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Let n > 3, 2 C R™ be a domain with 0 € {2, then, for all u € H(%(_(Z)7 the
Hardy—Sobolev inequality says that
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/|Vu\27<n >/u—>0
Jo 2 Ja |z|?

and equality holds if and only if w = 0 and ((n — 2)/2)?2 is the best constant which is
never achieved. In view of this, there is scope for improving this inequality further. In
this paper we have investigated this problem by using the fundamental solutions and
have obtained the optimal estimates. Furthermore, we have shown that this
technique is used to obtain the Hardy—Sobolev type inequalities on manifolds and
also on the Heisenberg group.

1. Introduction

Let n > 3 and 0 € 2 C R™ be a domain. Then the classical Hardy—Sobolev (HS)
inequality [9,15,16,22] states that, for all u € W, (£2),

—_ ¥V p
/ Vap — (22 Jul? >0 (1.1)
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and (n—p/p)P is the best constant in (1.1) and it is never achieved. In view of this,
is there scope for improving this inequality by replacing the zero term by some
nontrivial functional of v in (1.1)? Recently, there has been considerable interest in
this question and one of the important improvements was obtained by Brezis and
Vasquez [8]. They showed that if 2 is a bounded domain, then there exists a C' > 0,
such that, for all u € Hg(£2),

2
= (P22 [ g (1.2)
Q " 2 olz)2 7 Qu. '

Furthermore, if A\({2) denotes the best choice of C in (1.2), then A\({2) is never
achieved. Again we can ask whether there is a scope for further improvement of
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1112 Adimurthi and A. Sekar
this inequality. In this direction Brezis and Vasquez raised the following question:
What is the best possible remainder term one can expect of (1.2)?

Recently, this question was answered in [4-6,11], where the following inequality was
proved.

Let {2 be a bounded domain and 1 < p < n. Let R be sufficiently large. There
then exists a C' > 0 depending on n, p and R such that

/9 [Vuf - (n;pf /!2 :ZZ > C/g |m|P(logl(LZ/x|))v (1.3)

for every u € W, P(£2) if and only if

2 forl<p<n,
o>
n for p=n.

Moreover, for v = 2, the right-hand side of (1.3) can be improved by adding an
appropriate finite or infinite series. It was shown in [3] that if p = 2 and v = 2, then
C =1, andifp=nandy=n, then C = ((n—1)/n)" is the best constant for (1.3).
These results were extended in [1,2] to spaces W1?(£2). The perturbed eigenvalue
problem corresponding to the Euler-Lagrange equations associated to (1.3) was
studied in [2,3,17]. Here one can find the condition on the perturbed coefficient
in order to guarantee the existence of an eigenvalue of the corresponding operator
in W,y*(£2) or WHP(£2) with Neumann boundary condition.

Our interests in this are twofold. For the sake of simplicity, first consider p = 2.

(i) What is the analogous HS inequality if we replace |Vu|? by a general bilinear

form Su 8
u Ou
a(u,u) = Z aij(ﬂﬁ)ax_ 9z
i 0T

1<i,j<n

coming from a positive definite matrix ((a;;(x)))?

(ii) What is the analogous HS inequality if we replace |Vu|? by 22:1 | Zul?,
where the Z; are smooth vector fields?

The methodology adopted in [4-6,11] is not suitable for answering the questions
above. This is because, in these papers, either symmetrization is used or the function
is decomposed into its radial and nonradial components, whereas the method in [2]
does not involve either of these methods and is most suitable for tackling the above
questions. Basically, the fundamental solution for the Laplacian is used to derive
HS-type inequalities.

Here we adopt this method to obtain a general HS-type inequality to answer
the two questions in the case of the Heisenberg group. The HS-type inequality for
the sub-Laplacian of the Heisenberg group was obtained in [18]. Here we extend
this to the p-sub-Laplacian. The advantage of the method we are using is that,
even for the standard |Vul|?, it gives far more information than the method of (1.1)
(see §84.2 and 4.4). This inequality combines both the interior and the boundary
HS inequalities (see §4.2). This method is also applicable for deriving HS-type
inequalities for polyharmonic operators.



