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We discuss nonclassical properties of single-photon subtracted squeezed vacuum states in terms
of the sub-Poissonian statistics and the negativity of the Wigner function. We derive a compact
expression for the Wigner function from which we find the region of phase space where Wigner
function is negative. We find an upper bound on the squeezing parameter for the state to exhibit
sub-Poissonian statistics. We then study the effect of decoherence on the single-photon subtracted
squeezed states. We present results for two different models of decoherence, viz. amplitude decay
model and the phase diffusion model. In each case we give analytical results for the time evolution
of the state. We discuss the loss of nonclassicality as a result of decoherence. We show through the
study of their phase-space properties how these states decay to vacuum due to the decay of photons.
We show that phase damping leads to very slow decoherence than the photon-number decay.
PACS numbers: 03.65.Yz,42.50.Dv

I.

INTRODUCTION

Quantum states can be well described in terms of
Wigner functions. The states with Gaussian Wigner
function have been of particular interests in context of
quantum information processing. Entanglement in such
states in terms of quadratures are also well studied. On
the other hand, the quantum states with non-Gaussian
Wigner function are also quite important. For example, a single-photon state, which finds many applications
in quantum information processing, shows non-Gaussian
behavior in phase-space. In a recent experiment, a nonGaussian state has been produced by homodyne detection technique from a single-mode squeezed state of light
[1, 2]. For certain non-Gaussian states, Wigner functions can take negative values. Such negativity refers to
nonclassicality of these states. These states are useful
in entanglement distillation [3, 4], loophole-free tests of
Bell’s inequality [5], and quantum computing [6]. A specific class of such nonclassical states has been shown to be
similar to the Schrodinger kitten state, in the sense that
their Wigner functions show negativity at the origin of
phase space [7, 8]. It is well known that the Schrodinger
cat states [9], which are quantum superpositions of coherent states, are non-classical in nature and are very
important to study the interface of quantum and classical worlds. Superposition of coherent states with low
amplitudes creates Schrodinger kitten states. Most of the
experiments to prepare the Schrodinger cat states have
been performed in cavities or bound systems. Thus they
are not much useful in quantum information networks
though they have the non-Gaussian nature which is required in certain quantum communication protocols. In
[7, 8], it has been shown how to prepare an Schrodinger
kitten state in an optical system, by subtracting a single photon from a squeezed vacuum state. This optical
kitten state would overcome the limitations of bound systems. Repeated photon-subtractions can lead to conditional generation of arbitrary single-mode state [10]. We

note that similar non-Gaussian states could be prepared
by adding a single photon to a squeezed vacuum state
(see [11, 12] for details of photon-added coherent states,
which are also non-Gaussian states). These states are
equivalent to single-photon subtracted squeezed vacuum
state and exhibit similar behavior in phase space. It is
worth to mention that non-Gaussian two-mode entangled
states can be prepared by subtracting a photon from a
two-mode squeezed state [13, 14].

In this paper, we focus our study on the nonclassical
properties and decoherence of single-photon subtracted
squeezed vacuum states which are optically produced
single-mode non-Gaussian states. The structure of the
paper is as follows. In Sec. II, we introduce the photonsubtracted squeezed states and discuss its nonclassical
properties in terms of the sub-Poissonian statistics and
the negativity of its Wigner function. We derive a compact expression of the Wigner function and find the region in phase space where it becomes negative. We show
that there is an upper bound of the squeezing parameter for this state to exhibit sub-Poissonian statistics.
In Sec. III, we study the effects of two different model
of decoherence: photon-number decay and phase damping. In both cases, we derive analytical expressions for
the time-evolution of the state and its Wigner function.
We discuss the loss of nonclassicality due to decoherence. We show through the study of evolution of the
Wigner function how the state decays to vacuum as a
result of photon-number decay. We further show that
phase damping leads to much slower decoherence than
the photon-number decay.
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FIG. 1: (a) Gaussian Wigner function Wsq of the squeezed vacuum state |ψi for θ = 0 and r = 0.31. (b) The Gaussian Wigner
function of a vacuum state.
FIG. 2: Plots of Wigner functions of single-photon subtracted squeezed states for (a) r = 0.31 and (b) r = 0.8 with θ = 0.

