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Nonexistence of Positive Radial Solutions
of a Quasilinear Neumann Problem
with a Critical Sobolev Exponent

ADIMURTHI & S. L. YADAVA

Communicated by J. SERRIN

1. Introduction

Let B(1) denote the open unit ball in R". We consider the following
problem for 4 > 0:

nt2
—Au=un-2—Ju in B(1),
u is positive and radial in B(1), (1.1)
9]
a_”v‘:o on 9B(1).

Note that problem (1.1) always admits the constant solution uy = A=2/4 In
ADpIMURTHI & YADAVA [3] and Bupp, KNAAP & PELETIER [6] it has been
proved that there exists a constant Ay > 0 such that for 0 < 4 < 4o, (1.1)
admits a nonconstant solution for n = 4, 5,6 and does not for n = 3.

In this paper we study problem (1.1) when n = 7. In this case the method
used in [3] and [6] breaks down due to the fact that (n+2)/(n—2) < 2,
which leads to a drastic change in the behaviour of the associated
Pohozhaev’s functionals. In contrast to the case n = 4, 5,6, we have

Theorem 1.1. Suppose n = 7. Then there exists a constant Ay > 0 such that for
0 < A < Ay, problem (1.1) does not admit any nonconstant solution.

The existence and nonexistence of nonconstant solutions of (1.1) is related
to a conjecture of LiN & NI [7] which we now briefly explain. Let Q C R" be a
bounded domain with smooth boundary. For 1 < p < 0o and 4 > 0, consider
the problem

—Au=ul—iu in Q,

5:0 on 0Q.
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In the subcritical case, i.e., when | <p< (n+2)/(n—2), LiN, N1 &
Takaai [8] have shown that there exist constants Ay and 4; with 0 < 49 £ 44
such that problem (1.2) admits a nonconstant solution if 4 > 4; and does not
if 2 < Ag. Furthermore, Lin & N1 [7] have shown that for p > (n 4 2)/(n — 2)
and Q a ball, this result continues to hold in the class of radial solutions. In
view of these and some other connected results, they made the

Conjecture: Let 1 < p < oo. Then there exist constants Jy and A with
0 < Ay £ Ay such that

(a) for A = A1, problem (1.2) admits a nonconstant solution,

(b) for 0 < A < Ao, problem (1.2) does not admit any nonconstant solution.

Recently some progress has been made regarding this conjecture for the
critical case p = (n+2)/(n — 2). Part (a) of the conjecture has been proved
affirmatively by ADIMURTHI & MANCINI [2] & WANG [11]. They obtained a
nonconstant minimal energy solution of (1.2) for 4 large. As mentioned
earlier, for n = 4,5 and 6, there is a counterexample to part (b) of the con-
jecture. However, in the class of minimal-energy solutions, it has been shown
by ADIMURTHI & YADAvVA [4] that part (b) of the conjecture is also true.
Theorem 1.1 shows that for n = 7, part (b) of the conjecture is true in the
class of radial solutions and hence the conjecture is completely understood in
this class.

Theorem 1.1 can be deduced from the following more general result for
the m-Laplacian.

Theorem 1.2. Let
(m—1Dn+m
n—m

2<m<n, p= ,p—1<g<p, 1>0.
Then there exists 1y > 0 such that the problem

—div(|Vu" *Vu) =w — 2t in B(1),

u is positive and radial in B(1), (1.3)
0
5_1\1) =0 on 0B(1)

does not admit any nonconstant solution for 0 < A < Ay.

Theorem 1.1 obviously follows from Theorem 1.2 by taking
m=2,qg=1,nz=7.

We mention that when m = 2, problem (1.3) has been studied extensively
by Bupbp, Knaap & PELETIER [6] for the values ¢ < p — 1 and by ADIMURTHI,
K~Naap & YApavaA [1] for g = p— 1. The case p — 1 < g < p has been open
and Theorem 1.2 covers this range.

2. Proof of Theorem 1.2

In order to prove the theorem, we consider the following initial-value
problem. Suppose that y > 0,y=1 and let w=w( -,y) (see [10]) denote the
unique solution of
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2.\ . -2
(W) = e,

w(0) =y, w'(0) =0.