Role of the fundamental solution in HS-type inequalities 1113
1.1. Motivation

Before stating the main results, we will illustrate the proof of the classical HS
inequality using the fundamental solution of the Laplacian. This is the main phi-
losophy we adopt to obtain our main results in the next section.

Let 2 C R™, n > 3, be a domain and let 0 < E be a fundamental solution of —A,
ie.

~AE = Cdy,
E>0.

Let u € C}(£2) and define v = E~'/2u. Since E(0) = oo, we have v(0) = 0 and
u = FE'/?y. Hence,

IVE Vo
V“_<2 T )“

E|? E. Vo2
/\Vu|2—l/ VE u? VE - Vv 2+/ | 721| w2
0 4 /o ) - BEv o v

E
2
1 2 2
f/ u +/U(VE-VU)+/\VU| E.
4/a fe) 7

VE
The main point of this calculation is the vanishing of the middle term, namely,

E

/v(VE-Vv)z/ iVE - vv? = 1Cv?(0),
2 2

since F is a fundamental solution. In the radial case this was called a ‘magical can-
cellation’ by Brezis and Vazquez [8]; this is merely the property of the fundamental
solution, and no symmetrization argument is required in this calculation:

EQ
[vae =1 [ FERe = [ e,
2

Now take
1
o7
Then
VE[>  (n—2)?
‘E ||

and we recover the classical HS inequality,

9 n—2V u? 9
|Vu|* — T = |[Vu|*E > 0,
? o || ?
n—2 2
2

is the best constant and is never achieved.

and
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1.2. Perspectives

We extend the HS inequalities for general second-order elliptic operators in the
divergent form. We also extend it to the case of the sub-Laplacian coming from the
Heisenberg group. Finally, note how to extend these equalities on general Riemann
manifolds.

2. Main results

Let 1 <p < mnand 0 € 2 CR" be a bounded domain with smooth boundary.
Let A = ((a;j(x))) be a symmetric positive definite matrix with a;; € C1(£2). For

u,v € C*(£2), define the gradient norm associated to A by

ou Ov
a(u,v) = Z a;j () 57— 5—, (2.1)
1<ij<n 6:01 aﬂjj
Oou Ou
|Vuly = Z:aM@a;%? (2.2)
1<i,5<n v
Let 5 5
_o Ou
Lw=- 5 (@) 23)
1<i,j<n d v

and let E, be a fundamental solution of L, [7,12,13] given by

%@2%1m1}

. (2.4)
E,=0 in0f2.

Then, by the maximum principle and regularity results of [10,20,21], it follows that
there exists a 0, 0 < 0 < 1,

E, e CL7(2\(0), E,>0 in2\(0), E,0)=cc. (2.5)

loc

As in [5,6,11], for 0 < s < 1, define

hﬂ@:(LH%iyi (2.6)

hi(s) = hi(hg-1(s)),

nk(s) = hi(s) ... hg(s). (2.8)
Let 0 € 21 cC 2 and R > 0 be such that
Yr={z:E,(z) =R} (2.9)
is a Lipschitz manifold of dimension n — 1. Define
RQ
p(z) = maX{E x), }, 2.10
m = min E,,. (2.11)
2

We then have the following theorem.
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THEOREM 2.1. Let 1 < p < n be fized and define E = E,. Let 0 € {2, CC 2, Vg,
p and m be as defined above. There then exists a constant C = C(p,n) > 0 such
that, for any k € Z, k > 0 and for all u € Wol’p(ﬁl), we have the generalized HS

inequality
—1V
Jen=(5) )
Q p 2

For the remainder-term estimate we have that, if 2 < p < n, then
|ul?

v (5] [
soy (%)

If 1 < p < n, then, for allu € Wol’p(Q), we have
k 2
p— 1 p p m
v~ (22) [ ez [ u(E)
/(21 4 p 2 A ; 2 E

Next we generalize the HS inequality to the sub-Laplacian operator defined on
the Heisenberg group H” = R™ x R™ x R. Here the sub-Laplacian is a hypoelliptic
operator and the corresponding gradient norm is given by the sum of the squares
of left-invariant vector fields (for details see [19]). In order to state the main result,
we now recall some definitions, notation and properties related to the Heisenberg

group:

