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Sequences of positive solutions to semilinear elliptic equations of critical
exponential growth in the plane either are precompact in the Sobolev H!-topology
or concentrate at isolated points of the domain. For energies allowing at most
single-point blow-up, we establish a universal blow-up pattern near the concentra-
tion point and uniquely characterize the blow-up energy in terms of a geometric
limiting problem.  © 2000 Academic Press

1. INTRODUCTION

Let Q be a smoothly bounded domain in R? Consider the semilinear
elliptic boundary value problem

—Mu=fu)in®Q, u>0inQ, wu=0ondQ, (1)

where f: R — R is smooth and has critical exponential growth. For instance,
let f be given by

fls)=se* (2)
with primitive
. 1
Fs)= [ flo)di=—(e*~1)
0 87[
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126 ADIMURTHI AND STRUWE

Solutions u to (1) may be characterized as critical points of the func-
tional

E(u):%Ll |Vu|2dx—f Flu) dx (3)

Q

in the Sobolev space H(£2). Indeed, by the Moser-Trudinger inequality
[ 14, 19] the functional E is well-defined and smooth on H(£2), and critical
points u € H}(£2) are classical (smooth) solutions of (1). However, the func-
tional E fails to satisfy the Palais—Smale condition (globally).

The situation is analogous to the case of semilinear elliptic equations of
critical Sobolev growth on domains in R”, when n>3. A well-studied
model problem is the boundary value problem

—Au=ul|u|*"%in Q, u>0in Q, u=0o0n0Q, (4)
on a domain Q = R", where 2* = -2 is the Sobolev exponent.

In [4, 6, 16, 17] and elsewhere the compactness properties of the solu-
tion set of (4) and possible concentration phenomena have been analyzed
in minute detail, and failure of the Palais—Smale condition has been traced
to a universal mechanism, the “bubbling off” of spheres. Each sphere
carries with it a certain quanta of energy related only to the Sobolev con-
stant for the embedding H{(Q) <> L**(2), which is independent of the
particular domain.

Our aim here is to establish similar results for critical semilinear equa-
tions on planar domains. In particular, analogous to [17] we would like
to obtain a universal “geometric” characterization of possible blow-up and
a quantization of the energy levels where blow-up may occur for the func-
tional E in (3) above. First results in this direction were obtained in [ 18]
in the radial case, and, in somewhat greater generality, but using the
techniques from [ 18] and still in the radial case, in [2, 15].

However, in view of examples from [ 2] we cannot expect such results for
arbitrary Palais—Smale sequences; see also Section 2. Therefore in the
present paper we restrict our attention to solutions u, of problems

where f; are smooth of critical exponential growth with primitive F, and
associated energy functional E,, ke N.

More precisely, we study nonlinearities of the form

Sils)=se?),  keN,
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where ¢, € C*(R) is convex for s=s,, with s,>0 a fixed number inde-
pendent of k, and such that

@r(s) <8z for s=s,. (6)

Moreover, we assume that (¢,) converges smoothly locally on R to a
smooth limit ¢, and, finally that

lim ¢@}(s)/s =8, uniformly in k. (7)

Examples include suitable approximations (¢,) of the function
@(s) =4ns? + o log(1 + s2),
giving rise to the nonlinearity
S(s)=s(1+57)" ¥,

for arbitrary o> 0.
Then we obtain the following result.

THEOREM 1.1. Let (up)ien Solve (5) with Ei(uy) — f<1. Also assume
that @, — ¢ smoothly locally on R and (for simplicity) that Eq. (1) with
f(s)=5e?" does not admit a solution u>0 with energy less than 3.
Then either the family (uy) accumulates strongly in H(Q) at a solution u
of (1) having energy E(u)=f, or u, — 0 weakly in Hy(Q), and for suitable
sequences k — oo, r, = 0, x; € Q there holds

1
(1+1x]%8)%
locally uniformly on R? as k — co. Moreover, in the latter case necessarily
p=3.

Theorem 1.1 is a first step toward the universal description of concentra-
tion behavior for Egs. (5), alluded to above. We expect that similar results
hold for any feR and for general nonlinearities of critical exponential
growth as defined in [ 1, Definition 2.17].

Prlug(xg +71x)) + 2 log(riug(xy)) +log(8m) — log

2. PALAIS-SMALE CONDITION
By definition, a C'-functional E on a Banach space V with dual V*
satisfies the Palais—Smale condition at level f if the following holds.

(P-S.)s Any sequence (uy);cn in V such that E(uy) — B, |dE(ug)| = —
0 as kK — oo contains a convergent subsequence.
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Critical variational problems are often characterized by the fact that (P.-S.)s
does not hold for large levels of f and that loss of compactness is
associated with the “bubbling off” (after rescaling) of solutions to a certain
limit equation. This limit equation often has a geometric interpretation that
leads to a precise characterization of the energy levels f where (P.S.), fails.
With regard to our problem (1) with associated energy E as a first result
in this direction we have the following local compactness result from [1].

THEOREM 2.1 [1, Theorem, part (1), p.394]. Let f(s)=se?®), where ¢
satisfies (6), (7) and let E be the corresponding energy functional. Then any
sequence u, =0 in HY(Q) with E(uy) - f<3 and dE(u) —> 0 in H=Y(Q) as
k — oo is relatively compact in H}(R).

For energies > 3, we recall a non-compactness result from [2].

THEOREM 2.2 [2, Theorem A]. For E given by (3) and f of critical
exponential growth as in Theorem 2.1 above, (P.-S.)4 fails for any f of the
form f=k/2, keN.

For =1 a Palais-Smale sequence is constructed from the following family
of scaled and truncated Green’s functions also considered by Moser [ 14].

For 0<p <R let
/ R
log <> 0< x| <p,
p

1 R R
my ) =—={ tog (1) flog (). p<lxi=r<r
/2n r P

0, R<x],

and for x, € R let m, g . (X)=m, g(x—X,).
Choose x4, R>0 such that Bg(x,) = Q. Shift x,=0. Observe that

j Vi, gl dx =1
BRr(0)

for any 0 < p < R. Moreover, for fixed R we have, as p — 0,

» [ R\? R
f m? o€V R dx ;J <> log <> rdr— oo,
Br(0) 0o \p P

while for any a <1 there holds

2.2
J m? ge*™ ™k dx — 0.
Br(0)
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Thus, for small p >0 there exists a, > 0 such that the function
U,=a,m, g

satisfies

| 1, Pax=[ flu,)u, dx 8)

Q Q

and a, > 1 as p—0.

As p — 0 then u, — 0 weakly in H (), F(u,) -0 in L', and E(u,) - 3.
Moreover, dE(u,) - 0 in H~'(£2), and (u,),, is a Palais-Smale sequence
for E at level f=31. (For the reader’s convenience we give a short proof of
convergence dE(u,)—0(p —0) in Appendix A.) Choosing disjoint balls
Br(xy) ©Q, 1 <k <K, similarly the function

K
uP = Z aﬂmp, R, Xk
k=1

is a (P.-S.)-sequence at level f=%; see [2]. We can also stack bubbles on
bubbles, for instance, by letting

up, o= apmp,R + ap, o'mo',pv

for radii 0 <o < p <R, where p — 0, g/p — 0, with suitable numbers a, — 1
and a, , — 1 as above, to obtain a Palais-Smale sequence (u, ,) blowing
up at energy level =1, and similarly at any level f=%, KeN.

The asymptotic scaling behavior of u,=a,m, r, captured in the formula

lim (47 ( px) + 242 log p) =

p—0

{2 log R, for |x|<1,
2log R—4log |x|, else,

is in contrast with Theorem 1.1. This shows that, in contrast to the higher-
dimensional case n >3, we cannot expect a universal characterization of
blow-up for Palais—Smale sequences, in general.