Let R;(y) be the first turning point of w = w( -,7y) and let Ry(y) < R;(y) be
given by

(2.1)

Ry (7) = sup{s;w(r,7) > 0, w'(r,7)=*0 for r € (0,s)}, (2.2)

w(Ro(7),7) = 1. (2.3)

We now recall some facts about the solution w(r,y) of problem (2.1).

(A1) For 0<y< 1, w(-,y) is an increasing function in (0,R;(y)). For
1 <y< oo, w(-,y)is a decreasing function in (0, R (y)).

(Az) Ri(y) exists and there exists a positive constant u such that

HmR,(7) = u, MR (y) = oo.
= y—
The proofs of (A}) and (A;,) are similar to that of Lemma A in [3] and

therefore we omit them here.
Now we make the change of variables

_nomo o ml = ()"

v_ )
m—1 n—m

Let v(t) = w(r,y). Then equation (2.1) transforms to

~(lor ) =t = ) in (1), 00),
v>0in (Ti(y),00),
o(o0) =7, ¢/(00) = V(Ti(3)) = 0.

Define f(s) = (1 +5)” — (1 +5)? and suppose y > 1. Let y =v— 1. Then y
satisfies

(2.4)

~(1y) = t0) i (T),00),
y>0 in (o), ),
y(oo) =y =1, y(o0) =x(To(y)) =0.

Now the proof of Theorem 1.2 relies on the

(2.5)

Main Lemma. Suppose that m=2, p=((m— UVn+m)/(n—m), and
p—1<q<p. Then there exist so > 0 and © = t(y) > To(y) such that

S0 é li—m}'ﬂooy(r) é m“/—’ooy(f) < 00, (26)

v s (M), 27)
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Assuming the validity of the Main Lemma, we complete the proof of
Theorem 1.2. The proof of the Main Lemma will be given in Section 3.

Proof of Theorem 1.2. We first establish that
lim, .. To(y) < oo. (2.8)

Proof of (2.8). Let sq and T be as in the Main Lemma. We observe that y/ > 0
in (Ty(y),00). Now integrating (2.5) twice over (Ty(y),t) we obtain

y(1) = / (y’(f)m_“r Tskf(y(S))dS)l/(m_wd@- (2.9)

() 0

Since f(0) = 0 and f is increasing, from (2.6) we can find a constant C > 0
such that for any s € [Ty(y), 1],

JO(s) =/ (r) = Cy(a). (2.10)
Therefore from (2.7), (2.9), (2.10) and from the fact that m = 2 we have

[ (o (G55

To()

lIA

y(7)

Cly(r)l/(mfl)
TO(V)(k*m)/(mfl)

m— 1) Ciy(r)V/ "D
=\ O+ — e
< TO(V)(k )/ (m=1)

=)y (0)(t = To(y)) +

where (k — m)C; = (m — 1)(C/(k — 1))V Therefore from (2.6) and this
inequality we get

(Clm)(m—l)/(k—m)

S(()m72)/(k7m)

lIA

To(v)
This proves (2.8)
Since Ry(y) < Ri(p), from (2.8) it follows that
lim,_ . Ri(7) > 0. (2.11)

Let u be a nonconstant solution of (1.3). Let

B 1 X
r= bl 1t =T e

) | R, = JH1-m/no-a)

Then # satisfies
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m— " n—1 m— .
*(In’l 211’) ——— I ="~y in (0,R;),
n>0,#'(0)=1n'(R;)=0.

By the uniqueness of the solution of the initial-value problem (2.1), and from
(A1) and (A,), thereexists R > O such that for R, < Randy = n(0) > 1 wehave

Ri(y) =Rs, n(r) =w(r,y). (2.13)
Also from (2.11) and (2.13), we can find some R with 0 < R < R such that

R; = RifR; < R. Thisimplies that there existsa 4y > Osuch thatfor0 < 1 < A,
problem (1.3) has no nonconstant solution. This proves the theorem.

