Eq. (14), implying that considering all possible 1 : rest and
2 : rest bipartitions is sufficient for computing the GGM of
the state |Ψ〉N , 1 and 2 denoting the number of parties. Let
us denote the single- and two-party density matrices, corre-
sponding respectively to the 1 : rest and 2 : rest bipartitions,
by ρi1 (i = 1, 2, 3, 4) and ρij2 (i = 1; j = 2, 3, 4), and the cor-
responding maximum eigenvalues by λi1 and λij2 . Maintaining
the assumption that the GGM of the state |Ψ〉N comes from
the single-party reduced density matrices, we investigate the
density matrices ρi1s only. Clearly,

λ1
1 = max[γ1, 1− γ1],

λ2
1 = max[ε1, 1− ε1],

λ3
1 = max[ε2, 1− ε2],

λ4
1 = max[γ2, 1− γ2], (15)

with

ε1 =
1

2

[
1 + (γ1 + γ2 − 1) cos 2(αx − αy)

+(γ1 − γ2) cos 2(αx + αy)
]
,

ε2 =
1

2

[
1− (γ1 + γ2 − 1) cos 2(αx − αy)

+(γ1 − γ2) cos 2(αx + αy)
]
. (16)

Let us first assume αz to be constant, and focus on the behav-
iors of ε1(2) on the (αx, αy) plane. The determinant of the
Hessian for ε1(2) can be constructed as

detH =

∣∣∣∣∣∣

∂2ε1,2
∂α2

x

∂2ε1,2
∂αx∂αy

∂2ε1,2
∂αy∂αx

∂2ε1,2
∂α2

y

∣∣∣∣∣∣
. (17)

From here onward, we present calculations only for ε1, while
the calculations for ε2 are similar. Upon computation of the
derivatives for ε1, the determinant of the Hessian for ε1 reads

detH = 8(γ1 − γ2)(−1 + γ1 + γ2)[cos 4αx + cos 4αy].

(18)

Note that under the conditions, γ1 ≥ δ1 and γ1 ≥ γ2 ≥ δ2,
γ1 > γ2 > 1/2. Within the range 0 ≤ αx, αy ≤ π, the local
maximums of ε1 are denoted by

∂ε1
∂αx

=
∂ε1
∂αy

= 0,
∂2ε1
∂α2

x

< 0,detH > 0, (19)

which occurs at (0, 0), (0, π), (π, 0), (π2 ,
π
2 ), and (π, π). At

these points, ε1 = γ1. On the other hand, the saddle points of
the ε1 landscape over the (αx, αy) plane are denoted by

∂ε1
∂αx

=
∂ε1
∂αy

= 0,
∂2ε1
∂α2

x

< 0,detH < 0, (20)

which occurs at the points (π4 ,
π
4 ), (π4 ,

3π
4 ), ( 3π

4 ,
π
4 ), and

( 3π
4 ,

3π
4 ), yielding ε1 = γ2. Lastly, the local minimums of

the ε1 landscape are given by the points (π2 , 0), (0, π2 ), (π, π2 ),
(π2 , π), satisfying

∂ε1
∂αx

=
∂ε1
∂αy

= 0,
∂2ε1
∂α2

x

> 0,detH > 0, (21)

and yielding ε1 = 1 − γ1. Similar analysis can also be done
for ε2, such that

max
αx,αy

ε1 = γ1,

max
αx,αy

ε2 = γ2 < γ1,

max
αx,αy

1− ε1 = γ1,

max
αx,αy

1− ε2 = γ2 < γ1, (22)

and (1 − γ1) < (1 − γ2) < γ2 < γ1. Hence it is proved
that among all eight eigenvalues obtained from the single
party density matrices, γ1 is the maximum over the allowed
ranges of αx, αy , with αz being fixed and under the condi-
tions γ1 ≥ δ1 and γ1 ≥ γ2 ≥ δ2. Therefore, the GGM in this
case reduces to

G = 1− γ1 = min{G1,G2}. (23)

In situations where G, G1, and G2 are not obtained from
the eigenvalues of a single-qubit density matrix, one needs
to investigate all possible bipartitions of respectively |Ψ〉N ,
|Φ〉N1

, |Φ〉N2
, and the corresponding eigenvalues obtained

from appropriate reduced density matrices. The dependence
of these eigenvalues on the state parameters as well as the pa-
rameters of the unitary operators makes analytical investiga-
tion of the GGMs difficult. However, our extensive numeri-
cal analysis involving randomly generated quantum states of
small to moderately high number of parties (N ≤ 6) sug-
gests that for specific values of the parameters defining the
unit states, a unitary operator U2 can always be designed such
that G = min{G1,G2}. See Appendix B for a detailed dis-
cussion on the numerical analysis. Assuming this to be true
for quantum states with arbitrary number of qubits, the condi-
tion in Proposition I can be relaxed, and Proposition II can be
proposed.



5

<latexit sha1_base64="JXzBjyZgmsI8ags2tosNzBng8sY=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSRS1GPRi8cK9gPaUDabTbt2sxt2J0Ip/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZemApu0PO+ncLa+sbmVnG7tLO7t39QPjxqGZVpyppUCaU7ITFMcMmayFGwTqoZSULB2uHodua3n5g2XMkHHKcsSMhA8phTglZq9Wik0PTLFa/qzeGuEj8nFcjR6Je/epGiWcIkUkGM6fpeisGEaORUsGmplxmWEjoiA9a1VJKEmWAyv3bqnlklcmOlbUl05+rviQlJjBknoe1MCA7NsjcT//O6GcbXwYTLNEMm6WJRnAkXlTt73Y24ZhTF2BJCNbe3unRINKFoAyrZEPzll1dJ66LqX1Zr97VK/SaPowgncArn4MMV1OEOGtAECo/wDK/w5ijnxXl3PhatBSefOYY/cD5/ALFFjzg=</latexit>· · ·

<latexit sha1_base64="JXzBjyZgmsI8ags2tosNzBng8sY=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSRS1GPRi8cK9gPaUDabTbt2sxt2J0Ip/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZemApu0PO+ncLa+sbmVnG7tLO7t39QPjxqGZVpyppUCaU7ITFMcMmayFGwTqoZSULB2uHodua3n5g2XMkHHKcsSMhA8phTglZq9Wik0PTLFa/qzeGuEj8nFcjR6Je/epGiWcIkUkGM6fpeisGEaORUsGmplxmWEjoiA9a1VJKEmWAyv3bqnlklcmOlbUl05+rviQlJjBknoe1MCA7NsjcT//O6GcbXwYTLNEMm6WJRnAkXlTt73Y24ZhTF2BJCNbe3unRINKFoAyrZEPzll1dJ66LqX1Zr97VK/SaPowgncArn4MMV1OEOGtAECo/wDK/w5ijnxXl3PhatBSefOYY/cD5/ALFFjzg=</latexit>· · ·

<latexit sha1_base64="DSs/otLGM3tGcbw7Y+b2owP1uy4=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlptcvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukfVH1Lqu1Zq1Sv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPfYuMvg==</latexit>

1

<latexit sha1_base64="YMsxORc1qROyZt/Sshecb25Lu40=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYJUY9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9IvltyyuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia88adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpWyd1WuNqql2m0WRx7O4BwuwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AH8PjL8=</latexit>

2
<latexit sha1_base64="PvkqMPf0KQ2ZiRgX4QPbidqMLN8=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaVqEeiF4+QyCOBDZkdemFkdnYzM2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR3cxvPaHSPJYPZpygH9GB5CFn1FipftkrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa88SdcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdl76pcqVdK1dssjjycwCmcgwfXUIV7qEEDGCA8wyu8OY/Oi/PufCxac042cwx/4Hz+AICTjMA=</latexit>

3
<latexit sha1_base64="y+WDoqttszdexELZg6EJPDYoWM8=">AAAB5HicbVBNS8NAEJ3Urxq/qlcvi0XwVBIp6rHoxWMF+wFtKJvtpF272YTdjVBCf4EXD4pXf5M3/43bNgdtfTDweG+GmXlhKrg2nvftlDY2t7Z3yrvu3v7B4VHFPW7rJFMMWywRieqGVKPgEluGG4HdVCGNQ4GdcHI39zvPqDRP5KOZphjEdCR5xBk1VnqoDypVr+YtQNaJX5AqFGgOKl/9YcKyGKVhgmrd873UBDlVhjOBM7efaUwpm9AR9iyVNEYd5ItDZ+TcKkMSJcqWNGSh/p7Iaaz1NA5tZ0zNWK96c/E/r5eZ6CbIuUwzg5ItF0WZICYh86/JkCtkRkwtoUxxeythY6ooMzYb14bgr768TtqXNf+qVq82boswynAKZ3ABPlxDA+6hCS1ggPACb/DuPDmvzseyseQUEyfwB87nDxedi5c=</latexit>

4

<latexit sha1_base64="pukKC4/a/4Vumdv9C1rDgxpFPro=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNPo5ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eTW1jc2t/LbhZ3dvf2D4uFRU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWju5nfekKleSwfzDhBP6IDyUPOqLFS/bJXLLlldw6ySryMlCBDrVf86vZjlkYoDRNU647nJsafUGU4EzgtdFONCWUjOsCOpZJGqP3J/NApObNKn4SxsiUNmau/JyY00nocBbYzomaol72Z+J/XSU1440+4TFKDki0WhakgJiazr0mfK2RGjC2hTHF7K2FDqigzNpuCDcFbfnmVNC/K3lW5Uq+UqrdZHHk4gVM4Bw+uoQr3UIMGMEB4hld4cx6dF+fd+Vi05pxs5hj+wPn8AYObjMI=</latexit>

5

<latexit sha1_base64="Zdb79L+zknig4R9axIVCooBH2pQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNQY9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9ovltyyuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia88adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWldlr1quNCql2m0WRx7O4BwuwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AIUfjMM=</latexit>