Moreover, from Theorem 2.2 we see that our characterization of the con-
centration behavior of sequences of solutions applies to energy levels which
are large compared to the energy threshold for blow-up.

3. PROOF OF THEOREM 1.1: COMPACTNESS

First recall the Moser—Trudinger inequality [ 14, 19]. Let ][ ... denote
mean value.
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THEOREM 3.1. There exists a constant C such that for any smoothly
bounded domain Q c <= R? there holds

2
sup e*™ dx < C.
ue Hy(Q), |Vul (o<1 "2

Also the following variant of the Moser-Trudinger inequality, due to
Chang and Yang [ 7], will play a fundamental role in our argument.

THEOREM 3.2. There exists a constant C> 0 such that for any R >0, any
we H'Y(Bg(0)) satisfying fBR(O) wdx=0, SBR(O) |Vw|? dx <1 there holds

2
][ e dx < C.
BRr(0)

Let u, € Hy(Q) solve (5) with E(u;) — f<1. Then, as in [1, p. 404 f.]
with error o(1) — 0 as k — 0 we have

2B +o(1) =2E(uy) — <dE(uy), uy) = L) (frlug) ugp —2F(uy)) dx

>%J Silug) wye dx — CZ%H”kH%I(‘)(g)_ C
Q

with some constant C = C(£2) independent of J.
Here we used that

CAE ), u> = | Vi P dx— [ fulu) wedx =0 9)

in view of (5), and we used the pointwise estimate
& fils) s = Fi(s) — Cle) (10)

for any ¢ >0 and all s >0, implied by exponential growth, with ¢=1.

Thus (u)ren = Hy(2) is bounded, and, as k — oo suitably, we may
assume that u, —u weakly in H}(Q), and pointwise almost everywhere.
Moreover, by (9), (10) above, also Fy(uy) — Fu), fi(u,) — f(u) in L(Q),
and ue H}(Q) solves (1) with

E(u)+ 4 | Viwe—u)|? dx = Eyu) + o(1) < f+o(1) <1,
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where o(1) » 0 as k — co. Hence, if we assume that Eq. (1) does not admit
a solution u >0 with E(u)<1/2 it follows that

1imsupj V(g — u)|? dx < 2. (11)

k— o Q

The following result, generalizing a result of Lions [ 12, Theorem 1.6],
characterizes the possible loss of compactness macroscopically.

LemMmA 3.3. Under the above assumptions, either u, —u strongly in
H{(Q), or there is xo € Q and a sequence k — oo such that

|V |? dx —p =6, (k— o) (12)

weakly in the sense of measures, where 0, is the Dirac mass distribution

centered at x,, and w, — u strongly in Hi,(Q\{x,}).

Proof. Let x, € Q. Suppose there is r,, >0 such that
lim supf |Vu, |2 dx < 1.
k— BrXO(XO)

For ro<min{r,, e~ ¢} define the cut-off function

! 1
()= min{l, log log log <r> —log log log <r>}’
0

if r<ry, Y(r)=0 else. Note that y(r)=1 for r<r, =r,(ry). Computing

o |
W)= r2(log(1/r) log log(1/r))?

for re[r,, ro], moreover, we easily see that

fow W' ()12 (1+log(1+ [Y/'(r)) r dr

ero dr < C 50
n rlog(1/r)(loglog(1/r))? " log log(1/ro)

as ro — 0.
Given x, € Q, r,>0 as above, then let

0(x) = (|x — Xo|) ur(x) € Ho(R).
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Observe that by Young’s inequality for any ¢ >0 with a constant C,(¢) we
can bound

Vo> < IVue | + 2 [V [ Vi | u + u [V
S(1+e) [Vue]® + Cy(e) ug [VY]2.

Define

gi(1) = sup{s’t —sfi(s)}

s>0

and observe that for any ¢ >0 we have

1 2 2
gk([) - Egok(s) s fk(s)|2sz=2fk(s)+wi,(s) fils) S8 [|t=(1/2) PILs) fills)

< Ctlog(1+1).
Then, letting s =u,, t=¢~1C,(¢) [V¥|? for any ¢ >0 we can estimate
Ci(e) ug |VY|> <eup filwg) + Cle) [V]* (1 4 log(1 + [V[))

and hence

VP dx+e | ufilu) dx

Bro(x())

| wverd<ase |

"0( x0) ro(XO)

+C(8)f V|2 (1 +log(1 + |Vi|?)) dx

Byy(x0)

<C<l,

if we first choose ¢ >0 and then r, <r, sufficiently small.

By the Moser—Trudmger inequality, apphed to v, € Hy(£2), we then con-
clude that the family (e4””k) ren 18 bounded in L?(Q) for some p > 1. Hence
also the functions f(u,) are bounded in LY(B,(x,)) for some g > 1, where
r; =exp( — (log(1/ry))¢). In particular, if (12) does not holds for any x, € Q
and any sequence k — oo upon covering Q with finitely many such balls
B, (x;), from pointwise convergence u, — u we then conclude that f(u;) —
f(u) strongly in H~'(Q), and u, > u in H(Q).

In general, by (11), for any subsequence there can be at most one con-
centration point x, in the sense of (12). Given p >0 we may then cover
Q\B (xo) by finitely many balls B, (x;) as above to see that the sequence

fk(uk ren 18 bounded in L? on .Q\B (xo) =: 2, for some ¢ > 1. Fixing a
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cut-off function y € C§°(B,,(x,)) such that =1 on B,(x,) and truncating
ve=(1—y)u, € Hy(L,), then we see that

—Av= (1 =) filug) +2V¢ Vuy + Apuy,

is bounded in L%(2,) and hence precompact in H~'(£2,). It follows that a
subsequence v, - v=(1—1)u strongly in H})(Qp) and thus u, - u in
HI(Q\sz(xo)). Letting p=p; — 0 (k- o) and choosing a diagonal sub-
sequence (u;) we then obtain that u, —u in H] (2\{x,}), as desired. ||

loc

If u, — u in H}(Q) the proof of Theorem 1.1 is complete. For the remain-
der of the proof we may pass to subsequences, whenever necessary. For
ease of notation, these will always be relabelled (u,). We thus may assume
that (u,) satisfies (12). In this case, with error o(1) —» 0 as k — oo, we can
estimate

Bu) = Eduwg) — 4 [ V(=) dx+o(1)

Q
<p—3+o(l)<l—3=13
for sufficiently large k£ € N. By hypothesis, then, = 0. Hence in the follow-
ing we may assume that u, — 0 weakly in H(Q2), F(u;) = 0, fi(u,) — 0 in
LY(Q), and, by Lemma 3.3, that
|Vuk|2dx_’2)8(5x05 g filug) dx — 20, (13)

weakly in the sense of measures as k — oo, where 1 <2 <2.

4. BLOW-UP ANALYSIS

For a suitable number 0 <a<1 determined in Lemmas4.3 and 4.6
below, we (tentatively) choose r, >0, x, € 22 such that

a
§<J Jiluy) uy dx = sup J Jrlug) up dx <a.
B,

i (XK) x0 € Q * By (xo)

Observe that r, —» 0 as k — oo on account of (13).
Scale

Q={xeR% x; +rxel},
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and let
V(%) = urxg + 1iex) € Ho(£4),
satisfying the equation
— Ao =17 filve)  inQ (14)

and the normalization condition

S<[ nfivovedc=swp [ rifivovedx<a (15)
2 g

xp € R ¥ Bi(xo)

We extend v, as v, =0 on R*\Q,. Passing to a sub-sequence k — o0, we
may assume that Q, — Q. where Q_ =R? or Q_ is a half-space.
For y e R?, r >0 decompose

Vg =Wg+ Cx on B,(y), (16)

where ¢, denotes the mean value

ce=cily, V)=J£ Ug(x) dx.

B(y)

Observe that

)

(V)

|Vwk|2dx=J

By

Vo2 dx < | Vi |? dx <2 (17)
) Q

for large ke N.
In fact, for r <1 we have a sharper upper bound.

