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ABSTRACT. In this paper we give asymptotic estimates of the least energy
solution uy of the functional

J(u) = / |[Vu|?  constrained on the manifold / luPtt =1
Q Q

as p goes to infinity. Here Q is a smooth bounded domain of R2. Among other
results we give a positive answer to a question raised by Chen, Ni, and Zhou
(2000) by showing that lim ||up|lec = v/e.

p—oo

1. INTRODUCTION

In this paper we consider the following elliptic minimization problem. Let us
define a C?-functional on H{ (€2):

(1.1) J(u) = / |Vu|?  constrained on the manifold / lulPT™ =1
) )

where Q is a smooth bounded domain in R? and p is a real number greater than 1.
Then we define
1.2 S, = inf J(u).
(12) p=,nf I
By standard results it is easy to see that S, is achieved at a function u, € HJ ()
that satisfies
—Auy, = Spup  in
(1.3) up >0 in Q,
up, =0 on 0.

1
By Lemma 21 we get S, = O (%) for p large. Setting v, = SF ™" u, we are in
the framework of [§], [9] and [6] where some asymptotic results about this problem
were obtained.
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In particular, it was proved in [8] and [9] that the minimizer u, looks like a sharp
“spike”. More precisely it was shown that, for a suitable sequence p,, — oo,

(1.4) ||upn||oo <C,

and in the sense of distribution,
uPr

(1.5) —Pn

[[up, o

Pn

Moreover, the point z,, where the minimizer u,, achieves its maximum con-
verges to a critical point of the Robin function.

In this paper we obtain estimates of a different nature, greatly improving some
partial results obtained in [5], where uniqueness and qualitative properties of the
least energy solution were proved.

Here we use the two-dimensional blow-up technique introduced in [T]. The blow-
up function is obtained by linearizing the nonlinear term plog u, around the point of

maximum of u,. More precisely let us define the function z,(x) : Q, = Q;xp — R,
(1.6) (@) =

where x,, is the point where u, achieves its maximum and e2 =

m (up(f‘:px +xp) — up(xp))

1
PR e Then
we obtain the following.

Theorem 1.1. For any sequence zp, with p, — oo, there exists a subsequence of

Zp,,» still denoted by zp, , such that z,, — z in C} (R?), where z(z) = log W
1+5=

The main result of the paper is a consequence of the above theorem.

Theorem 1.2. Let u, be a solution to (L3). Then
(1.7) pllrr;o l[up|loo = Ve.

Note that the estimate limsup ||up|lcc < /€ was proved in [9]. Here we give
p—oo

a positive answer to a question raised in [4], where some numerical computations
suggested the validity of (L).

2. PROOF OF THEOREM 1.1

In this section we recall some results about the solution u,, and then we give
the proof of Theorem [T11
We start by recalling the following estimates on .S, due to Ren and Wei ([8]).

Lemma 2.1. Let S, be defined as in (L2). Then
(2.1) lim pS, = 8we.

p—00
Proof. Setting v, = (Sp)p%lup we have that v, also achieves S, and satisfies

—Av, =vp  in ,
(2.2) vp > 0 in €,

v, =0 on Of2.

From Corollary 2.3 of [8] we get lim pr vé’“ = 8me. Hence, recalling that
p—00

pt

Jqubtt =1 we derive that lim p(Sp)v_—i = 8me, which implies (2.1]). O
p—00
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Let us denote by z, the point where u,(xp) = ||up|loc- By Lemma 4.1 of [§]
we know that z, is far away from the boundary of 2. The next lemma provides
additional information on the rate of uy(xp).

Lemma 2.2. We have that
(2.3) lim w,(7,)P " = +o0.

p—00

Proof. Let us denote by A1 (€2) the first eigenvalue of —A with zero Dirichlet bound-
ary condition. Then we have

(24) 1= / g [P < ()P / hupl? < ()P AL () / Va2

Recalling that [, [Vu,[* = S, and Lemma 2.1} we deduce that [, [Vu,|> — 0

as p goes to infinity. By (2.4]), we obtain the claim. O
Proof of Theorem [Il For any sequence p, — +00, let us set z, : , = Q;& —
R,
Pn
(2.5) 2n(T) = —F—— (upn (enx + xpn) — Up, (xpn))
Up, (p,)
where €2 = L ——. From Lemma 2.1 and Lemma 2.2, we get ,, — 0 as
n PnSpnUpp (Tpy, )P7

n — oo and “§), — R?” as n — oo. Now let us write down the equation satisfied
by zn,

—Az, = ( + 2= ) in Q,,
(2.6) 0<l+2<1 in Q,
Zn = —Pn on 0£,.

