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Abstract We consider Hamilton-Jacobi equation ut+H(u, ux) = 0 in the quarter
plane and study initial boundary value problems with Neumann boundary condition
on the line x = 0. We assume that p → H(u, p) is convex, positively homogeneous
of degree one. In general, this problem need not admit a continuous viscosity
solution when s → H(s, p) is non increasing. In this paper, explicit formula for
a viscosity solution of the initial boundary value problem is given for the cases
s → H(s, p) is non decreasing as well as s → H(s, p) is non increasing.

Key words Hamilton-Jacobi equation, viscosity solution, Neumann boundary con-
dition.

1. Introduction
Let I ⊂ IR be an open interval and let Ω = I × (0,∞). Let H ∈ C(IR × IR),
u0 ∈ W 1,∞(I) and λ ∈ C(∂I × (0,∞)). Consider the following initial boundary
value problem for the Hamilton Jacobi equation:

ut +H(u, ux) = 0 in Ω
u(x, 0) = u0(x) for x ∈ I

∂u
∂x = λ on ∂I × (0,∞).

(1.1)

In the case of a pure initial value problem i.e., I = IR, when
∂H

∂u
≥ 0, then the

existence and uniqueness of viscosity solution of (1.1) is well studied by Crandall
and Lions [4, 7, 13]. In the case of a initial boundary value problem (1.1), then it
is not always possible to prescribe boundary condition on the boundary and hope
to have a solution and hence these boundary conditions has to be understood in a
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relaxed sense. Lions [13, 14] has discussed this problem in detail and showed the
existence and uniqueness of the solution.

When H(s, p) = H(p), H is super linear growth and convex in p, in fact one
can derive the explicit formula for the solution of (1.1). In the case of a pure initial
value problem i.e., I = IR, Hopf [8] has obtained an explicit formula for a vis-
cosity solution as a minimization over controlled paths of a certain functional with
controlled paths being straight lines. In the case of a quarter plane i.e., I = IR+,
problem was studied by Joseph and Gowda [10] and obtained an explicit formula
for a viscosity solution of (1.1) similar to Hopf’s formula. Here the controlled
paths being certain piecewise linear curves having atmost three linear curves. Using
explicit formula, Lax-Olenik in the case of pure initialvalue problem and Joseph-
Gowda [10] in the case of a quarter plane, entropy solution ϑ = ux of the following
scalar conservation law has been derived.

ϑt +H(ϑ)x = 0 in Ω

ϑ(x, 0) =
∂u0

∂x
(x) for x ∈ I

ϑ = λ on ∂I × (0,∞).
(1.2)

The problem (1.2) has also been studied by Lefloch [12] where a formula was
derived which contains a solution of a variational inequality which may not be solv-
able explicitly. Furthermore using the numerical scheme, Joseph and Gowda [11]
obtained a similar formula for a solution of (1.1) in the quarter plane when
H(p) = |p|.

Now what happens when H depends on “u” and p → H(u, p) is convex?.
In general, obtaining an explicit formula for a solution is quite difficult. For the

pure initiavalue problem, under the assumption
∂H

∂u
≥ 0, p → H(u, p) is convex,

positively homogeneous of degree one, Barron, Jensen and Liu [6] have obtained
an explicit formula for a viscosity solution.

If
∂H

∂u
is non positive, this problem is not well studied in the literature. In

general this problem admits discontinuous solution. In [1, 2, 3] explicit formulas
for viscosity solution is given in the case of pure initial value problem under the
assumptions either p → H(u, p) is convex and positively homogeneous of degree
greater than one or p → H(u, p) is convex, positively homogeneous of degree one
and finitely many oscillations in u.

Now the question is, under the same assumptions as above, does there exists
an explicit formula for a solution of initial boundary value problem (1.1)?. In this
paper, for the case p → H(u, p) is convex, positively homogeneous of degree one

and either
∂H

∂u
≥ 0 or ≤ 0 explicit formula for a viscosity solution is obtained for

initial boundary value problem. In section 2, we state our main results. In section
3, the necessary preliminaries are given. In section 4, we prove the result for the
case u → H(u, p) is non decreasing. In section 5, proof of the result for the case
u → H(u, p) is non increasing is given.
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2. Main Results

Hereafter we assume that u0 ∈ W 1,∞(IR+), λ ∈ C(IR+) and H satisfies:

(H0) : p → H(u, p) is convex, positively homogeneous of degree one and H(u, p)
> 0 for all p 	= 0. Assume that η is a diffeomorphism from IR onto IR where

η(u) =
∫ u

0

dθ

H(θ, 1)
. (2.1)

Difinition 2.1. (Admissible curves). Let 0 ≤ s < t and β ∈ C([s, t], IR+). Then β
is called an admissible curve if the following holds.

1. β consists of atmost three linear curves (Fig. 1a., Fig. 1b.).

2. Let s = t3 ≤ t2 ≤ t1 ≤ t0 = t be such that for i = 1, 2, 3, βi = β|[ti,ti−1]

be the linear parts of β. Then β2 = 0.

Represent an admisible curve β = {β1, β2, β3} and β̇ = (β̇1, β̇2, β̇3), where β̇i =
dβi

dθ
and |β̇| = max1≤i≤3

{
˙|βi|

}
. Let M > 0, x ∈ IR+, 0 ≤ s < t and define

c(x, s, t) =
{
β ∈ C([s, t], IR+);β(t) = x, β is an admissible curve

}
(2.2)

cM (x, s, t) =
{

β ∈ c(x, s, t); |β̇| ≤ M
}

, (2.3)

c(x, t) = c(x, 0, t), cM (x, t) = cM (x, 0, t). (2.4)

For a , b ∈ IR, denote a
∨

b = max(a, b). The main results are divided into two
parts.
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Part 2.1. Assume that H satisfies the following assumption.
(H1) u 
→ H(u, p) is non decreasing for each p.
Associated to H , let h be its quasi convex dual defined by

h(q) = inf {γ;H(γ, p) ≥ pq ∀|p| ≤ 1} . (2.5)

For (x, t) ∈ IR+ × IR+ and 0 ≤ s < t, β = (β1, β2, β3) ∈ c(x, s, t), define

ρ3(β) = η(h(β̇3)), (2.6)

ρ1(β) = η(h(β̇1)), (2.7)∫
β

λ+ =
∫
{β=0}

λ+(θ)dθ, (2.8)

with ρi(β) = −∞ if βi = φ. Then we have the following :

Theorem 2.1. Let (x, t) ∈ IR+ × IR+ and define

η(u(x, t)) = inf
β∈c(x,t)

{
η(u0(β(0)))

∨
ρ3(β)−

∫
β

λ+

} ∨
ρ1(β) . (2.9)

Then for any T > 0, u ∈ W 1,∞(IR+ × [0, T ]) and u is a viscosity solution of (1.1)
with I = IR+. Furthermore minimizer in (2.9) exist.

Part 2.2. Assume that H satisfies the following assumption.
(H2) u 
→ H(u, p) is non increasing for each fixed p.
Associated to H , let h be the quasi concave dual defined by

h(q) = sup {ν;H(ν, p) ≥ pq ∀ |p| ≤ 1} . (2.10)

Let M > 0, 0 ≤ s < t and (x, t) ∈ IR+ × IR+. For a function ϑ on IR+ × IR+,
define

A(ϑ, x, s, t) =
{

β ∈ c(x, s, t);ϑ(β(s), s) ≤ h(β̇3),

η(ϑ(β(s), s))− ∫
β λ+ ≤ η(h(β̇1))

} (2.11)

A(ϑ, x, s, t) =
{

β ∈ c(x, s, t);ϑ(β(s), s) < h(β̇3),

η(ϑ(β(s), s))− ∫
β λ+ < η(h(β̇1))

} (2.12)

AM (ϑ, x, s, t) =
{

β ∈ A(ϑ, x, s, t) : |β̇| ≤ M
}

AM (ϑ, x, s, t) =
{

β ∈ A(ϑ, x, s, t) : |β̇| ≤ M
}

,

{
A(ϑ, x, t) = A(ϑ, x, 0, t), A(ϑ, x, t) = A(ϑ, x, 0, t),
AM (ϑ, x, t) = AM (ϑ, x, 0, t), AM (ϑ, x, t) = AM (ϑ, x, 0, t),

(2.13)

with h(β̇i) = ∞ if βi = φ. Then we have the following.
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Theorem 2.2. Define

u(x, t) = inf η−1

{
η(u0(β(0)))−

∫
β

λ+;β ∈ A(u0, x, t)
}

, (2.14)

u(x, t) = inf η−1

{
η(u0(β(0)))−

∫
β

λ+, β ∈ A(u0, x, t)
}

. (2.15)

Let I = IR+. Then u is a lower semicontinuous function, u is an upper semicontin-
uous function, u∗ = u and u∗ = u. Furthermore u and u are viscosity solutions
of (1.1).

Remark 2.1. The assumption on η being diffeomorphism from IR onto IR is not
required. With a slight modification, all theorems are still valid except for the fact
that, in general, minimiser may not exist.

3. Preliminaries

In this section we recall some definitions and some known facts from [5, 6, 9 and
14].

Definition 3.1. Let Ω ⊂ IRn be a domain and V be a locally bounded function.
For x ∈ Ω define

V ∗(x) = limr→0 sup {V (z) : |x − z| ≤ r}
V∗(x) = limr→0 inf {V (z) : |x − z| ≤ r} .