LemMA 4.1. For any yeR? any r >0 we have w, — 0 in H'(B,(y)) as
k — oo. Moreover, for any r <1 there holds

lim sup j Vi | dx <a.
k— oo B (y)

Proof. Fix yeR? r>0, ¢, =ci(y, r). Suppose first that Q = R?% For
any R>0 consider the function &, = v, —c, € H'(Bg(y)). Since the mean
value of &, on B,(y) vanishes, by Poincaré’s inequality and (17) the family
(34)xen 1s bounded in HY(Bg(y)), and, as k — oo,

— AT = _Avk:rifk(vk)_’o in LI(BR(.V))'
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Choosing R=R™ — oo suitably, we may assume that #, — & weakly
locally in H!, where i e H. (R?) is harmonic with

loc

j V5|2 dx < lim infj V5, |2 dx < 2.
R? 3 BrK)(y)
It follows that = const.=0 and thus that &, — 0 weakly locally in H! as
k — co. In particular, w, =10, |(y)— 0 weakly in H'(B,(y)).

For any cut-off function W e Cy°(B(y)) with 0<y <1, upon testing
Eq. (14) by Y, € Hi(B,(y)), moreover, we obtain

| velPwdr=]  Rfdvospde—| Ve Vs, dx
Bi(y) Bi(y) Bi(y)

<[ Rfdvvedy+o(l)<a+o(l),
Bi(y)

where o(1) >0 as k — co. Given r<1, we may then choose  such that
Yy =1 on B,(y) to obtain

j |Vwk|2dx<j IV, |2 dx <a+o(1),
B(y) Bi(y)
as desired.

If, on the other hand, Q_ is a half-space, then for every yeR? and
R>2dist(y, 02 ) by Poincaré’s inequality (v, ), . is bounded in HY(Bg(y)).
As R=R™ — oo suitably, a diagonal sequence v, — v weakly in H} (R?),
where v is harmonic in Q. with Vve LR?) and v=0 on 02.. Hence
v=0. Testing (14) by v, € Hy(2,), where Y e CL(B(y)), as above we
deduce that

lim supf Vo |2 ¢ dx <a
k— oo “Bi(y)
and conclude as before. ||
The following result is related to the embedding H' = BMO, the space

of functions on R? having bounded mean oscillation.

LemMMA 4.2. For yy, v, €R?% and ry, r,>0, letting |y, — y,| + 711 +1,=
2r, there holds

r2
leelrr 1) — ey 12)] < C 4+ 2 log <> (18)

rira

with an absolute constant C.
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Proof. Choose y on the segment joining y, and y, so that B, (y;)u
B, (y,)=B.y), and let v, =w; + ¢, be the decomposition of v, on B,(y),
Ue=we+cion B (y)=B(y),i=1,2.

Then, by Jensen’s inequality, for each i=1, 2 we obtain

e — il =

Jf (We—wk) dx ][ Wy dx
By(vi) Br;(3i)

<J[ |wy| dx <log <][ el dx>
Bri()"i) Bri(Yi)

<2log <r> +log <]f el dx>.
ri Br(y)

Estimating
[we| < 27”"12(/”VW/¢ I iZ(Br(y)) + 87 [Vwy H]ZJ(B,(},)),
in view of Theorem 3.2 and (17) we have

el

uniformly for all k, y, and r, and thus

el dx> <C

()

et — e | <C+2log <r> i=1,2.
7.

2

The claim follows. ||

LemMma 4.3. Suppose sup, |c,| < oo, where ¢, = c,(y, r) for some ye R?

and some 0 <r < 1. Then a subsequence v, — vy in H{ (B.»)).

Proof. By uniform boundedness of (w;) in H'(B,(y)), boundedness of
(c;) implies that (v,) is bounded in H'(B,(y)). Hence we may assume that
v, — vy weakly in HY(B,(y)) as k — oo, and strongly in L% B,(y)).

Moreover, since [, wedx=0, by Lemmad4.l for a<a, =3 from
Theorem 3.2 we infer that

> 2 2
J 10} g < J 2 IVwkllm, 00 dx < C.
B.(») B(»)
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Hence, estimating |v,|?= |w, + ¢, |* < 3 |w|* + C and observing that

Pr(vi) +log v < max  @u(s) + vl 1+ @i(so)) +4mvg < 57 [we | + C,

0<s<so

we find that

J

B (y)

vl dx=[  viemwax<c|  emiav<c,
Br(.V)

Br(y)
uniformly in k.

Given y € C(B,(y)), upon multiplying Eq. (14) by y/(v, — vo) € Hy(2,),
then we obtain

| VeVObe o) dx=rF | filvoe—ve) Y dx 0

() B (y)

as k — oo. On the other hand,

)

where o(1) - 0 as k —» oo. Letting k — oo, we deduce that

Ve Vib(oe—vo) dv = | V(o= vo)|? ¥ drto(1),

() (1)

[ Vwe—vo) Py dx =0 (k- o0)

B (y)

for any e C(B,(»)); that is, v = vo in Hipo(B,(1)). I

LeMMA 4.4. For any yeR? any r>0 there holds c¢;(y,r)— oo as k —
0o. In particular, the sequence (2,) exhausts R

Proof. Let

A={yeR*liminf|cyy, r)| < co for some r>0}.
k— o

By (18), either 4=, or A=R?% moreover, yeA if and only if
(cx(y,1/2)) is bounded. Also observe that in the case that the sequence
(Q,) only exhausts a half-space R% any point y ¢ R% satisfies ¢,(y, ) =0
for r <dist(y, R%) and sufficiently large k. Hence in this case necessarily
A=R>

We now show that 4 =¢J is the only possibility compatible with the
normalization (15). In particular then, the sequence (£2,) will exhaust all of
R2
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Indeed, suppose by contradiction that 4 =R2 Then by Lemma 4.3,
applied on a cover of R? by balls of radius 1/2, a subsequence v, — v, in
H! (R?). In particular,

loc

J rif}c(vk) v dx — 0,
B1(0)

contradicting (15).
Thus, A= and c,(y, r) = o as k— oo for any ye R% any r>0. |

Express

refi(vi) = exp(@g(vy) + log vy + 2 log ry).

Fix ye R?, r>0, and decompose v, =w, + ¢, on B,(y) as above. Note that
v, and w,, are superharmonic on B,(y) on account of Eq. (14). Thus, by the
mean value theorem and Lemma 4.2, we conclude that

ve(x) = ¢ <x, ;> Zc(y,r)—C

for all x € B, ,(y) with a constant C independent of y, r, and k. Hence also
wi(x) =v(x) —cp(y, r) = = C
Therefore, and since ¢, — o (k — o0), we can uniformly bound

w 1
kS

= T Uk>ck_C>S0 (19)

Cr 2
on B,,(y) for large k. Then

log v, =log ¢, + log <1 +Wk>

Cr
and
Pi(v) = @il cr) + @ilcr) Wi+ Rilcres W),

where

0 < Ry(ck, we) <dmwi

on B,,(y) for sufficiently large k.
Tentatively define

Ne= @) + @ilc) wie+ 2 log(cry).
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Then, 7, satisfies the equation

— A= —@ilcp) A= —@ilci) Av. = @il cy) rlchk(vk) = Vie™ (20)

on B,(y), where

V.= Pilce) exp <Rk(ck, wy) + log <1 +Wk>> =>0.
Cr

Ck

Moreover, we have

rlchk(vk) v = Wye™,
where

Wy wy \2
Wie=exp| Ri(c, we)+21log | 1 +— ><1+ .
¢

K Ck
LeMMA 4.5, lim sup;_, o, [5,,(,) €™ dx <8.