6
<latexit sha1_base64="QMDdYeMEpqdy+ycObNgiQywK6hs=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1ItQ9OKxov2ANpTNdtMu3WzC7kQooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxIpDLrut1NYWV1b3yhulra2d3b3yvsHTROnmvEGi2Ws2wE1XArFGyhQ8naiOY0CyVvB6Hbqt564NiJWjzhOuB/RgRKhYBSt9CCuvV654lbdGcgy8XJSgRz1Xvmr249ZGnGFTFJjOp6boJ9RjYJJPil1U8MTykZ0wDuWKhpx42ezUyfkxCp9EsbalkIyU39PZDQyZhwFtjOiODSL3lT8z+ukGF75mVBJilyx+aIwlQRjMv2b9IXmDOXYEsq0sLcSNqSaMrTplGwI3uLLy6R5VvUuquf355XaTR5HEY7gGE7Bg0uowR3UoQEMBvAMr/DmSOfFeXc+5q0FJ585hD9wPn8AxAuNeA==</latexit>

i = 1
<latexit sha1_base64="fOLqoIJ9sqdCDWw8rt5S8541CeA=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyGoF6EoBePEc0DkiXMTmaTIbOzy0yvEEI+wYsHRbz6Rd78GyfJHjSxoKGo6qa7K0ikMOi6305ubX1jcyu/XdjZ3ds/KB4eNU2casYbLJaxbgfUcCkUb6BAyduJ5jQKJG8Fo9uZ33ri2ohYPeI44X5EB0qEglG00oO4rvSKJbfszkFWiZeREmSo94pf3X7M0ogrZJIa0/HcBP0J1SiY5NNCNzU8oWxEB7xjqaIRN/5kfuqUnFmlT8JY21JI5urviQmNjBlHge2MKA7NsjcT//M6KYZX/kSoJEWu2GJRmEqCMZn9TfpCc4ZybAllWthbCRtSTRnadAo2BG/55VXSrJS9i3L1vlqq3WRx5OEETuEcPLiEGtxBHRrAYADP8ApvjnRenHfnY9Gac7KZY/gD5/MHxY+NeQ==</latexit>

i = 2
<latexit sha1_base64="C9VMJC6tfUjurIW7fHYUcDMISQE=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKexqUC9C0IvHiOYByRJmJ5NkyOzsMtMrhCWf4MWDIl79Im/+jZNkD5pY0FBUddPdFcRSGHTdbye3srq2vpHfLGxt7+zuFfcPGiZKNON1FslItwJquBSK11Gg5K1YcxoGkjeD0e3Ubz5xbUSkHnEccz+kAyX6glG00oO4Pu8WS27ZnYEsEy8jJchQ6xa/Or2IJSFXyCQ1pu25Mfop1SiY5JNCJzE8pmxEB7xtqaIhN346O3VCTqzSI/1I21JIZurviZSGxozDwHaGFIdm0ZuK/3ntBPtXfipUnCBXbL6on0iCEZn+TXpCc4ZybAllWthbCRtSTRnadAo2BG/x5WXSOCt7F+XKfaVUvcniyMMRHMMpeHAJVbiDGtSBwQCe4RXeHOm8OO/Ox7w152Qzh/AHzucPxxONeg==</latexit>

i = 3
<latexit sha1_base64="NEyZQ0dBqKVf6Uz0vyWelFGgs10=">AAAB6nicbVBNSwMxEJ3Ur1q/qh69BIvgqeyKqBeh6MVjRfsB7VKyabYNTbJLkhXK0p/gxYMiXv1F3vw3pu0etPXBwOO9GWbmhYngxnreNyqsrK6tbxQ3S1vbO7t75f2DpolTTVmDxiLW7ZAYJrhiDcutYO1EMyJDwVrh6Hbqt56YNjxWj3acsECSgeIRp8Q66YFfy1654lW9GfAy8XNSgRz1Xvmr249pKpmyVBBjOr6X2CAj2nIq2KTUTQ1LCB2RAes4qohkJshmp07wiVP6OIq1K2XxTP09kRFpzFiGrlMSOzSL3lT8z+ukNroKMq6S1DJF54uiVGAb4+nfuM81o1aMHSFUc3crpkOiCbUunZILwV98eZk0z6r+RfX8/rxSu8njKMIRHMMp+HAJNbiDOjSAwgCe4RXekEAv6B19zFsLKJ85hD9Anz8fCo20</latexit>

i = m

<latexit sha1_base64="tYlDW7pIZF2I+RHDsANNTeoDvJk=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNEY9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9ovltyyuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia88adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWldl77pcaVRKtdssjjycwTlcggdVqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AIajjMQ=</latexit>

7

<latexit sha1_base64="qjx5Wi/1Ezam6+aUF3Y4Q+9B0Xg=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY5ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9ovltyyuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpias+lMuk9SgZMtFYSqIicn8azLgCpkRE0soU9zeStiIKsqMzaZgQ/BWX14nrauyd12uNCql2m0WRx7O4BwuwYMbqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AIgnjMU=</latexit>

8

<latexit sha1_base64="RUorP1rt2o/hWa7RM9qHLoXUEZc=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexK8HELevGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+6wmV5rF8MOME/YgOJA85o8ZK9ZteseSW3TnIKvEyUoIMtV7xq9uPWRqhNExQrTuemxh/QpXhTOC00E01JpSN6AA7lkoaofYn80On5MwqfRLGypY0ZK7+npjQSOtxFNjOiJqhXvZm4n9eJzXhtT/hMkkNSrZYFKaCmJjMviZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv+eVV0rwoe5flSr1Sqt5mceThBE7hHDy4gircQw0awADhGV7hzXl0Xpx352PRmnOymWP4A+fzB4mrjMY=</latexit>

9
<latexit sha1_base64="CkmIDTkfpFPfYlIlGRvJGczWT7I=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgKexqUI9BLx6jmAckS5idzCZD5rHMzAphyR948aCIV//Im3/jJNmDRgsaiqpuuruihDNjff/LK6ysrq1vFDdLW9s7u3vl/YOWUakmtEkUV7oTYUM5k7RpmeW0k2iKRcRpOxrfzPz2I9WGKflgJwkNBR5KFjOCrZPuz0W/XPGr/hzoLwlyUoEcjX75szdQJBVUWsKxMd3AT2yYYW0Z4XRa6qWGJpiM8ZB2HZVYUBNm80un6MQpAxQr7UpaNFd/TmRYGDMRkesU2I7MsjcT//O6qY2vwozJJLVUksWiOOXIKjR7Gw2YpsTyiSOYaOZuRWSENSbWhVNyIQTLL/8lrbNqcFGt3dUq9es8jiIcwTGcQgCXUIdbaEATCMTwBC/w6o29Z+/Ne1+0Frx85hB+wfv4BkrtjTc=</latexit>

3m

<latexit sha1_base64="Qyif43FTkZOZntxGy8Y/E3R8xrE=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRbBi2XXFvVY9OKxgv2AdinZNNuGJtklyQpl6V/w4kERr/4hb/4bs+0etPXBwOO9GWbmBTFn2rjut1NYW9/Y3Cpul3Z29/YPyodHbR0litAWiXikugHWlDNJW4YZTruxolgEnHaCyV3md56o0iySj2YaU1/gkWQhI9hkUk1ceINyxa26c6BV4uWkAjmag/JXfxiRRFBpCMda9zw3Nn6KlWGE01mpn2gaYzLBI9qzVGJBtZ/Ob52hM6sMURgpW9Kgufp7IsVC66kIbKfAZqyXvUz8z+slJrzxUybjxFBJFovChCMToexxNGSKEsOnlmCimL0VkTFWmBgbT8mG4C2/vEral1Xvqlp/qFcat3kcRTiBUzgHD66hAffQhBYQGMMzvMKbI5wX5935WLQWnHzmGP7A+fwBJK+NqQ==</latexit>

3m � 1

<latexit sha1_base64="Cc3cM3WdR0G6VHn3gdqjZxRzWRY=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRbBi2W3FvVY9OKxgv2AdinZNNuGJtklyQpl6V/w4kERr/4hb/4bs+0etPXBwOO9GWbmBTFn2rjut1NYW9/Y3Cpul3Z29/YPyodHbR0litAWiXikugHWlDNJW4YZTruxolgEnHaCyV3md56o0iySj2YaU1/gkWQhI9hk0qW4qA3KFbfqzoFWiZeTCuRoDspf/WFEEkGlIRxr3fPc2PgpVoYRTmelfqJpjMkEj2jPUokF1X46v3WGzqwyRGGkbEmD5urviRQLracisJ0Cm7Fe9jLxP6+XmPDGT5mME0MlWSwKE45MhLLH0ZApSgyfWoKJYvZWRMZYYWJsPCUbgrf88ipp16reVbX+UK80bvM4inACp3AOHlxDA+6hCS0gMIZneIU3RzgvzrvzsWgtOPnMMfyB8/kDJjONqg==</latexit>

3m � 2

<latexit sha1_base64="JXzBjyZgmsI8ags2tosNzBng8sY=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSRS1GPRi8cK9gPaUDabTbt2sxt2J0Ip/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZemApu0PO+ncLa+sbmVnG7tLO7t39QPjxqGZVpyppUCaU7ITFMcMmayFGwTqoZSULB2uHodua3n5g2XMkHHKcsSMhA8phTglZq9Wik0PTLFa/qzeGuEj8nFcjR6Je/epGiWcIkUkGM6fpeisGEaORUsGmplxmWEjoiA9a1VJKEmWAyv3bqnlklcmOlbUl05+rviQlJjBknoe1MCA7NsjcT//O6GcbXwYTLNEMm6WJRnAkXlTt73Y24ZhTF2BJCNbe3unRINKFoAyrZEPzll1dJ66LqX1Zr97VK/SaPowgncArn4MMV1OEOGtAECo/wDK/w5ijnxXl3PhatBSefOYY/cD5/ALFFjzg=</latexit>· · ·
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3m � 2

FIG. 2. (Color online.) Building a linear network with unit cells
constituted of three qubits described by the state |Φ〉, via application
of two-qubit unitary operators of the form U2 on qubit-pairs shared
by two consecutive unit states.

