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We use a Langevin approach to analyze the quantum noise in Coherent Anti-Stokes Raman
Spectroscopy (CARS) in several experimental scenarios: with continuous wave input fields acting
simultaneously and with fast sequential pulsed lasers where one field scatters off the coherence
generated by other fields; and for interactions within a cavity and in free space. In all the cases,
the signal as well as the quantum noise due to spontaneous decay and decoherence in the medium
are shown to be described by the same general expression. Our theory in particular shows that
for short interaction times, the medium noise is not important and the efficiency is limited only by
the intrinsic quantum nature of the photon. We obtain fully analytic results without making an
adiabatic approximation, the fluctuations of the medium and the fields are self solved consistently.
PACS numbers: 42.65.Dr, 05.10.Gg, 05.40.Ca, 87.64.Je

I.

INTRODUCTION

The field of Raman spectroscopy is a very mature one
that boasts a vast literature which over time has developed and explored countless ingenious improvements
and techniques to tweak out better and stronger signals.
Much of the motivation for this lies in the fact that Raman scattering inevitably involves the structure of the
scattering medium, because the incoming and outgoing
signals differ by the frequency of some internal mode of
the constituent molecules or atoms, thereby making it an
invaluable tool for spectroscopy.
The weak signals associated with spontaneous Raman
scattering were long overcome by stimulated scattering
through non-linear interactions. Signal has been enhanced through resonance with some specific natural
modes of the molecules. In particular the technique
of Coherent Anti-Stokes Raman Scattering (CARS) has
emerged as one of the most useful Raman technique;
it involves two incoming fields that create coherence in
the medium which thereby enhances the scattered signal. The generated field being anti-Stokes eliminates fluorescence problems, and resonance enhancement is also
usually possible.
One way to improve on existing CARS techniques has
been recently proposed [1] which uses sequential femtosecond pulses whereby maximal coherence is created
via adaptive algorithms with one set of lasers and then
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the medium is probed by another laser. The technique
called FAST (for Femtosecond Adaptive Spectroscopic
Techniques) CARS has been applied in preliminary experiments [2] and further promises to increase the CARS
Raman signal. Experimental work is underway at several laboratories. The method offers hope for developing
a way of detecting (in real time) dangerous biological
spores like anthrax.
For any spectroscopic method its relevancy and effectiveness is eventually defined by the signal/noise ratio.
A brief review through the literature [3, 4] shows that
there have been methods developed to overcome almost
every possible laboratory source of noise be it be unstable lasers or non-resonant background signals, perhaps
not all with the same technique but the point is that
such techniques exist. But at the end there is still the inherent quantum noise of the system which is unavoidable.
There are two sources for this. The first is truly fundamental in the sense that it represents the lower limit of
signal detection, this is the shot noise which is associated
with Poisson statistics of lasers used far above threshold.
The second arises from the spontaneous emission and the
decoherence associated with excited atoms and molecules
created during all Raman scattering processes. Often this
second source of noise, that we will refer to as medium
noise, is much larger than the shot noise and therefore is
the limiting quantum noise.
Thus our goal in this paper is to undertake a comprehensive study using general Langevin methods to analyze
the quantum noise in CARS and FAST CARS. Our approach and considerations have the advantage of being
general and may easily be used to study other coherent
Raman processes. We study several experimental scenar-
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FIG. 1: CARS scheme with three input fields of frequency ν1 ,
ν2 and ν3 and a generated signal field ν4 = ν1 + ν3 − ν2 . The
radiative damping rate from level b to level c is Γb and the
dephasing rate of the coherence between levels b and c is Γ.

ios allowing for interactions within or without a cavity
and for pulsed or continuous wave input fields. We find
a remarkable similarity in behavior of all these cases suggesting that our results probably have a broader validity
beyond the configurations we consider. In particular, we
find that the medium (solvent) noise is not important for
FAST CARS whose efficiency is limited by the intrinsic
quantum character of the photon.
In sections II and III we define the problem in terms
third order non-linear interactions and Langevin equations, and in section IV we describe our model in detail,
laying out the equations and assumptions that we use.
In Sec. V we consider the experiments using sequential
femtosecond pulses and in Sec. VI we discuss experiments involving concurrent continuous wave input fields.
Then in Sec. VII we present a detailed discussion of our
results and their implications, and we provide numerical
estimates based on realistic experimental parameters.

II.

NONLINEAR INTERACTION

We will consider stimulated Raman scattering involving three input fields â1 , â2 , â3 and one generated field â4
with corresponding frequencies νi=1,2,3,4 . The interaction Hamiltonian is written in terms of the two Ramancoupled atomic or molecular levels |bi and |ci, of energies
h̄ωb and h̄ωc , and lowering operator σ̂ = |cihb|


(1)
V̂ = h̄ R12 â1 â†2 + R43 â†3 â4 σ̂ † eit∆ + H.a.
Here and elsewhere the time arguments will be suppressed
where obvious in order to reduce clutter. The exponential factor signifies that all operators are in the interaction picture, its argument ∆ = ωbc + ν21 = ωbc + ν34
with ωbc = ωb − ωc . These particular combination of
atomic and field frequencies in ∆ implies that the Hamiltonian contains only Raman resonant terms and excludes

all non-resonant terms. For the case of FAST CARS
where ν1 and ν2 pulses interact with the atoms before
ν3 , the non-resonant terms are simply not present. However when all the fields are present simultaneously the
permutations of the fields lead to 24 terms in the perturbation expansion which all contribute at the same order
[3]; in that case we have in effect neglected the 20 remaining terms which have non-resonant combinations of the
fields and the atomic levels. If we are close to resonance
this is certainly justified, in fact we will assume perfect
two photon Raman resonance in this paper.
The Raman coupling constants are defined by R12 =
′
R12 E1 E2∗


′
−1 X (~µf j · ~ε1 )(~µji · ~ε2 ) (~µf j · ~ε2 )(~µji · ~ε1 )
R12 = 2
(2)
+
(ωjc + ν2 )
(ωjc − ν1 )
h̄ j
and likewise for R43 . The ~ε are unit polarization of the
fields, ~µ the dipole
p moments, j labels the intermediate
states and El = (h̄νl )/(2ǫ0 ǫp V ) are the field quantization factors over volume V in a medium of dielectric
constant ǫp taken to be about the same for all laser fields.
The decoherence rate between levels b and c is denoted
by Γ and the depopulation rate from level b to level c by
Γb ; damping to other levels is assumed negligible.
It will help to establish a relation with macroscopic
quantities. The classical field amplitudes are Ei = Ei αi
for coherent state expectations αi = hâi i. The thirdorder susceptibility is defined to be
′

χ(3) (−ν4 , ν1 , −ν2 , ν3 ) = −h̄

′

∗
R43
R12 N
,
(∆ − iΓ) V

(3)

with expected population difference between the two levels N = Nb − Nc . The Maxwell equation for the slowly
varying amplitude of the generated field is


iν4 (3)
∂
∂
E4 =
χ E1 E2∗ E3 ,
(4)
+v
∂t
∂z
2ǫ0 ǫp
√
with the velocity in the medium v = c/ ǫp .
III.