(2.12)

3. Proof of the Main Lemma

Lety > l and let v, y, To(y), T1(y),f be as described in Section 2. For s = 0
and ¢t = Ty(y), define

Sp+1 Sq+1
KN P
h(s) = sf'(s) — pf(s) (3.1)
= (=1 +9)" —p(1+9)"" +q(1+5)"",

HGO) = )" = oty + (2)
H(1) = 1(/)" = y(0/)" ™ + % (3.3)

By (2.4) and (2.5), it follows that
tllrcr)lc H(t) = zlil?oHl () =0, (3.4)
H'(1) = ‘;%f’fzﬂ“, (3.5)

11—k, 11—k,

Hi(0) = = 07 0) =P ) = = h0). (30
(O 4 ) = = 02k ). (37)

Since p — 1 < ¢ < p, from (3.1), we see that h(s) — oo as s — oo and that 4 is
negative near zero. Hence there exists a sy > 0 such that

h(s) =20 for s =50, A(s) =0 for 0=s < 5. (3.8)

Now also require that y > max{so, (p+1)/(qg+ 1))1/(1’7‘1)} + 1 and choose
70 = t0(y) > To(y) such that

1/(r-q)
¥(z) = maX{SO, <Z%) } (3.9)
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Then we have

Lemma 3.1. Let © = 19 and define

a(r)m—l _ ((y/)m—lyl—ktk—l>(_[)7 (3.10)
B(z) = (y,<k,,,,)/(,,,,1> _ f(kfm)/<m71)a<r)) (1), (3.11)
o) = o(ax) + rytm/n) (3.12)

Then for all t € [t9,1],
L) = (). (3.13)
Moreover o, 5 and (. satisfy

~((@)"") = k= D@ " Vg,

(1) = y(1), (1) =¥ (1). (3.14)
Furthermore, if y(t) = 2, then

(k= Da(0)" ' p(z) — 1

B Tk_ly,(r)mil 1 - s () ds
_O< (o +y(r)”“’+y(r)”“/ ye) ")' (3.15)

T

Proof. From the choice of 7y and from (3.8) and (3.6) we get Hj(¢) = 0 for
t = 1. Therefore, from (3.7) and (3.4) we conclude that ((y’)m_lyl”‘tk’l) is
an increasing function for ¢ = 7y. Hence for ¢ € [79, 1],

O < (0" YT () = (@

This gives

v

(y,(k,mmm,l) _ f<kfm)/<m71>a(f)>’ 0.

Hence for ¢ € [7¢, 1],

$(0) "D ()R D) < (R n1) b (1)) (1) = i),

which gives

—(m—1)/(k—m)
(1) =z t(oc(r) + ﬁ(f)t(k*m)/«m—l)))

This proves (3.13). A direct verification gives (3.14).
To simplify the notation, we let y = y(z) and )’ = y/(z). Then from (3.10)
and (3.11),
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k—1 /
= 00 5 -1= G- 000 (5) (S — ) -
(k= D)" 'y =)

- ym(e=1)/(m=1) -1 (3.16)
_ (k=D e0N)" - 0)") - !
- yp+1 :
Integrating (3.5) from 1 to oo yields
7‘[(}/)’” + (1 +y)(y/>mfl o mG(l +y) :p B Q/ocsk(l +y(s))q+lds
(m—1)tk=1 g+1 ’

T

that is,

e e ARV

T

Hence from (3.16) we have

(k= 1)a(e)" " ple) — 1 = — {—(k—l)f"‘l(y’)m_l

“j
Fo+ 1><<1 rt +y>q“>

p+1 q+1
—yPt 4 (p—q) (k— 1)1 / sTH(1 —Q—y(s))qﬂds}

q+1

T

1 {—(k— I)Tk—l(y/)mfl +yp+1 +O(yq+l) _yp+1

7.)%

+ (Z%) (k— )71 /Dosk(l —l—y(s))qﬂds}

T

k=1 ym—1 1 -1 5
:O<%+—+T— s_ky(s)ﬁlds).

yp+l yPa yp+l
T

This proves (3.15) and hence the lemma.

