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Abstract. We prove the existence of a positive solution of the following problem
—Au=f(r,u) inD
u>0

u=0, ondD
where D is the unit disc in R? and f is a superlinear function with critical growth,
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Introduction

- D be the unit disc in R%. We are looking for positive radial solutions of the
owing problem: Find u in C?(D)n C%(D) such that

—Au= f(r,u) inD
u>0 (1.1)
u=0, ondD

ere f is superlinear, f(r,0) =0, (3f/dt)(r,0)< 4, with A, being the first eigenvalue
the Dirichlet problem. For n>3 and f of critical growth, Brezis—Nirenberg [4]
died the existence and non-existence of solutions of problem (1-1). For n =2, the
ical growth is of exponential type whereas in the case of n > 3, it is of polynomial
e and the method adopted for n > 3 fails in the case of n=2.
~arleson-Chang [5] obtained a positive solution for f(u)= Auexp (du?) with
A < 4, viaa variational method. For growths of type f (1) = u™ exp (bu?), Atkinson—
etier [3] used the shooting argument to obtain a solution of (1.1). They assumed
t 108 f is strictly convex for large u.
n this paper we relax the conditions on f and use a variational method to obtain
olution of (1.1). Since we are interested in radial solutions, (1.1) is equivalent to

49




50 Adimurthi
finding an u in C*(D)n C°%(D) with u radial and satisfying

Liu=— (Y = f(r,uyr in[0,1)
u>0 inf{0,1) (1.2)
W' (0)=u(1)=0.

where u' = du/dr.

The idea of the method is to approximate the energy functional by functionals
satisfying Palais—Smale conditions. Then obtain the critical points of these approximate
functionals by a constrained minimization problem similar to that of Zeev—
Nehari [8] and then pass to the limit. The method of the proof is in the spirit of
Brezis—Nirenberg [4]. Here, we also get a constant “a” which is strictly less than the
best possible constant and thereby the existence of solutions of (1.2) is guaranteed.

In [1] we also prove the existence of infinitely many solutions of (1.1) when f is
odd and of critical growth. Also in [2] we prove the existence of solutions of (1.1) if
D is replaced by an arbitrary smooth domain.

2. Statements

Let E={ueC'[0,1];u(1)=0}. For 0< o< I and u in E define

1
lul2 = f u?(r)redr

0

1
flu|?= f u'(r)*redr.

0

Let Hj be the completion of E with respect to ||- lo- Define the operator L, by

L=-L194(.d
= e\ & ) 2.1)

Let(4,, ¢,) be the first eigenvalue and the corresponding first eigenvector with ¢,(0) = 1
of the following eigenvalue problem.

Lé=1¢ in[0,1]
¢'(0)=¢(1)=0.
DEFINITION 2.1

Let £:[0,1] x [0, 0) = [0, o) be a Cl-function. We say f'is of class A if

) f(r,0)=0.

(i) There exists a 6, > 0 and for (r, 1)eQ,, = [0,6,] x [0, c0)(3f /or)(r,t) = 0.

(.iii) There exists a t, > 0 such that f(r, t) <At for all (r,1)e[0, 1] x [0,2,].

(iv) There exist constants t, > 0, 8> 2 such that BF(r,1) < f(r, 1)t for all (r, t)e[0, 1] x
[t,, 00) where F(r,1) = [}, f(r,s)ds.

(2.2)
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Let
R U A
A= VEA‘ o > . in (0,17 x (0, «c) b,

We consider the following three types of functions in our discussions.

Sub-critical: fin A is said to be sub-critical if there exists a § > 0 and for every ¢ >0

sup Tlrotyexp( - et?) < oo 2.3)
(r06(0,8) % {0, 1 )

Critical: f'in A" is said to be critical if there exists &, > 0 such that

(i) f(r,0) = hir.tyexp(b(r)e?)  ¥(r,0)eQ,, =[0,8,] x [0, )
(11) Ve >0,

sup h{r,tyexp( ~at?) < . ' (24)

Irthe {a,
(i) For every &> 0, h(0, t)exp (%) = o as ¢ — oo,
Super critical: fe€ A" is said to be super critical if for every ¢ >0

1
sup J. Sryew)wrdr = % (2.5)
L]

w oyl

ForfeA, 0<x <1, let 3, be the set of C2-solutions of the following problem

L= f(rou) in[0,1]
W>0 (2:6)
w(0)=u(l) =0,

DEFINITION 2.2

win Hy(D) is said to be a weak solution of (1.2) if

(i) u>0 in[01)

{i1) ff(r.u)urdr <L 2.7)
(ii) \v?qbeC’{O. 1] with ¢(1) =0

1 1
J u(L,qS)rdrxj J(r,u)prdr.
O ]

Since we are interested in only positive solutions of (1.2) and hence extending f for
1 <0 is irrelevent. Therefore we make the following conventions.