LANGEVIN EQUATIONS OF MOTION

The three input fields ν1 , ν2 and ν3 are typically strong
laser fields far above threshold, we will treat them as classical fields and replace â1(2,3) → α1(2,3) . Considerable
simplification is achieved by defining
R12 α1 α∗2 + R43 α∗3 â4 (t)
g
R12 α1 α∗2
,
g = |R43 α∗3 |.
ξ =
g

Â(t) =

(5)

The normalization g has been chosen such that Â(t) satisfies the boson commutation rules. Thus we can treat
Â(t) like a photon field operator. The parameters g and
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ξ being dependent only on the input fields will treated as
constants in our calculations. The Heisenberg-Langevin
equations of motion for the atomic operators are obtained
from the interaction Hamiltionian:
σ̂˙ = −(Γ + i∆)σ̂ + ig[σ̂b − σ̂c ]Â + F̂σ
h
i
σ̂˙ b = −Γb σ̂b + ig Â† σ̂ − σ̂ † Â + F̂b
h
i
σ̂˙ c = Γb σ̂b − ig Â† σ̂ − σ̂ † Â + F̂c .

(6)

The coherence operator here differs from that in Eq. (1)
by a phase factor σ̂(t)e−i∆t → σ̂(t), and σ̂b(c) are the
population operators for the atomic levels. The F̂ ’s are
the Langevin noise operators. They have vanishing first
moments hF̂ (t)i = 0, since the entropy of the system
cannot be lowered by noise [5]. The second moments
are taken to be delta-correlated in time corresponding to
Markovian white noise
hF̂i (t)F̂j (t′ )i = 2Dij δ(t − t′ ).

(7)

The Dij are the diffusion coefficients in analogy with classical Langevin equations. The diffusion coefficients associated with Eqs. (6) are calculated using the generalized
fluctuation-dissipation theorem [6] in Appendix A.
The Langevin equation for the signal field operator is
∗
â˙ 4 = −γâ4 − iR43
α3 σ̂ + F̂a4 .

(9)

The effects of a thermal heat bath that accounts for a
non-vanishing F̂a4 are neglected by assuming low temperature. In this paper we will also assume two photon
Raman resonance thereby set ∆ = 0.
We next define macroscopic variables by summing over
the operators for all the particles (atoms/molecules) in
the medium
X
X
M̂ = −i
σ̂
N̂b(c) =
σ̂b(c)
(10)
and the population sum and difference operators N̂T =
N̂b + N̂c and N̂ = N̂b − N̂c . The equations of motion for
the collective atomic variables and the field are then
˙
M̂
˙
N̂
˙
N̂T
˙
Â

= −ΓM̂ + g N̂ A + F̂M

= −Γb (N̂ + N̂T ) − 2g[Â∗ M̂ + M̂ ∗ Â] + F̂N
= 0
= −γ(Â − ξ) + g M̂ ,

IV.

EQUATIONS AND ASSUMPTIONS OF THE
MODEL

(8)

Here we included an heuristic field damping rate γ to
allow for atom-field interaction inside a cavity. From this
equation, we can construct the equation
˙
Â = −γ(Â − ξ) − igσ̂.

Solution of these equations is facilitated by transforming them into equivalent c-number equations [7, 8, 9].
This is achieved by putting all the operators in normal
order chosen to be Â† , M̂ † , N̂ , M̂ , Â which establishes an
unique correspondence between the quantum and classical equations. Since the equations are already in normal
order the operators are simply replaced with their classical counterparts A∗ , M∗ , N , M, A.
The c-number noise functions satisfy hF(t)i = 0 and
hF(t)F (t′ )i = 2Dδ(t − t′ ) just like their operator counterparts. The c-number diffusion coefficients will however acquire additional terms arising from normal ordering; all the non-vanishing coefficients are listed in Appendix A. The corresponding properties of the noise in
the frequency domain are summarized in Appendix B. It
is worth mentioning here that the expectations in the cnumber representation are now in the Glauber-Sudarshan
P-representation of a thermal distribution which happens
to be a Gaussian distribution of zero mean. This means
that the Gaussian moment theorem applies and the first
and second moments suffice to determine the distribution
completely.

(11)

with the total number of active particles hN̂T i being conserved. The associated diffusion coefficients are shown in
Appendix A.

We consider small fluctuations about the mean values for both atomic and field variables M(t) = M0 (t) +
δM(t), N (t) = N0 (t) + δN (t) and A(t) = A0 (t) + δA(t).
It is convenient to define two real variables T (t) =
M∗ (t)A0 (t) + M(t)A∗0 (t) and S(t) = |A(t)|2 , with linearized fluctuations
δS(t) = A0 (t)δA∗ (t) + A∗0 (t)δA(t)
δT (t) = A0 (t)δM ∗ (t) + A∗0 (t)δM (t)
FT (t) = A0 (t)FM ∗ (t) + A∗0 (t)FM (t).