Lemma 3.2. There exists a positive constant C such that for, t = 1y,
V =/t (3.17)

Yy =1 < . (3.18)
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Proof. Integrating (3.6) from ¢ to oo, we obtain

()" =y +(kffgfkl +(ki 1)/s<'—k>y’h(y)ds:o. (3.19)

t

Since A(y(¢)) = 0 for ¢ = 19, it follows from (3.19) that

)" = y()" ' 0.

This proves (3.17).
Let t = 1¢ be fixed, and for X = 0 define

tmfl 7
X) = X" — mel yf(y) / (1—k) ' ds.
p(X) y. +(k—l)tk*m+(k—l) sU VY h(y)ds
t
Then p(0) > 0, p(c0) = oo, and from (3.19) we see that p(#/(¢r)) = 0. Hence p
has a minimum at some point Xy, with p(Xp) <0, p'(Xp) = 0. This implies

that
mxy " — (m— 1y =0,
and so
m—1
Xo=—y
m
Hence

V(v o
+ = l()t)k’” +k— 1/s<1 By h(y)ds.

t

Since A(y(s)) = 0 for s = ¢ = 19, from this inequality follows

%(m; 1)('"”ym )

(k — 1)tk—m"
Hence we can find a positive constant C such that y”/("=1) < Ct. This proves
(3.18).

1\

ym/(m—l)
Proof of the Main Lemma. Let 6(¢) = — Then,
1/(m=1)
/ ) m /o
0(0) = —— (0 = ). (3.20)
/m=0\", 1/(m—1)
0" (1) = Y r Yo ' ’ 3901
0= () G =)+ gy 4 (3.21)

_ (yl/(m—l)>/(Lt o >7 yl/(m—]) mt‘k‘Hf(y) .
2 m—1" "7 (m =12\ (m—1)(y)"? Yol
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Now one of the following two cases holds:
Case (i): lim, .0 (1) £ 0.
Case (ii): There exists a sequence y, — oo such that ¢'(zy) > 0.

In case (i), from (3.20) and (3.9) we get 10)/(79) < ((m — 1)/m)y(zo) and
¥(t0) = so. This proves the lemma.

In case (ii), since 0'(ty) > 0 and 0(cc) = 0, the function 0 has a local
maximum in (79, 00). Let 7 = t(y;) > 19 be the first such point. Hence from
(3.20) and (3.21), together with 0”(z) < 0, we have

-1
m=1y <y for t € [r,1], (3.22)
m t
(m—1y()
) 2
—PY ), (3:23)
(m—1) m—1
me 1\ mG()
m -1~ VT = (m— 1)1
From the last inequality we can find a positive constant C such that
y()" Y 2 c (3.24)

Before going to the next lemma we introduce the following notation. For
two functions f and g defined on a set S, we write f = ¢ if there exist positive
constants C; and C; such that C;g < f < Cy¢ uniformly on S.

The Main Lemma now relies on

Lemma 3.3.

lim,,—ooy(1) < o0. (3.25)

Proof. We argue by contradiction. Suppose the lemma were not true. Then
for a subsequence, still denoted by 7y;, we would have

lim y(7) = 0. (3.26)

/=00
Notice that from (3.18), T — oo as y; — oo.

In the sequel, C and C; denote positive constants independent of the
sequence {y,}, which may however vary from one inequality to the next.
In view of (3.18) and (3.24) we can find positive constants C; and C; such
that
Cit £ y(0)"" Y < ot
Now from this inequality and (3.23) we obtain

- 1 m—1)/m _— - 1 m—1)/m __—
(m )Ci Dimetim </ (r) < (m )Cﬁ D/m_—~1/m
m m
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Therefore for all y,, the functions y(z) and y/(t) satisfy
y(z) &~ ! 7m (3.27)
V(o) = m, (3.28)
We now divide the proof of the lemma into four steps.
Step 1. Let 7, € [10, 7] be such that
y(m)scotm (3.29)

Then
y(r1) = CrlmDlarthim, (3.30)

Proof of Step 1. By the choice of 71, we have G(y(t;)) = 0. Hence integrating
(3.5) from 1; to co and using (3.4), (3.27) and (3.29), we have

lefk+l+(mfl)(q+l)/m < <p — q) / qurl( )d

g+1
( )/t k q+ldt
g+1

_ (14 x(r1))

=-H(t) = L jm

This implies (3.30), since
-1 -1 -1
(g ) k14— =T (g pt 1)

and T — oo as y; — oo. This proves Step 1.