Then it follows easily that V ∗ and V∗ are upper and lower semicontinuous functions
respectively. Also V∗ ≤ V ∗.
Definition 3.2. Let U be a locally bounded function in IR+ × IR+.
1. U is said to be a subsolution of (1.1) if for any (x0, t0) ∈ IR+ × IR+, ϕ ∈
C1(IR+×IR+) such that (x0, t0) is a local maximum for U∗−ϕ with U∗(x0, t0) =
ϕ(x0, t0). Then at (x0, t0) either ϕt + H(ϕ,ϕx) ≤ 0 or if x0 = 0 and ϕt +
H(ϕ,ϕx) > 0 then ϕx(x0, t0) ≥ λ(t0). Further more limt→0 U∗(x, t) ≤ u0(x).
2. U is said to be a super solution of (1.1) if for any (x0, t0) ∈ IR+ × IR+, ϕ ∈
C1(IR+× IR+) such that (x0, t0) is a local minimum for U∗−ϕ with U∗(x0, t0) =
ϕ(x0, t0). Then at (x0, t0), either ϕt + H(ϕ,ϕx) ≥ 0 or if x0 = 0 and ϕt +
H(ϕ,ϕx) < 0, then ϕx(x0, t0) ≤ λ(t0). Further more limt→0 U∗(x, t) ≥ u0(x).
3. U is said to be a viscosity solution of (1.1) if U is both sub and super solution
of (1.1).

Now recall some properties of quasiconvex (concave) dual of H .

Lemma 3.2. Let H satiefies (H0) of section 2. Then
(a) Suppose u 
→ H(u, p) is non decreasing and h be its quasi convex dual defined
by (2.5). Then h satisfies
(A1) h is a lower semicontinuous function. For any q1, q2 ∈ IR, t ∈ [0, 1], h(tq1+
(1− t)q2) ≤ max {h(q1), h(q2)} ,
(A2) h(0) = −∞, lim|q|→∞ h(q) =∞,
(A3) H(s, p) = sup {pq;h(q) ≤ s}.
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(b) Suppose u 
→ H(u, p) is non increasing and h be its quasi concave dual defined
by (2.10). Then
(A4) h is an upper semicontinuous function. For any q1, q2 ∈ IR, t ∈ [0, 1], h(tq1+
(1− t)q2) ≥ min {h(q1), h(q2)} ,
(A5) h(0) = +∞, lim|q|→∞ h(q) = −∞,
(A6) H(s, p) = sup {pq; s ≤ h(q)}.

Proofs of (A1) to (A3) follow from Theorem 2.1 and Lemma 2.2 of [6]. (A4)
to (A6) follow from (A1) to (A3) applied to the Hamiltonian H̃(s, p) = H(−s, p).

4. Proofs of Theorems

In this section we prove the Theorem 2.1 which proves explicit formula for the
solution given by (2.9) is a viscosity solution when s → H(s, p) is non decreasing.
In order to prove Theorem 2.1, first we prove the following Lemmas.

Lemma 4.1. (Existence of a minimizer) Let T > 0, 0 ≤ s < t ≤ T, x ∈ IR+. Let
ϑ : IR+ × IR+ → IR be a function such that |ϑ|T = supIR+×[0,T ] |ϑ(x, t)| < ∞.
Define

η(V (x, t)) = inf
β∈c(x,s,t)

{
η(ϑ(β(s), s))

∨
ρ3(β)−

∫
β

λ+

} ∨
ρ1(β). (4.1)

Then
(1) |V |T < ∞ and there exist M = M(ϑ, λ, T ) > 0 such that

η(V (x, t)) = inf
CM (x,s,t)

{
η(ϑ(β(s), s))

∨
ρ3(β)−

∫
β

λ+

} ∨
ρ1(β). (4.2)

(2) Suppose x 
→ ϑ(x, θ) is lower semicontinuous for each θ, then there exist a
minimizer β of (4.2).

Proof : Since η(±∞) = ±∞ and h(0) = −∞ , by taking β(θ) = x for θ ∈ [s, t]
to obtain η(V (x, t)) ≤ η(ϑ(x, s)) − ∫

β λ+ ≤ η(ϑ(x, s)). Hence V (x, t) ≤ |ϑ|T .
Also for any β ∈ c(x, s, t)
{

η(ϑ(β(s), s))
∨

ρ3(β)−
∫

β
λ+

} ∨
ρ1(β) ≥ η(ϑ(β(s), s))

−
∫

β
λ+ ≥ η(−|ϑ|T )− T |λ+|T ,

and hence |V |T < ∞. Since h(p) → ∞ as |p| → ∞ and hence can choose a
M > 0 such that whenever |β̇| ≥ M then either ρ1(β) > η(|V |T ) or ρ3(β) >
η(|ϑ|T ) + η(|V |T ) + T |λ+|T . In this case

(η(ϑ(β(s), s))
∨

ρ3(β)−
∫

β
λ+)

∨
ρ1(β) > η(|V |T )

and hence there exist M > 0 such that |β̇| ≤ M and (4.2) holds. This proves (1).
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Let {βk} be a minimizing sequence for (4.2). Since |β̇k| ≤ M and hence
there exist a subsequence still denoted by {βk} converging to β in W 1,∞. Since
x 
→ ϑ(x, θ) and p 
→ h(p) are lower semicontinuous functions, it follows that

(η(ϑ(β(s), s))
∨

ρ3(β)−
∫
β λ+)

∨
ρ1(β) ≥ η(V (x, t))

= limk→∞
{

η(ϑ(βk(s), s))
∨

ρ3(βk)−
∫
βk

λ+
}∨

ρ1(βk)
≥ (η(ϑ(β(s), s))

∨
ρ3(β)−

∫
β λ+)

∨
ρ1(β),

and hence β is a minimizer. This proves the Lemma. �

Lemma 4.2. (Dynamic programming principle) Let u be as in (2.9). Let x ∈ IR+

and 0 ≤ s < t , then

η(u(x, t)) = inf
β∈c(x,s,t)

(η(u(β(s), s))
∨

ρ3(β)−
∫

β

λ+)
∨

ρ1(β). (4.3)

Proof : Let η(ϑ(x, t)) denote the right hand side of (4.3). Let β = (β1, β2, β3) ∈
c(x, t) defined on the partition 0 = t3 ≤ t2 ≤ t1 ≤ t0 = t. Let β(1) = β|[0,s] ∈
c(β(s), s) and β(2) = β|[s,t] ∈ c(x, s, t).

Suppose t1 < s < t, then ρ3(β(2)) = −∞, ρ1(β(2)) = ρ1(β), ρ3(β(1)) =
ρ3(β) and ρ1(β(1)) = ρ1(β). Hence

η(ϑ(x, t)) ≤ η(u(β(2)(s), s))
∨

ρ1(β(2))
≤ (η(u0(β(1)(0)))

∨
ρ3(β(1))− ∫

β(1) λ+)
∨

ρ1(β(2))
= (η(u0(β(0)))

∨
ρ3(β)−

∫
β λ+)

∨
ρ1(β).

If t2 ≤ s ≤ t1, then ρ3(β(2)) = −∞, ρ1(β(2)) = ρ1(β), ρ1(β(1)) = −∞, ρ3(β(1))
= ρ3(β),

∫
β(1) λ+ +

∫
β(2) λ+ =

∫
β λ+. Hence

η(ϑ(x, t)) ≤ (η(u(β(2)(s), s))− ∫
β(2) λ+)

∨
ρ1(β(2))

≤ (η(u0(β(1)(0)))
∨

ρ3(β(1))− ∫
β(1) λ+ − ∫

β(2) λ+)
∨

ρ1(β(2))
= (η(u0(β(0)))

∨
ρ3(β)−

∫
β λ+)

∨
ρ1(β).

If 0 ≤ s < t2, then ρ1(β(2)) = ρ1(β), ρ3(β(1)) = ρ3(β), ρ1(β(1)) = −∞, ρ3(β(2))
= ρ3(β). Hence

η(ϑ(x, t)) ≤ (η(u(β(2)(s), s))
∨

ρ3(β(2))− ∫
β(2) λ+)

∨
ρ1(β(2))

≤ (η(u0(β(1)(0)))
∨

ρ3(β(1))
∨

ρ3(β(2))− ∫
β(2) λ+)

∨
ρ1(β(2))

= (η(u0(β(0)))
∨

ρ3(β)−
∫
β λ+)

∨
ρ1(β).

Now taking infimum over β to obtain η(ϑ(x, t)) ≤ η(u(x, t)) and hence ϑ(x, t) ≤
u(x, t). From Lemma 4.1, |ϑ|T < ∞ for any T > 0. Hence for every ε > 0, there
exist β ∈ c(x, s, t) and α ∈ c(β(s), s) such that

η(ϑ(x, t)) ≥ (η(u(β(s), s))
∨

ρ3(β)−
∫
β λ+)

∨
ρ1(β)− ε

η(u(β(s), s)) = (η(u0(α(0)))
∨

ρ3(α)−
∫
α λ+)

∨
ρ1(α).
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Suppose [t2, t1] 	= φ, [s2, s1] 	= φ (Fig. 2a.), then define γ = (γ1, γ2, γ3) by
γ1 = β1, γ2|[s2,t1] = 0, γ3 = α3 (Fig. 2b.). Then ρ1(γ) = ρ1(β), ρ3(γ) = ρ3(α)
and

∫
β λ+ +

∫
α λ+ ≤ ∫

γ λ+. Hence

η(ϑ(x, t)) ≥ (η(u(β(s), s))
∨

ρ3(β)−
∫
β λ+)

∨
ρ1(β)− ε

≥ (η(u(β(s), s))− ∫
β λ+)

∨
ρ1(β)− ε

≥ (η(u0(α(0)))
∨

ρ3(α)−
∫
α λ+ − ∫

β λ+)
∨

ρ1(β)− ε

≥ (η(u0(γ(0)))
∨

ρ3(γ)−
∫
γ λ+)

∨
ρ1(γ)− ε

≥ η(u(x, t))− ε.

Suppose [t2, t1] = φ, [s2, s1] 	= φ (Fig. 3a.), then define γ = (γ1, γ2, γ3) by

γ1(θ) =
x

t − s1
(θ − s1) for θ ∈ [s1, t], γ2 = α2, γ = α3 (Fig. 3b.). Since γ̇1 is a

convex combination of β̇ and α̇1 and hence ρ1(γ) ≤ ρ1(β)
∨

ρ1(α) if β̇ ≥ 0. Also
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ρ1(γ) ≤ ρ1(α) if β̇ < 0. Therefore

η(ϑ(x, t)) ≥ η(u(β(s), s))
∨

η(h(β̇))− ε

= (η(u0(α(0)))
∨

ρ3(α)−
∫
α λ+)

∨
ρ1(α)

∨
η(h(β̇))− ε

≥ (η(u0(γ(0)))
∨

ρ3(γ)−
∫
γ λ+)

∨
ρ1(γ)− ε

≥ η(u(x, t))− ε.