1) Whenever we say fis in A, then we extend f by f(r,t) =0 for t <0 and re[0,1].
2) Whenever we say f is in A’, then we extend fby f(r, t)= —f(r, —1) for t<0. (2.8)
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For u in HE, define

1
L =%ul2 - f F(r,u)r*dr. (2.9)
0
I, =infT,.
Za

Then we have

Theorem 2.1. Let f be in A. Then there exists an %o < 1 such that for every ay <o < 1,
2., is non-empty and {I,} is bounded. Let I=1lim,.,l,. Suppose there exists b > 0,
M >0 such that

() £0,) < Mexp (be3) for all (r, )e[0, 8] x [0, c0)
i) bl <1, (2.10)

Then there exists a solution u of (1.2).

COROLLARY 2.1

If f is sub-critical, then there exists a solution.

Proof. 1f f is sub-critical, we can take b as small as we want and satisfying (i) and
(ii) of Theorem (2.1). Hence the solution exists.

Criterion to satisfy (2.10). Let fbein 4 satisfying (i) of Theorem (2.1). Suppose there
exists an m >0 such that

1/2
f F(r,-’f)rerZmz.
0 2

2m?b < 1

Then f satisfies (i) of Theorem 2.1).
For fin A' and for 0<a < 1, define

2.11)

B, = {UEHS\{O}; lulz < Ll S, u)ur“dr}
0B, = {ueB,; uz0; flul?= Ll 1, u)ur“dr}
B, = {“EH})“L‘”\{O}; lull} < J: fr, u)urdr}
B¥ = {ueH},\{O}; u is non-increasing, lul? < fl Sfr,uur dr}
0

1
5(BluB?)={ueBluBr;u>0; lu|? = f f(r,u)urdr}
]

Boy = {ueB;; uis constant in a nhd of zero}.

1
6B0l={ueBm;u>0, Jlul? = [ f(r,u)urdr}
Jo
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For0<a<1, fed’, uin H}, define

1 1
1,(u) =1 f fr,wur*dr — J F(r,u)r*dr (2.13)
2Jo 0
since feA'; f(r,t)t — 2F(r,1) > 0 for all (r,t)e[0,1] x R, hence I,(u) > 0. Define a, by
2
% < infl,. (2.14)
z s

Theorem 2.2. Let f be in A'. Then there exists an ay <1 such that for ay<a<1,Y,
is non-empty and {a,} is bounded and satisfying

N Ingm

inf1,(4) = infI,(u). 2.15)
a

Bﬂ Bﬂ
Case 1. If f is super critical then lim,_,, a,=0.

Case 2. If f is critical and suppose there exists a ¢, > 0 such that

2 1/2 2 1/2
tzh(o,(w> t2)>2<m>

(2.16)
exp(—t,)<d, [see(24)]

then lim,_,, a, = a exists and is non-zero. Moreover there exists u satisfying (1.2) such
that

2
1, =“7= inf I,=infl, = inf I, 2.17)

ByuBY Boy By

Remark 2.1. Suppose there exists a sequence t,— oo such that h(0,t,)t,— oo, then
(2.16) is satisfied.
Examples

1. Carleson—Chang. Let f,(t)= Atexp(At?)for 0 < A < A,.Then f, is in A’ and satisfies
(2.16). Hence (1.1) has a solution.

2. Atkinson—Peletier. f(t)=t™exp(bt?), m>1, b>0. Then f is in A’ satisfying (2.16).
Hence (1.1) has a solution.
3. f(t)=At"exp (bt*> +sint?), b>1

m=1, 0<li<i,,

m>1 i>0.
Then f is in A’ and satisfying (2.16). Hence (1.1) has a solution. Here log f is not
convex for large t.
4. Let b(r)bea C*-function on [0, 1] such that 0 < b(r) < 1, b(r) = 1 in a neighbourhood

of zero. Let f(r,£) = t"exp(b(r)t* + (1 — b(r))exp(t)). Then fis in A’ satisfying (2.16).
Hence (1.1) has a solution.
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3. Proofs of theorems (2.1) and (2.2)

Lemma 3.1. For 0<a <1, we have

(i) H§ is compactly embedded in C[0,1].
(i) A, <Ay and A~ 4, as a—1
(i) uwin HY, r; <r,,

utry) =) < 1l og 2.
1

Proof. Let ry <r, and u is in H%. Then by integration by parts

r2 2
[u(ry) — ulr;)|* = ( f u(ry dr)

1

Sflullff roedr

1

e

=|ul? 3.1
Jul2 = (3.1)
Hence (i) follows from (3.1) and Arzela—Ascoli’s theorem. Let u is in H}, then
B} rz 2
ulry) ~u(ry))2 = (J u'(r) d")
cwi([ra)
210012
= |ul?log 2. (3.2)
ry

This proves (iii).
We have >

~(ge) =dutpr — (1 — ),
—(ré}) = Ay,

Hence
1 f bidordr= - f 1) o dr
0 0
1
- f 6, ,dr
0
1 1
3, f butyrdr—(1— o) f b, dr.
R 0
1.e.