(12)

The relation to the properties of the generated field α4
that we are finally interested in are as follows: The
strength of the signal field, given by the number of generated photons, and the atomic noise in the photon number, quantified by its variance, are determined by
n4 (t) = hα∗4 (t)α(t)i = |A0 (t) − ξ|2
n4 (t)
δn24 (t) =
hδS 2 (t)i.
|A0 (t)|2

(13)

To reduce clutter we will often leave out the expectation
brackets being obvious from the context. The variance is
obviously linearized and neglects relatively small terms
quadratic in the correlations. We will primarily consider
regimes where the generated field α4 is much weaker than
the input fields (as we justify numerically in Sec. VII B)
and therefore we will replace |A0 |2 ≃ |ξ|2 where appropriate and consistent.
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A.

adiabatic elimination of the averages of atomic
variables

Since the fluctuations have vanishing average, we can
write separate equations for the mean and the linear fluctuations. The equations for the averages can be had by
simply leaving out the Langevin forces
∂t M0 = −ΓM0 + gN0 A0
∂t N0 = −Γb (N0 + NT ) − 2g[A∗0 M0 + M∗0 A0 ]
∂t A0 = −γ(A0 − ξ) + gM0 .
(14)
Atomic/molecular transitions typically occur on a faster
time scale than the variations in a radiation field, which
means that the medium will adiabatically follow the
field for weak coupling. Even when using fast pulses,
the coherence generating pulses can be taken to be of
sufficiently long duration for this to be true. Therefore taking averages over intermediate time scales, the
time-derivatives in the equations for the averages of the
medium variables M0 and N0 may be neglected in what
is called adiabatic elimination [6] and we obtain algebraic
relations for the coarse-grained averages:
N0 = −

NT
A0
C
, M0 = −
2
1 + B|ξ|
g 1 + B|ξ|2

4g 2
,
Γb Γ

C=

NT g 2
.
Γ

B.

(19)

where we used the expressions for the averages in
Eq. (15). In writing these expressions we used the weak
field approximation A0 ≃ ξ and the assumption of weak
upper level occupation B|ξ|2 ≪ 1, and therefore in effect
we can treat these coefficients as constants.
C.

(16)

The parameter B is dimensionless and C carries the dimension of inverse time. As we corroborate numerically
later B|ξ|2 ≪ 1, so the upper level is never strongly
populated, N0 ≃ −NT and we can simplify by setting
1 + B|ξ|2 ≃ 1 in the rest of the paper. Substituting the
atomic mean values we get an uncoupled equation for the
average of the field variable
∂t A0 = −γ(A0 − ξ) − CA0 .

2DT T = 2(Γ − Γb )NT B|ξ|4
2DN N = 4Γb NT B|ξ|2

Free space description

(15)

where we set |A0 |2 ≃ |ξ|2 as discussed earlier. We define
some parameters here that we will use often and which
will serve to simplify our expressions considerably:
B=

In writing these equations, we have treated A0 as a constant. We will see that in all the cases we consider in
this paper this assumption is valid, because either A0
will have an unvarying steady state value or it will satisfy A0 ≃ ξ, even as a function of position when propagation in free space is inovlved (see next subsection). It is
clear from the equations above that the fluctuations can
be fully expressed in terms of the correlations of the variables T and N . Using the results in Appendix A, we find
that the two variables are uncorrelated with each other
but the strengths of their autocorrelations are specified
by the diffusion coefficients

(17)

fluctuations

In describing the fluctuations, we cannot make arguments for adiabatic elimination of the medium variables
as we did for the averages; this is due to the presence
of the rapidly varying noise functions. An attempt to
make such an approximation can lead to unphysical divergences in the correlations; we will discuss this issue in
some detail in Appendix D. Therefore we solve coupled
equations for the fluctuations for both the field and the
medium. We write the relevant equations in terms of the
variables T and S
∂t δT = −ΓδT + 2gδN |A0 |2 + gN0 δS + FT
∂t δN = −Γb δN + 2CδS − 2gδT + FN
∂t δS = −γδS + gδT .
(18)

The equations above are appropriate for describing experiments conducted in a cavity of damping rate γ. However if we wish to describe experiments in free space we
have to allow for field propagation through the medium
and effectively replace γ → v∂z . An approach discussed
by Drummond and Carter [8, 10] outlined in Appendix
C, leads to the appropriate space-time equation for the
field variable
(∂t + v∂z )A(z, t) = gM(z, t).

(20)

This equation follows from Eq. (C9) derived in the appendix, on assuming that all the input fields propagate
collinearly in the z-direction and their amplitudes α1(2,3)
vary little over the interaction length L, i.e. the length of
the region over which the fields interact with the atoms,
and therefore may be treated as constants.
Thus for experiments in free space, equations for the
field variable in (17) and (18) are modified to
(∂t + v∂z )A0 (z, t) = −CA0 (z, t)
(∂t + v∂z )δS(z, t) = gδT (z, t).

(21)

The equations for the atomic variables are formally unchanged, but they now carry both position and time argument (z, t); their spatial dependence arises through their
interdependence on the field variable.
V.

PULSED INPUTS

We first consider the case where the input laser fields
are extremely short and fast pulses. In particular we
take the pulses to arrive in sequence as is the case in
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FAST CARS [1]; the fields α1 and α2 are allowed to
interact first with the atoms for a duration ∆tc creating
the coherence, then after a delay ∆td the field α3 occurs
for time ∆t3 . This means that the atomic variables can
now only depend on the first two fields, so we replace
A0 → ξ in Eqs. (17) and (19) and also set δS = 0 in the
equations for the fluctuations of atomic variables:
∂t δT = −ΓδT + 2gδN |ξ|2 + FT
∂t δN = −Γb δN − 2gδT + FN .

(22)

The main premise for this scenario is that when a rapid
sequence of fast femtosecond pulses are used, the field α3
scatters off the generated coherence before it has time
to decay significantly. Thus for time intervals such that
∆td + ∆t3 ≪ Γ−1 , Γ−1
the generated coherence may be
b
taken to be constant. For longer durations however we
have to allow for decay of the coherence M0 in Eq. (15).
During the signal-generating cycle when α3 is present
the mean coherence is described by
∂t M0 = −ΓM0 − g(A0 − ξ)N0 .

(23)

After the coherence generating pulses are turned off, the
value of generated coherence from Eq. (15) M0 (0) =
gξN0 /Γ can be taken as the initial value of the coherence
in the above equation (if ∆td ≃ 0) and since initially
there is no signal field A0 (0) = ξ. It is then easy to see
that the ratio of the magnitude of the first term to that of
the second term is ∼ |ξ|/|A0 − ξ| which is large for weak
generated field and short duration pulses. Therefore we
can neglect the second term and take the driving coherence to simply decay exponentially from the moment the
generating fields are turned off M0 (t) = M0 (0)e−Γt .
The equation for the average field then becomes
∂t A0 = −γ(A0 − ξ) − Cξe−Γt .