� Proposition II. For two arbitrary pure unit states |Φ〉N1

and |Φ〉N2
, an optimal unitary operator U2 can always be de-

signed such that the resulting state |Ψ〉N , obtained by oper-
ating U2 on a pair of qubits constituted with one qubit from
each of the unit states, gives the maximal GGM given by

max
{U2}
G = min{G1,G2}, (24)

where the maximization is performed over the set of parame-
ters in U2 to maximize the GGM in the output state.

Proposition II can be recursively used to create multi-qubit
genuinely multiparty entangled states starting from more than
two arbitrary multi-qubit pure unit states, thereby establishing
a connection between the GGM for the output and the input
states.
� Proposition III. For m arbitrary pure unit states {|Φ〉Ni

}
having GGMs, {Gi}, i = 1, 2, · · · ,m, with Ni ≥ 2 and Gi >
0 ∀i, a set of m − 1 two-qubit unitary operators {U j2 , j =
1, 2, · · · ,m − 1} can be constructed such that the resulting
state

|Ψ〉N =

m−1⊗

j=1

U j2 |Φ〉N , (25)

obtained by operating the two-qubit unitary operators {U j2}
on m − 1 pairs of qubits with each pair constituted with two
qubits from two different unit states, is genuinely multiparty
entangled with the maximum GGM,

max
{Uj

2}
G = min

i
{Gi}. (26)

Let us now stress some of the important points about these
Propositions.

P1. Proposition III implies that the resulting multi-qubit
state |Ψ〉N will always be genuinely multiparty entan-
gled as long as both Gi > 0 ∀i. Note, however, that if
the initial unit state,Ni, is k-separable having vanishing
GGM, as mentioned before, it is again possible to apply
a two-qubit unitary operator to first produce a Ni-party
state with Gi > 0.

P2. Proposition III requires neither them−1 two-qubit uni-
tary operators used to create the N -qubit state, nor the

m unit states to be identical to each other. However, in
terms of resource, it is indeed useful to be able to create
large quantum networks using identical unitary opera-
tors, or only one type of unit states with fixed number
of qubits. We shall explore the occurrence of these sit-
uations in subsequent Sections.

P3. Note here that the optimal unitary operator U2 for join-
ing two specific multi-qubit states is turned out to be not
unique. This non-uniqueness of U2 for fixed pair of unit
states is a crucial point which we shall elaborate in the
next Section.

P4. Note also that the above Propositions does not include
the situation where one intends to merge a single-qubit
state with a multi-qubit state. However, large multiparty
state can also be created by adding one auxiliary qubit
at a time with a multi-qubit state of N ≥ 2. In the next
sections, we shall point out that such a construction is
rather special, and discuss its performance.

III. BUILDING NETWORKS WITH THREE-QUBIT UNIT
STATES

To build a genuinely multiparty entangled quantum states
using unit states of fixed number of qubits, we consider three-
qubit genuinely multiparty entangled unit states and two-qubit
unitary operators as resource. We start with identical three-
qubit unit states of the form

|Φ〉3 =

8∑

i=1

ai |bi〉 , (27)

where {ai ∈ C ∀i}, and {|bi〉} is the product basis for three-
qubits constituted of the single-qubit computational basis. To
simplify the notation, we skip the subscript 3 from |Φ〉3. It is
convenient to write |Φ〉 as

|Φ〉 = |A〉 |0〉+ |B〉 |1〉
= |0〉 |E〉+ |1〉 |F 〉 , (28)

where

|A〉 = a1 |00〉+ a2 |01〉+ a4 |10〉+ a7 |11〉 ,
|B〉 = a3 |00〉+ a5 |01〉+ a6 |10〉+ a8 |11〉 ,
|E〉 = a1 |00〉+ a3 |01〉+ a2 |10〉+ a5 |11〉 ,
|F 〉 = a4 |00〉+ a6 |01〉+ a7 |10〉+ a8 |11〉 . (29)

Let us consider the initial state of the system to be made of
m disconnected identical three-qubit pure unit states, given
by |Φ〉3m = |Φ〉⊗m. In order to create the 3m-qubit pure
state, |Ψ〉3m (see Sec. II), m − 1 two-qubit unitary operators
{U j2 , j = 1, 2, · · · ,m−1} is applied onm−1 pairs of qubits,
such that each pair is consisting of one qubit from two differ-
ent unit states (see Fig. 2 for the specific labels used for the
qubits in different unit cells). We now present the recursion
relation to obtain |Ψ〉3m (see Appendix C for a derivation).
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<latexit sha1_base64="hNaJSd5ZoEOffcfr22TtbKcN9Zw=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsxIUZdFF7qsYB8wHUomzbShmWRIMkIZ+hluXCji1q9x59+YaWehrQcCh3PuJeeeMOFMG9f9dkpr6xubW+Xtys7u3v5B9fCoo2WqCG0TyaXqhVhTzgRtG2Y47SWK4jjktBtObnO/+0SVZlI8mmlCgxiPBIsYwcZKfj/GZkwwz+5mg2rNrbtzoFXiFaQGBVqD6ld/KEkaU2EIx1r7npuYIMPKMMLprNJPNU0wmeAR9S0VOKY6yOaRZ+jMKkMUSWWfMGiu/t7IcKz1NA7tZB5RL3u5+J/npya6DjImktRQQRYfRSlHRqL8fjRkihLDp5ZgopjNisgYK0yMbaliS/CWT14lnYu6d1lvPDRqzZuijjKcwCmcgwdX0IR7aEEbCEh4hld4c4zz4rw7H4vRklPsHMMfOJ8/fFqRZg==</latexit>G <latexit sha1_base64="hNaJSd5ZoEOffcfr22TtbKcN9Zw=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsxIUZdFF7qsYB8wHUomzbShmWRIMkIZ+hluXCji1q9x59+YaWehrQcCh3PuJeeeMOFMG9f9dkpr6xubW+Xtys7u3v5B9fCoo2WqCG0TyaXqhVhTzgRtG2Y47SWK4jjktBtObnO/+0SVZlI8mmlCgxiPBIsYwcZKfj/GZkwwz+5mg2rNrbtzoFXiFaQGBVqD6ld/KEkaU2EIx1r7npuYIMPKMMLprNJPNU0wmeAR9S0VOKY6yOaRZ+jMKkMUSWWfMGiu/t7IcKz1NA7tZB5RL3u5+J/npya6DjImktRQQRYfRSlHRqL8fjRkihLDp5ZgopjNisgYK0yMbaliS/CWT14lnYu6d1lvPDRqzZuijjKcwCmcgwdX0IR7aEEbCEh4hld4c4zz4rw7H4vRklPsHMMfOJ8/fFqRZg==</latexit>G

FIG. 3. (Color online.) Non-uniqueness of unitary operators. (a) The set SU corresponding to two copies of three-qubit GHZ states is
demonstrated on different (αx, αy, αz)-space in the range 0 ≤ αj ≤ π

2
, j = x, y, z. The colors of different points (αx, αy, αz) signify the

values of GGM of the output six-qubit state joined by the unitary operator corresponding to that point. (b) The number of output states whose
GGMs get maximized at the specific triplets (αx, αy, αz) belonging to the set SU is depicted for 500 pairs of randomly chosen three-qubit
states. The figure (c) corresponds to results similar to (a), where a GHZ and a W state are joined. See Sec. III A. All the axes are dimensionless.

� Proposition IV: Applying the two-qubit unitary operator,
U2, m − 1 times on the initial state, |Φ〉3m = |Ψ〉⊗m, a 3m-
qubit state of the form

|Ψ〉3m = |X〉m−1 |E〉+ |Y 〉m−1 |F 〉 (30)

is obtained, with

|X〉m−1
=
[
|X〉m−2

(a1 |0〉+ a2 |1〉) + |Y 〉m−2
(a4 |0〉+ a7 |1〉)

]
Um−1
d |00〉

+
[
|X〉m−2

(a3 |0〉+ a5 |1〉) + |Y 〉m−2
(a6 |0〉+ a8 |1〉)

]
Um−1
d |10〉 ,

|Y 〉m−1
=
[
|X〉m−2

(a1 |0〉+ a2 |1〉) + |Y 〉m−2
(a4 |0〉+ a7 |1〉)

]
Um−1
d |01〉

+
[
|X〉m−2

(a3 |0〉+ a5 |1〉) + |Y 〉m−2
(a6 |0〉+ a8 |1〉)

]
Um−1
d |11〉 , (31)

where |X〉m−1 and |Y 〉m−1 can be obtained for arbitrary m
starting from

|X〉1 = |A〉U1
d |00〉+ |B〉U1

d |10〉 ,
|Y 〉1 = |B〉U1

d |11〉+ |A〉U1
d |01〉 . (32)

It is clear from Proposition III that |Ψ〉3m is genuinely mul-
tiparty entangled provided the initial resource state, |Φ〉, is
genuinely multiparty entangled. Note here that identical unit
states is an idealized scenario where no error in the prepara-
tion of three-qubit unit states is assumed. In reality, however,
the unit states may differ from each other due to imperfect
preparation and similar procedure can be opted for obtaining a
recursion relation for different three-qubit unit states although
the relation for the output state is much more involved.

A. Nonuniqueness of unitaries

We will now discuss the set of optimal unitary operators
which lead to six-qubit output states, starting from the three-

qubit initial states. Note here that the three-qubit unit states
may belong to both the GHZ- and the W-class [29], so that
different scenarios involving (a) two GHZ-class states, (b) two
W-class states, and (c) a combination of GHZ- and W-class
states can be considered. In the following, we demonstrate
the behavior of GGM of the resulting states obtained from
scenarios, (a), (b) and (c).