P
lu? > 0. (2.12)
A

vE
E

p

vE
E

P k
P — / VEP-ur. (2.13)
Rp*l r

vE
E

A

p
P, (2.14)

vE
E A

vE
E

H"™ :{'(/): (l’,y,t) |$,y€Rn7 tER}, (215)
z=ux+1iy, |Z|2 = |x|2 + |y|27
d() = (|2]* +12)/*. (216)

Let ¢1 = (x1,91,t1) and ¥2 = (22, Y2, t2). Then the group law is defined as

Y1tha = (T1 + Ta, Y1 + Yo, t1 +ta + (Y1, 22) — (T1,12)),

where (-, ) denotes the Euclidean inner product in R™.
The left-invariant vector fields are given by

0 0
Xj=+—+4+2y;j=—, 1<75<n,
! 8xj+y]8t’ SN
0 7]
Y, = -2z —, 1<j<n, 2.17
j ay] :Cjatv Jxn ( )
7]
T=_.
ot
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Let 2 C H" be a domain. For u € C'(§2) define the subgradient Vi (u) by

Va(u) = (X1(w), ... Xn(w), Y1 (), ..., Y,(u)), (2.18)
Ve (u)* = Z(IXj(U)|2 +1Y;(u)]?). (2.19)

Let 1 < p < oo, and define the sub-Laplacian L, as follows. Let u € C?(§2). Then

Lyu == Zn: [Xj( Valw) p_QXju> +Y; (‘ Var(u) [P~°

2 E E

Yjuﬂ (2.20)

2.1. Weighted Folland—Stein spaces, FSg"(£2)
Let 1 < p < oo and let 2 C H"” be an open set. For u € C§°(2), define the norm:

p_ [ [Va@)P

= _ . 2.21
|u|1,p e dz dydt ( )

Define F'Sy?(£2) as the completion of C§°(£2) in the norm (2.21).

Before starting on the main result, we recall some properties of Ly, and they will
explain why the weight ||2~? has to be taken in the definition of F .Sy (£2).

Let 1 < p < oo and R > 0. Define

fzt) = [2]* + 12, (2.22)
frt2=p)/2(p=1) i 5y oLy 42,

Ey(z,t) = R . (2.23)
log(f> ifp=n+2.

We then have the following theorem.

THEOREM 2.2. Let 1 < p <n+ 2. Then, for allu € FSé’p, the HS-type inequality

s given by
Ve@l _(2nt2-p)Y [ PR
o |z p an ([2|*+82)p/2 77 '

(2(n +p2 —p) )”

is the best constant and it is never achieved. Furthermore, if 0 € 2 CH" is a
bounded domain and f < R on §2, then there exists a C' > 0 for all u € FSé’p(.Q),
such that the following conditions hold.

and

(i) Let2<p<n+2. Then

V()P (2(n+2—p)>p |2 |ul? 07 (R f)|2ul?
B () [ R s e [ R
(2.25)

2
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(ii) Let p =n+ 2. Then

Ve (p—1>p 2] |ul? (R )2 |ulP
/n |z[P=2 p /(log(R/f )P fr/2 z Z/ (log(R/f))rfr/2
(2.26)

(i) Let 1 <p <2, and k > 0. Then there exists a C(k) such that

Va@lr  (2n+2-p)Y [ | V2(R/ )= 2lul?
/rz [2]r=2 < P >/Q for2 CZ/ oz
(2.27)

3. Proof of the theorems
We need to prove some preliminary lemmas first.

LEMMA 3.1. Let 1 < p < n, 0 € 2 C R", be a bounded domain with smooth
boundary. Let A, E,, R, hi;, mi; and X'r be as defined in (2.5)-(2.9). With abuse of

notation, we use E = E,, |-|a = |-|. Letw; € CY(2) and define {wi }x>2 inductively
by
—1/2 R
Wel\T =h ()wk 1. 3.1
(@) = 2 (75 Jons (3.1)
Then

p—2

R VE
1 Epfl 2
/n’“ 1([)(%)) E [Veer|

S "o VEP W
i G ) E ), VEI e

—;/w(p&)'vm”w&”wf

R \|VE|"?
-1 -1 2
— || = EPTHV . 3.2
aAavoly: Vel (32
Proof. From the definition we have the following identities.
h/
k(S) _ 7’]]@(8), (33)
hi(s) s
v % if £ >R,
pp ] ve (34)
-5 if £ <R.
On X', we have p = R and hence
wilsy = wals, =+ = wilsp, (3.5)
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From (3.3)—(3.6) we get