(24)

The fluctuations will likewise decay since the diffusion
coefficients depend on the averages N0 and M0 . The
diffusion coefficients in Eq. (19) will then have an exponentially decaying time dependence, DN N ∼ e−Γb t and
DT T ∼ e−Γt . We note however that there is no constraint on the duration ∆tc of the coherence generating
pulses, so they can be taken to be sufficiently long to create a steady state value of the coherence before they are
turned off, thereby justifying adiabatic elimination.
A.

pules: interaction in a cavity

The mean value of the field variable after the third
pulse A0 (∆t3 ) is easily obtained by integrating Eq. (24)
A0 (∆t3 ) − ξ = −Cξ ×

e−Γ∆t3 − e−γ∆t3
.
γ −Γ

(25)

The phase of A0 is given by that of ξ, since A0 /ξ is real.
When the duration of the third pulse is short ∆t3 ≪ Γ−1 ,
A0 (∆t3 ) − ξ ≃ −Cξ∆t3 .

(26)

The equal time fluctuations of the field are given by
Z ∆t3Z ∆t3
′
δS 2 (∆t3 ) = g 2 dt dt′ e−γ(2∆t3 −t−t ) hδT (t)δT (t′ )i(27)
0

0

In order to evaluate this we first take a Fourier transform
of the Eqs. (22), the relevant definitions and properties
of the fluctuations and noise in the frequency domain are
described in Appendix B:
(Γ − iω)δT (ω) = 2g|ξ|2 δN (ω) + FT (ω)
(Γb − iω)δN (ω) = −2gδT (ω) + FN (ω)
which we then solve to get


2g|ξ|2 FN + (Γb − iω)FT
.
δT (ω) ≃
(Γ − iω)(Γb − iω)

(28)

(29)
2 2

4g ξ
|2 ≃
Assuming weak excitation we set |1 + [Γ−iω][Γ
b −iω]
1. Using this expression for δT (ω) we can evaluate the
integrals in Eq. (27). The details of the calculations are
shown in Appendix E. The general result result derived
there is not particularly illuminating, instead here we
consider the relevant limiting cases. In the short pulse
limit ∆t3 ≪ Γ−1 , we found that a Taylor expansion leads
to an exact cancellation of the terms linear in ∆t3 and
we get a quadratic dependence on the interaction time


g 2 ∆t23 B|ξ|4 2DN N
2DT T
δS 2 (∆t3 ) ≃
. (30)
+
2
(Γ + Γb )
Γ

A conspicuous feature of this limit is that γ is absent
in the expressions for both the mean and the fluctuation. Thus for pulses of duration shorter than the cavity
damping time, the presence of the cavity has no effect
on the signal or its associated noise due to the medium.
This short pulse limit implies the hierarchy of time scales
γ −1 ≫ Γ−1 , Γ−1
b ≫ ∆t3 .
In the opposite limit of long pulse duration ∆t3 ≫
γ −1 ≫ Γ−1 , Γ−1
b the fluctuation is approximately


g 2 ∆t23 e−Γ∆t3 2DN N
2DT T
2
4
δS (∆t3 ) ≃
.(31)
B|ξ| + 2
2
ΓΓb γ
Γ γ
Here we set the depopulation rate and decoherence rates
to be equal Γ ≃ Γb , to mask unnecessary details and
highlight the main feature, which is that both the mean
and the fluctuations essentially vanish towards the end
of a long third pulse as the driving coherence disappears.
The conclusion is that, regardless of the duration of the
third pulse, significant signal field is generated only during times satisfying < Γ−1 , Γ−1
b .
B.

pulses: interaction in free space

The last subsection showed that increasing the duration of the interaction between the third pulse and the
atoms will make a difference only upto a point, since we
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are limited by the decay time of the coherence. In free
space, this means that we will not get a stronger sustained signal by simply increasing the interaction length
L. Therefore we will confine ourselves to sample sizes
L < vΓ−1 , vΓ−1
b , and we will use Eq. (21) where, taking
the coherence to remain unchanged during the time of
interaction, we set A0 (z, t) → ξ.
A time-frequency Fourier transform and subsequent integration over the interaction length gives
(−iω + v∂z )A0 (z, ω) = −Cξδ(ω)


L
⇒ A0 (L, ω) = eiωL/v ξ 1 − C
v

(32)

and an inverse transform yields the delta-function δ(t −
L/v) that simply tells us that time is a redundant parameter and the field can be specified by its position alone
L
A0 (L) = ξ − Cξ .
v

(33)

Likewise for the variance we consider the equations for
the fluctuations in the frequency domain. Since we set
A0 (z, t) ≃ ξ, the equations are given simply by (28).
Substituting the expression δT (ω) from Eq. (29) into the
equation for the field fluctuation
− iω + v∂z δS(z, ω) = gδT (z, ω),

(34)

and integrating over the interaction length L we get the
spectral density of the noise


1 L2 4g 4 |ξ|4 2DN N + g 2 (Γ2b + ω 2 )2DT T
2
δS (L, ω) =
.
2π v 2
(Γ2 + ω 2 )(Γ2b + ω 2 )
The autocorrelation at equal times obtained by doing
a partial fraction decomposition and an inverse Fourier
transform defines the variance


g 2 L2 B|ξ|4 2DN N
2DT T
2
δS(L) =
.
(35)
+
2v 2
(Γ + Γb )
Γ
We see that both the mean and the variance are identical to what we found in the short pulse limit when the
interaction took place inside a cavity, bearing in mind
that here L/v defines the time of interaction. This reaffirms the conclusion that for short pulses there is no real
advantage in using a cavity.
VI.

CONTINUOUS WAVE (CW) INPUTS

We now consider the cases where all three input fields
occur continuously and simultaneously. In this case
steady state values for the medium variables may be considered, and their decay does not put limits on the interaction time as it did previously when using sequential
pulses. But the calculation of fluctuations is complicated
by the fact that the equations for the medium variables
and the field variable do not decouple as they did for
sequential pulses.