We want to pass to the limit in (2:6). To do this we use some ideas in [2]. Let
B(0, R) be the ball centered at the origin with radius R, and let w,, be the solution
of

p’”‘ .
(2.7) —Aw,, = (1 + p—n') in B(0, R),
wyp, =0 on 0B(0, R).

By the maximum principle and the standard regularity theory, we have that
0 < w, < C with C independent of n. For z € B(0, R) set ¢, (z) = zp(z) — wp(x).
Hence 1, is a sequence of harmonic functions which are uniformly bounded above.
Hence by Harnack’s inequality [7] we have the alternative:
either
i) a subsequence of ), is bounded in LjS (B(0, R)),
or
ii) 1, converges uniformly to —oo on compact subsets of (B(0, R).

Since 1, (0) = 2,(0) — wp(0) = —w,(0) > —C, case ii) cannot occur. Hence,
up to a subsequence, which we denote again by 1,,, we have that v, is bounded
in L>*(B(0,R)) for any R > 0 and the same holds for z,. From (DEI), and the
standard regularity theory, we derive that z, is bounded in C? (R?), and then it
converges to a function z € C?(R?). Passing to the limit in (Z8), we get that 2
satisfies

(2.8) ~Az=¢* inR%
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Let us prove that f]R2 e < 400. To do this we observe that, since z,, — z in

C? (R?), then
(2.9) pn<1og (1 + Z—n) — Z—n) — 0 pointwise in R?.
Pn Pn
Hence
(2.10) Zn +pn(1og (1 + Z—n) — z_n) — z pointwise in R2.
Pn Pn

By Fatou’s Lemma, we deduce

. zn+pn(10g 1422 aﬂ) . Zp \ P
/ e? < lim e ( p”) /) = lim (1—|— —n>
R2 Q

(2.11) n—eeJa, n—eeJa, Pn
. 1 . PnS, 1
= lim S P ugn < lim &KZ pnFl < C
n—oo exup (Tp,) Jo P T n—oo up, (T,

since up,, (zp, ) > C in Q for n large (see [§], p. 755).
By a result of Chen and Li ([3]), the solutions of [2.8) satisfying [, e* < 400
are given by
(2.12) z(x) = log K > for > 0 and z € R?.
(]. + %|(E — :c0|2)
Since z(z) < 2(0) = 0 for any = € R?, we derive that 4 = 1 and x¢ = 0 in (ZI12),
and this gives the claim of Theorem [Tl O

3. PROOF OF THEOREM 1.2

The next estimate plays a role in the proof of Theorem [[L2. This estimate was
proved in [9] but we stress that it follows easily by Theorem [T.1]

Lemma 3.1. We have that

s < /e

(3.1) lim sup ||up,,

Proof. 1t follows directly by Theorem [Tl
Setting u,, = u, and L = limsup ||u,||s, by using Fatou’s Lemma, we obtain

n—oo
1= / ubtt = un(mn)p”*lei/ (1+ Z—n)p"—H
(3:2) uQ(x )2 z N L? "
— Un\Zn) / (14 22yt > —/ e,
PnSp, Ja, Dn, 8me Jr2
Recalling that fR2 e* = 8w, we deduce the claim. O

Let us consider the linearized operator associated to (I.3), i.e., L, : H}(2) —
H(Q),

(3.3) L,=—-A— pSpug_l(x)I, x € Q,

and let us denote by A1 (L), A2(Lp) the first and the second eigenvalue of L,. Now
let us recall a property of Aa(Lp).