Vo, <1) W(R/p) R | Ve
- v — — 77v 4+ —
Wk 2) hi(R/ 2 VP Wh+1

T, (R> Vo Vern
*P\p/) p wkn
2
Vanf? = 177,3(1%) ’VE w2 4 LRIV, Vi)t
Y\ p PWi+1

R R\|VE
—1 v 2 _ 1,2( 2~ v
n’“‘1<p)|wk 477’“(0)’ E

Let vy denote the exterior normal on the boundary of £ > R. This is given by
vo = —VE/|VE|. Then

p—2
e e (meta)

=/ |VE|P—2<VE,W,§+1>—/ IVE[P~*(VE,Vwi,,)
E>R E<R

vE
E

- / (LyE)u? sy —2 / VEPW,, - / (LyE)w? sy
E>R Xr E<R

- / VE[P2(VE,v)u?, s
o8

= wl%+1(0) - 2/

|VE[P~1w? —/ IVE[P~*(VE,v)wi 4.
Yr on

Since hi(0) = 0 and E(0) = oo, we have wi41(0) = 0. Hence, from the above
identity, we have

()
o P p E
_1/ o B\ |VE
_’4 an P E

R
5 [ (E)wErwrme

2 Joo P

+/ _1<R> VE|[P™?
e (|
Q b P E

EP Y Vw2 (3.7)
This proves the lemma. O

p—2
Ep_l‘Vka

p

EP1u? — / |VE|P~ w?
YR
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The proof of the following lemma follows exactly in the same manner as that of
lemma 3.1. Hence, we state it without proof.

LEMMA 3.2. Let 0 € §2; CC Q and 1 < p < n. With the same notation as in the
previous lemma, for w; € C1(02), define the new sequence,

onto) =1 Yo ), (38)

where m = inf5 E. Then
/ . <m) VE
it (=)=

o, k—1 E E
_1/ o (M| VE
~1),,"\E)|E

o [ ()|

0" \E)|E

We now recall the following elementary inequality (see, for example, [4]): let
l<p<ooandzx e (2 For a,8 € R”, define

p—2
EP*1|Vwk|2

p 1 m
Epflw‘fjuf/ nk<>VE|p2<VE, v)wi
2 Jaa T\ FE

p—2
EP Vg ]?. (3.9)

(@Ba= D ay(@)aif;, (3.10)
1<i,j<n
laffy = ((a, ) a)?/>. (3.11)

Then, given M > 1, there exist positive constants p1 and psg, such that, for all
a,f €R™ z € 2 with |a|4 = 1, we have

o+ B — 1 —pla, B)a = mlBl3 + p2lBl i 2<p < oo, (3.12)

LLIBE 18 <M, 1<p<2,
la+ B[4 —1—pla,B)a > (3.13)
L2150 it lgla > M1 <p<2

Let
|85 + p2lBl i 2 < p < oo,
M1 .
B(B) = 12104 if [Bla <M, 1<p<2 (3.14)
£z g if |Bla > M, 1<p<2
m A 1 ‘6|A = ) <px 2

Proof of theorem 2.1. Let 1 < p < n and E, be the fundamental solution of L.
Let 0 < u € C}(£2) and define v = Epf(pfl)/pu Then v(0) = 0, v|spe = 0. For the
sake of notational simplification, denote £ = E, and |- | = |- |4. We then have