Similarly, if [t2, t1] 	= φ, [s2, s1] = φ and [t2, t1] = [s2, s1] = φ it follows that
η(ϑ(x, t)) ≥ η(u(x, t)) − ε. Since ε is arbitrary, it follows that ϑ(x, t) ≥ u(x, t)
and hence the Lemma. �

Lemma 4.3. (Lipschitz continuity) Let u be as in (2.9). Then u is a Lipschitz
continuous function on IR+ × [0, T ] for every T > 0.

Proof : Let 0 ≤ x2 ≤ x1 and 0 < t ≤ T . From ( 2) of Lemma 4.1, there exist a
β = (β1, β2, β3) ∈ c(x1, t) defined on the partition 0 = t3 ≤ t2 ≤ t1 ≤ t0 = t
such that

η(u(x1, t)) = (η(u0(β(0)))
∨

ρ3(β)−
∫

β
λ+)

∨
ρ1(β).

Suppose β is a line segment with β̇ ≤ 0. Then define γ(θ) = x2 − x1 + β(θ) ∈
c(x2, t). Hence

η(u(x2, t))− η(u(x1, t)) ≤ (η(u0(γ(0)))
∨

ρ3(γ)−
∫
γ λ+)

−η(u0(β(0)))
∨

ρ3(β) +
∫
β λ+

≤ |η(u0(γ(0)))− η(u0(β(0)))|
≤ M1M2|γ(0)− β(0)| = M1M2|x1 − x2| ,

where M1 and M2 are Lipschitz constants for η on [−|u0|∞, |u0|∞] and u0 respec-
tively.

Suppose β is not like above. Let t̃1 = t − (x2/β̇1) and define γ ∈ c(x2, t) as
follows :
(i) Let β2 	= φ, then

γ(θ) =

⎧⎨
⎩
(θ − t)β̇1 + x2 θ ∈ [t̃1, t]

0 θ ∈ [t2, t̃1]
β3(θ) θ ∈ [0, t2].

(ii) Let β2 = φ, then

γ(θ) =
{
(θ − t)β̇1 + x2 if θ ∈ [t̃1

∨
0, t]

0 if θ ∈ [0, t̃1
∨
0].

Clearly γ̇1 = β̇1, γ̇3 = β̇3, {β = 0} ⊂ {γ = 0} and |γ(0)− β(0)| ≤ |x1 − x2|.
Hence

η(u(x1, t))− η(u(x2, t)) ≤ (η(u0(γ(0)))
∨

ρ3(γ)−
∫
γ λ+)

∨
ρ1(γ)

−(η(u0(β(0)))
∨

ρ3(β)−
∫
γ λ+)

∨
ρ1(β)

≤ |η(u0(γ(0)))− η(u0(β(0)))|
≤ M1M2|γ(0)− β(0)| ≤ M1M2|x1 − x2|.
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In order to get the opposite inequality, let β = (β1, β2, β3) ∈ cM (x2, t) defined on
the partition 0 = t3 ≤ t2 ≤ t1 ≤ t0 = t such that

η(u(x2, t)) = (η(u0(β(0)))
∨

ρ3(β)−
∫
β λ+)

∨
ρ1(β)

≥ η(u0(β(0)))
∨

ρ3(β)−
∫
β λ+.

Now choose a p0 > 0 such that

η(h(p0)) ≤ η(−|u0|∞)− T |λ+|T . (4.4)

Case (i) : β̇1 ≤ p0.

Let t̃1 = t − x1

p0
and define γ ∈ c(x1, t) by

γ(θ) =

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

θ − t̃1

t − t̃1
x1 if t̃1 > 0, θ ∈ [t̃1, t] or if t̃1 ≤ 0, θ ∈ [0, t]

0 if t̃1 ≥ t1, θ ∈ [t1, t̃1]
β(θ) if t̃1 ≥ t1, θ ∈ [0, t1] or if t̃1 ∈ [t2, t1], θ ∈ [0, t̃1]

(θ − t̃1)β̇3 if t̃1 ∈ [0, t2], θ ∈ [0, t̃1].

Clearly γ̇1 = p0, γ̇3 = β̇3 if t̃1 > 0. Hence from (4.4)

η(u0(γ(0)))
∨

ρ3(γ)−
∫
γ λ+ ≥ η(−|u0|∞)− T |λ+|T

≥ η(h(p0)) = ρ1(γ) ,

and hence

η(u(x1, t)) ≤ (η(u0(γ(0)))
∨

ρ3(γ)−
∫
γ λ+)

∨
ρ1(γ)

= η(u0(γ(0)))
∨

ρ3(γ)−
∫
γ λ+ .

(4.5)

Let t̃1 ≥ t1, then β(0) = γ(0),
∫
β λ+ ≤ ∫

γ λ+, ρ3(β) = ρ3(γ). Therefore from
(4.5),

η(u(x2, t))− η(u(x1, t)) ≥ η(u0(β(0)))
∨

ρ3(β)
− ∫

β λ+ − η(u0(γ(0)))
∨

ρ3(γ) +
∫
γ λ+

≥ 0 ≥ −|x1 − x2| .

Let t̃1 ∈ [t2, t1], then β(0) = γ(0), ρ3(β) = ρ3(γ). Now
x2

t − t1
= β̇1 ≤ p0, hence

x2

p0
≤ t − t1. Therefore

η(u(x2, t))− η(u(x1, t)) ≥ − ∫
β λ+ +

∫
γ λ+ = − ∫ t1

t̃1
λ+ ≥ −|λ+|T (t1 − t̃1)

= −|λ+|T (t1 − t+
x1

p0
) ≥ −|λ+|T (x1 − x2)

p0
.
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Let t̃1 ∈ [0, t2] , then t − t2 ≤ x1

p0
, β̇3 = γ̇3, γ(0) = −t̃1β̇3 =

t̃1
t2

β(0). Since

β ∈ cM (x2, t) implies that
β(0)
t2

= |β̇3| ≤ M . Hence

|γ(0)− β(0)| =
β(0)
t2

(t2 − t̃1) ≤ M(t2 − t+
x1

p0
)

≤ M(t1 − t+
x1

p0
) ≤ M

p0
(x1 − x2),

t1 − t2 = t1 − t+ t − t2 ≤ −x2

p0
+ t − t̃1 =

x1 − x2

p0
.

η(u(x2, t))− η(u(x1, t)) ≥ η(u0(β(0)))
∨

ρ3(β)−
∫
β λ+ − η(u0(γ(0)))

∨
ρ3(γ)

≥ −M1M2|β(0)− γ(0)| − |λ+|T (t1 − t2)

≥ −[M1M2M + |λ+|T ] (x1 − x2)
p0

.

Let t̃1 ≤ 0. Then t ≤ x1

p0
, β(0) ≤ Mt2 ≤ M(t2 − t̃1) ≤ M

p0
(x1 − x2), γ(0) =

−t̃1

t − t̃1
x1 ≤ x1 − x2, t1 − t2 ≤ M

p0
(x1 − x2). Hence

η(u(x2, t))− η(u(x1, t)) ≥ η(u0(β(0)))
∨

ρ3(β)−
∫
β λ+ − η(u0(γ(0)))

∨
ρ3(γ)

≥ −|η(u0(β(0)))− η(u0(γ(0)))| − |λ+|T (t1 − t2)

≥ −M1M2(|β(0)|+ |γ(0)|)− |λ+|T (x1 − x2)
p0

≥ −(MM1M2 + |λ+|T )x1 − x2

p0
.

Case (ii) : β̇1 ≥ p0.

Then p0 ≤ β̇1 =
x2

t − t1
and hence

t − t1
x2

≤ 1
p0

. Let t̃1 = (1 − x1

x2
)t +

x1

x2
t1,

then t̃ < t1 and define γ ∈ c(x1, t) by

γ(θ) =

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

θ − t̃1

t − t̃1
x1 if θ ∈ [t̃1

∨
0, t]

0 if θ ∈ [t2, t̃1] and t̃1 ≥ t2
β(θ) if θ ∈ [0, t2] and t̃1 ≥ t2

(θ − t̃1)β̇3 if 0 ≤ t̃1 ≤ t2 .

Clearly γ̇1 = β̇1, γ̇3 = β̇3 if γ̇3 	= 0 and t1 − t̃1 = (
x1

x2
− 1)(t − t1) = (x1 −

x2))
t − t1

x2
≤ x1 − x2

p0
. Let t̃1 ∈ [t2, t1], then β(0) = γ(0), β̇1 = γ̇1, β̇3 = γ̇3.
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Hence

η(u(x2, t))− η(u(x1, t)) ≥ (η(u0(β(0)))
∨

ρ3(β)−
∫
β λ+)

∨
ρ1(β)

−(η(u0(γ(0)))
∨

ρ3(γ)−
∫
γ λ+)

∨
ρ1(γ)

≥ − ∫ t1
t̃1

λ+ ≥ −|λ+|T (t1 − t̃1) ≥ −|λ+|T (x1 − x2)
p0

.

Let 0 ≤ t̃1 ≤ t2, then β̇1 = γ̇1, β̇3 = γ̇3, γ(0) = −t̃1β̇3 =
t̃1
t2

β(0). Since

β ∈ cM (x2, t) and hence
β(0)
t2

= |β̇3| ≤ M . Hence

|γ(0)− β(0)| = β(0)
t2

(t2 − t̃1) ≤ M(t1 − t̃1) =
M

p0
(x1 − x2).

Hence

η(u(x2, t))− η(u(x1, t)) ≥ (η(u0(β(0)))
∨

ρ3(β)−
∫
β λ+)

∨
ρ1(β)

−(η(u0(γ(0)))
∨

ρ3(γ)−
∫
γ λ+)

∨
ρ1(γ)

≥ −|η(u0(β(0)))− η(u0(γ(0)))| − |λ+|T (t1 − t2)

≥ −M1M2|β(0)− γ(0)| − |λ+|T
p0

(x1 − x2)

≥ −[M1M2M + |λ+|T ]x1 − x2

p0
.