Lemma 3.2. We have that
(3.4) A2(Lp) > 0.
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Proof. The proof is standard since uy, is a minimizer of J on the manifold [ |u[PT! =
Q
1.
: ! -1
We consider, for D C Q,, L, p : Hy(D) — H™'(D),

wPNeyz + x
(3.5) Lyp=—A~ w
(xp)

and let us denote by A1(Lp p), A2(Lp,p) the first and the second eigenvalue of L, p.

I, xe€D,
U

Lemma 3.3. We have that
(3.6) A2(Lpa,) > 0.

Proof. Using the scaling  — e,z + x, we get Ao(Lp0,) = e2X2(L,) and (B0)
follows by Lemma [3.2] O

Lemma 3.4. Let us denote by By = B(0,1). Let p,, — oo such that zp, — z in

Clloc(Rz). Then for large p,, we have
(3.7) M (Ly,.5,) < 0.
Proof.
2 2p
3.8 =z-V )
( ) Wyp x Zp+p_1zp+p_1
By direct computation we get that w, satisfies
ub = epz + )

(3.9) —Aw, = -2 o .

up(zp)

Moreover, wy, (0) — 2 and for |z| =1, w,, () — —3 as p, — oc.
Hence, if we denote by A, = {x € By : w, > 0} and

if v € A
(3.10) G, =4 DTS
0 if x € Bi\ Ap,

we derive that for p,, large, w,, € H}(B1). From ([B.9) we get

ubr~tep, x4+
(3.11) / |V, 2—/ Ln p(_pf ”")wf,n =0,
Bq 1 UPZ (‘T"pn)

and this implies that A1 (Ly, B,) < 0. O

Lemma 3.5. Let p, be a sequence as in Lemma 3.4. Then for p, large we have
(312) Al(Lpn,,Qpn\B1) > 0.

Proof. By contradiction let us suppose that A\ (megpn\ B,) < 0. Then from Lemma
3.4, for large pn, A\1(Lp,,B,) < 0 and hence \o(Ly, o, ) < 0. This gives a contra-
diction with Lemma [3.3] O

Remark 3.6. Lemma 3.4 implies that the operator L,, , €, \p, satisfies the maxi-
mum principle in Q,, \ Bi.
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Proof of Theorem [[LZ By Lemma B we know that (up to a subsequence)
lim ||up, ||« < v/e. By contradiction let us suppose that there exists a subse-
n—oo

quence of up, (still denoted by wy, ) such that

(3.13) lim ||up, [|eo < Ve.
n—oo
Now, we will show that for large p,,, (BI3) implies the following estimate:
1
(1+5)

where C' is a constant independent of n.

By Theorem [T, z, — z in C°(B;) and hence (3I4) fails for z € By. It is
enough to prove B4 for « € Q,, \ By. To prove this let us observe that the function
z satisfies

(3.15) “Az=e*> (14 g)”

for any p > 1. Furthermore, let us consider ¥,, = 2z, — z in §,, . By computing ,,
on (9, \ B1) and by applying the maximum principle, if z € 99, , we get
(@) = 2nlz) — 2(2) = —pn + 2log(1+ L) < _p. 1 210g—— 4 C
n\T) = 2pn(T) — 2\T) = —Pn 0og - /= —Pn 0g ——
(3.16) 8 Eon
< —pn +2loguy, (v, )" 1+ C < C

where we had used u,,, (z,,) < V/e.

Now if z € By, by Theorem [[1] we can derive again that 1, (z) < C.

Finally, we write down the equation satisfied by ,. Using the convexity of
F(s)=(1+ %)p for p > 1 we have

Ay = (14 )P - (1 )

3 17) Pn Pn
' Zn\pn—1 ubr e, + 1p,)
§(1+—n)p 'lpn: p'p_pl P wn
Dn upy, (Tp,)

Since the maximum principle holds in ,, \ By for L
Yn, < Cin Q, \ By and this gives (BI4).

From ([BJ4)), a contradiction follows easily. Indeed, using Theorem [ and
Lebesgue’s Theorem we derive

Z
1:/’“5){‘“ :un(xn)pnﬂgi/ (1+_n)pn+1
@ Qn

Py, \B1> W€ now deduce that

(3.18) 2 (1) b
uZ (zn,
= ) (85401
87re+0(1)( m+o(t)
which proves that lim ||ug||e = v/€, a contradiction with (3.13)). O
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