Vu p—1VE Vwu
U p FE v
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and hence from (3.12)—(3.14) we have

p-1VE Vol

VulP = uP
Vul? =u E+v

p—1Y |VE[’| VE p E Vulf
= _ ut | —— _|_ _
D E | |IVE| p—1|VE| v
p—1Y |VE|" p? F p E Vv
> —— | uP|—| <1-— E, Bl — ——— ;.
( y )“ B p—1vEE VI B T R
(3.15)
Hence,
_ p Ep
/|VU|P<p]'>/ L UPZO,
e} P ol E

and equal to zero if and only if w = 0. This proves (2.12).
Let 2 < p < n. Then, from (3.12), we have, for some constant p; > 0,

2 2

/upVEpB p__E Vo dm [ LIVEf E || Vo
Q E p—1|VE| v )7 p? Jg E | |I[VE|| | v
Ep—2 2
:m/ L Ep’1|va/2 )

ol E

Now let wy = vP/2 and define
_ R
wr = hy, 1/2 (p)wk+1.

Since v = u = 0 on 92, w; = 0 on 9{2. Hence, from lemma 3.1, for any k we obtain
P
/ uP p(_P__E Vv

k
R\ |VE
> [ ot (B)
1M1 QiZIU, P E

Combining this with (3.15) proves (2.13). Again, with the same method as above
(for 2 < p < n), (2.14) follows from lemma 3.2.

Let 1 < p<2and 0<ue Wol’p(.Q). Let M > 0, v=E~®=1/Py.  Then, as
in (3.13), there exist constants pq and pg such that

VE

E

b k
uprp‘l/z |IVE[P~'uP. (3.16)
R

/ [VulP — <p1>p/ VE pup
.Ql p Ql E
-2
M1 / VE’ -1 /212, M2 / -1
> — — EPTH VP + — EP~ | VolP, (3.17)
M2 _er E | | Mp or ‘

where
E |V E |Vl

0 =3= <M 7 =3 — > M.
1 {vIVE }a“d : {v|VE| }
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Now regularize £ and v by E., v. such that E.,v. € C%(£2); E. > 0, v > 0
and, as ¢ — 0, E. — E almost everywhere and v. — v in C(21). As ¢ — 0,

L,E. = 6o+ o(1). (3.18)
Now choose M > 1 such that M? is a regular value of
Es2 |VUE|2
IVE.|? v?

By perturbing 2 to (2. such that 2. — 21, 0 € 2F, and 912, is transversal to I',
where

OF ={x € 0. : B}|Vu.|? < M}|VE.|*v?},
07 ={z € 2. : E2|Vv.|* > M*|VE.|*v?},
I'={x € Q. : E})Vu.|? = M} |VE|*v?},
= inf E..
2

Let v and v~ denote the unit outward normals to 92 and 9£2_, respectively,
with respect to the common boundary I'. Then v+ = —v~. From (3.17) and (3.18)
we now have

VE.|P?
/n; E.

1< VE.

232 (5 )| F

1 A TMe p—2 +\,,D

+2Z/HZ(EE>|VE5| (VE, v )vE

+ = Z/

Now from (3.3) we have

p—1,,p
E vk

< )VE P2V E.,v)vf +o(1).  (3.19)
nFnon.

877 (hl + hihg + -+ + hlhi)ni
> () (3.20)

This gives us

/ni(W)WEEP_Z(VEE,u*)v{:’
I Es
—/ m<m€>|VEE|”_2<VE€71/_)v§
I Ea

= / ;i (ma) |VE.|P~*(VE.,v)vP
0925 NON. E.

- / ) |VEa|p_2<VEs,V(m(g:)Uf>> +o(1)
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> mc%>v&w%v&ww§
00 Nos2 EE
me\ |VE P
+/5n?<E:> E: vP
- [ m(”%)|VE€|P—2<VEE,WE>11§—1 To(1).
- Es