1. Optimal unitaries for merging two GHZ-class states

Let us describe a set of optimal unitary operators, SU =
{U2}, which can generate a six-qubit state, |Ψ〉, having maxi-
mal GGM, i.e., 0.5, from two copies of the initial GHZ states,
given by |Φ〉GHZ = 1√

2
(|000〉+ |111〉). Determination of the

six-qubit state using Eq. (30), and subsequent computation of
the eigenvalues of the reduced density matrices for different
bipartitions of the state indicate that the GGM of the resultant
state in terms of parameters of U2, i.e., αj , j = x, y, x reduces
to

G = 1−max{λ1
1, λ

123
3 , λ124

3 } (33)
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with λ1
1 = λ2

1 = λ5
1 = λ6

1 = 1
2 , λ

123
3 = 1

4 [1 +

cos 2αy cos 2αz + cos 2αx(cos 2αy + cos 2αz)], and λ124
3 =

1
4 [1 + sin 2αy sin 2αz + sin 2αx(sin 2αy + sin 2αz)], origi-
nating from only single- and three-qubit reduced density ma-
trices. A large number of convenient choices of the param-
eters αj , j = x, y, z, is possible providing a set SU of non-
unique two-qubit unitary operators of the form Ud, ensuring
that the GGM of the resulting state is (as per Proposition III)
G = min{G1,G2} = G(|Φ〉) = 1/2.

In order to see how the values of the GGM of |Ψ〉 varies
with the parameters of Ud, we plot the GGM as a function of
{αj , j = x, y, z} in Fig. 3(a). This figure clearly indicates that
a high value of GGM is favourable if any one of the unitary
parameters {αj} vanishes. It also shows that the number of
unitary operators that can produce a six-qubit genuinely mul-
tiparty entangled state with the maximum GGM is very small
(approximately 4.7% unitaries belong to the set SU among the
total number of Ud generated which is 3.2× 104 ).

We will now establish that such a set of unitary operators
which maximizes the GGM of the resulting state exists irre-
spective of the initial states. For this analysis, we Haar uni-
formly generate two arbitrary three-qubit states, denoted by
|Φ〉1c and |Φ〉2c which eventually belong to the GHZ-class. We
randomly generate a large number of such pairs of states, and
for each such pair, a large set SU consisting of two-qubit uni-
tary operators U2 is found, such that for each U2 ∈ SU , the
GGM of the resulting state is given by G = min{G1,G2}, G1

(G2) being the GGM of |Φ〉1c (|Φ〉2c) (see also Appendix B).
Observation. It is interesting to observe that there is a large

overlap between these sets SU corresponding to different pairs
of (|Φ〉1c , |Φ〉

2
c), implying the existence of two-qubit unitary

operators that can combine pairs of large number of randomly
generated three-qubit states from the GHZ-class, so that the

Proposition III remains valid for the resulting states. For ease
of reference, we call these unitary operators as universal uni-
tary operators. Secondly, this observation is useful in terms
of resource minimization while creating large quantum net-
works using three-qubit unit states (see point P2 in Sec. II A).
We demonstrate this in Fig. 3(b), where we count the number
of output states whose GGMs get maximized for specific val-
ues of αx, αy , and αz belonging to the set SU . The analysis
is performed by generating 5×102 random three-qubit states,
|Φ〉c.

2. Merging a GHZ and a W state

Unlike identical copies, if the initial state of the six-qubit
system is given by the product of a GHZ state, |Φ〉GHZ and a
W state given by |Φ〉W = 1√

3
(|001〉+ |010〉+ |100〉), similar

observations as discussed in the case of two GHZ-class states
(see Sec. III A 1) emerge. The GGM of the resultant six-qubit
state, given by

G = min{G(|Φ〉GHZ),G(|Φ〉W )} = G(|Φ〉W ) =
1

3
, (34)

follows Proposition III, while the eigenvalues contributing in
the computation of G are

λ5
1 = λ6

1 =
2

3
,

λ123
3 =

1

48
(12 + 12 cos 2αx cos 2αy +

√
2A),

λ124
3 =

1

48
(12 + 12 sin 2αx sin 2αy +

√
2B), (35)

with

A = 42 + 40(cos 2(αx − αy) + cos 2(αx + αy)) + cos 4(αx − αy) + cos 4(αx + αy) + 18(cos 4αx + cos 4αy)

+32(cos 2αx + cos 2αy)2 cos 4αz, (36)
B = 42 + 40(cos 2(αx − αy)− cos 2(αx + αy)) + cos 4(αx − αy) + cos 4(αx + αy)− 18(cos 4αx + cos 4αy)

−32(sin 2αx + sin 2αy)2 cos 4αz. (37)

Similar numerical analysis again reveals that a larger volume
of the αj-space (j = x, y, z) (i.e., approximately 41.3% of
the generated set of unitary operators, 3.2 × 104, leading to
maximum G), compared to the merging of two copies of the
GHZ states, correspond to SU when a GHZ and a W states are
combined (see Fig. 3(c)).

B. Optimal distribution of resource

In order to create a genuinely multi-qubit entangled state
|Ψ〉N of N -qubits, multiple choices for the set of values
{N1, N2, · · · , Nm} denoting the number of qubits in the unit
states are possible. However, it is not at all clear whether all

these choices are equivalent, or a subset of these choices are
more beneficial in order to obtain higher multiparty entangle-
ment in the resultant state. This information can be useful in
situations, where one is forced to prepare smaller multi-qubit
states in the laboratory in order to create larger multi-qubit
entangled state using our protocol. It can be due to the fact
that creating large multi-qubit states in certain physical sub-
strates like photons is difficult. We now address this issue,
and demonstrate the effect in the distribution of the support of
the unit states on the GGM of the final state.

For the purpose of demonstration, we consider the case
of N = 6, which can be obtained from different unit cells
of sizes (a) (N1 = 3, N2 = 3), (b) (N1 = 4, N2 = 2),
and (c) (N1 = 5, N2 = 1). For each combinations of
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FIG. 4. (Color online.) Optimally distributing resource
states. Normalized frequency distribution (vertical axis) against
optimized GGM, Gm (horizontal axis) of six-party genuinely
multiparty entangled state as output with different initial re-
sources. Labels for different plots (i)-(v) respectively represent the
unit states as (|Φ〉5 , |Φ〉1), (|Φ〉3,GHZ , |Φ〉3,GHZ), (|Φ〉4 , |Φ〉2),
(|Φ〉3,GHZ , |Φ〉3,W ), (|Φ〉3,W , |Φ〉3,W ) (see Table. I). In each case,
we create 5×104 output states from Haar-uniformly generated initial
resource states. Both the axes are dimensionless.

No. Types of unit states
(i) |Φ〉5, |Φ〉1
(ii) |Φ〉3,GHZ , |Φ〉3,GHZ
(iii) |Φ〉4, |Φ〉2
(iv) |Φ〉3,GHZ , |Φ〉3,W
(v) |Φ〉3,W , |Φ〉3,W

〈Gm〉 σGm

0.295 0.041

0.122 0.052

0.111 0.076

0.056 0.046

0.033 0.032

TABLE I. Mean and standard deviation corresponding to different
resource distribution

(N1, N2), we Haar uniformly generate a large number of
quantum states |Φ〉N1

and |Φ〉N2
. For each pair of such unit

states {|Φ〉N1
, |Φ〉N2

}, we apply a two-qubit unitary operator
U2 on a pair of qubits shared by the two unit states, and de-
termine the maximum GGM of the resultant state over the set
SU , as

Gm = max
SU
{G}. (38)

In the case of two non-identical three-qubit states, we consider
three specific scenarios – (i) a pair of different unit states both
belonging to the GHZ-class, (ii) a pair of different unit states
both belonging to the W class, and (iii) a pair of unit states,
one from the GHZ-class and the other from the W class. Fig. 4
depicts the normalized frequency distribution of Gm in all of
these scenarios, where a set of 5× 104 Haar-uniformly gener-
ated unit states are used in each cases.

It is clear from Fig. 4 that the mean of the distributions,
〈Gm〉, which is tabulated in Table. I along with the standard
deviation σGm , is maximum for the case (N1 = 5, N2 = 1),
and is minimum for (N1 = 3, N2 = 3) when both the states
belong to the W class. Also, the case of (N1 = 3, N2 = 3)

Step 1

Step 2

Step 3

<latexit sha1_base64="SwGEDYz9KOlE72RAGkUiqiIrvZo=">AAAB6nicbVDJSgNBEK2JW4xb1KOXxiB4CjMiLgch6MWTRDQLJEPo6dQkTXp6hu4eIQz5BC8eFPHqF3nzb+wsB018UPB4r4qqekEiuDau++3klpZXVtfy64WNza3tneLuXl3HqWJYY7GIVTOgGgWXWDPcCGwmCmkUCGwEg5ux33hCpXksH80wQT+iPclDzqix0sPd1WWnWHLL7gRkkXgzUoIZqp3iV7sbszRCaZigWrc8NzF+RpXhTOCo0E41JpQNaA9blkoaofazyakjcmSVLgljZUsaMlF/T2Q00noYBbYzoqav572x+J/XSk144WdcJqlByaaLwlQQE5Px36TLFTIjhpZQpri9lbA+VZQZm07BhuDNv7xI6idl76x8en9aqlzP4sjDARzCMXhwDhW4hSrUgEEPnuEV3hzhvDjvzse0NefMZvbhD5zPH6cJjWU=</latexit>

N = 9

<latexit sha1_base64="CglNLHTqjuqZZuJkfS7ttNUsdPI=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRbBU9ktxXoRil48SQVrC+1Ssmm2DU2yS5IVytK/4MWDIl79Q978N2bbPWjrg4HHezPMzAtizrRx3W+nsLa+sblV3C7t7O7tH5QPjx51lChC2yTikeoGWFPOJG0bZjjtxopiEXDaCSY3md95okqzSD6YaUx9gUeShYxgk0l3V7XGoFxxq+4caJV4OalAjtag/NUfRiQRVBrCsdY9z42Nn2JlGOF0VuonmsaYTPCI9iyVWFDtp/NbZ+jMKkMURsqWNGiu/p5IsdB6KgLbKbAZ62UvE//zeokJL/2UyTgxVJLFojDhyEQoexwNmaLE8KklmChmb0VkjBUmxsZTsiF4yy+vksda1buo1u/rleZ1HkcRTuAUzsGDBjThFlrQBgJjeIZXeHOE8+K8Ox+L1oKTzxzDHzifPxV9jZ8=</latexit>