Proof. By (19) we can estimate W, >} on B,,(y) for large k. Hence,
from (13) we deduce that with error o(1) - 0 as k — oo there holds

J

Brp(y)

e”kdx<4f

Brp(y)

W, e dx =4 J 12 fi(vg) vy dx

B (y)

<4J rifk(vk) Uy dx=4j Silug) uy dx

Q Q

=8B+0(1)<8

for large k. ||

LEMMA 4.6. supg ., 11x < C, uniformly for sufficiently large k.

Proof. 1Tt suffices to consider r =1. The general case then follows by a
covering argument. We verify that the hypotheses of [5, Corollary 4] are
satisfied for Eq. (20). Fix p > 1, say p =4, with dual exponent p’ = %. Then,
as in the proof of Lemma 4.3, for 0 <a <a,(p) the family

e < 8reh, k >k, (21)

is bounded in L? on B, ().
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Moreover, denoting s™ =max{s, 0} for seR, from Jensen’s inequality
and Lemma 4.5 we have

;

Bip(y)

ni dx<log<1 +][

Bia(y)

e’k dx> <C.

Finally, by (19) for sufficiently large & there holds
Pr(cr) <8mey, <87n(v + C) < Cuy.

Hence, we can estimate

f Viee™dx<C J W.e™ dx
B1(y)

Bip(y)

4
=C[  Ruflv)di<Ca<,
B V4

12(¥)

if 0 <a<a,(p) is chosen sufficiently small. The desired conclusion now
follows from [5, Corollary 4]. |

In the following we assume that 0 <a <a,, where a; =a,(p) has been
chosen as in the proof of Lemma 4.6 to guarantee that V, is bounded in
L?(B,(y)) for some p>2, say, p=4.

LEmMMa 4.7. w, =0 in CY(B,s(y)) as k- .

Proof. By Lemmad.l there holds w, —0 weakly in H(B,y)).
Moreover, the uniform bound on #, from Lemma4.6 and the uniform
L?-bound for V, imply that, as k — oo,

_A”k_)

—Aw, =
T pler)

0 in LP(B,/4(y)).

For any € C§°(B,4(y)) then the function w1 satisfies
—Awp) = —(Awp) ¥ —2Vw, Vi —w, A — 0 (22)

weakly in L*(B,,(y)). Hence wiy — 0 weakly in H*?(B,,(y)) and there-
fore strongly in W' ?(B,,(y)). Since y is arbitrary, we conclude that
Wi — 0 strongly in W52(B,a(y)).

Going back to (22), then —A(wxy) -0 in Lf (B,4(y)), and it follows
that w, — 0 in W32(B,(y)). Since W>? < C', the claim follows. ||



SEMILINEAR ELLIPTIC EQUATIONS 141

In particular, Lemma 4.7 implies that for arbitrary fixed x, € R?> and any
r>0, ye R? we have

Ne = @ilci) + @ilcr) we+ 2 log(crry)
= @i(vg) +21og(vi(x0)) + 2 log 1y + o(1)

on B,s(y), where o(1) -0 in C'(B,s(y)) as k - c0.
Indeed, letting R =5(|y — x,| + 1) so that B,(y) = Bgss(x,) and letting

Ve = Wi+ (3, 1) =W + cx(Xo, R)
be the respective decompositions of v,, from Lemma 4.7 we conclude that

[0(x0) — iy, 1) < v x0) — v Y)] + [vR(3) — cx(y, 7)]
=[w(xo) —we(»)| + [wi(¥)| =0

as k — oo.

Fixing any point x, € R% and letting #, be defined relative to the decom-
position (16) of v, on Bx(0) for a suitable sequence R = R*®) — oo, we then
obtain a sequence (#,) which is well-defined on any domain D < < R? for
sufficiently large k and differs from the function

0 = @i(vg) + 2 log(v(xo)) + 2 log ry

by an error o(1) = 0 in CY(D) as k — .
More concisely, we may represent #, as

N = @(vr) + 2 log(rive) +o(1).

with error o(1) — 0 locally C'-uniformly on R2.
Moreover, we may achieve that

V.- V= lim i) g
k

— o0 Cr

and W, — 1 locally uniformly on R? as k — oo for this choice of radii R*).

In view of (20) and Lemma4.5 we can now invoke the result [5,
Theorem 3] and its improvement [ 11, Theorem, p. 1256] to conclude that
one of the following must occur. As k — oo, either

(a) #,— —oo locally uniformly on R?; or

(b) there are points x,, ..., x; € R? and numbers m,, .., m; € N such
that 7, > —oo locally uniformly on R*\{xi,..,x,} and V e™dx—
Y7, 8nm,5,, weakly in the sense of measures; or

(¢) #, — n locally uniformly in C** for any a < 1.
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But, in view of our normalization (15) we have
) a
a}j W, e dx=f PV frlvg) dx ==
B1(0) B1(0) 2

Therefore, and since W, — 1 locally uniformly as k — 0, Case (a) is ruled
out. Case (b) is impossible in view of Lemma 4.6. Thus, only possibility (c)
remains; that is, 7, —»# in C“% and hence also 7{" —# locally
Cl-uniformly as k — oo, where # solves the Liouville [ 13] equation

—Ay="Vye"  onR? (23)

with V, = 8n. Moreover, e” e L'(R?); in fact, for any L e N there holds

j e dx = lim f W, e™ dx = lim j g foluy) dx <28,
Br(0) Br(0)

k— k— oo By (xk)

By a result of Chen and Li [8, Lemma 1], then #(x) > — o0 as |x| - oo.
Choose x, € R, r,>0 such that 5(x,)=supgn= —2logr,. The scaled
and shifted function

f(x) =n(xo+1oX/\/ Vo) +2logr,
then satisfies the equation
—Afj=¢e"  on R?

with 7j(x) <7(0) =0 and | g 7 dx < co.
Hence by the result of Chen and Li [8] it follows that

1

I EINEOR

in particular,
J e dx = Voj e dx=8n
R? R?
and thus
f e"dx= lim lim U foluy) dx = 1. (24)
R L~ o0 k= o0 Y B, (xk)

Redefining

Xp=Xi + X, Fre="riro/~/ Voo
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we then obtain that

Prlup( X+ Fx)) + 2 log(ui( X)) + 2 log 7 + log 8n

1

=1 (5ot rox// Vo) 42 log ro = i(x) =log (s

locally C!-uniformly on R2 proving the last assertion in Theorem 1.1.

5. ENERGY ESTIMATE

It remains to show that f=1.

The argument is particularly elegant in the radially symmetric case.
Indeed, if Q= Bg(0), by a result of Gidas et al. [10] the function u, is
radially symmetric and radially non-increasing, and, in particular, x, =0
for any k. The proof of Lemma 5.1 below then does not require the Fubini-
type analysis that we use to estimate the oscillation of #, on suitable circles
0B,(x;), and also the auxiliary Lemma 5.2 is not needed to obtain the
improved, final form of that result, Lemma 5.3. Moreover, Lemma 5.4 and
Lemma 5.5 are superfluous, as the functions @, and @, introduced below
are identical in the radial case, and we may conclude as in Lemma 5.6.

In the case of a general domain 2 the argument is slightly more techni-
cal. Let x4, r; be determined as above such that

n(x) = @r(up(xp + 1 X)) + 2 log(ruug(xg + 1 x)) = n =0

locally C'-uniformly, where
j e’dx=1.
R2

Observe that now for convenience we use the alternative representation of
7" and the original x,, r, rather than X, .

LeEmMmA 5.1.  There exists radii t, >0, k € N, such that with error o(1) -
0 as k — oo there holds t,, > 0, r;/t, = 0,

J u frluy) dx — 0,
OQ\By(xk)

[Vu, |2 dx =1—o0(1)

Q\By 2(xk)
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while

inf wu, — o0.
By (xk)

Moreover, dist(x,, 0Q) =2t,.