A.

cw: interaction in a cavity

The average is found by integrating Eq. (17), exactly in
the form it is written, with the initial condition A0 (0) =
ξ,
A0 (t) − ξ = −Cξ ×

1 − e−(γ+C)t
.
(γ + C)

(36)

Unlike the pulsed case there are no obvious time constraints, except those arising from possible damage to
the sample by prolonged exposure to the fields, so we
can take the long time limit t → ∞ and we get a steady
state signal
A0 − ξ = −Cξ ×

1
.
(γ + C)

(37)

We note that if γ ≪ C the generated field essentially
vanishes, which suggests that we need to have γ ≥ C.
In that case we can further use the assumption of weak
signal field to conclude that
A0 − ξ
C
≃
≪1
ξ
γ

1
⇒ A0 − ξ ≃ −Cξ .
γ

(38)

The fluctuations are best determined by writing the
three coupled equations in the frequency domain in matrix form:


 

δT
FT
(Γ − iω) −2g|A0 |2 −gN0

2g
(Γb − iω) −2C   δN  =  FN  .
δS
0
−g
0
(γ − iω)
Inverting the coefficient matrix MF gives the solution


(Γb − iω)gFT (ω) + 2g 2 |A0 |2 FN (ω)
(39)
δS(ω) =
det MF
det MF ≃ (Γ − iω)(Γb − iω)(γ − iω).
In computing the determinant in the denominator we introduced some simplifications using the arguments leading upto Eq. (38) and we neglected the frequency dependence in the term proportional to B|A0 |2 [refer to the
comment following Eq. (29)] . Squaring this gives the
power spectrum (Appendix B) and then a Fourier transform and the adiabatic assumption γ ≪ Γ, Γb yields the
steady state fluctuations
δS 2 (t) ≃



g 2 2DN N
2DT T
.
B|ξ|4 +
2γ
ΓΓb
Γ2

(40)

While the adiabatic assumption was not necessary it
gave a simpler expression, the more general expression
is shown in Appendix E. What sets this case apart from
the rest is that both the signal field and the variance in
the steady state depend on the cavity lifetime, γ −1 and
that dependence is linear.
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B.

cw: interaction in free space

In order to find the signal strength, we do a Fourier
transform of Eq (21)
(−iω + v∂z )A0 (z, ω) = −CA0 (z, ω)

(41)

and integrate it over the interaction length L to get
A0 (L, ω) = eiωL/v A0 (0, ω)e−CL/v .

(42)

As in the analogous case in a cavity, the time parameter
is seen to be redundant after an inverse Fourier transform
and we get simply
A0 (L) = ξe−CL/v .

(43)

so that in this limit the input fields vanish and give way
to the signal field. Our model however does not allow us
to obtain an accurate expression for the variance in this
limit. This is because the equations (18) were based on
the assumption that A0 does not change significantly and
the generated field is relatively weak, and this is no longer
true when L becomes large. Yet based on the fact that
average value A0 decreases over the length L and hence
the diffusion coefficients also decrease, we could expect
that the noise contribution from the active medium will
actually be lower farther along the interaction length.

VII.

DISCUSSION OF RESULTS, INFERENCES
AND ASSUMPTIONS

In calculating the fluctuations we take the Fourier
transform of the equations for the atomic variables as
they appear in Eqs. (18) and the field fluctuation as it
appears in (21), keeping in mind that all the fluctuation
and noise elements will thereafter carry an argument of
(z, ω). The three coupled equations yield an equation for
the field fluctuation


g 2g|ξ|2 FN + (Γb − iω)FT
[v∂z − iω − G(ω)]δS ≃
(Γ − iω)(Γb − iω)


g 4gC|ξ|2 + (Γb − iω)gN0
. (44)
with G(ω) ≃
(Γ − iω)(Γb − iω)

We will now discuss in some detail the physical implications of the results we obtained in the previous sections, and also elaborate a bit more on our assumptions
and some associated subtleties that we touched on while
deriving those results. We begin by considering realistic
numerical values for our parameters and variables and
thereby provide concrete justification for the approximations we made.

We integrate this with respect to the spatial coordinate
z, and thereby we get the spectral density

For the purpose of numerical estimation we will use the
specific example of an anthrax spore for which the Raman
active molecule is dipicolinic acid (DPA) which constitutes 17% of the weight, the rest being mainly water. The
number density of DPA molecules in an anthrax spore is
NT ∼ 4 × 1026 molecules m−3 , and the dimensions of the
spore itself is 1 × 2 × 1 µm3 . We will take all optical frequencies to be in the visible range ν ∼ 2πc/λ ≃ 4 × 1015.
Since some of the properties of DPA are not easily
available, for those properties we will use the values for
benzene, an organic molecule that has a similar structure. Thus for instance we use the spontaneous Radσ
man differential cross-section for Benzene dΩ
= 32.5 ×
−34 2
10 m /sr/molecule, and we take the linewidths of Raman transitions in Benzene to estimate Γb ∼ 1011 Hz.
We first determine the strength of the Raman coupling
′
Rij
, we can do that in two ways, assuming in either case
that only a few intermediate states contribute: first using
Eq. (2), and taking µ ∼ ea0 with a0 being the Bohr radius

L

δS 2 (L, ω) =

1 L 1 − e2Re[G(ω)] v
×
2π v
−2Re[G(ω)]
4
4
4g |ξ| 2DN N + g 2 (Γ2b + ω 2 )2DT T
×
.
(Γ2 + ω 2 )(Γ2b + ω 2 )

We use B|ξ|2 ≪ 1 to simplify
2Re[G(ω)] ≃ −

2CΓ2
.
(Γ2 + ω 2 )

(45)

We note this quantity achieves the largest magnitude
when ω = 0. In the case of short interaction length
CL/v ≪ 1 both the signal and the variance resemble
those we got in the case of pulsed inputs in free space
L
A0 (L) ≃ ξ − Cξ
(46)
v 4 4

1 L2 4g |ξ| 2DN N + g 2 (Γ2b + ω 2 )2DT T
2
.
δS (L, ω) ≃
2π v 2
(Γ2 + ω 2 )(Γ2b + ω 2 )
In the opposite time limit of long interaction length
CL/v ≫ 1, we find that the expression for the average
value of the field variable A0 tends to become increasingly
smaller. Equation (43) tells us
n4 (L) = |A0 (L) − ξ|2 = |ξ(1 − e−CL/v )|2 ,

(47)

A.