Substituting this into (3.19), we obtain

p—2 2
/ VE, P 1\va/2
.Q;r Es
k -2
1 me\|VE.|P o1 p
i ()R]
1 k Me
w3 n(E) VPV E., v)o?
5 3 -

k
Y [ () IVEPHTEL Tuge o),
i=1 /8% €

Hence,
1 VEE pe? p—1),p/212 . M2 p—1 »
M2 )| E EZ V2 |+W 7E€ [Vve|? +o(1)
€ E
VE.[P
'Up
Wz [ (e ) o

b Me
2]\412 Z/ 771< >|VE |P~%(VE.,v)vP
K P i m
2 pp-1 P _ 1 [ Me p—2 o1
+ / _{MpEs |V’U€| Y E (; nz(EE)> ‘VE5| <VE5,VU5>UE }
VE.
g2 ()%
H1 [ me b2 )
VYV Z/BQ nz(E)'VEe' (VEe,v)vl
=1 €
H2 kﬂl 1
+/{MP B 2Mp+1}E£ Ve [?
VE.
SN A

+ 201 Z / () IvE B

-1,p
6 UE

-1,p
8 UE
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provided that M > (pkp1)/2ue. Now, from (3.17) and the above inequality, given
that M > (kp1)/2u2, we have
vEp

)
Vulp — [ ——
/Ql | ( p o E

s [ |E
- M2 E.

>3 | (e[S

M1 me _92
+ A g / ) n(E) VEL[P2(VE.,v)o?

Now letting ¢ — 0 and using the fact that v|spo, = 0, we obtain the desired inequal-

ity (2.14).
In order to prove theorem 2.2, we need to obtain an analogous lemma to lemma 3.1

for the Heisenberg group.

u? +o(1)

_ 125 _
R R e

EP~1yP

€ 1S3

LEMMA 3.3. Let 2 C H" be a bounded domain and R > 0 such that f < R in (2.
Let 1 <p<n+2and L, and E, be defined as in (2.20) and (2.22), respectively.
There then exists a constant C, € R such that the following conditions hold.

(i) We set
LyE, = Cydo. (3.21)
(ii) InH"\(0), if p < n+2 and in 2\(0), if p = n+2, we see that W, = E,()pfl)/p
satisfies
p—1Y|VuE, |["Wp*
L,W, =0. 3.22
wor (50 ) 5 | 3:22)
(iii) Let wy € C1(2) and define wy inductively by
- R
Wy = hk 1/2 (f>wk+1. (323)
Then
1 (B [T | gy [V
TR -2

pe1 | VEWE+1 |

_1/ -1 E VHEP
"2y \T)ITE, TS
1 2 E Vulyp p—1_W1
*4/9”’“(f>’ B, |7 o
1 R _9 w?
= — E, P E — .24
w3 [ () VB TaB i, a2

where vy is the normal corresponding to 02 associated to the sub-Laplac-
ian Lo.
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Proof of lemma 3.3. By direct calculations, we have the following identities.
Let f(z,y,t) = (|z]* + [y[*)* + t* = |z]* + t*. Then,
X, = 4lay = + yj),
Yif = Aly;|2* — ), (3.25)
Vi f[* = 16|z f.

Let Fy = f~"/2. Then, by direct calculation (see [19]), there exists a ¢ € R such
that

LoFy = O (3.26)
There exists a Cy = C1(n,p,R) such that, from (3.25),
VuE, ">
‘ ]|H;'| Pl XGE; =CofATNX ) = CLXG(fP). (3.27)

Hence, from (3.26) we have
L,F, = C1Cdp. (3.28)

This proves (3.21).
For (z,y,t) # 0 we have 0 < E, € C*. Hence,

—1\W,
VHWp == <pp> ?vaEP
p

p—
’vﬂfﬂr/ P- 2X W, = (p— 1) E(p 1/p
p

VuE,

are ‘@Ep

Hence,

1Y E,|P —1y!
—L,W, = (pp )EZ()—2p+1)/p+p Vi Ey| +(p ) Ep—(p—l)/prEp

| Ep[P|2[P—2 p
_(p=1\|Vukp rwpt
S\ Ep | [2pm*
This proves (3.22). O

From (3.21), the proof of (3.24) follows exactly as in lemma 3.1 and hence we omit
its proof. This proves the lemma. O

Proof of theorem 2.2. Let 1 < p < n+2 and Ej, {2 and R be as defined in (2.22)
with the condition that f < R in {2. For the sake of notational simplification we set
E=FE,andVg=V.Let 0 <ue Cy(H") ifp<n+2and u € CL(N2)if p=n+2.
Let v = E~(®=1/Py, Then v > 0 and v(0) = 0. Hence,
Vu (p - 1) VE Vv
=) =+
u P E v

Then, from (3.12)—(3.14) we have

p— VE p? E Vo p E Vv
P> 1= [yp YN ip(P_ £ VUYL
Vel ( ’ )“ B { p—1|VE|2<V ’ v>+ <p—1|VE| >}
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Hence, for p < n + 2,
VE|?