N = 27

<latexit sha1_base64="LXIFWBnTI7xwykPpJMvnB7q7ug4=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRbBU9mVor0IRS+epIL9gHYp2TTbhibZJckKZelf8OJBEa/+IW/+G7PtHrT1wcDjvRlm5gUxZ9q47rdTWFvf2Nwqbpd2dvf2D8qHR20dJYrQFol4pLoB1pQzSVuGGU67saJYBJx2gslt5neeqNIsko9mGlNf4JFkISPYZNL9dd0blCtu1Z0DrRIvJxXI0RyUv/rDiCSCSkM41rrnubHxU6wMI5zOSv1E0xiTCR7RnqUSC6r9dH7rDJ1ZZYjCSNmSBs3V3xMpFlpPRWA7BTZjvexl4n9eLzFh3U+ZjBNDJVksChOOTISyx9GQKUoMn1qCiWL2VkTGWGFibDwlG4K3/PIqaV9Uvctq7aFWadzkcRThBE7hHDy4ggbcQRNaQGAMz/AKb45wXpx352PRWnDymWP4A+fzBxWDjZ8=</latexit>

N = 81

FIG. 5. (Color online.) Triangle network. Protocol for building a
triangle network, starting from unit cells constituted of three qubits
and described by the state |Φ〉. In Step 1 (see Sec. III C), three unit
states are combined via two-qubit unitary operators to form a nine-
qubit state. In Step 2, the nine-qubit states are used as unit states.
The network upto Step 3 is shown, finally producing a state of 81
qubits.

with both states coming from the GHZ-class is better than
the case of (N1 = 4, N2 = 2) for generating higher multi-
party entangled states on average. Note here that the situation
(N1 = 5, N2 = 1) is different from the rest of the combi-
nations of N1 and N2 since the Proposition III (see Sec. II A)
does not apply to this case. Furthermore, (N1 = 5, N2 = 1) is
the most expensive one according to the number of the qubits
of the initial resource, since it is difficult to create genuine
multi-qubit entangled states with higher number of parties.
However, this bottle-neck can be resolved by noting that one
can use two genuinely multi-qubit entangled states, one of
three qubits and the other of two qubits, to create the five-
qubit entangled state using the same protocol.

C. Quantum networks of different geometry

We now demonstrate how the protocol proposed and dis-
cussed over Sec. III can be used to create large quantum net-
works of a geometry other than the linear geometry (see Fig. 2
and the discussion in Sec. II A). More specifically, we illus-
trate how a quantum network of triangular geometry can be
constructed starting from the three-qubit GHZ states as unit
states, and by using two-qubit unitary operators. This protocol
can also be modified for any three-qubit unit states, although
the computation of the resultant state will be more cumber-
some.

The steps of the method are given as follows.

1. In the first step, take three GHZ states and apply two-
qubit unitary operators of the form U2 on three pairs
of qubits (see Fig. 5), such that each pair is shared by
two different GHZ states. This gives rise to a nine-qubit
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genuinely multiparty entangled state |Ψ〉1 given by

|Ψ〉1 = U3
2U2

2U1
2 |Φ〉0 = U |Φ〉0 , (39)

Here, |Φ〉0 = |Φ〉⊗3, |Φ〉 is a three-qubit GHZ state,
U j2 (j = 1, 2, 3) are the three unitary operators applied
to three different pairs of qubits, U = U3

2U2
2U1

2 , and the
superscripts to |Φ〉 and |Ψ〉 denote the step of the proto-
col. Note here that the form of |Ψ〉1 would be different
from the |Ψ〉 obtained by joining three GHZ states us-
ing two unitary operators, as described in Sec. III, and
when simplified, it takes the form

|Ψ〉1 =
1

2
√

2

[
|000〉 U |ξ0〉+ |001〉 U |ξ1〉

+ |010〉 U |ξ2〉+ |011〉 U |ξ3〉+ |100〉 U |ξ4〉
+ |101〉 U |ξ5〉+ |110〉 U |ξ6〉+ |111〉 U |ξ7〉

]
,(40)

where the states |ξi〉,i = 0, · · · , 7, correspond to the
qubits on which the two-qubit unitaries act, and are
given by

|ξ0〉 = |000000〉 , |ξ4〉 = |111111〉 ,
|ξ1〉 = |010001〉 , |ξ5〉 = |101110〉 ,
|ξ2〉 = |000110〉 , |ξ6〉 = |111001〉 ,
|ξ3〉 = |010111〉 , |ξ7〉 = |101000〉 . (41)

2. In the next step, take |Ψ〉1 as the unit state, and merge
three of them using three unitary operators, similar to
step 1 (see Fig. 5).

3. Continue step 2, every time replacing the unit state with
the multi-qubit state obtained in the previous step.

Remark. At the end of the kth step of the protocol, one is
able to create a 3k+1-qubit state using only 3k two-qubit uni-
tary operators, implying that the size of the network in terms
of number of qubits grows exponentially with steps of the pro-
tocol, while the number of unitary operators required to carry
out these steps grow only linearly with the number of steps.
Note, however, that such a relation between number of qubits
and unitary operators depend on the geometrical structure of
the network.

IV. ENTANGLEMENT CIRCULATION USING
MANY-BODY INTERACTIONS: ORDER VS. DISORDER

We now consider the growth of genuinely multiparty entan-
gled states in networks via unitary operators emerging from
many-body interactions between the qubits and determine the
optimal time which leads to maximum GGM for a given
Hamiltonian. The Hamiltonian considered in this scenario is
either ordered or disordered. The ordered case can be consid-
ered as the ideal situation while the evolution according to the
disordered model incorporates the imperfections in the opera-
tions.

A. Creating output states via ordered spin models

Let us first present the prescription of the scheme for gener-
ating genuine multipartite entangled states when the evolution
of the system is governed by the spin model without disorder.

1. Preparation: Preparem number ofNi-qubit unit states,
|Φ〉Ni

withN =
∑
iNi, so that the initialN -qubit state

can be represented as |Φ(0)〉 = |Φ〉N1
⊗ . . .⊗|Φ〉Nm

at
initial time, t = 0. We assume that they are genuinely
multiparty entangled.

2. Evolution: m′ number of two-qubit quantum spin
Hamiltonian H

(r)
kl (r = 1, . . . ,m′) involving spin-

exchange interactions between the qubits k and l, be-
longing to two different unit cells is turned on at t > 0,
such that the state |Φ(0)〉 evolves as

|Ψ(t)〉 =
⊗

r

e−iH(r)
kl t |Φ(0)〉 , (42)

where the values of the spin-exchange interaction
strengths in H(r)

kl is tuned for optimal time interval to
obtain the desired value of the genuine multipartite en-
tanglement in |Ψ(t)〉.

Note. As mentioned in case of arbitrary unitary dynamics,
if multipartite entanglement of one of the unit state is not gen-
uine, the second step can be applied first to make the unit cell
multipartite entangled and then evolution is again performed
between different unit cells.

For the purpose of demonstration, let us consider the two-
qubit ordered XYZ model, given by the Hamiltonian connect-
ing two unit cells, say, the rth one as

H
(r)
kl =

J

4
[(1 + γ)σxkσ

x
l + (1− γ)σykσ

y
l ] +

∆J

4
σzkσ

z
l , (43)

where σµ (µ = x, y, z) are the Pauli matrices, J is the in-
teraction strength between qubits k and l while γ and ∆ are
respectively the xy- and the z-anisotropy parameters. Notice
that there can be a situation where the spin-exchange interac-
tion strength can be different for all qubit pairs in the N -qubit
system.

Let us now investigate the pattern of GGM when the ini-
tial unit states are chosen to be three-qubit and a interacting
Hamiltonian, Hkl, is applied between two unit cells. (Since
the connection is made between two unit cells, we skip the
superscript for simplicity.) First, we consider Hkl with γ = 0
and ∆ = 0 for manifestation, where the two-qubit computa-
tional basis is transformed as

e−iHklt |0k0l〉 = |0k0l〉 ,

e−iHklt |1k0l〉 = cos
Jt

2
|1k0l〉 − i sin

Jt

2
|0k1l〉 ,

e−iHklt |0k1l〉 = cos
Jt

2
|0k1l〉 − i sin

Jt

2
|1k0l〉 ,

e−iHklt |1k1l〉 = |1k1l〉 . (44)
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FIG. 6. (Color online.) Dynamics of GGM. Patterns of GGM (ordinate) of the six-qubit evolved state as a function of t (abscissa), with
(a) two GHZ states and (b) two W states as resource. The evolution happens according to the Hamiltonian Hkl with γ = 0, and ∆ = 0.
Different lines indicate different values of interaction strengths J (solid blue line: J = 2.0, dot-dashed green line: J = 1.0, and dashed red
line: J = 0.5). Both the axes are dimensionless.

Using Eq. (44) and Proposition IV, the form of the six-qubit
resultant state |Ψ(t)〉 can be determined as a function of time,
and the GGM of |Ψ(t)〉 can also be computed. Over the time
evolution of the state, we observe that a competition between
the maximum eigenvalues originating from the single-qubit
and three-qubit density matrices takes place. During the time
intervals where the maximum among all eigenvalues comes
from the single-qubit density matrices and is a constant, GGM
exhibits constancy over time. The duration in which GGM re-
mains constant can be tuned by controlling the value of inter-
action strength, J (see Figs. 6(a) and 6(b) when the initial unit
states are the GHZ and the W state respectively). From the
perspective of implementation, such control over the parame-
ters in the Hamiltonian can be important since certain quan-
tum information processing tasks require fixed amounts of
genuine multiparty entanglement as resource. Overall, GGM
exhibits a periodic behavior over time with a period of T = 2π

J
for γ,∆ = 0. Notice that for both the cases of GHZ and
W states, Proposition III remains valid at every time instant,
bounding the GGM of the resultant state via the GGM of the
initial unit states.