Proof. For any number A>0 such that 28—1</i<1 choose t,=1}
such that

Vit |2 dx = )
\By (xk)

for each k. Note that Lemma 3.3 implies 7, > 0 as k — oo. Moreover,
re/te = 0 (k — o0). Else there exists L € N such that ¢, < Lr, for a sequence
k — co. Hence, by Lemma 4.7, with error o(1) - 0 as k —» co we obtain

2,8+0(1)=L2 Vi, |2 dx

<]
B,

Lr(Xk)

|vuk|2dx+j \Vai |2 dx =+ o(1),

Q\By (xx)

yielding the contradiction 1 <2 <A< 1.
By Fubini’s theorem, for any R > 0 there holds

log2. inf <rf |V”k|2d0>
R<r<2R OBy (xk)
2R dl
<[, Wwlde) T ] Vude<2p ot
R 0By (xk) r Q

where o(1) —> 0 as k— oo. Hence there exist ¢ € [1,/2, tx ], t €[ t, 2t ]
such that for r =1 or r =t} we have

2p
r Vu,|>do<——+o0(l1)<4
L)B,(xk)| il log 2 (D

for large k. Taking account of the estimate

2
(‘sup up— inf uk)zgg |Vuk|do>
OBy (xk)

3B, (xk) 0B (xk)

<27rrj |Vu, |? do,

0By (xk)
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we conclude that

0SCop,(x) U = SUP U, — inf u, </8n=:C,
B, (xx) 0B, (xx)

for r =1, or r =1t} and sufficiently large k.

Also observe that the estimate ¢, < ¢, <t} and our choice of ¢, imply that

V> dx <2< Vi |2 d

f 2\By(xe) Q\By(xk)

for all k. In particular,

)

for large k.
This implies that SUPop,(x) Uk — 00 @S k — oo. Indeed, arguing by con-
tradiction, suppose that

|vuk|2dx<j Va2 dx — 2 =2f—2+o(l)<y<1
Q

17.(Xk)

sup u, < Cy
OBy (xk)

for all k. Then the sequence

%
satisfies u, <i, + C,. Hence there holds
2

i) < Coe™

with a uniform constant C,. Moreover, we have

f Vi, |2 dx < Vit |2 dx <y
B,

eD) Byj(xk)

for large k. The Moser-Trudinger inequality then implies that

)

as k — oo, whereas (24) gives

ug frlug) dx < C, J 4™ <CrE -0

11/2(Xk) By (xx)

1= lim lim j uy f (1) dx < lim inf j wy fol i) dox.
B B,

L— o0 k= Y Br,(xk) k— o0 By p(xk)



146 ADIMURTHI AND STRUWE
We now claim that also inf,p, ., t; — o0 as k — oo. Indeed, we have
'k

sup u,— Inf uy <OSCop, () Un + OSCopxy) Uk
OBy (xk) OBy(xk)

+ inf wup— sup u
OB {(xx) OBy(xx)

<2Co+ inf wup— sup uy,
OBu(xk) oBy(xx)

and since t; < 21, <4t} the latter can be estimated

inf wu,— sup uy

0By (xk) OBy(xk)
1 ! "
<o | (et 18—y xi + 1)) dol)
7 “2B1(0)
i
<C[ [ Vit 1) dr do()

aB1(0) /1

172
< CUQ |Vuk|2dx> <Cs,

uniformly in k. Hence infaB,,g(xk) u, — oo and therefore, since f(u;) =0, also

inf u, - oo
By/(xk)

by the maximum principle.
Repeating the above argument with 7, = dist(x,, 0Q) instead of ¢, and

suitable numbers T}, T} satisfying T, /A< T, <T 2< T, < Ty <2Ty, we
obtain the estimate

sup u, < inf wu,+C,=0C,.
OBy () 0BT (XK)

Hence it follows that ¢ < T} for large k, and therefore
23 < 2T < Ty = dist(xy, 0Q).
Finally, since 08Cop,(x) Up < C, it also follows that

1<a,:= sup u,/ inf wu, -1
OBy(xx) OBy(xk)
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as k — oo. Thus, for any k the function uy, given by

up= sup u;  in By(x;)

OBy(xk)
and
uj =max{u,, min{ou,, sup u}} in Q\B(x,),
OBy(xk)
belongs to Hy(2) and
j |vu;|2dx<a,§j Vi |2 dx <oa2i<C<1
Q Q\By(xk)

for sufficiently large k. Clearly, uj — 0 weakly in H () and u, <u} in
Q\B,}:(xk). Thus, by the Moser—Trudinger inequality, observing that our
functions f; = fi(s) are increasing for s>s; with s; >0 independent of k,
with error o(1) - 0 as k — oo there holds

| wfiw) dx <[ wfilu) dx+o(1) =0
Q\By/(xx) Q

as k— oo.
Letting A =1, — 1 suitably and replacing ¢, by ¢}, we thus obtain the
assertion of the lemma. |

LEMMA 5.2. For any sequence of radii s, >0 such that s, [r, — oo there
holds

lim f uy o) dx = 0.
k— 00 Y By \ By (xr)

Proof. By Lemma 5.1 it suffices to consider s, <t,. We argue by con-
tradiction. Then for any sufficiently small number 0 <a <a,, with a; as
determined in Section 4, and any L e N there exist points y, € B, (x;) such
that 2s, = |x, — y| = Lr, and

ufilug) dx = a.
By (yk)
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Decreasing s, further, and possibly choosing new points y, € B, \B_, (x),
still satisfying |x, — y, | = 2s, for the new s,, we can achieve that

A < f Uy fruy) dx <sup f ug fr(uy) dx <a,

Bsk(yk) s, Y Bs(y)

where the supremum is taken over all ye B, \B,(x,) and s <min{|x, —
y|/2’ Sk} .

Letting L — oo, we then pass to a diagonal subsequence satisfying the
above for k>=kyL). Finally, remark that Lemma 5.1 implies that
S < |Xp— V| <tp =0 as k- o0.

Now we distinguish two cases.

Case 1. Suppose there holds

[xX% — Vel
Sk

— 00 (k— o0).

Then, given LeN, it follows that B, (x,) N B, (y,) = for sufficiently
large k and our previous argument may be applied to show that a sequence

n2(y) = prlu i+ 5 y)) + 2 log(sur(y)) = n?
locally C!-uniformly on R? as k — oo, where #® solves the equation
— M@ =8re"™  in R?
with
1 :j ™ dx = lim lim uy filug) dx.
RZ

L—ok—o Brg(yi)

Thus, with error o(1) - 0 as k — oo, for any Le N we have

2= wfulu) dx+o(1)

>l
B, BLs

Upon letting L — oo, we conclude that f>1 contrary to assumption.
Thus we are left with

- +o(1) =f (" + e"™) dx + o(1).

k(xk) (yk) B(0)

Case 2. There exists a constant C such that

|6 — Yie|l < Csye, keN.
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In this case we may scale with s, around x, to obtain the sequence
V(X)) = 0P (x) = up( X + 55.X), keN.

Note that ry/s, >0 as k—oo. Thus for any yeR*\{0} and any
r<min{l, |y|/2} we have

J sevfilve) dx <a
Br(y)

if k =ky(y). Splitting
Vp =Wy +Cp

on B,(y) as before, where

a=clnn=f olods
r(y

by Lemma 4.1 for any r <min{1, |y|/2} we have

lim sup j Vi |2 dx <a.
k— oo B (y)

Moreover, since §; < t, from Lemma 5.1 we deduce that

ck(o,1):3f updx> inf u, — oo
B:k(xk) Btk(xk)

and hence from Lemma 4.2 that
ey, r)—> 0 as k— oo,

locally uniformly in y € R% r> 0.
In particular, the rescaled domains

Q=0 ={xeR% x;+s5,x}

exhaust R? as k — o0.
As before, let

Me=n = @ilcr) + @rlcr) wi + 2 log(cgsy) on B,(y).
Then we have

— A= Vie™,
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where

V,= (p}c(ck) <1 +Wk> o Rilek. wi)

Ck Cr

For ye R*\{0} and r<min{1, |y|/2}, Lemmas 4.5, 4.6, and 4.7 then may
be carried over unchanged from our previous construction to conclude that
w, =0 in C'(B,;s(y)) as k — o0 on any such ball B,(y).