1 i
(lx—la)fo $14.rdr=—(1 —d)f G, dr.
[



1 E

Positive solutions of the semilinear Dirichlet 35
Since ¢, <0 and hence 4, <4, and A,— 1, as a— 1. This proves (ii).

Lemma 3.2. Let f be in A, then there exists an oy <1 such that for 0y <o <1,

i) I, satisfies the Palais—Smale condition.
ii) Let m> 0 be such that

12 m
f F (r, ——)r dr > 2m? (33)
0 2

[Such a m exists because of the condition (iv) of definition (2.1)].
Then there exists a u, in C*[0,1] satisfying

Lu,= f(r,u,) in[0,1)
u,>0 (3.4)

U,(0) = u,(1) = 0.
and
I,(u,) <2m?.

Proof. Proof of this lemma is standard (see [7]). For the sake of completeness we
will prove it.

Step 1. Let u, in H§ be a sequence such that

L () < M 69
I'(u,)—0 asn- oo .
ﬂl—a(un) - <I_Z,(“n), “n)
B r1 1
= ('2“ - 1) Uy (r)?r*dr — J [BF(r, u,) = f(r,u,)u,Jr*dr
JO 0
2(%" > nlu;l(r)zradr— J- [BF(r’un)_f(r: un)un]rudr
Jo |un] <1y
B !
> (5 - ) u,(r)?r*dr+C, (3.6)
Jo

where C is a constant depending only on F. Since > 2, (3.5) and (3.6) imply { | u, [}
is bounded. Let u, converge to u weakly in Hj and strongly in C[0, 1].

1
w,(r)*r*dr — j u,(r)u' (r)yr*dr
0

1

<Tl(un)sun—u> = J‘

0

- Jl fr, u_,,)(u,, —u)yr*dr (3.7)

0

(3.5) and (3.7) imply

1 1
J u,(r)*r*dr— ‘[ u'(r)*redr.

0 0,
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Hence u, converges strongly to u and this proves @).

Step 2. From (i) of Lemma (3.1) and (iii) of Definition (2.1) there exists an @, < 1 and

a 4> 0 such that

At A r?
<_~ a
F(r,1) 7 < >

Let u in H be such that

nunss“g“)tz

0~

From (3.1) and (3.9) we have
lur)* < 3.
Hence (3.8) and (3.10) give

Au(r)?

F(r,u(r)) < >

for all ref0, 1],

L) = Fu)? - fl F(r,uyr*dr
0

A 1
>é—uun3—5L

4 nuuz]
%(1_%) ul2.

>%[nuu£7

x

]

Hence zero is a local minima.
Step 3. Define u, in HY by

m
uo(r)={5 O<r

ml—r) %

Then

u(r)*r*dr

N

<
£r<l

0<t]<t,.

- 1 1 1
I"(uO):E_[ mzr"dr—f F(r,ug)r*dr
0

1/2

m? ( 1\ J*l/Z
Sz 1=tz |~ | Forug)rdr
21+« 2”) o 0

m
<

2 1 1/2
1— -
2(1+a)( 2”’) L

8N

F(r,gl—)r“dr

m? 1
< (1— 1+a)—2’”2<0

21+«

(3.8)

(3.9)

(3.10)

(3.12)

(3.12)

(3.13)

(3.14)
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and for 0<t<1,

- 2
1,(tug) <E ol

m2

1 2
<m<l—ﬁ><2m (315)

Hence I, satisfies all the hypotheses of Mountain pass theorem and hence there exists
a critical point u, of I, such that

I(w,) < sup I,(tuy).
1€[0,1]

Now from (3.15) it follows that
L) <2m?

and u, satisfies (3.4).

Lemma 3.3. Let f be in A, then there exists ay < 1 such that forallay<a<1,¥,is
non-empty and an u,ey’, satisfying
2
521= o(4,) = inf I,(u)= inf I,(u) (3.16)

uedB, ueB,

and for all w in Hy, ||w]|, =1,

fl fr,a,wwrtdr<a,. ‘ (3.17)
0

Proof. Let u be in B,. Define y < 1 such that

nunz=-;- f . (3.18)
0

Such a y exists because f(r, £)/t is an increasing function and u is in B,and |f(r,1)] < A,|t]
for |t|<tg; ap<a< 1.
Define v = yu, then