In presence of γ and ∆, the GGM of the output state after
the evolution according to the Hamiltonian, Hkl, again ex-
hibits periodic behavior with time having period of the form
2π/f(J, γ,∆).

1. Creation of single excitation Dicke states

In recent times, several proposals have been made to create
the N -qubit W states in networks [31, 32, 39, 40]. We will
now illustrate that the method proposed here is also capable
to deterministically produce Dicke states with single excita-
tion. To do so, let us first take a three-qubit W state, |Φ〉W
and single qubit auxiliary state, |0〉, so that the initial state
is |Φ〉4 = |Φ〉W

⊗ |0〉. When the third qubit of the W state
and the auxiliary qubit evolve according to the Hamiltonian,
Hkl with γ = ∆ = 0, the resulting state turns out to be the

four-qubit Dicke state having single excitation given by

|Ψ〉D1

4 =

√
2

3

∣∣ψ+
〉
|00〉+

√
1

6
|00〉 |Z1〉 , (45)

where

|Z1〉 = (e−i J2 t
∣∣ψ+

〉
+ ei J2 t

∣∣ψ−
〉
), (46)

with |ψ±〉 = 1√
2
(± |01〉 + |10〉), |11〉, |00〉 being the eigen-

states of the Hamiltonian. Notice that instead of the third
qubit, if the Hamiltonian dynamics involves any other qubits
of the W state and the auxiliary qubit, the resulting state still
remains same due to the symmetry of the W state. More-
over, the number of excitation in the resulting state remains
conserved after the evolution since the total spin angular mo-
mentum commutes with the Hamiltonian.

Let us now move further, and instead of single auxil-
iary qubit, let us add two auxiliary qubits, i.e., |Φ〉5 =
|Φ〉W

⊗ |0〉⊗ |0〉. If the dynamics happens according to the
Hamiltonian independently on the pair of qubits, (3, 4) and
(4, 5), the output five-qubit state reads as

|Ψ〉D1

5 =

√
2

3

∣∣ψ+
〉
|000〉

+
1

2
√

6
|00〉

(
e−i J2 t

{
|0〉 |Z1〉+

√
2 |1〉 |00〉

}

+ ei J2 t
{
− |0〉 |Z1〉+

√
2 |1〉 |00〉

})
. (47)

Taking N such auxiliary qubits, |0〉 and evolving N pairs ac-
cording to Hkl, the (3 +N)-qubit Dicke state with single ex-
citation can be created as

|Ψ〉D1

3+N =

√
2

3

∣∣ψ+
〉
|0〉

⊗
N+1

+
1

2
2N−1

2

√
3
|00〉 |ZN 〉 ,

(48)

where for N ≥ 1,

|ZN 〉 = e−i
J
2 t
(
|0〉 |ZN−1〉+ 2

2N−3
2 |1〉 |0〉

⊗
N )

+ ei
J
2 t
(
− |0〉 |ZN−1〉+ 2

2N−3
2 |1〉 |0〉

⊗
N )

, (49)
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FIG. 7. (Color online.) Dynamical states via disordered systems. (a) Quench-averaged GGM, 〈G〉 (vertical axis), of the resulting state
against time (horizontal axis) when two copies of the W state are chosen as the initial states. The evolution occurs according to Hkl with the
interaction strength being chosen randomly from Gaussian distribution with mean 0.5 and varying standard deviation, σJ = 0.01 to σJ = 0.1.
(b) Squares represent the critical time, tc, above which 〈G〉 saturates (ordinate) with respect to σJ (abscissa) for the same initial state as in (a).
Solid line is the χ-square fit of tc (see text for details). Both the axes are dimensionless.

and

〈ZN |ZN 〉 = 22N−1 (50)

Remark. Although the method presented here is for the Dicke
state with a single excitation, the suitable initial and auxiliary
qubits (entangled state) can lead to the N -qubit Dicke state
with other excitations after the evolution. For example, start-
ing with |Φ〉W = 1√

3
(|011〉+ |110〉+ |101〉) and N auxiliary

qubits, we can generate (3 + N)-qubit Dicke state with two
excitations via Hamiltonian dynamics.

B. Entanglement circulation with imperfect operations

The protocol described in the previous subsection works
as long as the value of the spin-exchange interaction can be
changed instantaneously from zero to a constant value. How-
ever, in real situations, there may be fluctuations in the non-
zero value of J at t > 0. Also, a perfect preparation of the unit
states is assumed in the above protocol, which may be difficult
to achieve, thereby hindering the efficiency of this protocol.

We now investigate the effects of such imperfections on
the performance of this protocol. More specifically, we fo-
cus on the time-dependence of GGM of the state |Ψ(t)〉 in the
presence of quenched disorder in J , where the time scale of
the change of a particular realization is much larger than the
evolution time scale of the whole system. Such a disordered
system is accessible also in current experimental setups using
substrates like cold atoms and trapped ions [65–68], which
are ideal to create the unit entangled states as well as the two-
qubit unitary operators. Moreover, our studies reveal that im-
perfections can lead to certain advantages in the entanglement
properties of the final states.

A quenched disorder in the spin-exchange interaction
strength J implies that the time taken by the disordered pa-
rameter J to achieve equilibrium is much larger compared to
the observation time for the evolution of the system. There-
fore, one may consider the value of the disordered param-

eter to be effectively fixed during the dynamics of the sys-
tem, thereby making it possible to carry out an averaging of
the quantity of interest, Q, over the distribution of different
values of the disordered parameters. For randomly chosen
spin-exchange interactions J from a probability distribution
P (J) with mean 〈J〉 and standard deviation σJ , the quench-
averaged Q, denoted by 〈Q〉, at every time instant is given by

〈Q〉 =

∫
Q(J)P (J)dJ, (51)

where σJ = 0 corresponds to the ordered case discussed in
Sec. IV A. We choose the values of J from a Gaussian distri-
bution with mean 〈J〉 and standard deviation σJ . The recur-
sion relation for arbitrary resource states guarantees that the
resulting state for a given realization can also be obtained and
hence we have the functional form of the integrand in Eq. (51)
for GGM. To investigate the patterns of the quench-averaged
GGM for the disordered case, we only numerically compute
the integration over the Gaussian distribution.

In contrast with the ordered case discussed in Sec. IV A, the
averaged GGM after quenching of the six-qubit state |Ψ(t)〉,
originating from either a pair of GHZ-, or a pair of W-, or a
GHZ- and a W-class state, is found to oscillate at first, and
then saturate to a value Gs at a critical time tc (as shown in
Fig. 7). This feature is interesting since it exhibits a clear
advantage of evolving a system via a disordered Hamiltonian
instead of a ordered one. It may also turn out to be important
in situations where a quantum protocol requires the GGM of
a state to be almost constant over a long period of time.

The saturation value 〈Gs〉 depends on the GGMs of the ini-
tial state(s), although no proposition similar to the Proposi-
tion III can be put forward to provide a bound on 〈G〉. To
demonstrate the dependence of 〈Gs〉 over the GGM of the re-
source states, G, we consider two identical copies of a gener-
alized GHZ (gGHZ) state given by |Φ〉gGHZ = cos θ|000〉+
sin θ|111〉. First of all, we notice that like the initial resource
states, 〈Gs〉 increases with the increase of θ. Towards con-
necting the saturated value with the initial GGM, we study



12

 0.3

 0.4

 0.5

 0.6

 0  0.3  0.6  0.9  1.2  1.5

<
G

s>
/G

i

θ 

 0.1  0.5  1  1.5

θ

 0.1

 0.5

 1

 1.5

φ

 0.4

 0.6

 0.8

 1

<latexit sha1_base64="nb84Ab3oY1r+vEsLIqqcsNV3SpI=">AAACEHicbZDLSsNAFIYnXmu9RV26CRbRVU2kqMuiC11WsBdoQjmZTtqhk0mYmQgl9BHc+CpuXCji1qU738ZJmkVt/WHg5zvnMOf8fsyoVLb9Yywtr6yurZc2yptb2zu75t5+S0aJwKSJIxaJjg+SMMpJU1HFSCcWBEKfkbY/usnq7UciJI34gxrHxAthwGlAMSiNeuaJy4APGHFDUEMMLL2d9KQrcnY2C82KXbVzWYvGKUwFFWr0zG+3H+EkJFxhBlJ2HTtWXgpCUczIpOwmksSARzAgXW05hER6aX7QxDrWpG8FkdCPKyunsxMphFKOQ193ZivK+VoG/6t1ExVceSnlcaIIx9OPgoRZKrKydKw+FQQrNtYGsKB6VwsPQQBWOsOyDsGZP3nRtM6rzkW1dl+r1K+LOEroEB2hU+SgS1RHd6iBmgijJ/SC3tC78Wy8Gh/G57R1yShmDtAfGV+/6+edyQ==</latexit> hG
s
i/

G

<latexit sha1_base64="pYM132qgRhMHaU/a61ywLFbdrWg=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Ae0oWy2m3btZhN2J0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2ilVg9HHGm/XHGr7hxklXg5qUCORr/81RvELI24QiapMV3PTdDPqEbBJJ+WeqnhCWVjOuRdSxWNuPGz+bVTcmaVAQljbUshmau/JzIaGTOJAtsZURyZZW8m/ud1Uwyv/UyoJEWu2GJRmEqCMZm9TgZCc4ZyYgllWthbCRtRTRnagEo2BG/55VXSuqh6l9Xafa1Sv8njKMIJnMI5eHAFdbiDBjSBwSM8wyu8ObHz4rw7H4vWgpPPHMMfOJ8/puWPMQ==</latexit>