It follows that

12 = @ivi) + 2 log(vese) + o(1),
where o(1) = 0 locally C'-uniformly on R*\{0}, and our initial assumption

implies that

. ) . a
lim inf e dx =lim inf Uy frluy) dx ==>0.
ke 00 By((yi—x0)/s0) ko0 JBy (3 2

From the results in [5,11], and using our normalization, we then
deduce that 7P — 7 locally C'-uniformly on R*\{0} where ® solves

— AP =8re"  in R2\{0} (25)
with e”” e L'(R?\{0}).
We claim that #® may be extended as a distribution solution #® e
Ng<2 WL4(B,(0)) of the differential inequality
— M@ =8n(e"” +6,)  on B,(0).
Indeed, let g, € H}(B,(0)) solve
_Agk: Vkenk in BI(O).

Observe that with uniform constants C for large & in view of (19) we have

~

_ ) Pilcr

<
=
o
x>
|
O

Hence from (13) we conclude that

We™ dx = CJ Uy fr(uy) dx < C,

By (xk)

f Vie™dx < Cj
B1(0) B1(0)

and (g,) is bounded in W 9(B,(0)) for any ¢ <2. But /i, =1, — g is har-
monic on B,(0) with boundary data 4, =#, —#® in C' on 9B,(0). Thus
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Ne=gp+h, — 3> weakly in W9(B,(0)) for any ¢ <2. Moreover, for any
testing function 0 <y € C;°(B,(0)) we find

[ yO—ap) ax
By(0)

= lim Vie™y dx
k— o 2 By(0)
— lim < lim j Ve dx + 81 f "y dx>
e—0 \k— o YBy0) B1\B:(0)
—y(0) lim lim Vo™ dx +8n j "™ dx.
e—0 k— o JBy0) B1(0)
Finally, for any &> 0 by (24) we have
lim j Vee"dx>8n lim  lim j g fi(uy,) dx = 8.
k— 0 JBy(0) L— oo k— o B, (xx)

Thus —A7® > 8xn(e"™” + 5,), as claimed.
In particular, — 45 =876, on B,(0). Therefore, with C, =infyz, o, n*,
we conclude that

1
n(x)=4log—+ Cy,
x|
which yields the contradiction

00 > " dx>=C |x| =% dx = 0.
B1(0) B1(0)
Thus, also Case 2 is ruled out and the proof is complete. ||
In particular, as a consequence of Lemma5.2 we may sharpen
Lemma 5.1, as follows.

Lemma 5.3.  There exist radii t, >0, ke N, such that with error o(1)— 0
as k — oo there holds t,, > 0, rp/t, — 0,

urfrlug) dx = o(1),

Q\By (xk)

[Vu, |2 dx=1+o0(1),
Q\By(xk)
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while

inf u, — oo.
By (xk)

Moreover, dist(x,, 0Q) > 2t,.

Proof. Repeat the construction in the proof of Lemma 5.1 but replace
t, by t; instead of ¢} at the end. Since ¢} < 7, the condition dist(x,, 0Q2) =
2t} is immediate. Observing that ¢} > ¢} /4, from Lemma 5.2 we deduce that
as k— o

g frlug) dx — 0

By \Byj(xk)

and hence that

_[ g fr(uy) dx — 0;
Q\Byj(xk)

moreover, by construction

j \Va |2 dx > 7y — 1.
Q\Byj (xk)

Finally, we have

inf u,> inf u, - 0. |
By (xk) Byy(x1)

Consider now the sequence
me=n" = @i(u) +2logue,  keN,
in the original coordinates. For r >0, y € 2 also decompose
ue=wi +c onBJy),

where

=y =f  yedv=cO(pr).
B(y)
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LEMMA 5.4. For any ¢>0 there exists a constant C, = C,(¢) depending
on the sequence (¢,) such that

_ ©
lim lim sup sup (s%e P) <e
Lo ko ¥

lim lim sup sup [ ([wi”| +s [V | M Lo(Byo(r)) < &
Lo ko y

where the supremum is taken with respect to yeQ\B,(x;) such that
u(y) = Cy, with s=|x;— y|/2 and with w® =u, — c;(y, 5).

Proof. (i) Under the slightly stronger assumption that c,(y, s)> C,
for some sufficiently large number C,, the assertion follows from the blow-
up argument used in the proof of Lemma 5.2.

Indeed, suppose by contradiction that there is e>0 and points y, € Q
such that for any LeN there holds 2s, = |y, — x| = Lr, for k>=ky(L),
(Vi 8i) = o0 as k— oo, and such that either

2600 > ¢
or
0 0
H( |H7§€ ) | + Sk |VW§€ ) | )HL"O(BSk/l()(yk)) Ze.
Observe that the assumption c.( ., s,) = oo in view of weak convergence
u, — 0 in H}(Q) implies that s, — 0 as k — co.
For the rescaled sequence

ui(x) = 0P (x) = up(Xp 4 55 x)

with associated sequences w{* and 7" = @, (v{?) + 2 log(s,v{?) as in the
analysis of Case 2 in the proof of Lemma 5.2, thereby using the result of
Lemma 5.2, we then obtain that

Wi ll iz, =0 as k— oo
for any y e R*\{0}, r <min{1, |y|/2}, and hence, in particular, that

H ( |W§cO) | + Sk |VW§cO) | )HLOO(Bsk/IO(J’k))

4
=[lwi CUBi10((yk— X)) 0 as k- 0.
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In addition, from the Brezis—Merle result and Lemma 5.2, we obtain that
n® — — oo locally uniformly on R*\{0}; in particular, as k — oo,

(i) + 2108 s = @l yi)) + 2 log(setr( yi)

()

Sk

and we achieve the desired contradiction.

(i1)) We now show that c¢,(y, si) > o0 whenever u,(y,)— oo as
k — oo. Arguing indirectly, suppose that c,(y,, s;) < C uniformly in k.

Observe that Lemma 3.3 implies that y, — x,=1im, _, . x;, and hence
se = 0 as k — oo. Indeed, for any ¢ € Cg°(R?) such that 0 <y <1 and =0
near x,, by Lemma 3.3 and the Moser-Trudinger inequality there holds

Jilpuy) =0 in L*(Q)
and hence for any such  there holds
— A ) = Yfiug) = 2V, Vi —u, A >0 in L*(Q)

as k — co. Thus, for any such y we have uy — 0 in H> n H{(Q) = C%(Q)
as k — oo, and it follows y, — xo(k — o0), as claimed.
Scale

(5)

Ue(x) = v 2(x) = gy + 55 X)

and decompose

U = Wi+ Cp, ce=cP=ci(y, 1)

on B,(y), as usual. Observe that our assumption that ¢{?(y,, s,) < C trans-

lates into the uniform bound c¢,(0, 1) < C. Hence by Lemmas 4.1, 4.2, 4.3,

and Lemma 5.2 we obtain that v, — vy, W, — 0 in H'(Bs;(0)) as k — oo.
Thus, if Bs,(0) lies within our rescaled domain Q§, upon decomposing

Vg =Wi+ ¢, on B;,(0) and choosing a cut-off function ¥ e C§°(B;,(0))

such that 0 <y <1 and ¥ =1 on B;(0), we obtain that, as kK — oo.