1
lolZ=v*llull= L S yu)(yur dr

= J: Sf(r,v)or*dr. (3.19)
Hence v is in 0B, and since y< 1, and feA’, we have
L) = L(yu) < I (u).
this together with 9B, c B, imply that
d,= infI, = infI,. | (3.20)

a8, B,
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Let u, in 0B, be a sequence such that u, 20 and I,(u,)—d,. Such a sequence exists
because for u in 4B, implies |u is in 0B, and I,(u)=I,(|u).
We claim that {| u,|l,} is bounded. Let N be such that for all n =N,

d, < I, (u,) <d, +1 (3.21)
dzz + 1 P Ia(un) = % : [f(r! un)un - 2F(rs un)]radr
0
[ 70wy, — B w1
2J)o
+ (E — 1) J 1 F(r,u,)r*dr. (3.22)
2 0

From (iv) of Definition (2.1), there exists a constant C depending only on f such that
for all v in Hg,

1
f Lf(r,0)v — BF(r,v)]r*dr > C. (3.23)
0
From (3.22) and (3.23) there exists a constant C, independent of n such that

1
j F(r,u)r*dr< C,. (3.24)
0

From (3.21) and (3.24) we have

1
ul? =21,(u,) + 2f F(r,u,)r*dr
0

<2d,+1)+2C,

and this proves the claim.

Let u, = weak limit of u, and a, be as in Lemma (32). We claim that for ¢y <a < 1,
u,€3", satisfying (3.16).

First we will show that u, is non-zero. Suppose u, =0, then from Lemma (3.1). u,
converges to 0 in C[0,1]. Let N be an integer such that

uy(r) <ty foralln> N, re[0,1]. (3.25)
Then from (iii) of Definition (2.1) and the choice of a,,
fu, () <du,(). - (3.26)

Since u,edB,, we have from (3.26)
1
l U, “: = J\ f(r,u,,)u,,r“dr
0

1
< iaf u,(N2rdr < ||u,||2
0

g

‘1!
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which is a contradiction and hence u, 0 and

L) = lim L (u,)=d,

n-= oo

(3:27)

n— o 0

1
llu, 2 < lim | u, |2 =J S, u)u,rdr,
u, is in 0B,. If not, then by (3.27) we can choose a 7 <1 such that

1
]2 =% fo £ g .

Then yu, is in 0B, and
d,<I(yu,) <I(u,) =d,
This proves that u, is in 0B,. Since u, is a minimizer and hence there exists a real
number p such that for all ¢ in H3,
1 1
f U (r)¢'(r)rdr — f Jr,u)prdr
0 0

1 1 1 af
=p {2 J u(r¢'(r)r*dr — J f(ru)pr*dr— j —=—(r, u)u, or* dr}.
0 0 ) ot
(3.28)

Putting ¢ = u, in (3.28) and using the fact that u,€dB,, we have

1 1 laf
p{ZJ‘ Uy (r)*r*dr — J S, ug)u,r*dr — f -a—t-(r, U, )ty (1)1 dr} =0
0 )

0

Since u, is in dB,, we have

p JI [M - %J;(r, u,):l u,(r)*r*dr=0.

0 U,

Since f is in A', and u is not zero, it implies that p =0. Hence from (3.28) and by
regularity of elliptic operator, it follows that u,is in ¥, and 1,(u,) = d,. Since ¥°, = 8B,,
we have a2/2 = infy I, = I,(u,) = d, and this proves (3.16). Let || w|, = 1. Choose y > 0
such that

1
1 L f Sfr,ywywrtdr. (3.29)
YJo
Then yw is in 4B,. Hence
a; o 2 7
LIPS <L =
> <L < Iwli=%
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implies a, < y. Since f is in A, we have

1 1 1
L flr,a,wywr*dr < ;f flr,ywywr*dr =1
0

a Jo »
ie.
1
J f(r,a,w)wr*dr<a,
0
proving (3.17).

Lemma 3.4. Let f be in A’ and o, is as in Lemma (3.3). Then {a,} is bounded on [, 1).
Let a=1lim,.,, a,. Then for all weH} with ||w|, = 1, we have

Jl f(r,aw)wrdr < a. (3.30)
o

Proof. From Lemma (3.2) and (3.3) we have I, = 42/2 and l,<2m?. Hence {a?} is
bounded on [ay, 1). Let «, be a sequence such that a,,—~aaso,—1and wbein E
with [w|; =1. Let v, = w/lwll,,. Then from (3.17) we have

rl
f(r,a,,v,)v,rdr < a,,.
JO

Letting a,— 1, v, —>w, a, —a, we get

1

fr,awwrdr<a. (3.31)
0 .

v

Since f is odd, and hence by Fatou’s (3.31) holds for all w in HJ.