′
|Rij
|∼

Numerical Estimates

µ2
≃ 4 × 10−6 C2 m2 /J2 s;
h̄2 ν

(48)

and secondly using the Kramers-Heisenberg formula for
the differential scattering cross-section applied to spontaneous Raman scattering
′
|Rij
|

4πǫ0 c2
∼
h̄ν 2

r

dσ
≃ 0.35 × 10−6 C2 m2 /J2 s.
dΩ

(49)
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′
So we will take |Rij
| ∼ 10−6 C2 m2 /J2 s. Next we determine the field density and photon density from the
expression for the field intensity (power/area)

I=

1
1
|α|2
vǫp ǫ0 |Eα|2 = v(h̄ν)
.
2
4
V

(50)

For strong lasers we could take the typical intensities to
be I ∼ 1012 Wm−2 , in which case we get
|Eα|2 ∼ 5 × 1014 N2 C−2 ,

|α|2
n
=
≃ 5 × 1022 m−3 .(51)
V
V

Taking all the input fields to have similar intensities and
assuming natural linewidth Γb ∼ 1011 Hz and decoherence rate Γ ∼ 1013 − 1014 Hz,
B|ξ|2 =

′ 2
4g 2
4|R12
| |Eα|2
∼
∼ 10−8 .
ΓΓb
ΓΓb

(52)

Indeed for this choice of parameters we are justified in
taking the weak-excitation limit B|ξ|2 ≪ 1, and in fact
this will be valid till the field intensities increase to about
1016 Wm−2 ; we note that this is the intensity level at
which cascade breakdown of air occurs at STP [11], so
our weak-field assumption covers most realistic regimes.
Thus we are quite justified in setting 1 + B|ξ|2 ≃ 1.
Finally we address the issue of the interaction times,
since many of our results assume short interaction times.
In the case of pulsed inputs, Γ−1 sets the limits on the
pulse duration to be ∆t3 < 10−13 s, which is certainly
within the bounds of experimental capabilities using femtosecond pulses. In the case of propagation in free space,
taking the dimension of an anthrax spore L ∼ 10−6 m
as the interaction length we find L/v ∼ 10−15 < Γ−1 . In
either case the constraints of short interaction times are
likely to be satisfied for physical regimes of interest.
B.

Signal and noise

The main observation we have from our calculations
is that when the duration of interaction between the
signal-generating field and the Raman-active medium
∆t = ∆t3 , L/v is short compared to Γ−1 , the signal and
the noise due to the medium have essentially the same
theoretical description independent of the various experimental scenarios that we considered:
N 2 |R43 R12 |2 n1 n2 n3 ∆t2
n4 ≃ ξ 2 C 2 ∆t2 ≃ T
Γ2


4
2
2
2DT T
g ∆t B|ξ| 2DN N
2
+
δn4 ≃
2
(Γ + Γb )
Γ
8(Γ
−
Γ
)
b
≃ n24 ×
,
N T Γb

(53)

where we have used B|ξ|2 ≪ 1 to set N0 ≃ NT and
C ≃ C; we also noted that the term involving DN N is
smaller by a factor of B|ξ|2 than the one involving DT T
and hence we only retained the latter.

The exception to the above expressions was the case
of continuous wave input in a cavity for which we got a
steady state signal and noise given by:
NT2 |R43 R12 |2 n1 n2 n3 1
Γ2
γ2
8γ(Γ − Γb )
≃ n24 ×
.
NT ΓΓb

n4 ≃
δn24

(54)

The signal has the same form as the other cases with
∆t → γ −1 . But the fluctuations differ by a factor of
γ/Γ. Since typically γ ≪ Γ the noise noise will be less in
this case, and because γ −1 is greater than the short time
limits in the other cases the signal is bigger. In addition
to this, the fact that there are no major constraints on
the duration of the irradiations apart from their possible
destruction of the sample, this scenario seems to be the
best one from the signal to noise perspective. However
that conclusion has to be moderated by the fact that
when all three input fields happen simultaneously, there
can be significant contributions from the non-resonant
terms in our interaction Hamiltonian in Eq. (1), particularly if we cannot achieve two-photon Raman resonance.
This is where the sequential pulse scheme as in FAST
CARS has an advantage.
We can recast our expressions for the signal and fluctuations in terms of macroscopic variables. First using
Eq. (3) and the definition of classical field amplitude
El = El αl we write the signal in terms of the classical
field amplitudes:

2
ν4
2
|E4 | =
[χ(3) ]2 |E1 |2 |E2 |2 |E3 |2 × ∆t2 (55)
2ǫ0 ǫp
where ∆t = ∆t3 , L/v, γ −1 depending on the experimental configuration. Written this way we see that our expression for the signal is consistent with what we would
get if we integrated the classical equation (4) for the
slowly-varying amplitude with appropriate assumptions.
A more practical representation would be in terms of the
input intensities using Eq. (50)

2
ν4
I4 =
[χ(3) ]2 I1 I2 I3 ∆t2
cǫ20

8(Γ − Γb )  γ
δI42 = I42 ×
×
for cw & cavity . (56)
Γb N T
Γ
At this point we validate numerically the assumption of weak signal relative to the input fields. Using
the parameters in the previous subsection we find the
third order susceptibility to be χ(3) ∼ 10−34 C4 N−3 m−2 .
Taking all the input fields to have the same intensity
Ii ≃ I1 ∼ I2 ∼ I3 and the ratio of the signal intensity to
the input field intensity is
I4
≃ 10−10 Ii2 ∆t2 .
Ii

(57)

For the short interaction times that we consider ∆t ≃
10−13 s and input field intensities of Ii ∼ 1012 Wm−2
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this works out to be I4 ≃ 10−12 Ii . This shows that even
for higher input field intensities and increased density
of active molecules, the signal field would still remain
relatively weak.

C.

Comparison with Shot Noise

Starting with the expression we derived for the generated field, we can write the operator for the generated
field in terms of the input fields:
â4 =

NT |R43 R12 |∆t
â1 â†2 â3 .
Γ

(58)

Then noting that
a†4 a4 ∝ n1 (n2 + 1)n3

a†4 a4 a†4 a4 ∝ (n21 + n1 )(n22 + 3n2 + 1)(n23 + n3 ) (59)
and on assuming similar and large photon numbers in
the input field, n1 ∼ n2 ∼ n3 = ni ≫ 1 we find that the
variance corresponding to the shot noise is:
δn2(shot) ≃



NT |R43 R12 |∆t
Γ

4

× 3 × n5 ≃ 3

n24
ni

(60)

Therefore the ratio of the medium noise and the shot
noise is:
δn2
8(Γ − Γb )
ni /V
≃
×
.
2
δn(shot)
3Γb
NT /V

(61)

Using the numerical values that we considered earlier we
find
δn2
≃ 10−2 − 10−1
δn2(shot)

(62)

which shows that the noise due to the medium is less
than the shot noise. The shot noise increases with increasing input field intensities while the medium noise
increases with increasing number of particles. But in the
ratio it is interesting that the behavior is exactly the
opposite, the weight of the shot noise decreases with increasing intensity of the input fields while the weight of
the medium noise decreases with increasing density of
the medium. Therefore when the field intensity becomes
very strong for a given medium density, shot noise could
become lesser, but as we noted earlier the intensities cannot be much stronger than what we already considered
without destroying the sample completely. On the other
hand densities of active particles could be higher in other
medium of interest. In the case of cw inputs in a cavity
we have an advantage that the medium noise is further
reduced by a factor of γ/Γ.