—A(wpp) = Wslchk(vk) —2Vw VY —wy Ay - 0 in L2(Bs/2(0))

and hence w0 in H> N H{(Bs,(0)) = C%(B;5(0)).
If B3,(0)n0Q® # ¢, it follows that v, =0 and we may argue in the
same way for the function v,y instead of w, .
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In particular, we conclude that
[0i(0) = €x(0, D[ = |up( yi) = el Yie> s:)| =0
and hence that
e Vi Si) = 0

as k — oo, contradicting our initial assumption.
The proof is complete. |

Introducing polar coordinates (r, §) around x,, we next let

i (r) =Jfa . d

By (xk)

denote the spherical mean of u,, etc. We also write i, (x) =1, (r) for xe
0B,(x;) and denote

Wk = uk—ﬂk
Expanding 7, =7 around #, on B,(x;), we find

Ne = @iluy) +2 log uy

_ _ L 2 _
= @ility) + 2 log iy + <(ﬂk(“k) +u> Wi+ Ry(tye, wi),
k

where

@il tty) +_£

(4m —o(1)) wi < Riltty, wy) <4nwi, 5
i), i

=8n+o0(1)

with error o(1) — 0 uniformly as kK — co. Hence we can represent

_ o 2 _ _
Ne— N = <(ﬂk(“k) +u> Wy + Ryt wi) — Ryt wy.)
k

= (874 0(1)) iipwy + O(W2 +w2).

By Jensen’s inequality, e’ < e”. Expanding to second order around 7,
observing that

f =) emdo=o,
OBy (xk)
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for 0 <r < t, then we obtain

0< (e™ —el) do<§j 175 — 17, | max{e™, e’} do
OBy (xk) OBy (xx)
<C (Wi + [Relttge, wi) — Ryity, wi)|?) max e do.
OBy (xk) 0By (xk)

Observe that Lemmas 5.3 and 5.4 imply that |w,| <u, on B,(x;) and
hence

J | Ri(tte, W) — Ry, Wk)|2 do
OBy (xk)

<C (W + (w2)?2) dogcj @2 w? do
OB, (xk) 0By (xk)

for r <t, and all sufficiently large k.
By Lemma 5.4 and Poincaré’s inequality then it follows that

Oéf (e™—e7) do< C max (e™r?) il <r‘2J wi do>
OB,(xx) OB (xk) OB, (xk)
<o(1)j @2 Vw2 do, (26)
OBy (xk)

where o(1) — 0 uniformly for re[Lry, t;] as ko(L) <k — o0 and L — 0.

LEMMA 5.5. limsup,_, o s‘Btk(xk) uz |[Vw|?dx< C.

Proof. Let T, =dist(x,, 0Q) = 2t,. By a Fubini-type argument as in the
proof of Lemma 5.1 there exist radii 7 with T, /2 < T} < T, such that

sup ui-i—T}{j |Vui |2 dx < C,

0BTy (xk) OBt} (xk)

uniformly in k. For ease of notation we now replace T, by T. It suffices
to bound

J iy |Vw,|* dx.
B

Ti(Xk)
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Compute

=22

—4 %-{- g |Vwe|? = wewi( — Aiy) + itz wi( — Awy)

— | Vit |> wi — ditwy Vit Vg (27)
The Laplace operator commutes with the spherical mean. Thus
Wi — Aitg) +agwi( —Awy,)
= Wit filur) + agwil filwge) —filu))

= Wi tly frlug) — ﬁszzc(fk(“k) —filug)) — ﬁiwkfk(”k)-

Upon integrating over 0B,(x;) the last term vanishes. By a similar obser-
vation, for the contribution from the first term on the right we obtain

J Wity fr(ug) dOZJ wie™ do
OBy (xx) OBy (xx)
= J i wi(e™ — e™) do.
OBy (xk)
Estimating
e — e ,
——— <max{e’, ¢’} < max e,
Me— Nk OBy(xk)

from Lemma 5.4 for any ¢ >0 we can either bound the latter integrand by
a uniform constant C, = C,(¢) or i1, = C; = C,(¢) and,

Jnax e TIEr <o 4 o(1)
r( Xk

with error o(1) —» 0 uniformly for r> Lr, as ko(L)<k—> o0 and L — co.
Thus, we obtain the estimate

iwi(e™ —e™) < Cye) + (e +o(1)) r 2z wy.

Again the Poincaré inequality gives

wi do < Cr? J |V, |2 do.

J OBy (xk) OB, (xk)
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Hence we find that

Towity folity) dx<C(e)+(s+o(1))j 72 |Vw,|? do

LB,(xk) 0By (xk)

with o(1) — 0 uniformly for » > Lr, as k(L) <k — o0, L - 0.
If r<Lry, for k= ky(L) we have

max e’ +2logr < max erﬁc”(x) +2log |x| < C
0By (xk) Br(0)

and therefore

J Wil f(ug) dx < Cr=? f izwi do
0By (xk) OBy (xx)

<CJ iz |[Vwy|? do.

0By (xk)

Finally, we use positivity of u,, f,(u,) and the monotonicity of f; for
s>=s, to bound

f Wi filug) — filuy)) do
OBy (xk)

< lecﬁkfk(“k) do
OBy (xk)

= wlde[ (™ —(m— @) fulw) — fuliy) do

OBy (xx) OB (xx)

< max wij (C+e™) do
0By(x) 0B, (xp)

<Cle)+ (e+o(1))j e do,

OBy (xk)
where o(1) — 0 uniformly for r < 7} as k — oo on account of Lemmas 4.7
and 5.4.
Splitting

4 i wy Vit Vg | < 5 itz [Vwi|? + 16w3 | Vi, |2,
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and choosing ¢ =}, upon integrating (27) over By(x,) we then obtain that

f iz |Vwi|? dx
B

Ty (Xk)

< O (zwi) dx + C w2 | Vit |* dx
0BTy (xk) Bry(xk)

+C[ @ |Vwldxto(l)| @ [Vwl?de+C

Brr(xk) Bry(xk)

for any L, where o(1) — 0 as k — oo, L — oco. But by choice of 7}, observ-
ing that |wy| <ug+ iy, |Vw,| <|Vu, |+ |Vi,|, and, finally, that

2
<j Vil do> <2nTkj \Vid|? do
0BT (xk) 2

By (xk)

<2nTkj \Vu|? do < C,

aBTk(xk)

we can estimate the first term on the right by a uniform constant. Similarly,
using Lemma 5.4, we find

f wi [Vigg|>dx < C |Vu, |? dx < C.
B

73(Xk) Bry(xk)

Moreover, on By, (x;) we have

[ @ivwerac<c| Vo=l dx
Ber(xk) BLYk(xk)
<C V(i) — g )1? dx
BL(0)

2 1 1
<CL H”}c ) _’7( )HCI(BL(O)) -0

as k — oo. Thus, choosing L e N sufficiently large, we find that

lim sup ur |[Vwe|?dx<C,
k— Br(xk)

as desired. |
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Letting 77, =7 as above, setting

wflu) d=[  emd,

By (xk)

o) = |

By (xk)

Vi =  [Vulax,

By (xk)

and defining 77, =W as well as

Dy(r) =f e’ dx,
By (xk)
from Lemma 4.7, the estimate (26), and Lemma 5.5 we conclude that
sup (@ (r) — D(r)) = 0 as k— oo.
We can now identify the blow-up energy level.

LEMMA 5.6.  There holds f=3.

Proof. Rewriting @, as

D, (r) =J P2+ 1%)
B1(0)

and shifting x, to 0 for convenience, we compute

rd@l(r) = f ™22 4 y3x . Vi) dx

B1(0)

r /1 _
=2¢ — T 0,7, do | dp.
dr)+ jo <27r LB,,(O) erdo ‘LB‘,(O) 'l 0> P

Observe that for r <, with error o(1) — 0 as k — oo we have

2

y 4 2
— gy = — 4 = g1t + 2 ) ) — i)~ 25 ) 1V
k

k

=(8m+o0(1)) ™ — (8n +0(1)) |Vu |%
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Thus
— 0,1, do
9B,(0)
=— Onllk do=f — A, dx
0B (0) B:(0)
=(8n+o(1))j e"kdx—(8n+o(1))f Vg |2 dx

B,(0) B:(0)

= 81(Dy(r) — Pil(r)) +0(1) = 81(Py(r) — ¥i(r)) + o(1).
Hence for r <t, we obtain

0 < rd)(r) <2®,(r) —4 fO’ Bl p)(Pulp) — il p)) dp +0(1)

=20,(r) = 2631) +4 | Bilp) ¥ilp) dp +o(1)

=20(r)(1 — D(r)) +4 fo Y p)(Dilr) — D(p)) dp +o(1).