Lemma 3.5. Let f be in 4,0<0<1,0<e<,and uin >« Then we have

_.1—?‘1-“ r ed 1 . l_tl—a d 332
u(r)= T 0f(t,u(t))t t+fr t <“1—a )f(t,u(t)) r (3.32)
T UE P =(1+a) J‘EF(r, wredr + J‘E?E(r, wrtedr

0 o Or
+ l—g-g'ru’(r)zr“ dr — ! *2F (e, u(e)). (3.33)
0

Proof. If v(r) is the right hand side of (3.32), then by differentiating twice, v satisfies

Ly = fir,u)

v'(0) = p(1) = 0. (3-34)
Hence by uniqueness, v = 4. This proves 3.32). u is in ¥, hence

(r*w) = — f(r,u(r))r A (3.35)
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multiply (3.35) by ru'(r) and integrate from 0 to & we get

&

jz(r“u’(r))’u’(r)rdr =— J. f(ryuu'rt*edr. (3.36)
0 0
Since (dF/dr)(r, u(r)) = (0F/or)(r,u(r)) + f(r,u(r))u'(r), we have

%81 +uu¢(8)2 _ (1 - a) J] u,(r)zradr - j‘l((ii_}:rl tadp 4+ jz%grl tedqr

2 0 o o

&

= —F(e,uE)e **+(1 + a)j F(r,uyr*dr

0
) aF 1+a
+ _L E r dr.
Hence

et (e =(1+a)| F(r,urtdr+ a—Fr1 tedr + 1~ w/(r)irdr
0 0 ar 2 0

— F(e, u(e))e *=.

This proves (3.33).

Lemma 3.6. Let fbein A,a,— 1, u,isiny., and aconstant M independent of n such that

() luala, <M
(i) lim u,(1)=1n #0.

n—o0

(3.37)

Then there exists a subsequence (still denoted by a,) such that the weak limit u of u,
in H} is a weak solution of (1.2). Furthermore

1 1
lim f F(r,u,)r*~dr= J‘ F(r,urdr. (3.38)

n-ow JO 0

Proof. || u, |y < |lu,ll,, <M, hence by going to a subsequence the weak limit u of u,
in H} exists. From (iii) of Lemma (3.1), u, converges to u uniformly on compact
subsets of (0, 1]. We claim u is not identically zero. For, if u =0, then, since u,in ¥, ,
we have for 0<r<1,

1
ru(r) = u, (1) + f flr,u,)r*dr. (3.39)
From (ii) of (3.37) and (3.39) and using u,—0 on [r, 1] uniformly
rlim u,(r)=n. (3.40)

Hence by Fatou’s lemma, and (3.40)

1 d 1
oo=n’f %<f lim ,(0)2r" dr <lim 1,12, < M

0 0 n—o
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which is a contradiction. Hence u # 0 and u satisfies

— () = f(r,u)r in(0,1]

(3.41)
u(l) =0.
Now by Fatous, we have
1 1
f Srwurdr < l_lr_n_f Srou)u,r*dr < M. (342)
0 0
Hence
1
f Sflr,urdr< f Srwrdr + f S(r,wyurdr < co. (3.43)
0 ugl1 u>1
Forany0<rgi1, integrating (3.41) from r to 1, we get
1
r'(r)=u'(1)+ f St wedt. (3.44)
(3.44) gives ru'(r) is monotone and hence limit r — 0 exists. We claim that
limru'(r) = 0, (345)

r=0

For, if lim, ., o ru'(r) = C < 0, then there exists & > 0 such that ~u(r)=C/rfor0<r<e.
Hence

o0 =C2f r_(irsj‘ rd'(r? dr < oo.
o F 0
Hence (3.45) is true. Using (3.44) and (3.45) we get
1
v(l)y= — f St u)tde. (3.46)
o]

Let ¢ be in C2[0,1] with #(1) = 0. Multiply ¢’ to (3.44) and integrate from 0 to 1,
and using (3.46) we have

1 1 1
L U () dr = w'(1)($(1) — $(0)) + f ¢'(r) f S(t.uededr
0 r
=u(1)(p(1) - $(0)) + L e, wd(t)ede
- d)(())f1 Sfle,uyede
4]

= j 1 [t we()ede
0

and hence u is a weak solution of (1.2).
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From (3.33) and (3.37) we have

1 1
lim {(1 + acm)j F(r,u,)r*~dr + J g—fr”“" dr} =in? (347
0

n—w 0
Now multiply ru'(r) to (3.41) and integrate from r to 1, we have

LdF LoF
—1p20002 L 112 = — T2 72
Lr20(r)? +4u'(1) JA' i dt+J.r o dt

1
1

1
F(t,u)t + J oF t2dt. (3.48)

=F(r,u(r))r* +2 j P

r

Since ru'(r)—0, jéF (t,u)tdt < o0, 0F/0r >0 in [0,6,] and j';o((')F/at)t2 dt < o0, we
conclude that lim, ., F(r,u(r))r? exists and claim that

lim F(r,u(r))r* = 0. (3.49)

r=0
If not, there exists a constant C >0 and & >0 such that

Frour)r*>C forallO<r<e.
Hence

oo=J. gdrsj F(ru(r))rdr< oo

0 0

which is a contradiction.
Now using (3.49), (3.48) becomes

1 1
()= 2J F(r,u)rdr + f QE(,.’ uyrdr. (3.50)
0 o Or
Since /(1) = lim,_, ,, (1), and hence from (3.47) and (3.50) we have

1 1
2j F(r,urdr+ J Z—f(r, wr?dr

0 0

1 laF
= lim {(1 + a,,)j F(r,u,)r*dr + J’ —(r,u,,)r”“"dr}. (3.51)
. 0 o Or
By Fatou’s and using (ii) of Definition (2.1) we have

1 1
ZJ. F(r,uyrdr <lim(l +a,,)‘[ F(r,u,)r*dr

0 0

1oF 2 . [toF an+ 1 (352
J —aT(r, urdr sll_mJ. -a—r(f, Up)r™ " dr.