✓
<latexit sha1_base64="8JE5HfE22BV56PQc78xC+KAKvaU=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Ae0oWy2m3bpZhN3J0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2ilTg9HHGnf65crbtWdg6wSLycVyNHol796g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fja/d0rOrDIgYaxtKSRz9fdERiNjJlFgOyOKI7PszcT/vG6K4bWfCZWkyBVbLApTSTAms+fJQGjOUE4soUwLeythI6opQxtRyYbgLb+8SloXVe+yWruvVeo3eRxFOIFTOAcPrqAOd9CAJjCQ8Ayv8OY8Oi/Ou/OxaC04+cwx/IHz+QPQVY/V</latexit>

✓1

<latexit sha1_base64="uBY9O8y1amysh1724zRgEPcedss=">AAAB73icbVBNS8NAEN34WetX1aOXxSJ4Kkkp6rHoxWMF+wFtKJvtpF262cTdiVBC/4QXD4p49e9489+4bXPQ1gcDj/dmmJkXJFIYdN1vZ219Y3Nru7BT3N3bPzgsHR23TJxqDk0ey1h3AmZACgVNFCihk2hgUSChHYxvZ377CbQRsXrASQJ+xIZKhIIztFKnhyNA1q/2S2W34s5BV4mXkzLJ0eiXvnqDmKcRKOSSGdP13AT9jGkUXMK02EsNJIyP2RC6lioWgfGz+b1Tem6VAQ1jbUshnau/JzIWGTOJAtsZMRyZZW8m/ud1Uwyv/UyoJEVQfLEoTCXFmM6epwOhgaOcWMK4FvZWykdMM442oqINwVt+eZW0qhXvslK7r5XrN3kcBXJKzsgF8cgVqZM70iBNwokkz+SVvDmPzovz7nwsWtecfOaE/IHz+QPR2Y/W</latexit>

✓2

(a) (b)

<latexit sha1_base64="nb84Ab3oY1r+vEsLIqqcsNV3SpI=">AAACEHicbZDLSsNAFIYnXmu9RV26CRbRVU2kqMuiC11WsBdoQjmZTtqhk0mYmQgl9BHc+CpuXCji1qU738ZJmkVt/WHg5zvnMOf8fsyoVLb9Yywtr6yurZc2yptb2zu75t5+S0aJwKSJIxaJjg+SMMpJU1HFSCcWBEKfkbY/usnq7UciJI34gxrHxAthwGlAMSiNeuaJy4APGHFDUEMMLL2d9KQrcnY2C82KXbVzWYvGKUwFFWr0zG+3H+EkJFxhBlJ2HTtWXgpCUczIpOwmksSARzAgXW05hER6aX7QxDrWpG8FkdCPKyunsxMphFKOQ193ZivK+VoG/6t1ExVceSnlcaIIx9OPgoRZKrKydKw+FQQrNtYGsKB6VwsPQQBWOsOyDsGZP3nRtM6rzkW1dl+r1K+LOEroEB2hU+SgS1RHd6iBmgijJ/SC3tC78Wy8Gh/G57R1yShmDtAfGV+/6+edyQ==</latexit>hGsi/G

FIG. 8. (Color online.) Suppression of GGM due to disorder. (a) Trends of 〈Gs〉/Gi (vertical axis) as a function of θ (horizontal axis) when
two copies of the gGHZ states, |Φ〉gGHZ are merged. The evolution is according to the Hamiltonian with 〈J〉 = 0.5 and σJ = 0.1 (b) Same
quantities are plotted for |Φ〉gW . In this case, 〈J〉 = 0.5 and σJ = 0.3. In both the cases, we observe that the ratio behaves nonmonotonically
with state parameters although they also show differences (see text for details). Both the axes are dimensionless.

the trends in the ratio, 〈Gs〉G as θ is varied. In particular,
we observe that the ratio between the saturated value of the
quench-averaged GGM and the initial GGM increases with
an increasing θ although the increase is not monotonic with
θ (see Fig. 8(a)). We also test this feature by using gener-
alized W (gW) states of the form |Φ〉gW = cos θ1|001〉 +
cos θ2 sin θ1|010〉+sin θ2 sin θ1|100〉 as depicted in Fig. 8(b).
The figure shows a clear distinction between the gGHZ and
the gW states – in case of the gGHZ states as inputs, the sup-
pressed averaged value of GGM for the output state due to
disorder decreases with the increase of the GGM in the inputs
while for the gW states as initial, the overall opposite behavior
emerges.

Furthermore, we also investigate how tc varies with the dis-
tribution of J , find it to be decreasing with increasing σJ , and
eventually saturate at a constant value (see Fig. 7(b)). By em-
ploying the χ-square curve fitting, we realize that the func-
tional form of tc with σJ to be b+c exp[−d(σJ − 0.01)] with
b = 33.2, c = 226.2 and d = 52.2 having maximum 10%
errors in parameters. Note, however, that for a fixed initial re-
source states, 〈Gs〉 is found to be invariant under a change in
the value of σJ .
Remark. Note that we have performed the analysis for dis-
ordered operations assuming disorder to be present in one of
the evolution operator. Typically in a network, disorder ap-
pears in multiple parameters of the Hamiltonian, denoted by
{x1, x2, · · · , xn}. In such cases, the quenched averaged Q
can be obtained by performing average over different realiza-
tions of all these parameters.

V. CONCLUSION

Classical networks are rigorously present to establish com-
munication among different parts of the world, and, on a mod-
erately smaller scale, among multiprocessor devices. How-
ever, in this second quantum revolution, the significant ad-

vantages of using genuine multiparty entangled states, and
in tandem, multiparty quantum networks for performing var-
ious quantum information processing tasks are established.
Therefore, characterization and implementation of quantum
networks play a crucial role for achieving a communication
system with or without security for the future world.

In this paper, we presented a deterministic protocol, re-
ferred to as entanglement circulation procedure (ECP), for
creating genuine multiparty entangled states, and distributing
them in the form of a quantum network. Given a fixed value
of entanglement and limited amount of resources, we showed
that our method can generate genuine multiparty entangled
states with the application of optimal unitary operators, which
is confirmed via computing generalized geometric measure
(GGM) of the generated state. Specifically, we proved a
bound on the GGM of the resulting state in terms of the GGMs
of the initial resource states constituting the network. We also
showed that the unitary operators which can generate maxi-
mum GGM in the output state is not unique. Starting from
the arbitrary three-qubit initial state, we provided a recursion
relation for the output state produced after arbitrary number
of steps in this process, thereby spreading genuinely multi-
partite entangled states in networks. We found that apart from
implementing logical gates, these states can also be created
by using interacting quantum spin Hamiltonians. Although
we rigorously worked out all the results for a linear geome-
try of the network, we showed that the ECP remains equally
powerful for other geometries, eg. triangle-shaped networks.
Going beyond the traditional notion of noisy resources, we
considered the scenario where unitary operations are not ex-
act, which can be caused via a disordered spin Hamiltonian.
Counter-intuitively, we observed that although disordered spin
Hamiltonian can produce a lesser amount of genuine multipar-
tite entanglement on average compared to the ordered model,
in contrast with the latter, the quench-averaged GGM of the
resulting state obtained via the evolution of the disordered
system can saturate to a constant value after an initial time
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FIG. 9. (Color online.) Variations of eigenavlues, λ1
1, λ12

2 , and λ13
2

(z-axis) of the output state as functions of αx (x-axis) and αy (y-
axis), with αz = 0.4, γ1 = 0.7, and γ2 = 0.6. See Proposition I for
details. All the axes are dimensionless.

FIG. 10. (Color online.) Scattered plot of maximum output
GGM, Gm (vertical axis) against the initial GGM of two unit states,
min{G1,G2} (horizontal axis). The output GGM is obtained after
optimizing the two-qubit unitary operators, U2 when the initial states
are Haar uniformly generated (total number of states generated is
5 × 104). The size of the unit cells are either N1 = 3, N2 = 3 (red
crosses) or (N1 = 4, N2 = 2) (black diamonds). Both the axes are
dimensionless.

period. The saturation values of GGM depend on the initial
resource states while the strength of the disorder is governed
the saturation time.

The protocol presented in this paper shows an avenue to
create genuine multipartite entangled quantum networks. In
near future, it will be interesting to find whether all the multi-
partite resources required for quantum information processing
tasks can be generated via this method even in presence of all
kinds of noisy environments as well as imperfect operations.
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Appendix A: Generalized geometric measure

A N -qubit pure state is said to be k-separable if the multi-
qubit state can be written as product of pure states correspond-
ing to k-partitions (2 ≤ k ≤ N ). The geometric measure of
entanglement, referred to as the k-geometric measure (k-GM)
of entanglement and quantifying multipartite entanglement in
a multi-qubit state |Φ〉, is defined as [52, 61–64]

Gk = 1−max |〈Φk|Φ〉|2 , (A1)

where the maximization is taken over the set of all possible k-
separable states, {|Φ〉k}. For k = N , the original definition of
the geometric measure of entanglement can be obtained when
the maximization is performed over the set of fully separable
states [61].

On the other hand, k = 2 corresponds to the generalized
geometric measure (GGM) of entanglement, which quantifies
the maximum distance of the quantum state from the set of all
possible non-genuinely multipartite entangled states. In this
paper, we focus on the GGM as the multiparty entanglement
quantifier of a multi-qubit state, and denote it with G. It can
be shown that in case of GGM, the maximization over the set
{|Φk}〉 reduces to the maximization over the Schmidt coeffi-
cients of all possible bipartitions of |Φ〉 [52]. Mathematically,

G = 1−max
SA:B

{η2}, (A2)

where SA:B is the full set of all arbitrary bipartitions A : B
of the N -qubit system, such that A ∩ B = ∅ and A ∪ B =
{1, 2, 3, · · · , N}, and η is the maximum Schmidt coefficient
corresponding to this bipartition.