/ [VulP pl”/
n |2|P2 D n| E

p—1Y"" [ |VEP2
()

uP
|2[P=2

p
N p—1 p/ uP |VE pB p E Vv
P n |z|P72| E p—1|VE| v
> 0. (3.29)
If p =n+ 2, we can replace H"” by {2 in the above inequality to obtain
P 1V EIP uP
o lz[P=? p ol E | |2[P=2
From (3.25) and (2.22) we have
92 _ p 2
(W) |i|/2 ifl<p<n+2,
P E | [zfp2 '

p 1)” Els :
ifp=n+2.
( p ) (log(R/f))Pfr/?
Substituting this in (3.30) gives (2.24). Next we claim that

n+2-pV
2p

is the best constant in (2.24) if p < n + 2 and that

(5)
p
is the best constant if p = n + 2.
Let 1<p<n+2ande >0, R>0. Define W by

c—(n+2-p)/2p if f<e,
f—(n+2—p)/2p ife < f <R,

W= R~ (n+2-p)/2p (2 — j;) if R< f <2R,
0 if f>2R.

Then

4
/ |VI/IZ|: _ (2(71-1-2_17)) / |Z‘2f_(n+2)/2
n |z[P p e<f<R

+O<R—(n+2+P)/2/ |Z|2fp/2>
RLF<2R

2n+2—-p)Y n
_ ( ( )) / |Z‘2f ( +2)/2+O(1)
p e<f<R
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2 2
/ WPl2® O(g—(n+2—p)/2 |22 4 R-(n+2- p)/2/ |2|°(2R — f)p)

fr/? f<afp/2 R<F<2R fr?

+/ |2 f—(nt2)/2
e<fSR

—o@y+ [ P,
e<fSR

Since
lim |2)2f~ (D)2 = o0,
b Jessen
we get
-1
o [ IYWE [ EPIWENT (22— p)Y .
im - 073 = . (3.32)
220 Jun |2l no f P

Similar truncation also proves the result for p = n 4 2. This proves the claim. Let
2 < p<n+2. Then from (3.12) and (3.29), there exists an M; such that

P -1 p E D P E p—2 p/2|2
o |z[P2 p ol E | [zP72 ol E |2[P—2
Since ulgn = 0, as in theorem 2.1, from (3.24) we have
P 1V P P 0 P P
[T (Y [T %Z/ (5|22
o 2P D Q |2|P 4~ Jq f)1E | |z

Z i (R) )|z [ul?
(e

This proves (2.25).
Following the same method as in theorem 2.1, (2.26) and (2.27) follow. This
proves the theorem. O

4. Remarks and extensions
4.1. Open problem
Let Ep be as in (2.4) and let w, = E,()pfl)/p. Then, in the sense of distributions,

w) satisfies
-1V
Lyw, — (p)
p

In view of this, is ((p — 1)/p)P the best constant in the Hardy—Sobolev inequal-
ity (2.12)? For p = 2, using the regularity of Es, is it possible to prove that % is
the best constant?

VE,|"

E, “1=0 in02)\(0),

(4.1)

wpr::O.
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4.2. Interior and boundary Hardy—Sobolev-type inequalities

Here we consider extensions in which we make use of distributions that need not
be a fundamental solution. For example, let L be the second-order elliptic operator
in divergence form and let V1 be the associated gradient with respect to L. Let u
be a measure in 2. Assume that there exist E € L _(£2) such that

(i) £>0and E € C'(£2\ supp(n)),
(ii) Elsuppp = 00,
(iii) LE = p.