Let t̃1 ≤ 0, then β̇1 = γ̇1, γ(0) =
−t̃1

t − t̃1
x1 ≤ x1 − x2, β(0) ≤ Mt2 ≤

M(t1 − t̃1) ≤ M

p0
(x1 − x2). Hence

η(u(x2, t))− η(u(x1, t)) ≥ η(u0(β(0)))−
∫
β λ+ − η(u0(γ(0)))

≥ −M1M2(β(0) + γ(0))− |λ+|T (t1 − t2)

≥ −(M1M2M + p0 + |λ+|T )x1 − x2

p0
.

Combining all the above inequalities to obtain a constant M(T ) such that for
x1, x2 ∈ IR+, 0 ≤ t ≤ T,

|u(x1, t)− u(x2, t)| ≤ M(T )|x1 − x2| . (4.6)

From (4.6), x 
→ u(x, t) is continuous and hence from (2) of Lemma 4.1, for any
0 ≤ s < t ≤ T and x ∈ IR+, there exists a β ∈ cM (x, s, t) such that

η(u(x, t)) = (η(u(β(s), s))
∨

ρ3(β)−
∫

β

λ+)
∨

ρ1(β) . (4.7)

Since |β̇| ≤ M and hence |β(s)− x| ≤ M(t − s). Therefore

η(u(x, t))− η(u(x, s)) ≥ η(u(β(s), s))− η(u(x, s))− |λ+|T (t − s)
≥ −M1M(T )|β(s)− x| − |λ+|T (t − s)
≥ −[MM1M(T ) + |λ+|T ](t − s) .
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Now let γ(θ) = x for θ ∈ [s, t]. Then

η(u(x, t)) ≤ η(u(x, s))−
∫

γ
λ+ ≤ η(u(x, s)) .

Hence there exists a constant M̃(T ) such that |u(x, t)− u(x, s)| ≤ M̃(T )(t − s).
This together with (4.6) proves the Lemma. �

Proof of Theorem 2.1 : From Lemma 4.3, u ∈ W 1,∞(IR+×[0, T ]) for any T > 0.

Sub soulution : Suppose u is not a subsolution, then there exist (x0, t0) ∈ IR+ ×
IR+, μ > 0, ϕ ∈ C1(IR+ × IR+) such that u − ϕ has a local maximum at
(x0, t0), u(x0, t0) = ϕ(x0, t0) and at (x0, t0), ϕt+H(ϕ,ϕx) ≥ 4μ and ϕx(x0, t0)
< λ(t0) if x0 = 0. By continuity, there exist a δ > 0 such that at (x0, t0), ϕt +
H(ϕ−δ, ϕx) ≥ 3μ and ϕx(x0, t0) < λ(t0) if x0 = 0. Hence from (A3) there exist
a p such that at (x0, t0), ϕt+pϕx ≥ 2μ, h(p) ≤ ϕ(x0, t0)−δ, ϕx(x0, t0) < λ(t0)
if x0 = 0. Hence there exist a ball B centred at (x0, t0) such that in B

ϕt + pϕx ≥ μ, h(p) ≤ ϕ, ϕx < λ if x0 = 0. (4.8)

Suppose x0 > 0. By shrinking B if necessary, we can assume that B ⊂ IR+ ×
IR+. Now choose s0 such that for θ ∈ [s0, t0], (β(θ), θ) ∈ B where β(θ) =
p(θ − t0) + x0 ∈ c(x0, s0, t0). Then from (4.3) and (4.8) we have

η(ϕ(x0, t0)) = η(u(x0, t0)) ≤ η(u(β(s0), s0))
∨

ρ3(β)
∨

ρ1(β)
= η(u(β(s0), s0)

∨
h(p))

≤ η(ϕ(β(s0), s0)
∨

h(p))
≤ η(ϕ(β(s0), s0)) .

This implies that ϕ(x0, t0) ≤ ϕ(β(s0), s0). On the other hand, from (4.8)

ϕ(x0, t0)− ϕ(β(s0), s0) =
∫ t0
s0

d

dθ
ϕ(β(θ), θ)dθ

=
∫ t0
s0
(ϕt + pϕx)dθ ≥ μ(t0 − s0),

which is a contradiction.
Suppose x0 = 0. If p < 0, like in the above proof, choose β(θ) = p(θ − t0) ∈

c(x0, s0, t0) such that β(θ) ∈ B∩(IR+×IR+) and the contradiction follows. There-
fore assume that p > 0. Suppose ϕx(x0, t0) ≤ 0, then 2μ ≤ (ϕt + pϕx)(x0, t0) ≤
ϕt(x0, t0) and hence in B, μ ≤ ϕt. This implies that if s0 < t0 such that
(x0, s0) ∈ B, then μ(t0 − s0) ≤ ϕ(x0, t0) − ϕ(x0, s0). But from (4.3), taking
β(θ) = 0 for θ ∈ [s0, t0] to obtain ϕ(x0, t0) ≤ ϕ(x0, s0) which is a contradic-
tion. Now let ϕx(x0, t0) > 0 and hence λ(t0) > 0. By shrinking B if necessary,
we can assume that λ > 0. Choose s0, t0 such that {0} × [s0, t0] ⊂ B. Let
β(θ) = x0 for θ ∈ [s0, t0], then from (4.3) η(ϕ(x0, t0)) = η(u(x0, t0)) ≤
η(ϕ(x0, s0))−

∫ t0
s0

λ+ and hence

(η′(ϕ)ϕt)(x0, t0) = lims0→t0

η(ϕ(x0, t0))− η(ϕ(x0, s0))
t0 − s0

≤ − lims0→t0

1
t0 − s0

∫ t0

s0

λ+ = −λ+(t0) = −λ(t0),
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that is, (ϕt+λ(t0)H(ϕ, 1))(x0, t0) ≤ 0 and hence μ ≤ (ϕt+H(ϕ,ϕx))(x0, t0) =
(ϕt+ϕxH(ϕ, 1))(x0, t0) ≤ (ϕt+λH(ϕ, 1))(x0, t0) ≤ 0, which is a contradiction.
This proves that u is a subsolution.

Super Solution : Suppose u is not a super solution, then there exist (x0, t0) ∈
IR+ × IR+, μ > 0, ϕ ∈ C1(IR+ × IR+) such that u − ϕ has local minimum at
(x0, t0), u(x0, t0) = ϕ(x0, t0) and (ϕt+H(ϕ,ϕx))(x0, t0) ≤ −4μ, ϕx(x0, t0) >
λ(t0) if x0 = 0. Hence in a Ball B centred at (x0, t0), ϕt+H(ϕ,ϕx) ≤ −3μ, ϕx >
λ if x0 = 0 holds. Hence form (A6), in B,

{
h(p) ≤ ϕ implies that ϕt + pϕx ≤ −3μ
ϕx > λ if x0 = 0 .

(4.9)

From (2) of Lemma 4.1 and 4.3, for each s < t0, choose a minimizing curve
βs ∈ cM (x0, s, t0). For θ ∈ [s0, t0], |βs(θ)−x0| ≤ (t0−s)|β̇s| ≤ M(t0−s), hence
choose s1 < t0 such that for any s1 ≤ s < t0, (βs(θ), θ) ∈ B for θ ∈ [s, t0].
Claim : There exist an s0 ∈ [s1, t0] such that for almost all θ ∈ [s0, t0]

(ϕt + β̇s0ϕx)(βs0(θ), θ) ≤ −μ. (4.10)

Suppose not, then there exist a sequence sk → t0, θk ∈ [sk, t0] with βk =
βsk

, pk = β̇k(θk) such that −μ ≤ (ϕt + pkϕx)(βk(θk), θk) holds. By going to a
sub sequence assume that pk → p0. Hence by lower semi continuity

η(ϕ(x0, t0)) = η(u(x0, t0)) = limk→∞(η(u(βk(sk), sk))
∨

ρ3(βk)
− ∫

βk
λ+)

∨
ρ1(βk)

≥ limk→∞[η(ϕ(βk(sk), sk))
∨

ρ3(βk)
− ∫

βk
λ+)

∨
ρ1(βk)]

≥ η(ϕ(x0, t0)
∨

h(p)) ,

and hence ϕ(x0, t0) ≥ h(p). Hence from (4.9) we have −μ ≤ limk→∞(ϕt +
pkϕx)(βk(θk), θk) = (ϕt + pϕx)(x0, t0) ≤ −3μ, which is a contradiction and
hence the claim.

Let x0 > 0. Then by shrinking B if necessary such that B ⊂ IR+×IR+. Hence
βs0 is a line segment. Hence

η(ϕ(x0, t0)) = η(u(x0, t0)) = η(u(βs0(s0), s0)
∨

h(β̇s0))
≥ η(ϕ(βs0(s0), s0)

∨
h(β̇s0)),

hence ϕ(x0, t0) ≥ ϕ(βs0(s0), s0). Integrating (4.10) from s0 to t0 to obtain ϕ(x0, t0)−
ϕ(βs0(s0), s0) ≤ −μ(t0 − s0) which is a contradiction.

Let x0 = 0 and λ(t0) < 0. Shrinking B if necessary, assume that λ < 0 in B
and hence λ+ = 0 in B. Hence by (4.3) it follows that ϕ(x0, t0) ≥ ϕ(βs0(s0), s0)
and a contradiction is obtained from integrating (4.10) from s0 to t0.

Let x0 = 0 and λ(t0) ≥ 0. Then ϕx(x0, t0) > λ(t0) ≥ 0. Shrinking B if
necessary, can assume that ϕx > 0 in B ∩ (IR+ × IR+). Hence ϕ(x, s) ≥ ϕ(0, s).
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Therefore

η(ϕ(x0, t0)) = η(u(x0, t0)) = η(u(βs(s), s))
∨

ρ3(βs)−
∫
βs

λ+

≥ η(ϕ(βs(s), s))−
∫
βs

λ+

≥ η(ϕ(0, s))− ∫ t0
s λ+ .