0 0

By going to a subsequence, we conclude from (3.51) and (3.52) that

1 1
lim (1 + a,,)f F(r,u)r*dr= 2J F(r,urdr
0

n=w 0
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and

1 1 F
limf i3£(r,u,,)r“""'1dr=f -a—(r,u)l'zd"-

n=cw JO ar 0 ar

Lemma 3.7. Let f in A’ be critical. Then

2

50y = 5P {cz; sup 1 fr,ew)wrdr < oo} (3.53)

fiwlli<1 Jo

Proof. f = h(r,t)exp[b(r)t*] for (r,t) in Q,,.
Let

1
Ci=sup {cz; sup | f(r,ewywrdr< oo}
wili<1 Jo

Step 1. C2% 2/b(0).
If not, then choose ¢ >0, ¢>0and a § < (& 1,09) such that

2 2 2 2
50) <c*<(c+ef<Ci (3.54)
For ry€[0,4,], define
log-lr—
W,.(n =—T-TE forry<r<i1
(o)
1\2 (3.55)
W,.(r) = logr— forO0<r<r,.
4]

Then ||w,, ||, = 1. Since (3f/r)(r,) >0 in Qs,, we have
h{0, 2)exp [b(0):*] < h(r, t)exp [b(r)t*] in Qs,-

‘2 +£)* < C implies that there exists an absolute constant M depending only
") and f such that

1 s
Mz J'o flr(c+ W, Iw, rdr> f flr(c+ e)W, )w, rdr
0

ro 1 1/2 1 1/2
Z1 fl0,(c +e)(log—> )(log——) rdr
0 To To
1 1 1/2 1 1/2 1
=3\ log ;—) h (0, (c+e) (108 —) )exp [b(O)(c +¢)*log —-] r3
0 To To

3
1 ) 1\12 1\12 1

>2 og’—_; h((),(c+e)(log;;) )exp[gz (IOgE)]

= L 50

r(oczb(()) -2)

asro—0.
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Hence C2 < 2/b(0).

Step 2. C%=2/b(0).
Suppose not, then choose &> 0, § > 0 such that § < min(9,, d,) and for all r in [0, 5],

Cia(Cot et <22,

b(r)
Let w]l; <1, then
1 é 1
f S(r,(Cq + e)w)wrdr =J +J . (3.56)
0 0 4

Since |w]|, =1 implies from Lemma (3.1)
1
Iw(r)l < log-r-,

hence there exists a constant M, such that

1
sup J. fr,(Co+ewwrdr< M, (3.57)
Iwlly<1J8
and
5 s
j F @, (Co+)wywrdr < J h(r,(C, + &)w)[exp(Co + &)*b(r)w? Jwr dr
0 0
]
< f h(r,(Co + e)w)[exp(2 — eyw? Jwrdr
0
5
<M, J [exp(2 —¢/2)w*]rdr
0
s
<M, f r2 ldr < M, (3.58)
0
where

M, = sup h(r,t)texp — £,
(r,t)eQ; 2

This implies C, > (C, + €) which is a contradiction. Hence C%=2/b(0).
Lemma 38. Let f in A’ be critical and suppose there exists a t, >0 satisfying

exp —t3 <6,

2 1/2 2 1/2
(o) ()
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Let a >0 such that

1
sup | f(r,awwrdr<a (3.60)
Iwls<1 Jo

then a* < 2/b(0).

Proof. From Lemma (3.7), a2 < 2/b(0). Suppose a2 = 2/b(0), then take r,=exp —t2,
W,, as in (3.55) and from (3.60) we have

2 )1/2 ro
— =qaz T, aw,w, rdr
(b(c» fo 7t aw)

> J. f(o’ awro)wro dr
0
r2
=0, ato)to

1\r2
= toh(0, ato) exp 2 log;— >
(1]

L 2 1/2 2 1/2
“+o(0(55) ") (55)

which is a contradiction. Hence the result,

Lemma 3.9. For any e>0,0<a<1,

sup r® -ri™ <1 .61
os:gx l—o \8‘ ( )

Proof. Let g(r) =r(1—r'~%/1 — ). Then g(0) = g(1) =0. Let 0 < ro <1 such that

glro)= sup g(r)

PES S
then
1— l~a
0=g'(ro) = ery? ( g )—r:r“.
|
Hence
1—rl-e e
| F
Therefore
riTete g
o0 <gr) <2 —<-

i
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Lemma 3.10. Let fin A’ be critical, then

inf I, = inf I,=infl,
ByuB} a8, uB}) Bo:

67

(3.62)

Proof. u is in B, U B¥ implies |u| also in B, UB} and I,(u)=I,(|u|). Let ueB, U BY;

choose a y < 1 such that

1 1
lul}= ; J f(r,yuyurdr.