Splitting the last integral

L= PN @n = pn dp= [t [

0

and observing that Wi (Lry)=o(1), @,(Lr,)=®,(Lry)+o(1)=14o0(1)
with error o(1) — 0 if first k — oo and then L — oo, we may estimate

L < Prlr)(@4(r) = 1) +o(1)
to obtain the inequality
0 <2ADy(r) =2 (r)(1 = D(r)) +o(1)
for any r < ;. In view of Lemma 5.3, at r =7, with error o(1) — 0 as k — oo
we have @ (r)=®.(r)+o(1)=2+0(1), P (r)<2p—1+0(1), yielding
the inequality
0<4(1—=p)(1—=28)+0(1).

Since 1< B <1, the claim follows. |
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APPENDIX A

Here we show that the family (u,),., defined in Section 2 indeed is a
Palais—Smale sequence at level =3, that is, satisfies

|dE(,) | = sup  CdE(w,),v) >0 as p—0.

ve Hy(Q); lvlluke) <1

For Q c By (0) we may regard upeH})(BRO(O)) and it will suffice to show
that

HdE(up)HH_l(BRO(O)) -0 as p—0. (28)

Given ve H(Bg,(0)), for 0 <r<R, denote as

o(r)= v do
0B,(0)

the spherical mean. Then o€ H{(Bg,(0)), and by radial symmetry of u, we
have

(dE(u,), vy = (dE(u,), 7).

Sinpe, moreover, there also holds. 101l 2 By 0)) < Hv.\l HY(BRy(0)) in order to
estimate dE(u,) in the dual norm it suffices to consider radially symmetric
testing functions v=ve€ Hy(Bg,(0)).

Let v' = 2y, etc. Then in view of (8), we may further assume

R
0= Vu,Vodx=2n[ wvrdr
Bpy(0) 0

27za 27za
= £ —v(R)); 29
/7log Rp) f log(R/p)(v(p) u(R)) (29)

that is,

Let G,: Hy(B,(0)) > R, H,: Hy(Bz\B,(0)) - R be given by, respectively,

G (w)zj wf(u,) dx, H (w)zj wf(u,) dx.
P B,0) P P P

BR\B)(0)
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Then from (29) it follows that
—CdB(u,), vy = of(u,) dx
BRr(0)

=o(R) [ flu,) dx+G,(v—0(R))+ H,(v—v(R))

Br(0)

=1+ 1T+ 111

Holder’s inequality and the bound |[v[| 4} 0) <1 imply the uniform
estimate

Ry
[o(R)| = [v(Ry) — v(R)] SJ [0 dr
R
R, 12 R 12
< log< > 27:[ v’ |2rdr> \<10g< °>> :
Since f(u,) — 0 in L'(Bk(0)) as p — 0, we conclude that
1) < sup o(R) f f(u,) dx 0. (30)

v =15 Hy(Bry(0)): lvli(gy(on <1 Bg(0)

Let v=uv,(r)e Hy(B,(0)) maximize G, subject to the constraint
0]l 8,0y < 1 Then [v, |l #(s,0)) =1, and there exists 4,> 0 such that

1 .
—Av,= —;(rv;,)’=/lpf(up) in B,(0). (31)
Multiplying (31) by v, and integrating by parts, we infer that
1=f Vo, 2 dx=1,G,(v,). (32)
B,(0)

Since u,, is a constant on B,(0), we may also integrate (31) directly from
r=0to s<p to find

—vl(8)=2,87" r Sluy) rdr=32,f(u,)s
0

and hence, for 0 <r < p, that
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Again using that u, =u,(0), we deduce that

Gylo,) =2 [ v, flu,) rdr =27, f(w,

(]

A, , 2 A.a?
— d < _Pp .
Smez(0) <L,,(o> I Uy) x> 3 0)
By (32) therefore
A2a?
e r%p
#G,(0) 87rul2,(u) ’
and it follows that, as p — 0,
222 8mu’(0)/a’ — o
and thus
11| < sup G (1) <G ,(v,)=——0. (33)
ve HY(By(0)); ol (5,(0) ;“

Similarly, let w=wp(r)eHé(BR\Bp(0)) maximize H, subject to the con-
straint ||| g ppus,0)) < 1. Then again [w, || gsp5,0)) = 1, and there exists
1, >0 such that

—Aw,= —%(rw;,)’zupf(up) in Bx\B,(0), (34)

while w,(R)=w,(p)=0.
Multiplying (34) by w, and integrating, we obtain that

1= Vi, |2 dx =g, H (w,), (35)
BR\B,(0)

similar to (32). Moreover, observe that (34) implies that r+ rw),(r) is non-
increasing. Therefore, for any s> p either w),(s) <0 or we can estimate

s K d

1>2n j (W ()2 r dr>2n j (w(5))? 5> = =27 log <S> (W)(5))? 5
p » r P

In particular, if we choose s = p® for some 1 <a <1, it follows that either

wh(p*) <0 or

Wi(p™) p ! -0 (36)

\/271 1 —a)log(1/p)
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as p — 0. Next, we integrate (34) from p to p* and use monotonicity of u,
to bound

()= p Wy p) =, | flu,)rdr

o

"

</4pj u,fu,) rdr/uy(p®)

< Kpa, :ﬂpap\/m
S2mu,(p*)J2mlog(R/p%)

Using also (36) and the fact that @, —» 1 as p — 0, we conclude that for
sufficiently small p >0 and all se [ p, p*] there holds

1 —1
w(s) < pwi(p) < C(1+1,) |log (p)

with a uniform constant C.
Thus, for p <r<p® S<a<1 we can now estimate

s

» S

log(r/p) / <1>
< (1 —= 7 < (1 1— log [ —
<C(1+u,) 10g(1/p)< (I+u,)(1—a) [log p

ST +u,)(1—a)m, g(p*) < C1+p,)(1 =) u,(r)

w,(r) < [ wys) ds < pwi(p)
P

and it follows that

[,y rde < )0 =) [ flw,) v

P
<1 +p,)(1—0).
Finally, the truncated function
i, (r)=min{u,(r), u,(p*)}

satisfies

- a; R log(R/p*
J |Vu/,|2dx:7p l:a/Z)M
Br(0) log(R/p) )= 1 log(R/p)

for any a <1 and sufficiently small p > 0.

<Cx<l
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Hence (f(ii,)),~o is bounded in L?(Bg(0)) for some p = p(a)>1, and
thus also (f(,) mps,e0)p=0- Since HYBR\B,(0)) = HY(B4(0)) =
LI(Bg(0)) for any g < oo, it follows that for any fixed a <1, as p — 0 there
holds

R
sup f wf(u,) rdr— 0.

we Hy(BR\B,(0)); IwlagBR\B,0)) * P
We conclude that

p
lim sup H,(w,) <27 lim sup f w, f(u,) rdr
p—0 p—0 P

< C(1 —o) lim sup (1 +x,,).

p—0

Thus, as p — 0, either p, — o0 and H,(w,) — 0 by (35), or u, < C< oo and
we may let « — 1 to conclude that H,(w,)— 0 and therefore, in view of
(30), (33), that

lim sup [[dE(u,)|| -1y < lim sup H,(w,) =0,
p—0 p—0

as desired.
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