Hence

(η′(ϕ)ϕt)(x0, t0) = lims→t
η(ϕ(x0, t0))− η(ϕ(0, s))

t0 − s
≥ −λ+(t0) = −λ(t0) .

That is 0 ≤ (ϕt + λ(t0)H(ϕ, 1))(x0, t0) ≤ (ϕt + ϕxH(ϕ, 1))(x0, t0) = (ϕt +
H(ϕ,ϕx))(x0, t0) ≤ −4μ which is a contradiction. This proves the theorem. �

5. Proof of Theorem 2.2.
In order to prove Theorem 2.2, we need the following Lemmas.

Lemma 5.1. Let T > 0 and ϑ be a real valued function defined on IR+ × IR+

such that |ϑ|T = sup {|ϑ(x, t)|;x ∈ IR, 0 ≤ t ≤ T} < ∞. Let x ∈ IR+ and
0 ≤ s < t ≤ T. Define

η(V (x, t)) = inf
{

η(ϑ(β(s), s))−
∫

β
λ+;β ∈ A(ϑ, x, s, t)

}
, (5.1)

η(V (x, t)) = inf
{

η(ϑ(β(s), s))−
∫

β
λ+;β ∈ A(ϑ, x, s, t)

}
. (5.2)

Then there exist a constant M = M(T, |ϑ|T , |λ|∞) such that |V T |+ |V T | < ∞,

η(V (x, t)) = inf
{

η(ϑ(β(s), s))−
∫

β
λ+;β ∈ AM (ϑ, x, s, t)

}
, (5.3)

ηV (x, t)) = inf
{

η(ϑ(β(s), s))−
∫

β
λ+;β ∈ AM (ϑ, x, s, t)

}
. (5.4)

(1) If x 
→ ϑ(x, θ) is lower semicontinous for each θ, then a minimizer β ∈
AM (ϑ, x, s, t) exist in (5.3).
(2) If x 
→ ϑ(x, θ) is continuous, then there exist a sequence βk ∈ AM (ϑ, x, s, t)
converging to β ∈ AM (ϑ, x, s, t) in W 1,∞ such that

η(V (x, t)) = η(ϑ(β(s), s))−
∫

β
λ+. (5.5)

Proof : From (A5), h(0) = +∞, h(q) → −∞, as |q| → ∞. Let β(θ) = x ∀θ ∈
[s, t], then h(β̇) = h(0) = ∞. Hence β ∈ A(ϑ, x, s, t) ∩ A(ϑ, x, s, t). There-
fore η(V (x, t)) ≤ η(ϑ(β(s), s)) − ∫

β λ+ ≤ η(|ϑ|T ) and similarly η(V (x, t)) ≤
η(|ϑ|T ). Now for any β ∈ A(ϑ, x, s, t), η(ϑ(β(s), s))−∫

β λ+ ≥ η(−|ϑ|T )−T |λ+|
and hence by taking infimum over β, η(V (x, t)) ≥ η(−|ϑ|T ) − T |λ+|T . This
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proves |V |T < ∞ and similarly |V |T < ∞. Since h(q) → −∞ as |q| → ∞, we
can choose a M > 0 such that on |q| ≥ M, h(q) < −|ϑ|T . Hence if β ∈ c(x, s, t)
such that |β̇| ≥ M , then either h(β̇1) < −|ϑ|T or h(β̇3) < −|ϑ|T . In either case
β 	∈ A(ϑ, x, s, t) and β 	∈ A(ϑ, x, s, t). This proves (5.3) and (5.4).

Let {βk} ⊂ AM (ϑ, x, s, t) be a minimizing sequence in (5.3). Extract a
subsequence converging to β ∈ cM (ϑ, x, s, t) in W 1,∞. From (A4) h is an
upper semicontinuous and x 
→ ϑ(x, θ) is lower semicontinous, it follows that
β ∈ AM (ϑ, x, s, t) and η(V (x, t)) = η(ϑ(β(s), s))− ∫

β λ+. This proves (1). Ap-

ply the similar argument for V (x, t) to conclude (5.5). The only difference is that
in this case β need not be in AM (ϑ, x, s, t). This proves the Lemma. �

Lemma 5.2 : Let u be as in (2.14). Let T > 0, x ∈ IR+, 0 ≤ s < t ≤ T.
Then |u|T < ∞, x 
→ u(x, θ) is lower semicontinuous and there exist an M =
M(|u|T , |λ+|T , T ) such that

u(x, t) ≤ inf η−1

{
η(u(β(s), s))−

∫
β

λ+;β ∈ AM (u
∗, x, s, t)

}
,

η(u∗(x, t)) ≤ inf
{

η(u∗(β(s), s))−
∫

β
λ+;β ∈ AM (u∗, x, s, t)

}
. (5.6)

Proof : Since |u0|T < ∞ then from Lemma 5.1, |uT | < ∞. Let (xm, tm) →
(x0, t0) as m → ∞. Since u0 is continuous, from (1) of Lemma 5.1 there exist a
M1 > 0 and a minimizer βm ∈ AM1

(u0, xm, tm) of (2.15). Hence by going to a
subsequence, let {βm} converges to β ∈ AM1

(u0, x0, t0) in W 1,∞. Hence

η(u(x0, t0)) ≤ η(u0(β(0)))−
∫
β λ+

= limm→∞
{

η(u0(βm(0)))−
∫
βm

λ+
}

= limm→∞η(u(xm, tm)),

and this proves u is lower semicontinuous. Next define ϑ1 by

η(ϑ1(x, t)) = inf
{

η(u(β(s), s))−
∫

β
λ+;β ∈ A(u, x, s, t)

}
(5.7)

Step 1 : ϑ1(x, t) ≥ u(x, t).
Since |u|T < ∞ and x 
→ u(x, θ) is lower semicontinuous, hence from (1) of

Lemma 5.1, there exist α = (α1, α2, α3) ∈ A(u, x, s, t) defined on the partition
s = t3 ≤ t2 ≤ t1 ≤ t0 = t and β = (β1, β2, β3) ∈ A(u0, α(s), s) defined on the
partition 0 = s3 ≤ s2 ≤ s1 ≤ s0 = s such that η(ϑ1(x, t)) = η(u(α(s), s)) −∫
α λ+, η(u(α(s), s)) = η(u0(β(0)))−

∫
β λ+. Hence

η(ϑ1(x, t)) = η(u0(β(0)))−
∫

α
λ+ −

∫
β

λ+). (5.8)
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Suppose [t2, t1] 	= φ, [s2, s1] 	= φ . Define γ = (γ1, γ2, γ3) ∈ c(x, t) by
γ1 = α1, γ2|[s2,t1] = 0, γ3 = β3. Then u0(γ(0)) = u0(β(0)) ≤ h(β̇3) =
h(γ̇3), η(u0(γ(0))) −

∫
γ λ+ = η(u0(β(0))) −

∫
γ λ+ ≤ η(u0(β(0))) −

∫
β λ+ −∫

α λ+ = η(u(α(s), s)) − ∫
α λ+ ≤ η(h(α̇1)) = η(h(γ̇1)). Hence γ ∈ A(u0, x, t)

and from (4.18) we have

η(ϑ1(x, t)) = η(u0(γ(0)))−
∫

α
λ+ −

∫
β

λ+ ≥ η(u0(γ(0)))

−
∫

γ
λ+ ≥ η(u(x, t)).

Hence ϑ1 ≥ u.

Suppose [t2, t1] 	= φ, [s2, s1] = φ. Then β is a line segment and
∫
β λ+ = 0.

Hence u(α(s), s) = u0(β(0)) and u0(β(0)) ≤ h(β̇). Now define γ = (γ1, γ2, γ3) ∈
c(x, t) by γ1 = α1, γ2 = α2, γ3(θ) =

t2 − θ

t2
β(0) for θ ∈ [0, t2]. Suppose

α̇3 ≤ β̇, then by construction h(α̇3) ≤ h(γ̇3) and hence u0(γ(0)) = u0(β(0)) =
u(α(s), s) ≤ h(α̇3) ≤ h(γ̇3) and η(u0(γ(0)))−

∫
γ λ+ = η(u(α(s), s))−∫

α λ+ ≤
η(h(α̇1)) = η(h(γ̇1)). Hence γ ∈ A(u0, x, t). If β̇ ≤ α̇3 ≤ 0, then clearly
h(β̇) ≤ h(γ̇3) and hence η(γ(0))−∫

γ λ+ = η(u(α(s), s))−∫
α λ+ ≤ η(h(α̇1)) =

η(h(γ̇1)). Hence γ ∈ A(u0, x, t). This implies that η(ϑ1(x, t)) = η(u0(β(0)))−∫
α λ+ = η(u0(γ(0)))−

∫
γ λ+ ≥ η(u(x, t)). Hence ϑ1(x, t) ≥ u(x, t).

Suppose [t2, t1] = φ, [s2, s1] = φ, then α and β are line segments with
∫
α λ+ =∫

β λ+ = 0, ϑ1(x, t) = u(α(s), s) = u0(β(0)) ≤ min(h(α̇), h(β̇)). Let γ(θ) =
θ

t
x + (1 − θ

t
)β(0) for θ ∈ [0, t], clearly γ ∈ c(x, t) and by quasi concavity

of h, min(h(α̇), h(β̇)) ≤ h(γ̇) and hence γ ∈ A(u0, x, t) with
∫
γ λ+ = 0.

Hence η(ϑ1(x, t)) = η(u0(β(0))) = η(u0(γ(0))) ≥ η(u(x, t)). This implies that
ϑ1(x, t) ≥ u(x, t). Suppose [t2, t1] = φ, [s2, s1] 	= φ. Then ϑ1(x, t) = u(α(s), s).