0
Then yu is in 6(B, U BY) and I,(yu) < I,(u). Hence

inf 'Il = inf 11 .
ByuB} &B,uUBY)

Now let u >0 is in 6(B, UB}). Since f is critical, we have for any s> 1

J‘l S(r,su)urdr < co.

0
Let v = su, then

1

I|v||2=szl|ullf=szjl Slr,wurdr

0

=sflf(r,2>vrdr<flf(r,v)vrdr
0 S 0

because s > 1 and f(r,t)/t is increasing,
Choose an ¢, > 0 such that for any 0 <e<g,

1

|]v||f<J‘lf(r,v)vrdr<J. f(r,v)yrdr

0

and define

b= v(e) if0<r<e
o) ifegr<t

Then from (3.64) v, is in B,;.
Now we claim that I,(v,) - I,(v) as e—0.

(3.63)

(3.64)

(3.65)

Case 1. Ifvisin By, then ||v, ||, < | v, and hence by dominated convergence theorem

L(v) -1, ()

Case 2. If v is in BY, then v,1v and hence by Monotone convergence theorem,

I,(v,)=1I,(v). Hence

infl, <I,(v,)>1,(v) ase-0.
Bo1

(3.66)
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S is critical and is in A’, we have for 1 <s<K2
Sr, su)su— 2F(r, su) < 2f (r, 2u)u — 2F (r,2u)
and is in L'. Hence by dominated convergence theorem,
| Li)-I,(u) ass—1. (3.67)
Combining (3.66) and (3.67) we have

infl; < inf I, <infl,
Box By uBY) Bo:

and hence the result.
Proof of theorem (2.1). From Lemma (3.2), there exists ay<1 such that %, 18
non-empty for e, <a <1 and {1} is bounded by 2m? where m is given by (3.3). Let

I=lim,., 1/,
Let f satisfies (2.10). Let 1>0,7>0, a,>1, #, in Z,, such that

@I~ asa,—1

Gi) I, <T, () < ( L, +g) (3.68)
(iti) (I, +mMb<y< L.

We claim that
lim,__, (1) %0, (3.69)

If not, then u/(1)— 0. Since u,eX, . we have
u(l)= — J: Slruyrdr—0 aseo,—1.
Since for any 0 <r <1 we have
ru(r) = u(1) + j 1 St u)*de

we have

sup |r*u(r)]—-0 as o, 1.
re[0,1]

This shows for any O<ry <1,

sup l;Aj,(r)l -0 asq,—1. (3.70)

ro<r<i

This in turn implies

1
sup [u,,(r)igf lu,(®)|dt -0 asa,—1. 3.71)

ro<r<i




Positive solutions of the semilinear Dirichlet 69

From (ii) of definition (2.1) and (3.33) we have

& do

° oF
%5311;(50)2 =1+ oc,,)‘[ F(r,u,)r*dr + J _a_r(r, u,,)rl +anqp
0

0

+ - ; : J‘% Uy (r)2rondr — 85 F (8¢, 4,(00))

0
do

>(1+0) f Flr, u,)r*dr — 83 F(8,, u,(35)) 3.72)

0
Hence by (3.70) and (3.72) we have
do
'( F(r,u)r*"dr—-0 asa,— 1. (3.73)
0
From (3.71) and by dominated convergence theorem

1
j F(r,u,)r*"dr—-0 asa,—1. (3.74)

do
Combining (3.73) and (3.74) we have

1
jF(r,u,,)r“”dr—»O asa,— 1. (3.75)

0

Let N, be such that for all n > N,

1
J F(r,u,)rdr < (3.76)

0

Y

From (ii) and (iii) of (3.68) and (3.76)
1

%“ Uy ”:., = I—a.‘(un) + J F(r’ un)ru" dr
0

< Lo
\(lan+2)+2 (la..+n)

N
o~

Hence

1
)< ] log

<2, +n) log;

2y 1

<iog=. :
> log - 3.7
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From (3.32), (3.70) and (3.77) we have

1 l_tl-—an dt
un(o)'_"J; L ( 1—(1” )f(t5un)
81 1—pl-on 1 (l—tl—"‘>
= il S — d | —— f(t,u")dt
L t ( Py )f(t,u,,) t+Ll 1—a,

d; l_tl—an
ng t“ﬂ( N )exp(buf)dt+M1
0

—a"

81 l_tl—an 1
<Mf o exp| 2ylog— Jdt + M,
0 1-a, t

t’) _l'ln
sMJ. t“"‘z’(l ! )dt+M1 (3.78)

0 1—(!,,

Now choose ¢ >0 such that

%, >2y—1+¢ for all n, large.