VIII.

CONCLUSION

We developed a model based on Langevin equations
which allowed us to get a purely analytic description
of the signal and the quantum noise for Coherent AntiStokes Raman Spectroscopy. If we use sequential pulses
(as in FAST CARS) or we are close to two-photon resonance the non-resonant terms would not be important
and the quantum noise arising from the finite lifetimes
and coherence times of the atoms/molecules would be
a dominant source of noise. When interaction time between the input fields and the medium is short, we found
that the signal and the medium noise have the same behavior in free space or in a cavity, and with pulsed inputs
or with continuous waves.
In particular we showed that if the driving fields do
not vary much and the signal field is weak in comparison, the shot noise which represents the fundamental
limits of noise is larger than the quantum noise due to
the medium, and so the latter is not a limiting factor.
Using a cavity to achieve steady state with continuous
wave inputs leads to enhanced signal and lesser medium
noise; this would be important close to two-photon resonance and the non-resonant terms do not contribute to
the background noise.
Our calculations should be particularly relevant for
novel experiments with newly developed femtosecond
lasers and for fast spectroscopic characterizations of microscopic agents in the air which could be organic ones
like anthrax spores or inorganic suspensions or trace contaminants.
Although our calculations in this paper were specific
to CARS, the model we developed should be applicable
to most coherent Raman schemes with minor changes.
We did not resort to the commonly used adiabatic elimination when calculating the noise and we point out the
significant errors that would arise from such an approximation. Thereby we set the grounds for a more accurate
understanding of quantum noise in stimulated Raman
spectroscopy. In the regime of short interaction times
we achieved a completely analytical description. But the
Langevin equations we set up in our model describe a
much broader physical regime, the solutions in general
will have to be found numerically.
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APPENDIX A: DIFFUSION COEFFICIENTS

A quantum Langevin equations for an operator x̂(t)
has the general structure
˙
x̂(t)
= Âx (t) + F̂x (t)
(A1)
with a deterministic part Âx (not to be confused with the
field operator defined in Eq. (5)) and a stochastic part
F̂x . The diffusion coefficients 2Dxy = hFx Fy i associated
with these equations are calculated using the generalized
fluctuation-dissipation theorem [6, 12], often called the
Einstein relations:
dt hx̂ŷi = hF̂x F̂y i + hx̂Ây i + hÂx ŷi

(A2)

The non-zero diffusion coefficients, corresponding to
Eqs. (6) for the microscopic atomic variables, are:

2Dcc

2Dσ† σ
2Dσσ†
2Dσb = −2Dσc
= 2Dbb = −2Dbc

=
=
=
=

(2Γ − Γb )hσ̂b i
2Γhσ̂c i + Γb hσ̂b i,
Γb hσ̂i
Γb hσ̂b i.
(A3)

From these using the definitions in Eq. (10) the nonvanishing diffusion coefficients for the macroscopic collective atomic operators M̂ and N̂ = N̂b − N̂c are immediately obtained:
2DM̂ † M = (2Γ − Γb )hN̂b i,
2DMM † = 2ΓhN̂c i + Γb hN̂b i.

(A4)

In transforming to c-numbers, by normal ordering, all the
moments for the noise must remain unaltered. Gaussian
noise is determined by the first two moments; the first
moment (i.e. the mean) vanishes, the second moments
must have the same time-evolution for a pair of operators
x̂, ŷ in normal-order and their c-number equivalents:
dt hx̂ŷi = dt hxyi.

The Fourier transforms of the noise functions are defined by:
Z
Z
1
dteiωt F (t); F (t) = dωe−iωt F (ω).(B1)
F (ω) =
2π
For stationary processes the second moments or twotime correlations depend only on the time difference:
hFi (t)Fj (t + τ )i = Γ(τ ). In the frequency domain this
defines the spectral density P (ω) of the noise:
hFi (ω)Fj (ω ′ )i = δ(ω + ω ′ )Pij (ω)

(B2)

The two-time correlation and the spectral densities are
time-frequency Fourier transforms of each other:
Z
Z
1
Pij (ω) =
dτ eiωτ Γ(τ ); Γ(τ ) = dτ e−iωτ Pij (ω).
2π
The fluctuations considered in this paper are characterized either by δ-correlations or by exponentially decaying correlations as a function of time difference for
which the spectral densities are respectively constant and
Lorentzian:
1
Γ(τ ) = 2Dij δ(τ ) ⇒ Pij = 2Dij
2π
1
2γ
−γ|τ |
.
(B3)
Γ(τ ) = e
⇒ Pij = 2
2
γ + ω 2π
APPENDIX C: PROPAGATING FIELDS

2DN N = 4Γb hN̂b i,

2DMN = 2Γb hM̂ i,

APPENDIX B: NOISE SPECTRUM

(A5)

The fluctuation-dissipation theorem Eq. (A2) and its
classical counterpart thereby relates the c-number diffusion coefficients to the operator diffusion coefficients:
hFx Fy i = hF̂x F̂y i+hx̂Ây i+hÂx ŷi−hxAy i−hAx yi.(A6)
Normal ordering of hx̂Ây i + hÂx ŷi gives some additional
terms, and if x̂, ŷ are not in normal order, we need to
replace dt hx̂ŷi → dt hŷ x̂i = dt hx̂ŷi − dt [x, y]. This determines all the non-vanishing c-number diffusion coefficients for the collective atomic variables:
2DN N = 2Γb hNT + N i − 4gh(M∗ A + A∗ M)i,
2DM∗ M = (Γ − 12 Γb )hNT + N i,
2DMM = 2ghMAi.
(A7)

In order to describe fields propagating through a sample of atoms in free space, we use the technique of Drummond and Carter [10]. We illustrate this technique by
considering the propagation of the signal field ν4 , with
wavenumber k in the direction of propagation (the zaxis); the part of the total Hamiltonian involving this
field is
Ĥ = h̄νa†4 a4 + h̄g[â4 σ̂ † + H.a.]