Define γ = (γ1, γ2, γ3) ∈ c(x, t) by γ1(θ) =
θ − s1

t − s1
x if θ ∈ [s1, t], γ2 =

β2, γ3 = β3. Hence u0(γ(0)) = u0(β(0)) ≤ h(β̇3) = h(γ̇3). Now u(α(s), s) ≤
h(α̇) and η(u(α(s), s) − ∫

β λ+ ≤ η(h(β1)). Hence η(u(α(s), s)) − ∫
β λ+ ≤

min(η(h(β̇1)), η(h(α̇))) ≤ η(h(γ̇)) since γ̇ is a convex combination of α̇ and β̇1.
Hence γ ∈ A(u0, x, t) and η(ϑ1(x, t)) = η(u0(β(0))) −

∫
β λ+ = η(u0(γ(0))) −∫

γ λ+ ≥ η(u(x, t)). Hence ϑ1(x, t) ≥ u(x, t) and this proves the step-1.

Step 2. Let (xm, tm) → (x, t) such that u∗(x, t) = limm→∞ u(xm, tm). Let β =
(β1, β2, β3) ∈ A(u∗, x, t, s) defined on the partition s = t3 ≤ t2 ≤ t1 ≤ t0 = t.

Now for each m , define β(m) = (β(m)
1 , β

(m)
2 , β

(m)
3 ) by β

(m)
1 (θ) =

θ − t1
tm − t1

xm if

θ ∈ [t1, t] and β(m)|[0,t1] = β. Then β(m) ∈ c(xm, s, tm) and β(m) → β in W 1,∞.
Hence by upper semicontinuity of u∗ and h it follows that there exist an m0 > 0
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such that for all m ≥ m0, βm ∈ A(u, xm, tm, s). Hence by the Step 1,

u∗(x, t) = limm→∞ u(xm, tm) ≤ limm→∞ ϑ1(xm, tm)
≤ limm→∞ η−1

{
η(u(βm(s), s))− ∫

βm λ+
}

≤ limm→∞ η−1
{

η(u∗(βm(s), s))− ∫
βm λ+

}
≤ η−1

{
η(u∗(β(s), s))− ∫

β λ+
}

.

Hence by taking infimum over all β and from (2) of Lemma 5.1 to obtain (5.6).
This proves the Lemma. �

Lemma 5.3. Let u be as in (2.15). Let T > 0, x ∈ IR+, 0 ≤ s < t ≤ T .
Then |u|T < ∞, x 
→ u(x, θ) is upper semicontinuous and there exist an M =
M(|u|T , |λ+|T , T ) such that

η(u(x, t)) ≥ inf
{

η(u(β(s), s))−
∫

β
λ+;β ∈ AM (u, x, s, t)

}
,

η(u∗(x, t)) ≥ inf
{

η(u∗(β(s), s))−
∫

β
λ+;β ∈ AM (u∗, x, s, t)

}
.

Proof : Since |u0|T < ∞ and hence Lemma 5.1 implies that |u|T < ∞. Let
(xm, tm) → (x, t) as m → ∞. Since u0 is continuous, from (2) of Lemma 5.1,
there exist M1 > 0 and a sequence β(k) ∈ AM1(u0, x, t) such that β(k) → β in

W 1,∞ and η(u(x, t)) = η(u0(β(0))) −
∫
β λ+. Let β(k) = (β(k)

1 , β
(k)
2 , β

(k)
3 ) be

defined on the partition s = t3k ≤ t2k ≤ t1k ≤ t0k = t. For m large, define βm,k

as follows :

Case (i) : x > 0. If [t2k, t1k] = φ, then β(k) is a line segment. Define βm,k ∈
c(xm, tm) the line segment parallel to β(k). In this case βm,k → β(k) as m →
∞ in W 1,∞ and β̇m,k = β̇(k) for all large m. If [t2k, t1k] 	= φ, let βm,k =
(βm,k

1 , βm,k
2 , βm,k

3 ) such that βm,k
1 is the line segment starting at (xm, tm) and

parallel to β
(k)
1 . Let (0, t1,m,k) be the end point of βm,k

1 . Then βm,k → β(k) in

W 1,∞, β̇m,k
i = β̇

(k)
i for i = 1, 2, 3 and

∫
βm,k λ+ → ∫

βk λ+ as m → ∞. βm,k
2 = 0

in [t2k, t1,m,k] if t1,m,k ≥ t2k and βm.k = β(k) in [0, t2k]. If t1,m,k ∈ [t2k, t1k], then
βm,k = β(k) in [0, t1,m,k]. If t1,m,k < t2k then βm,k

3 is the line segment parallel to

β
(k)
3 in [0, t1,m,k].

Case (ii) : x = 0. Choose p0 > 0 such that h(p0) > η(|u0|T ). If xm = 0, define
βm,k ∈ c(xm, tm) as follows. If β(k) is a line segment, then βm,k is the line seg-
ment parallel to βk. If β(k) is not a line segment, then if xm > 0, βm,k

1 (θ) =
θ − t2k

tm − t2k
xm for θ ∈ [t2k, tm] and βm,k = β(k) in [0, t2k]. If xm = 0, then

βm,k
2 (θ) = 0 in [t2k, tm] and βm,k = β(k) in [0, t2k]. Now for m large and

xm > 0, β̇m,k
1 =

xm

tm − t2k
< p0 and hence h(β̇m,k

1 ) ≥ h(p0) > η(|u0|T ) >

η(u0(βm,k(0))). Also βm,k → β(k) in W 1,∞.
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Now by construction, upper semicontinuity of h and by continuity of u0, it fol-
lows easily that there exist mk > 0 such that for all m ≥ mk, β

m,k ∈ A(u0, xm, tm).
Hence

limm→∞η(u(xm, tm)) ≤ limk→∞ limm→∞
{

η(u0(βm,k(0)))− ∫
βm,k λ+

}
= limk→∞ η(u0(β(k)(0)))− ∫

βk λ+

= η(u0(β(0)))−
∫
β λ+

= η(u(x, t)).

This proves that x 
→ u(x, t) is upper semicontinuous.

Claim 1 : Let γ = (γ1, γ2, γ3) ∈ A(u0, x, t) defined on the partition 0 = t3 ≤
t2 ≤ t1 ≤ t0 = t and α = γ|[s,t] and β = γ|[0,s]. Then α ∈ A(u, x, s, t) and
β ∈ A(u0, α(s), s).

Since γ ∈ A(u0, x, t), hence

u0(γ(0)) < h(γ̇3), η(u0(γ(0)))−
∫

γ
λ+ < η(h(γ̇1)). (5.9)

Case (i) : [t2, t1] 	= φ.

Let s ∈ (t1, t) then γ̇1 = α̇ = β̇1, γ̇3 = β̇3,
∫
γ λ+ =

∫
β λ+. Hence from

(4.19) η(u0(β(0))) −
∫
β λ+ < η(h(β̇1)), u0(β(0)) < h(β̇3) and hence β ∈

A(u0, α(s), s). η(u(β(s), s)) ≤ η(u0(β(0))) −
∫
β λ+ < η(h(β̇1)) = η(h(α̇)),

implies that u(α(s), s) = u(β(s), s) < h(α̇1). Hence α ∈ A(u, x, s, t). Let
s ∈ [t2, t1], then γ̇1 = α̇1, γ̇3 = β̇3,

∫
α λ+ +

∫
β λ+ =

∫
γ λ+, β1 = φ, α3 = φ.

Hence from (4.19) u0(β(0)) < h(β̇3) implies that β ∈ A(u0, α(s), s). Hence
η(u(α(s), s))− ∫

α λ+ ≤ η(u0(β(0)))−
∫
β λ+ − ∫

α λ+ = η(u0(γ(0)))−
∫
γ λ+ <

h(α̇1). Hence α ∈ A(u, x, s, t). Let s ∈ [0, t2). Then γ̇1 = α̇1, γ̇3 = α̇3 =
β̇, β1 = β2 = φ. Hence from (4.19) β ∈ A(u0, α(s), s) and hence η(u(α(s), s)) ≤
η(u0(β(0)). This implies that η(u(α(s), s)) − ∫

α λ+ ≤ η(u0(β(0))) −
∫
α λ+ =

η(u0(γ(0)))−
∫
γ λ+ < η(h(γ̇1)) = η(h(α̇1)). Hence α ∈ A(u, x, s, t).

Case (ii) : [t2, t1] = φ.

Then α, β, γ are line segments. If γ̇ = 0 then α̇ = β̇ = 0. Hence α ∈ A(u0, x, s, t),
β ∈ A(u, α(s), s) since h(0) =∞. Suppose γ̇ < 0, then

∫
α λ+ = 0, α̇ = β̇ = γ̇ <

0 and u0(β(0)) = u0(γ(0)) < h(γ̇) = h(β̇). Hence β ∈ A(u0, α(s), s) and this
implies that η(u(α(s), s)) ≤ η(u0(β(0))). Therefore u(α(s), s) ≤ u0(β(0)) <
h(β̇) = h(α̇). Hence α ∈ A(u, x, s, t).

Suppose γ̇ > 0, then α̇ = β̇ = γ̇,
∫
γ λ+ = 0 and η(u0(β(0))) < η(h(γ̇)) =

η(h(β̇)). Hence β ∈ A(u0, α(s), s) and η(u(α(s), s)) ≤ η(u0(β(0))) < η(h(α̇)).
Hence α ∈ A(u, x, s, t). This proves the claim.