Then from (3.61) and (3.78) we have

P11 1 _ tl —an
u, ()< M j ton"2r=ei2e2 (\.) dr+ M,
0 1—a,

2M 1
<— +M2<—4J;4+M1. (3.79)
4 € &
o, —~2y+1 —E)

Hence

4M
"un”m=un(0)<£T+M1'

Since u, is in Zan2and {|ju, | « } is bounded and hence u, c

1 1
ianf Unb, 1" dr = — f "¢, Ju, dr
0 0
1
=~ f ™)', dr
0
1 1
A, J. Un@y,r*ndr = — f (™Y ¢, dr
[} 0 "
1
= f fu)g,, rdr
0

1
<, f U, ¢, rdr.

0

L

e
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and hence a contradiction. This proves the claim. Hence by going to a subsequence,
we assume that

lim u, (1) #£0

an—1

_ (3.80)
L, <1, (u,) <21, <4m?.
Now
1 1
4m? > 3 f Lf(r, up)u, — 2F(r,u,)]r*dr
0
1 1 ,B -2 1
==\ [f(r,u,)u,— pF(r,u,)]r*"dr +——1| F(r,u,)r*dr
2o 2 Jo
-2 1
>M; + (ﬁ—)f F(r,u,)r*dr
2 JJo
where M, is constant independent of n. Hence 3M, > 0 such that
1
f F(r,u,)r*dr< M,
0
1 (3.81)

%Ilun||3"=11"(un)+j F(r,u,)r*dr <4m’ + M.
0

Hence {|u,|, } is uniformly bounded. Hence from (3.80) and Lemma (3.6), u,
converges weakly ta a non-zero solution u of (1.2).

From condition (i) of Theorem (2.1), we have for every 1 < p < oo, f(u)eL?(D) (see
Moser [6]). Hence by regularity of elliptic operators, uew??(D) and hence by Sobolev
imbedding u is in C*(DY and hence in C?(D). This proves the result.

Remark 3.1. From the proof of Theorem (2.1) it follows that if m >0 is satisfying
(2.11), then from Lemma (3.2) |, < 2m? and hence | < 2m?. Therefore if 2m?b < 1 implies
Ib < 1. This proves the criterion (2.10).

Proof of Theorem 2.2. From Lemma (3.2) there exists ay < 1 such that }", is non-empty
and {a,} is bounded for oy < a < 1. Lemma (3.3) gives (2.15).

Case (I). Let fbe super critical and lim,.,, a, = a #0. Then from Lemma (3.4) we have

1
sup j Sfryaw)wrdr<a.
lwllzs1 Jo

contradicting the fact that f is super critical. Hence a = 0.

Case 2. If f is critical, let a = EEM a,. Then from (3.30) it follows that

sup J flryaw)wrdr<a

ltwlls=1
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and from Lemma (3.8),

a2
SbhO<1. (3.82)

Now choose an ¢ and & positive such that

() f0r0)<Mexp[(b(0)+)t*] for all (r,1)eQ,.
22 (3.83)
(i) 56O+ <1

Such a choice is possible because of (3.82) and the condition that S is critical.
Since a?/2=1,, and hence f satisfies (2.10) of Theorem (2.1) with b replaced 'by

(b(0) + ¢) and hence there exists a sequence u, in 3, and a weak solution u of (1.2)
such that

2
(iii) 1,,"(14,,)—5‘7 asa,— 1

(iv) u,»u in H}. (3.84)

(v) lim fl F(r,u)r"dr = fl F(r,u)rdr.
0

In fact (iii) follows from Lemma (3.6). From weak lower semicontinuity of the norm
we have

luli < lim [lu,],.
an~1

and hence from (iii) we have

2
L)< lim L, () =%- (3.85)
an—1

Let w be in By,. Choose y, such that
1 1
”w“nzz:_f f(r,yaw)wr“dr.
Ye Jo

Such a v, exists and lim,_.,y, =y, exists and is <1 because w is in By, and y,w is
in B,. Hence

<I(yw)

NIRQN

Taking the lim as o — 1, we get

a2
F<LiW <l
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This implies

a2
5 <infl,. (3.86)

Boy

From Lemma (3.10), (3.85) and (3.86) and using the fact that u is in BY, we get

a? .
Il(u)=7=1nf11

Bo

and a # 0 because u # 0. This proves Theorem (2.2).

Remark 3.2. Suppose f(r,t)<0 for re[0,1] and 0<t<¢, and satisfying all other
hypothesis on. f, then also the Theorems (2.1) and (2.2) are valid.
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