Step 2. For 6 < 1, define

_plo—3)+et
P(@—W

Then p(8) < d. Let d9 < 1; if we now define a sequence {d;};-, by
0141 = p(0;) for i = 0, then

(3.31)

lim §; = —oc. (3.32)

Proof of Step 2. Since p + 1 = nm/(n — m) > mand é < 1, from (3.31) we have
pO-N+=tp+1) o (1-0)m—1-p)
2l(p+1) T (m=1D(p+1)

This proves that p(d) < ¢, and also implies that {6;} is a decreasing sequence.
Let 6 = lim;_., 0;. If 5> —o0, then

p(0) — 0= <0.
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6 =lim 841 = p(d) < 9,
which is a contradiction. This proves Step 2.

Step 3. Let 1/m < 6 < 1. Assume that

y(r) 0 m, (3.33)
V(1) ~ o Um (3.34)
Then p(d) > 1/m and
10 < 7@ < 70, (3.35)
yl(rp(é)) ~ ,L_—l/m’ (3.36)
(7)) s PO 1/m, (3.37)
(2P = Cm=Nlg—p+1)/m (3.38)

Proof of Step 3. From Step 2, we have p() <6 < 1. Let max{r*®), 7o}
<t < 1°. Integrating (2.5) from ¢ to t° and using (3.33) and (3.34), we have

T 0

YO =y @y 4 / S f (v(s)ds

t

= O Ry () (3.39)
- O(T*(mfl)/m T T(l—k)ﬂ(ﬁ)r(é—l/m)p) _ O(Tf(mfl)/m)'

Suppose that 77(®) < 7. From (3.9), (3.39) and Step 1, we get

Cso = Cy(t9) = lim Cy(rg) = lim = Dla=prl/m — o
V1—00

71—=00

which is a contradiction. Hence ) > 74. Thus from Step 1 and (3.39) we get
y(e#©)) = Cem=Dla=r+1/m This proves (3.35) and (3.38). Furthermore, from
(3.39) and (3.34), we have

Clrfl/m éyl(_[é) éy’(f”<5>> < Cz,cfl/m.
This proves (3.36). Next from (3.17), (3.22) and (3.36),
(0)) ag PO) 1) (£PO)) oy £P(0)—1/m
() O ()

proving (3.37). Since T — o0 as y; — 0o, and ¢ — p+ 1 > 0, we conclude from
(3.37) and (3.38) that p(J) > 1/m. This proves Step 3.

Step 4. We assert that
y(r(qfﬁm)/m) s laptm=1)/m (3.40)

y/ (T(quvLm)/M) ~ U (3.41)
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Proof of Step 4. Let «(t), f(7) and {, be as in Lemma 3.1. Then from (3.27),
(3.28) and (3.23) we have

oc(r)(mfl) o gk=m)/m, B(z) ~ 7 k=m/m a(t)" Bt = 1. (3.42)
Next by (3.15), (3.27), (3.28) and (3.18), we get

(k= Da(x)" " p(z) = 1

A 1 il r EPCEIICEE)
= O\ T g G 0m + ot —0/m T Zn G / s ds

_ O(f(p—q)(mfn/m). (3.43)

From (3.42), for t < t we have

t t\ (k=m)/(m—1) —(m=1)/(k—m)
L0~ (1 + (;) ) . (3.44)

Hence

T T 1/(m—1) | T T 1/(m—1)
—k q —k+q
/ </s Lo(s) ds) do < 4Tq/m(m71>/ (/s ds) do
0 0

t t

14(—k+g+1)/(m—1
= 0(%) = O(T(‘I*Perfl)/m).
T m{m—

(3.45)

Since m — 1 = 1, we have for ¢ = b = 0, that
(a— b)Y > gl/m=1) _ pl/m=1), (3.46)