From the claim it follows that the set
D =

{
(α, β);α = γ|[s,t], β = γ|[0,s], γ ∈ A(u0, x, t)

}

⊂ {
(α, β);α ∈ A(u, x, s, t), β ∈ A(u0, α(s), s)

}
.
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Hence if we define ϑ1(x, t) as follows, then from (5.4)

η(ϑ1(x, t)) = inf
{
η(u(α(s), s))− ∫

α λ+;α ∈ A(u, x, s, t)
}

= infα
{
infβ

{
η(u0(β(0)))−

∫
β λ+;β ∈ A(u0, α(s), s)

}

− ∫
α λ+;α ∈ A(u, x, s, t) }

≤ inf
{

η(u0(β(0)))−
∫
α λ+ − ∫

β λ+; (α, β) ∈ D
}

= inf
{

η(u0(γ(0)))−
∫
γ λ+; γ ∈ A(u0, x, t)

}

= η(u(x, t)).
(5.10)

Hence the first inequality of the Lemma.
Let (xk, tk) → (x, t) such that u∗(x, t) = limk→∞ u(xk, tk). Let ε > 0,

from (5.10) choose β(k) ∈ AM (u, xk, s, tk) and k0 > 0 such that for all k ≥ k0

η(u∗(x, t)) ≥ η(u(xk, tk))− ε/2 (5.11)

η(u(xk, tk)) > η(u(β(k)(s), s))−
∫

β(k)

λ+ − ε/2. (5.12)

Extract a subsequence still denoted by β(k) converging to β in W 1,∞. Then

u∗(β(s), s) ≤ limk→∞u∗(β(k)(s), s)
≤ limk→∞u(β(k)(s), s)
≤ limk→∞h(β̇(k)

3 ).
≤ h(β̇3),

η(u∗(β(s), s))−
∫
β λ+ ≤ limk→∞

{
η(u∗(β(k)(s), s)− ∫

β(k) λ+
}

≤ limk→∞{η(u(βk(s), s))− ∫
β(k) λ+}

≤ limk→∞η(h(β̇1
(k)
))

≤ η(h(β̇1)).

Hence β ∈ A(u∗, x, s, t) and from (5.11) and (5.12)

η(u∗(x, t)) ≥ limk→∞ η(u(xk, tk))− ε/2
≥ limk→∞(η(u(β(k)(s), s))− ∫

βk λ+)− ε

≥ limk→∞(η(u∗(β(k)(s), s))− ∫
βk λ+)− ε

≥ (η(u∗(β(s), s))−
∫
β λ+)− ε

≥ inf
{

η(u∗(γ(s), s))−
∫
γ λ+; γ ∈ AM (u∗, x, s, t)

}
− ε.

Since ε is arbitrary and hence the Lemma follows. �
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Lemma 5.4. Let u and u be as in (2.14) and (2.15) respectivly. Then u∗ = u and
u∗ = u.

Proof : Proof is divided into three steps.

Step 1 : Let α > 1 and {qk} be a bounded sequence. Then limk→∞ h(αqk) <
limk→∞h(qk).

Suppose not, then let for a subsequence still denoted by {qk} such that

qk → q0, lim
k→∞

h(αqk) = lim
k→∞

h(qk) = η.

Choose |pk| = |p̃k| = 1 such that for all |p| = 1
(i) H(h(qk), pk) = qkpk, H(h(qk), p) ≥ qkp
(ii) H(h(αqk), p̃k) = αqkp̃k, H(h(αqk), p) ≥ αqkp

Again going to a subsequence, can assume that pk → p0, p̃k → p̃0 as k → ∞.
Then by continuity of H, q0p0 = H(η, p0) = limk→∞ H(h(αqk), p0) ≥ αq0p0.
Since H(η, p0) > 0, it follows that α ≤ 1 which is a contradiction. This proves
step 1.

Step 2 : Let τ > t. Then u(x, t) ≥ u(x, τ).
Let β = (β1, β2, β3) ∈ A(u0, x, t) defined on the partition 0 = t3 ≤ t2 ≤ t1 ≤

t0 = t be a minimiser for u. Then η(u(x, t)) = η(u0(β(0)))−
∫
β λ+, η(u0(β(0)))−∫

β λ+ ≤ η(h(β̇1)) and u0(β(0)) ≤ h(β̇3). Let γ = (γ1, γ2, γ3) ∈ A(u0, x, τ) be
defined as follows.

Case (i) : Suppose u0(β(0)) < h(β̇3). Then γ ∈ A(u0, x, τ) is given by

γ1(θ) = x+ (θ − τ)
x

τ − t1
if θ ∈ [t1, τ ]

γ2(θ) = β2(θ) if θ ∈ [t2, t1]
γ3(θ) = β3(θ) if θ ∈ [0, t2].

This implies u0(γ(0)) = u0(β(0)) < h(β̇3) = h(γ̇3), η(u0(γ(0))) −
∫
γ λ+ =

η(u0(β(0))−
∫
β λ+ ≤ η(h(β̇1)) = η

(
h

(
x

t − t1

))
= η

(
h

(
x

τ − t1

τ − t1
t − t1

))
<

η

(
h

(
x

τ − t1

))
, by Step 1. Hence γ ∈ A(u0, x, τ) and u(x, t) ≥ u(x, τ).

Case (ii) : Suppose u0((β(0)) = h(β̇3). Then

η

(
h

(−β(0)
t2

))
− ∫ t1

t2
λ+ = η(u0(β(0))−

∫
β λ+

≤ η(h(β̇1))

< η

(
h

(
x

τ − t1

))
.

Let A =
{

μ;μ < t1, η

(
h

(−β(0)
μ

))
− ∫ t1

μ λ+ < η

(
h

(
x

τ − t1

))}
. h is an

upper semicontinuous function implies A is open and hence there exists ε0 such



220 ADIMURTHI AND G. D. VEERAPPA GOWDA

that ∀μ ∈ [t2, t2 + ε0), η

(
h

(
−β(0)

μ

))
− ∫ t1

μ λ+ < η

(
h

(
x

τ − t1

))
. Let

μ ∈ (t2, t2 + ε0). Define now γ by

γ1(θ) = x+ (θ − τ)
x

τ − t1
if θ ∈ [t1, τ ]

γ2(θ) = 0 if θ ∈ [μ, t1]

γ3(θ) = β(0) +
−β(0)

μ
θ if θ ∈ [0, μ].

Then u0(γ(0)) = u0(β(0)) = h

(
−β(0)

t2

)
= h

(
−β(0)

μ

μ

t2

)
< h

(
−β(0)

μ

)
=

h(γ̇3) by Step 1. Hence

η(u0(γ(0))−
∫

γ
λ+ = η(u0(β(0))−

∫ t1

μ
λ+

< h

(
−β(0)

μ

)
−

∫ t1

μ
λ+ < h(γ̇3).

This implies γ ∈ A(u0, x, τ). Hence u(x, t) ≥ u(x, τ).

Step 3 : Let Br(x, t) be a ball centered at (x, t) with radius r. Let t > 0 and let
tk < t and tk → t. Then from step (2)

u∗(x, t) = limr→0 supBr
u(z)

≥ limk→∞ u(x, tk) ≥ u(x, t).

On the other hand u ≤ u and hence u∗(x, t) ≤ u(x, t), implies that u∗(x, t) =
u(x, t). Similarly u∗ = u. This proves the Lemma. �

Lemma 5.5. (Dynamic programming principle) Let u and u be defined as in (2.16)
and (2.17) respectively. Then

u(x, t) = inf η−1

{
η(u(β(s), s))−

∫
β

λ+;β ∈ AM (u, x, s, t)
}

,

u(x, t) = inf η−1

{
η(u(β(s), s))−

∫
β

λ+;β ∈ AM (u, x, s, t)
}

.

Proof : Proof follows from Lemma 5.2, Lemma 5.3 and Lemma 5.4. �

Proof of Theorem 2.2 : Let 0 < t ≤ T and x ∈ IR+. From (1) and (2) of
Lemma 4.4, there exist M(T ) > 0, α(t), β(t) ∈ CM(T )(x, t) such that η(u(x, t))
= η(u0(β(t)(0)))−∫

β(t) λ+, η(u(x, t)) = η(u0(α(t)(0)))−∫
α(t) λ+. Now |(x, x)−

(α(t), β(t))| = | ∫ t
0 (α̇

(t)(θ), β̇(t)(θ)) dθ| ≤ M(T )t. This implies that
limt→0(u(x, t), u(x, t)) = (u0(x), u0(x)).
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Sub solution : Suppose u is not a sub solution. Then there exist (x0, t0) ∈ (IR+ ×
IR+), μ > 0, ϕ ∈ C1(IR+ × IR+) such that u∗(x0, t0) = ϕ(x0, t0), u∗ − ϕ has
local maximum at (x0, t0) and at (x0, t0), ϕt +H(ϕ,ϕx) ≥ 4μ and ϕx(x0, t0) <
λ(t0) if x0 = 0. By continuity, there exist δ > 0 such that at (x0, t0), ϕt+H(ϕ+
δ, ϕx) ≥ 3μ, ϕx(x0, t0) < λ(t0) if x0 = 0. Hence from (A6) there exist a p such
that at (x0, t0), ϕt + pϕx ≥ 2μ, ϕ(x0, t0) + δ ≤ h(p) and ϕx(x0, t0) < λ(t0)
if x0 = 0. Hence there exist a ball B around (x0, t0) such that for all (x, t) ∈
B ∩ (IR+ × IR+),

ϕt + pϕx ≥ μ, ϕ ≤ h(p), ϕx < λ if x0 = 0. (5.13)

Suppose x0 > 0. Then by shrinking B if necessary, can assume that B ⊂
IR+ × IR+. Let β(θ) = p(θ− t0)+x0 and choose s0 < t0 such that (β(θ), θ) ∈ B
for θ ∈ [s0, t0]. Since u∗ ≤ ϕ ≤ h(p) = h(β̇) and

∫
β λ+ = 0, it follows from (5.6)

that ϕ(x0, t0) = u∗(x0, t0) ≤ u∗(β(s0), s0) ≤ ϕ(β(s0), s0). On the other hand
from (5.13)

ϕ(x0, t0)− ϕ(β(s0), s0) =
∫ t0
s0

d

dθ
ϕ(β(θ), θ) dθ

=
∫ t0
s0
(ϕt + pϕx)(β(θ), θ) dθ

≥ μ(t0 − s0) > 0,

which is a contradiction.
Suppose x0 = 0. If p < 0, let β(θ) = p(θ − t0) + x0 and choose s0 < t0

such that (β(θ), θ) ∈ B ∩ (IR+ × IR+) for θ ∈ [s0, t0]. Since {β = 0} = {x0} and
hence

∫
β λ+ = 0. Since u∗ < ϕ ≤ h(p) = h(β̇) and hence as in earlier situation

we obtain a contradiction.
Let p ≥ 0. Suppose ϕx(x0, t0) ≤ 0, then 2μ ≤ (ϕt + pϕx)(x0, t0) ≤

ϕt(x0, t0). By shrinking B if necessary it follows that ϕt ≥ μ in B ∩ (IR+ × IR+)
and hence ϕ(x0, t0) ≥ ϕ(x0, s0) + μ(t0 − s0) for s0 < t0 sufficiently close to t0.
Let p1 < 0 with ϕ < h(p1) in B ∩ (IR+ × IR+) and β(θ) = p1(θ − t0) + x0, then∫
β λ+ = 0 and u∗ ≤ ϕ ≤ h(p1). Hence from (4.16), φ(x0, t0) = u∗(x0, t0) ≤

u∗(β(s0), s0) ≤ ϕ(β(s0), s0). Letting p1 → 0 to obtain ϕ(x0, t0) ≤ ϕ(x0, s0)
which is a contradiction. Suppose ϕx(x0, t0) > 0 then λ(t0) > 0. Let β(θ) = x0

for θ ∈ [s0, t0]. Since h(β̇) = h(0) = ∞, hence β ∈ A(u∗, x0, s0, t0) and hence
from (4.16)

η(ϕ(x0, t0)) = η(u∗(x0, t0)) ≤ η(u∗(x0, s0))−
∫ t0
s0

λ+

≤ η(ϕ(x0, s0))−
∫ t0
s0

λ+.