(C1)

For simplicity we have assumed a real interaction
strength g = R43 α∗3 = |R43 α∗3 |. The interaction length
L is divided into 2m + 1 equal segments of mean positions zl = lL/(2m + 1) for l = −m, · · · , m. Description
of propagation requires multiple modes; a natural basis
is provided by the normal modes for periodic boundary
conditions on the quantization length L
kn =

2πn
L

n = −m, · · · , m,

(C2)

with corresponding creation and annihilation operators
c†n and cn . Thus we can write the Hamiltonian as a linear
combination of the sub Hamiltonians for each discrete
segment summed over all the normal modes
i
X
Xh
Ĥ =
h̄νc†n cn + h̄g
cn e−ikn zl σ̂ †(l) + H.a. (C3)
n

i,n,l
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The indexPi accounts for the number of atoms in each
segment, i = NT /(2m + 1). Introduce local operators
for the slowly varying field amplitude in each segment
through a discrete Fourier sum of the modes
m
X
1
√
=
cn eikn zl
2m + 1 n=−m

(l)
â4

(C4)

and the Hamiltonian can be written as
X
X
†(l) (l)
†(l) (l′ )
Ĥ =
h̄νâ4 â4 +
h̄νll′ â4 â4
ll′

l

i
X h√
†(l)
2m + 1â4 σ̂ †(l) + H.a. ,
+h̄g

νll′

2πnc
exp
=
(2m
+ 1)L
n=−m



2πin(l − l′ )
2m + 1



.

Ȧ = −γ(A − ξ) − CA + FA



gA
2g
g
FM +
.
FN − FT
FA =
Γ
Γb
Γ

(C6)

In the case of a cavity, using the δ(t − t′ ) correlation of
the noise, we find


−2γ∆t3
2DT T
B|ξ|4 2DN N
2
21 − e
+
δS (∆t3 ) = g
2γ
Γ2
Γb Γ

The equation of motion for the slowly varying field amplitude is then
√
(l)
(l)
(C7)
â˙ 4 = iνll′ â4 − ig 2m + 1σ̂ †(i,l) .
We convert to c-numbers and take the limit of m → ∞
so that we have the following correspondence
lL
zl =
2m + 1
√
2m + 1αl4
√
iνll′ 2m + 1
X
σ †(l) |zl →z
−i lim (2m + 1)
m→∞

i

→ z
→ α4 (z, t)
∂
→ c
∂z
→ M(z, t) (C8)

and thereby we arrive at the space-time dependent equation of motion for the slowly varying amplitude of the
propagating field


∂
c ∂
α4 (z, t) = gM(z, t).
(C9)
+
∂t n ∂z
In the same way the space-time dependent noise operators are defined by
X
F̂xil (t)
(C10)
F̂x (z, t) = lim (2m + 1)
m→∞

i

and analogously their c-number counterparts. The spacetime dependent c-number diffusion correlations
hFx (z, t)Fy (z, t)i
X
′
hFxil (t)Fyjl (t)i|zl →z,zl′ →z
= lim (2m + 1)2
m→∞

(D1)

While this reproduces the long term steady-state behavior correctly, the short-time behavior is linear in time,
contrary to the quadratic dependence that we found earlier.
The problem is more serious when we consider the freespace problem. We can understand it by considering the
equation for the fluctuation in the field variable
(∂t + v∂z )δA(z, t) = FA (z, t).

(D2)

On integrating in the frequency domain and using the
boundary condition δA(0, t) = 0 we find that
δA(L, t) =

1
v

Z

0

L

dzFA (z, t −

n
(L − z)).
c

(D3)

As shown in Appendix C the second moments of the noise
are delta-correlated in space as well as in time
hFA (z, t)FA (z ′ , t′ )i = 2DAA Lδ(z − z ′ )δ(t − t′ )
so that the second moments of the fluctuations of the
signal at the output are
hδA(L, t)δA(L, t′ )i = 2DAA

L2
δ(t − t′ ).
v2

(D4)

At equal times this diverges, and therefore so does the
variance δS 2 , and this underscores why the adiabatic approximation is inappropriate for describing the fluctuations.

ij

= LhFx (t)Fy (t)iδ(z − z ′ ),

(C11)

in the last step we used the correspondence
(2m + 1)
δll′ = δ(z − z ′ ).
m→∞
L
lim

We pointed out earlier that adiabatic elimination of
atomic variables cannot be applied to the fluctuations,
we will now briefly discuss the consequences of doing so.
We set 1 + B|ξ|2 ≃ 1 as justified earlier. We eliminate
the atomic variables and write the consequent equation
for the field variable inclusive of both the mean and the
fluctuation

(C5)

l

m
X

APPENDIX D: PROBLEMS IN USING
ADIABATIC ELIMINATION IN COMPUTING
NOISE

(C12)

APPENDIX E: FLUCTUATIONS FOR
INTERACTION IN A CAVITY

We show the details of the derivation when the interaction takes place in a cavity. From eqs. (27) and (29)
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we get
δS 2 (∆t) = g 2
×

1
2π

Z

∞

Z

∆t

dt
0

dΩe−iΩ

−∞

Z

∆t

dt′ e−γ(2∆t−2t+τ )

0

 4 4
4g |ξ| 2DN N + g 2 (Γ2b + Ω2 )2DT T
(Γ2 + Ω2 )(Γ2b + Ω2 )

(E1)


with τ = t−t′ . On doing a partial fraction decomposition
and carrying out the integrations
2g 2
δS 2 (∆t) =
×
2

 2 4
1 − e−2γ∆t
e−2γ∆t − e−(Γb +γ)∆t
4g |ξ| 2DN N
−
(Γ2 − Γ2b )
2γ(γ + Γb )Γb
(Γ2b − γ 2 )Γb

e−2γ∆t − e−(Γ+γ)∆t
1 − e−2γ∆t
+
−
2γ(γ + Γ)Γ
(Γ2 − γ 2 )Γb


1 − e−2γ∆t
e−2γ∆t − e−(Γ+γ)∆t
+2DT T
+
.(E2)
2γ(γ + Γ)Γ
(Γ2 − γ 2 )Γb
In the limit of short interaction time γ∆t ≪ 1, it is easy
to see that on doing a Taylor expansion of the exponen-
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