The above simplification makes the GGM one of the com-
putable multiparty entanglement measure for pure states with
arbitrary number of parties in arbitrary dimensions (cf. [69,
70]. However, for an N -qubit state, one needs to calculate a
total of 2N−1 − 1 number of reduced density matrices, which
increases exponentially with N , thereby computing the value
of G difficult for large N . Note that the computational chal-
lenge can be reduced by restricting to only single- and two-
qubit reduced density matrices corresponding to |Φ〉 for the
computation of G. Note also that while G remains a multiparty
entanglement measure even under this restriction, it may not
detect the genuine multipartite entanglement in |Φ〉. Interest-
ingly, numerical evidences indicate that the value of G com-
puted in this fashion coincides with the actual value of GGM
in several physical systems.

https://github.com/titaschanda/QIClib
https://titaschanda.github.io/QIClib
https://titaschanda.github.io/QIClib
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Appendix B: Extension of Proposition I

In situations where the GGM of |Ψ〉N (Eq. (14)) is not
obtained from the eigenvalues of a single-party density ma-
trix, one needs to investigate all of the eigenvalues {λi1, λjk2 },
i = 1, 2, 3, 4, j = 1, k = 2, 3, 4, (see Sec. II) obtained from
the four single-party and three two-party reduced density ma-

trices. A general analytical treatment is difficult, since dif-
ferent eigenvalues contribute to the computation of GGM for
different ranges of the state as well as the unitary parame-
ters. However, using the proof Proposition I, it is clear that
G = 1 −max{λ1

1, λ
12
2 , λ

13
2 , λ

23
2 }. Numerical search over ap-

propriate ranges of the relevant parameters indicates that only
three among these four eigenvalues, given by

λ1
1 = γ1,

λ13
2 =

1

4
(1 + (2γ1 − 1)(2γ2 − 1) cos 2αx cos 2αy + sin 2αx sin 2αy + 2

√
F ),

λ12
2 =

1

4
(1 + (2γ1 − 1)(2γ2 − 1) sin 2αx sin 2αy + cos 2αx cos 2αy + 2

√
G), (B1)

where

F = (γ1 + γ2 − 1)2 cos4(αx − αy)− 2 cos2(αx − αy) sin2(αx + αy)f + (γ1 − γ2)2 sin4(αx + αy),

G = (γ1 + γ2 − 1)2 cos4(αx − αy) + 2 cos2(αx − αy) cos2(αx + αy)g + (γ1 − γ2)2 cos4(αx + αy), (B2)

with

f = (2γ1γ2 − γ1 − γ2)(1 + 2γ1γ2 − γ1 − γ2) + 4γ1γ2(1− γ1)(1− γ2) cos 4αz,

g = (γ1 + γ2 − 2γ1γ2)(1 + 2γ1γ2 − γ1 − γ2) + 4γ1γ2(1− γ1)(1− γ2) cos 4αz, (B3)

contribute in the computation of GGM, subject to the con-
ditions γ1 ≥ δ1, and γ1 ≥ γ2 ≥ δ2 (see Sec. II). While
the eigenvalue in Eq. (B1) emerges from the single-party den-
sity matrix corresponding to one of the 2-dimensional sub-
systems of |Ψ〉N (Eq. (14)), the other two (Eq. (B1)) hail
from the two-party reduced density matrices. We consider the
possible ranges of γ1 and γ2 within the normalization con-
dition of the pair of states |Φ〉N1

and |Φ〉N2
. For each pair

of states |Φ〉N1
and |Φ〉N2

, we numerically search for a set
of values of {αx, αy, αz}, such that the GGM of |Ψ〉N =

Ud
[
|Φ〉N1

⊗ |Φ〉N2

]
is obtained from a single-qubit reduced

density matrix. We find the search to be successful for all pairs
of states in the set, and for each pair, multiple instances of Ud
are found. As a demonstration, consider Fig. 9, where we plot
the variations of the eigenvalues in Eq. (B1) as functions of
αx and αy for typical fixed values of αz , γ1, and γ2. The fig-
ure clearly indicates that λ1

1 is the minimum among the three
eigenvalues for a set of values of αj , j = x, y, z, implying that
the GGM of |Ψ〉N is 1−λ1

1, thereby validating Proposition III.
The above numerical search assumes that the GGMs of the

unit states, |Φ〉N1
and |Φ〉N2

, are obtained from the single-
qubit density matrices (see Eqs. (8)-(9) in Sec. II). In order to
check whether the GGM of the resultant state is given by the
minimum of the GGMs of the unit states even when this as-
sumption is relaxed, we Haar-uniformly generate two-, three-,
and four-qubit quantum states (a sample of size 5 × 104 in
each case) to produce six-qubit resultant states, and check
the Proposition III for pairs of states from these sets. Our

numerical result suggests that Proposition III holds in all of
these cases, which is also demonstrated in Fig. 10. We elab-
orate more on the implications of this numerical analysis in
Sec. III B.

Appendix C: Proof of Proposition IV

Here we derive the recursion relation describing the form
of the 3m-qubit state |Ψ〉3m, constituted of m identical three-
qubit pure unit states by applying m − 1 unitary operators
{U j2 ; j = 1, 2, . . . ,m − 1} (see Proposition IV). Let us first
consider two identical three-qubit states of the form

|Φ〉 =

8∑

i=1

ai |bi〉 , (C1)

where {ai ∈ C ∀i}, and {|bi〉} is the product basis for
three-qubits, constituted of the single-qubit computational ba-
sis. The initial state of the six-qubit system is given by
|Φ〉(123456) = |Φ〉(123) ⊗ |ψ〉(456), where in our notations,
subscripts and superscripts in brackets respectively for states
and unitary operators represent the labels of the qubits (see the
first two blocks of Fig. 2), and we have temporarily dropped
the number of qubits from the subscripts of the unit states for
brevity. It is convenient to write |Φ〉 as

|Φ〉(123456) = |A〉(12) |0〉(3) + |B〉(12) |1〉(3) = |0〉(1) |E〉23 + |1〉(1) |F 〉(23) , (C2)
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where

|A〉 = a1 |00〉+ a2 |01〉+ a4 |10〉+ a7 |11〉 , |B〉 = a3 |00〉+ a5 |01〉+ a6 |10〉+ a8 |11〉 ,
|E〉 = a1 |00〉+ a3 |01〉+ a2 |10〉+ a5 |11〉 , |F 〉 = a4 |00〉+ a6 |01〉+ a7 |10〉+ a8 |11〉 . (C3)

Noting that applying the unitary operator Ud is enough to in-
vestigate entanglement of the resulting state |Ψ〉(123456), and
applying U1

d on qubits 3 and 4 (see Fig. 2) where the super-

script ”1” represent the value of the unitary index j in U2 (see
Secs. II A and III),

|Ψ〉(123456) = U1
(34) |Φ〉(123456)

= U1
d(34)

[
(|A〉(12) |0〉(3) + |B〉(12) |1〉(3))⊗ (|0〉(4) |E〉(56) + |1〉(4) |F 〉(56))

]
=

[
|A〉(12) U

1
d(34) |00〉(34) + |B〉(12) U

1
d(34) |10〉(34)

]
|E〉(56) +

[
|B〉(12) U

1
d(34) |11〉(34) + |A〉(12) U

1
d(34) |01〉(34)

]
|F 〉(56)

= |X〉11234 |E〉(56) + |Y 〉11234 |F 〉(56) , (C4)

where

|X〉11234 = |A〉(12) U
1
d(34) |00〉(34) + |B〉(12) U

1
d(34) |10〉(34) , |Y 〉

1
1234 = |B〉(12) U

1
d(34) |11〉(34) + |A〉(12) U

1
d(34) |01〉(34) ,

(C5)

and the superscripts to the states |X〉 and |Y 〉 represent the
number of U2 operators applied so far. Moving a step fur-
ther and applying U2 on the qubits 6 and 7 in the state
|Ψ〉(123456) |ψ〉(789), one obtains an 9-qubit state as (see

Fig. 2)

|Ψ〉(123456789) = |X〉2(1234567) |E〉(89) + |Y 〉2(1234567) |F 〉(89) ,

(C6)

where

|X〉2(1234567) =
[
|X〉1(1234) (a1 |0〉+ a2 |1〉)(5) + |Y 〉1(1234) (a4 |0〉+ a7 |1〉)(5)

]
U2
d(67) |00〉(67)

+
[
|X〉1(1234) (a3 |0〉+ a5 |1〉)(5) + |Y 〉1(1234) (a6 |0〉+ a8 |1〉)(5)

]
U2
d(67) |10〉(67) , (C7)

|Y 〉2(1234567) =
[
|X〉1(1234) (a1 |0〉+ a2 |1〉)(5) + |Y 〉1(1234) (a4 |0〉+ a7 |1〉)(5)

]
U2
d(67) |01〉(67)

+
[
|X〉1(1234) (a3 |0〉+ a5 |1〉)(5) + |Y 〉1(1234) (a6 |0〉+ a8 |1〉)(5)

]
U2
d(67) |11〉(67) . (C8)

This procedure can be continued for an arbitrary number of
three-qubit states belonging to the GHZ-class, where after ap-

plying l unitary operators U2, a multiparty state of 3(l + 1)
qubits having the form

|Ψ〉3(l+1) = |X〉l |E〉+ |Y 〉l |F 〉 (C9)

is obtained. Here,

|X〉l =
[
|X〉l−1

(a1 |0〉+ a2 |1〉) + |Y 〉l−1
(a4 |0〉+ a7 |1〉)

]
U ld |00〉

+
[
|X〉l−1

(a3 |0〉+ a5 |1〉) + |Y 〉l−1
(a6 |0〉+ a8 |1〉)

]
U ld |10〉 ,

|Y 〉l =
[
|X〉l−1

(a1 |0〉+ a2 |1〉) + |Y 〉l−1
(a4 |0〉+ a7 |1〉)

]
U ld |01〉

+
[
|X〉l−1

(a3 |0〉+ a5 |1〉) + |Y 〉l−1
(a6 |0〉+ a8 |1〉)

]
U ld |11〉 , (C10)
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where each of the states |X〉l and |Y 〉l can be derived for an arbitrary value of l starting from

|X〉1 = |A〉U1
d |00〉+ |B〉U1

d |10〉 , |Y 〉1 = |B〉U1
d |11〉+ |A〉U1

d |01〉 .
(C11)

Clearly, for |Ψ〉3m, l = m− 1.
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