This implies that

η′(ϕ(x0, t0))ϕt(x0, t0) = lims0→t0

η(ϕ(x0, t0))− η(ϕ(x0, s0))
t0 − s0

≤ −λ+(t0) = −λ(t0).
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Since η′(u) =
1

H(u, 1)
it follows from the above inequality that at (x0, t0), 4μ ≤

φt + H(ϕ,ϕx) = ϕt + ϕxH(ϕ, 1) ≤ (ϕt + λH(ϕ, 1))(x0, t0) ≤ 0, which is a
contradiction. This proves that u is a subsolution.

Super solution : Suppose u is not a super solution. Then there exist (x0, t0) ∈
(IR+ × IR+), μ > 0, ϕ ∈ C1(IR+ × IR+) such that u∗(x0, t0) = ϕ(x0, t0), u∗−ϕ
has local minima at (x0, t0) and at (x0, t0), ϕt + H(ϕ,ϕx) ≤ −4μ, ϕx(x0, t0) >
λ(t0) if x0 = 0. Hence in a ball B around (x0, t0), ϕt + H(ϕ,ϕx) ≤ −3μ and
ϕx > λ if x0 = 0. Hence from (A6), for (x, t) ∈ B ∩ (IR+ × IR+),

if ϕ(x, t) ≤ h(p), then ϕt + pϕx ≤ −3μ and ϕx > λ if x0 = 0. (5.14)

From (1) of Lemma 5.1, let for each s < t0, βs be a minimizer for

η(u(x, t)) = inf
{

η(u∗(β(s), s))−
∫

β
λ+; β ∈ AM (u∗, x, s, t)

}
, (5.15)

then from Lemma 5.3 we have

η(ϕ(x0, t0)) = η(u∗(x0, t0))
≥ η(u∗(βs(s), s))−

∫
βs

λ+

≥ η(ϕ(βs(s), s))−
∫
βs

λ+,

η(ϕ(x0, t0))− η(ϕ(x0, s)) ≥ η(ϕ(βs(s), s))− η(ϕ(x0, s))−
∫

βs

λ+. (5.16)

Let x0 > 0. Without loss of generality assume that B ⊂ (IR+× IR+) and there
exist a s0 < t0 such that (βs(θ), θ) ∈ B for all s ∈ [s0, t0], θ ∈ [s, t0]. Furthermore
βs(θ) = ps(θ − t0) + x0 and {βs = 0} = φ. As s → t0, let ps → p0. Divide
(t0 − s) in (5.16) and letting s → t0, to obtain η′(ϕ(x0, t0))(ϕt + p0ϕx)(x0, t0) ≥
0, ϕ(x0, t0) = lims→t0 ϕ(βs(s), s) ≤ lims→t0 u∗(βs(s), s) ≤ lims→t0 h(ps) ≤
h(p0). This contradicts (5.14).

Let x0 = 0. If βs = x0+ps(θ−t0), then ps ≤ 0. Let ps → p0 as s → t0. Divide
by (t0−s) and letting s → t0 in (5.16) to obtain η′(ϕ(x0, t0))(ϕt+p0ϕx)(x0, t0) ≥
−λ+(t0) and ϕ(x0, t0) ≤ h(p0). If λ(t0) ≤ 0, then (ϕt + p0ϕx)(x0, t0) ≥ 0
which contradicts (5.14). If λ(t0) ≥ 0, then ϕx(x0, t0) > λ(t0) ≥ 0 hence 0 ≤
(H(ϕ, 1)λ(t0) + (ϕt + p0ϕx))(x0, t0) ≤ (H(ϕ, ϕx) + ϕt)(x0, t0) ≤ −4μ which
is a contradiction.

Suppose βs is not a line segment, let βs = (φ, β2s, β3s) defined on the parti-
tion s = s3 < s2 < s1 = s0 = t0. Let β3s(θ) = ps(θ − s1) for θ ∈ [s, s2]
with ϕ(βs(s), s) ≤ h(β̇3s) = h(ps) and ps < 0. Let ps → p0 as s → t0. Sup-
pose λ(t0) ≥ 0, then ϕx(x0, t0) > 0 and hence in B ∩ (IR+ × IR+), ϕx ≥ 0.
This implies that ϕ(βs(s), s) ≥ ϕ(x0, s). Hence from Lemma 5.3, η(ϕ(x0, t0)) =
η(u∗(x0, t0)) ≥ η(ϕ(βs(s), s))−

∫ t0
s λ+ ≥ η(ϕ(x0, s))−

∫ t0
s λ+. Divide by t0−s

and letting s → t0 to obtain η′(ϕ(x0, t0))ϕt(x0, t0) ≥ −λ+(t0) = −λ(t0). That
is 0 ≤ (ϕt + λ(t0)H(ϕ, 1))(x0, t0), but (ϕt + ϕxH(ϕ, 1))(x0, t0) ≤ −4μ which
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is a contradiction. Suppose λ(t0) < 0, then λ+ = 0 hence from Lemma 5.3,
ϕ(x0, t0) = u∗(x0, t0) ≥ u∗(βs(s), s) ≥ ϕ(βs(s), s). Hence 0 ≤ lims→t0
ϕ(x0, t0)− ϕ(βs(s), s)

t0 − s
= ϕt+ϕx. Suppose ϕx ≤ 0, then 0 ≤ (ϕt+ϕx)(x0, t0) ≤

ϕt(x0, t0) ≤ (ϕt + H(ϕ,ϕx))(x0, t0) ≤ −4μ, which is a contradiction. If ϕx >
0, then ϕ(x0, t0) > ϕ(βs(s), s) ≥ ϕ(x0, s) and hence ϕt(x0, t0) ≥ 0. But
ϕt(x0, t0) ≤ (ϕt + H(ϕ,ϕx))(x0, t0) ≤ −4μ which is a contradiction. This
proves that u is a super solution. Since u∗ = u and u∗ = u and hence u, u are
viscosity solutions of (1.1). This completes the proof of Theorem 2.2. �

Acknowledgement

The authors would like to acknowledge funding from the Indo-French Centre for
Promotion of Advanced Research, under Project 3401-2.

References

1. Adimurthi and G. D. Veerappa Gowda, Hopf-Lax type formula for sub- and super
solutions, Advances in Diff. Eqns., 5(1-3) (2000), 97-119.

2. Adimurthi and G. D. Veerappa Gowda, Formula for a solution of ut +H(u,Du) =
g, Proc. Indian Acad. Sci. (Math. Sci.), 110(4) (2000), 393-414.

3. Adimurti and G. D. Veerappa Gowda, Hopf-Lax type formula for non-monotonic au-
tonomus Hamilton-Jacobi equations, Non-linear Diff. Eqns. and Appls., 11 (2004),
335-348.

4. M. Bardi and I. Capuzzo-Dolcetta, Optimal control and viscosity soltions of Hamilton-
Jacobi-Bellman equations, Birkhauser, 1997.

5. G. Barles and B. Perthame, Discontinous solutions of deterministic optimal stopping
time problems, Math. Modeling Numer. Anal., 21 (1987), 557-579.

6. E. N. Barron, R. Jensen and W. Liu, Hopf-Lax type formula for ut+H(u,Du) = 0,
J. Diff. Eqn., 126 (1996), 48-64.

7. M. G. Crandall and P. L. Lions, Viscosity solution of Hamilton-Jacobi equations,
Trans. Amer. Math. Soc., 277 (1983), 1-42.

8. L. C. Evans, Partial Differential Equations, Berkely mathematics Lecture notes, Vols
3A, 3B, (1994).

9. Hitoshi Ishii, Perron’s method for Hamilton-Jacobi equations, Duke. math. J., 55
(1987), 369-384.

10. K. T. Joseph and G. D. Veerappa gowda, Explicit formula for the solution of convex
conservation laws with boundary conditions, Duke. Math. J., 62 (1991), 401-416.

11. K. T. Joseph and G. D. Veerappa gowda, The Hamilton-Jacobi equation Vt+ |Vx| =
0 in the quarter plane, Non Linear Analysis TMA., 18 (1992), 1147-1158.

12. P. LeFloch, Explicit formula for scalar non linear conservation laws with boundary
condition, Math. Methods in Appl. Sci., 10 (1988), 265-287.



224 ADIMURTHI AND G. D. VEERAPPA GOWDA

13. P. L. Lions, Generalized Solutions of Hamilton-Jacobi Equations, Research Notes
in Mathematics, Pitmann, 1982.

14. P. L. Lions, Neumann type boundary conditions for Hamilton- Jacobi equations,
Duke. Math. J., 52 (1985), 893-820.



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 215
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.04651
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 215
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.04651
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 600
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents suitable for reliable viewing and printing of business documents.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