FIG. 3: Variation of C in phase space for r = 0.31 and θ = 0.

FIG. 4: Contour plot for C = constant in phase space for (a)
r = 0.31 and (b) r = 0.8.

II.

PHOTON-SUBTRACTED SQUEEZED
STATES

ζ
ζ∗
|ψi ≡ S(ζ)|0i , S(ζ) = exp a†2 − a2
2
2



,

(1)

where S(ζ) is the squeezing operator, ζ = reiθ is the
complex squeezing parameter, and a is the annihilation
operator. The Wigner function of this state is Gaussian
and positive in phase space. When p (> 0) number of
photons are subtracted from such states, the state can
be written as
|ψip ≡ ap S(ζ)|0i ≡ ap exp




ξ †2
|0i ,
a
2

(2)

|ψip =

∞
1 X (ξ/2)s+m+1 (2s + 2m + 2)!
√
|2s + 1i , (3)
No s=0 (s + m + 1)!
2s + 1

while for even p = 2m, the state becomes
∞
1 X (ξ/2)s+m (2s + 2m)!
√
|2si ,
|ψip =
Ne s=0 (s + m)!
2s

(4)

where No and Ne are the normalization constants. In
this paper, we focus on the case when a single photon is
subtracted from the squeezed vacuum, i.e., for m = 0 in
(3).

A.

Negativity of the Wigner function

The Wigner function of the squeezed vacuum state |ψi
is given by

2.0

Wsq (α, α∗ ) =

1.5

2
exp(−2|α̃|2 ) ,
π

(5)

where α̃ = α cosh(r) − α∗ eiθ sinh(r). The function is
Gaussian in phase space, as shown in Fig. 1. We now
calculate the Wigner function of the state |ψip . This
state can be rewritten as

Q
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FIG. 7: Plot of 16C ′ /(1−e−2κt ) in phase space for (a) r = 0.31
and (b) r = 0.8 at times (i) κt = 0.05, (ii) κt = 0.1, (iii)
κt = 0.3, and (iv) κt = 0.5.

where ξ = tanh(ζ). For odd p = 2m + 1, the normalized
form of this state can be written as

An unnormalized single-mode squeezed vacuum state
is given by


FIG. 6: Variation of P/(a2 − 4|c|2 )5/2 in phase space for r =
0.31, θ = 0, and κt = 0.1.

|ψip = ap S(ζ)|0i = S(ζ)S † (ζ)ap S(ζ)|0i .
0.5
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Using the relation
S † (ζ)ap S(ζ) = [cosh(r)a + eiθ sinh(r)a† ]p ,

FIG. 5: Variation of the Q-parameter with time in presence of
decoherence due to decay of photon for squeezing parameters
r = 0.31 (red line) and r = 0.8 (green line).

(6)

(7)

we get the following from (6)
|ψi1 ≡ S(ζ)|1i ,

(8)
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FIG. 8: Wigner function of single-photon subtracted squeezed states for θ = 0 and r = 0.31 at (a) κt = 0.05, (b) κt = 0.1, (c)
κt = 0.3, and (d) κt = 0.5.

FIG. 9: Wigner function of single-photon squeezed states for θ = 0 and r = 0.8 at (a) κt = 0.1, (b) κt = 0.3, (c) κt = 0.5, and
(d) κt = 0.7.

for p = 1. For a density matrix ρ̃(a, a† ), we can write the
following:
S(ζ)ρ̃(a, a† )S † (ζ) = ρ̃[S(ζ)aS † (ζ), S(ζ)a† S † (ζ)] .

(9)

†

We write the Wigner function of ρ̃(a, a ) as Wρ̃ (α, α∗ ).
Using the identities
S(ζ)aS † (ζ) = a cosh(r) − a† eiθ sinh(r) ,
S(ζ)a† S † (ζ) = a† cosh(r) − ae−iθ sinh(r) ,

Sub-Poissonian nature of the photon-subtracted
state

The nonclassicality of the state |ψi1 can also be analyzed by studying its sub-Poissonian character in terms
of the Mandel’s Q-parameter [15] which is defined by

(10)
(11)

in (9), we can thus write the Wigner function of the density matrix ρ(a, a† ) = S(ζ)ρ̃(a, a† )S † (ζ) as
Wρ (α, α∗ ) = Wρ̃ (α̃, α̃∗ ) ,

B.