Then we can obtain an analogous HS-type inequality by considering v = E~

u € C}(£2):
E2
/|VL'UJ|271/ ‘VL 2:/|VL’U|2E>O
2 4 i) E (0}

For example, we take p = Zle 02,y T € 2, L =—A and

b C
R
= e

for an appropriate constant c. This satisfies (i)—(iii). Then, for all u € C§(£2), we

e (%5 )/ (f _2)u2>o

1/2y,

KN

and

is the best constant and is never achieved.
Next we can also combine the interior and boundary HS-type inequalities. For
example, let {2 be a ball, B(R), of radius R and let A = ((d;5))1<i,j<n and p = 2,

n > 3. Then
1 1
E=Cl—s — —— ],
2 <z|n—2 Rn—2>

IVEQ _ n—2
By | o1 = (Jzl/R)"=2)

Then the HS inequality (2.12) implies that, for all u € H}(B(R)),

n—2V u?
e (13
/B(R) 2 Br) [71*(1 = (Jz|/R)"~2)?

and it is easy to show that
n—2Y
2

is the best constant and is never achieved. This inequality combines both the interior
and the boundary HS inequalities.
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4.3. Extension to compact manifolds

The analysis here is easily extended to the compact Riemannian manifold (M, g)
of dimension n. For 1 < p < n, 0 € M, let E, be the fundamental solution of

—AE, + EFt =6, if OM =),
—A,E, =6 if OM # 0, (4.2)
E,=0 onodM,

where A, is the analogous p-Laplacian generated by the metric g. Using this E,
as in theorem 2.1, we may obtain the corresponding HS-type inequality. The main
point here is that if M = (), then the zero on the right-hand side of the HS
inequality will be replaced by a negative constant multiplied by the L, norm of the
function [2].

To illustrate this, take p = 2 and 902 = ¢. The fundamental solution Es then
exists and satisfies (4.2). For u € CY(M), let v = E;l/Zu and calculate |Vu|? as

above, to obtain
u? + /(VE Vo?) / |Vu]*E
M

-] 2
[#w=co- [ iee [ mee- [

Hence, we obtain an inequality and call it the HS-type inequality given by

/|V > — ‘ 7/ u2:/ |Vo]2E >0
M M

where % and % are the best constants. Hence, we get an extra term in the inequality
since 1 € C'(M).

and

4.4. Extension to non-compact manifolds

Let (M, g) be an open Riemannian manifold without boundary. Again for 1 <
p < n, if there exists a fundamental solution E, (as in the Euclidean case, see [2])
of the p-Laplacian, then we can obtain the analogous HS-type inequality by the
method described in the theorems here. In particular, we can calculate the HS-type
inequality for symmetric spaces. In order to illustrate this, we will give the example
of an upper half-plane with the Poincaré metric (see [14] for details).

4.4.1. HS-type inequality on the upper half-plane

Let H ={z = x4+ 1y : y > 0} denote the upper half-plane. The Poincaré metric
on H is given by ds? = y~2(dz?+dy?). Corresponding to this, the gradient Vy, the
Laplace-Beltrami operator Ay and the fundamental solution Ey are respectively
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given by
)= B2
An¢ =y (giq; gzyf)
Ey =log 1_71_2(1';’(5:)2/)

(see [14] for details).
Let R >0, e(z) = d%(z,i), Br = {z : e(2) < R} and define

i) = o ) o 1 CL)

—AHER = Cai(t) in BR,
Er>0 in Bp,
Er=0 on JBg,

Then Er satisfies

for some constant c.
By direct calculation we have

. (6(1 +e)1og<m)>—1

and the HS-type inequality is given by

VuERr
Er

dedy 1 R*(1+e) “dady

2 2

Vao el + >
/BR | | y? 4/BR¢ (6(1 e)log<(1 R?)e v
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and the equality holds if and only if ¢ = 0, where ¢ € H}(Bg). As in theorem 2.12,
we can write the asymptotic expression on the right-hand side in the above in-

equality.

4.5. Eigenvalue problem for HS operators

In general the perturbed eigenvalue problem studied in [2,3,17] can be easily
extended to the above HS-type operators coming from the fundamental solutions.
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