Let 7 = (k — 1)a(t)" ' B(z). For t € [t9, 1], by integrating equation (2.5) from
t to T and using (3.13) and (3.14), we obtain

. : 1 m—1)
w0 =0~ [ e+ [ as
- 0

<y(1) —/ _y’(f)'"*1 +/S"f(CT(S))dS]1/<ml)d0
B 0

< (1) - / mt+ / S (s)ds + / ML) - c';)ds] o

t 0 0
’ 1y . 1/(m—1)
~5(0) - / (1= + SO 9/ s - ala] o

Now f({;) — &£ =~ —{? for t = 7¢. Therefore using (3.46), (3.45) and (3.42), we
have
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/ ! m—1 1/(m—1)
"0 =30 - | l(l_ e+ 5O ] .

Tt 1/(m—1)
+ 0( Skcgds} de)
at
y(t) + (L (t) = L ()~ V=) 4 O(glamptm=1)/m) ity
1/(m—1)
<!{ ¥+ ’1 - % Y (0)(t — 1) + (L(t) — C())p~ =D

+ 0(1‘4*“'”*1)/’") it g <1.

Since (. (1) = y(r), we find from (3.42), (3.43), (3.27) and (3.28) that

1/(m—1)

y(t) < 1= V() + ’1 —- Y (@)t +n V"0 ()
r

(3.47)
n 0(T<q—p+m—1>/m> _ O(Cz(t) n T(q—p+m—1>/m).

Also {,(claptm/m) x gla=ptm=1)/m _ o6 as 9, — oo, so that t@P+m/m > ¢,
Therefore from (3.13), (3.47) and (3.17) it follows that
Cyrlaprm=N/m < ¢ <T<q—p+m)/m) < y(f<q—p+m>/m> < Cyglapim=1)/m
CreV/m<y(1) < (T(q—mm)/m) < y(r<qu+m>/m>Tf<qu+m>/m < Cor '/
This proves Step 4.

Now define the sequence {d;} by o= (¢ —p+m)/m, é; = p(d;—,) for
i =2 1. Since

g-ptm_ | _4-p

<0,
m
- 1 g -1 —p+1
g-ptm 1 _g-ptm-1_q-p+tl_,
m m m m

we have 1/m < dy < 1. Therefore from Steps 2, 3 and 4 we have
1/m < 941 < 0; < 1. Hence 1/m < 6 = lim;_,, J;, which contradicts Step 2.
This proves the lemma and hence the Main Lemma.

Remark 1. In the case n =2 7,m = 2,q = 1, by using similar arguments, it is
possible to show that for every positive integer /, there exists y; > 0 such that,
fory =y,

1 1 1 1
y(yzafp)) ~ 2y (y2<2fp>) ~ D)

Since 0 <2 —p < 1, we see that Ty(y) = 0(y°) for every ¢ > 0. Further-
more, if we define
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Z(s) =y @y (20 00),
then Z satisfies
~Z'=t%(2), z()=1, Z(1) =1,
where f, ;(s) — s” as y — co. Hence Z converges to a ground state solution {
of the equation —{' = r*¢. Such a point #; = y??) is called a blowup point
for y. This implies that the solution y exhibits an unbounded number of blow

ups as y — 0.
By a similar analysis, it can be shown for y large that

y(y<sfp><2fp>’> ~ 22"y <V<3fp><2fp>’> ~ D)

Hence y remains constant in [y2(2*P)1H , «/(3*P)<2*P>[} while at the point y22=»)""
the derivative y' changes drastically. This phenomenon was noticed in [9] for
similar problems in n = 2 with supercritical growth.

Remark 2. Consider the problem

n+2
“Au = (w42 —(w+1) in BR),
u > 0 in B(R),
u = 0 on OB(R)

where B(R) C R" is a ball of radius R. From the analysis in [3, 5 and 6], it
follows that for n € {3,4,5,6}, this above problem admits a solution for R
near zero, whereas for n = 7, from (2.8), it follows that no solution exists for
R near zero. Thus the existence of a solution in the critical Sobolev exponent
problem can be extremely sensitive to perturbations.
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