(12)

where we have used the linearity property of the Wigner
function. For the state (8), ρ̃ = |1ih1| and its Wigner
function is given by
2
2
Wρ̃ (α, α∗ ) = (4|α|2 − 1)e−2|α| .
(13)
π
Thus, the Wigner function of the single-photon subtracted squeezed vacuum state becomes
2
2
Wρ (α, α∗ ) = (4|α̃|2 − 1)e−2|α̃| ,
(14)
π
where we have used (12) and (13). Clearly, the Wigner
function (14) is non-Gaussian in phase-space. We show
the plot of this Wigner function in the phase-space in
Figs. 2 for different squeezing parameters. As an evidence of non-classicality of the state, squeezing in one of
the quadratures is clear in the plots. Also there is some
negative region of the Wigner function in the phase-space
which is another evidence of the non-classicality of the
state. The function becomes negative in phase space,
when
1
(15)
|α̃|2 < .
4
We show in Fig. 3 the variation of C = |α̃|2 − 41 in
phase space. The negative region of C corresponds to
the negativity of the Wigner function. Note that C =
constant corresponds to ellipse in phase space, as shown
in Fig. 4.
Note that the photon-subtracted squeezed states are
similar to Schrodinger kitten states [7, 8] because Wigner
functions exhibit the same characteristics in phase-space
especially for the large values of the squeezing parameters. Moreover, in both cases, Wigner function becomes
negative in the center of phase space.

Q=

ha†2 a2 i − ha† ai2
.
ha† ai

(16)

The negativity of the Q-parameter refers to subPoissonian statistics of the state. However in [16], it has
been shown that a state can be nonclassical even if Q is
positive. A similar situation occurs in the present case.
For the state (3), we find
ha†2 a2 i =
ha† ai =

∞
X

n=0
∞
X

n(n − 1)ρn,n =
nρn,n =

n=0

3|ξ|4 (3 + 2|ξ|2 )
,
No2 (1 − |ξ|2 )7/2

|ξ|2 (1 + 2|ξ|2 )
,
No2 (1 − |ξ|2 )5/2

(17)

where the normalization constant is given by
No2 =

|ξ|2
.
(1 − |ξ|2 )3/2

(18)

From (17), we find that Q becomes negative for |ξ| .
0.43, which is satisfied for r . 0.46. We emphasize that
the Wigner function has negative region for all values of r,
and thus the photon-subtracted squeezed state is nonclassical for all r, though it does not exhibit sub-Poissonian
photon statistics above certain squeezing threshold.
III.

MODELS OF DECOHERENCE

We next consider how this state evolves under decoherence. The decoherence of the single-mode state (3)
can be due to decay of photons to the reservoir or due to
phase damping.
A.

Amplitude decay model

When the photons decay to reservoir, the corresponding Markovian dynamics of the state is well described by
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The solution can be written as

the following equation:
d
ρ = −κ(a† aρ − 2aρa† + ρa† a) ,
(19)
dt
where κ is the rate of decay. The solution of this equation
can be written as
X
ρ(t) =
(20)
ρn,n′ (t)|nihn′ | ,
n,n′

where the density matrix element ρn,n′ (t) can be found
by using the Laplace transformation and the iteration
methods [17]. To see this, let us start with the timedependent equation for ρn,n′ :
p
ρ̇n,n′ = −κ(n + n′ )ρn,n′ + 2κ (n + 1)(n′ + 1)ρn+1,n′ +1 .
(21)
Using the new subscripts q = n − n′ and p = (n + n′ )/2,
the above equation transforms into
p
ρ̇p,q = −2κpρp,q + 2κ (p + 1)2 − (q/2)2 ρp+1,q . (22)

Taking Laplace transformation of (22) and using the original subscript n and n′ , we can write the time-dependent
solution for the density matrix elements as
∞ q
′ X
ρn,n′ (t) = e−κt(n+n )
(n+r Cr ) (n′ +r Cr )
r=0

×(1 − e−2κt )r ρn+r,n′ +r (t = 0) ,

(23)

where for the single-photon subtracted squeezed vacuum
′

1 (ξ/2)(n+r+1)/2 (ξ ∗ /2)(n +r+1)/2
ρn+r,n′ +r (t = 0) =
′
No2
)!( n +r+1
)!
( n+r+1
2
2
(n + r + 1)!(n′ + r + 1)!
× p
.
(n + r)!(n′ + r)!

(24)

We next calculate the parameter Q [Eq. (16)] for the
state (20). We have found that
ha†2 a2 i =
ha† ai =

∞
X

n=0
∞
X

n(n − 1)ρn,n (t) ,
nρn,n (t) ,

(25)

n=0

where ρn,n (t) is given by (23) and (24) for n = n′ in case
of state |ψi1 . Using Eqs. (25), we plot Q with time in
Fig. 5. It is easy to see that at long times (κt → ∞), Q
vanishes. This is because at this limit, ρn,n (t) vanishes
for all non-zero n and ρ0,0 (t → ∞) = 1, i.e., the state
decays to vacuum. Thus the averages (25) vanish and Q
also vanishes.
1.

Evolution of Wigner function

The evolution of the Wigner function is governed by
the following equation:


∂2
∂ ∗
∂
∂W
W (α, α∗ ) . (26)
α +
=κ
α+
∂t
∂α
∂α∗
∂α∂α∗

Z
2
d2 α0 W (α0 , α∗0 , 0)
W (α, α , t) =
π(1 − e−2κt )


|α − α0 e−κt |2
,
(27)
exp −2
(1 − e−2κt )
∗

where W (α0 , α∗0 , 0) is the Wigner function of the initial
state. It is easy to verify this solution putting (27) in
(26). The time-evolution of the Wigner function of the
squeezed vacuum state |ψi can be easily calculated analytically using the following integral identity [18, 19]:


Z
µ 2 ν ∗2 z ∗ α zα∗
2
2
d α exp[−|α| ] exp − α − α − √ + √
τ
τ
τ
τ


2
∗2
2
µz + νz + τ |z|
πτ
exp −
= p
.
(28)
2
τ 2 − 4µν
τ − 4µν

Using Eq. (13) and the above identity in Eq. (27), we
get the following:
h
i
2|α|2
exp
−
−2κt
1−e
4
p
W (α, α∗ , t) =
π(1 − e−2κt )
a2 − 4|c|2
 2 ∗

b c + b∗2 c + a|b|2
× exp
, (29)
a2 − 4|c|2
where
a = 2 cosh(r) + 2
b =

e−2κt
,
1 − e−2κt

2α∗ e−κt
, c = e−iθ sinh(r) .
1 − e−2κt

(30)

Clearly the Wigner function of the squeezed vacuum state
is Gaussian at all times.
We now calculate the time-dependence of the Wigner
function of the state |ψi1 . The initial Wigner function,
as given by (14), can be rewritten as
2 h −λ|α̃|2 i
D e
π

d
−1.
dλ
(31)
Using (31) and (27), we can find the following expression
for the Wigner function:
 2
Z
1
2
∗
D d2 α0 exp[−λ|α̃0 |2 ]
W (α, α , t) =
π
1 − e−2κt


|α − α0 e−κt |2
× exp −2
,
(32)
1 − e−2κt
λ=2
W (α, α∗ , 0) =

λ=2

, D = −4

where α̃0 = α0 cosh(r) − α∗0 eiθ sinh(r). Simplifying the
above expression using Eq. (28), we get
i
h
2|α|2
exp
−
−2κt
1−e
32P
W (α, α∗ , t) =
π(1 − e−2κt ) (a2 − 4|c|2 )5/2
 2 ∗

b c + b∗2 c + a|b|2
× exp
, (33)
a2 − 4|c|2
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where

B.

P = (1 − x2 ){sinh(2r)(eiθ b2 + e−iθ b∗2 )
+2[(x + 1)2 + 4x sinh2 (r)]}
+2{(1 + x2 ) cosh(2r) + 2x}|b|2

(34)

and
(35)

Clearly, the Wigner function is non-Gaussian due to the
presence of the polynomial P . This becomes negative
when the polynomial P becomes negative. In Fig. 6,
we have plotted C ′ (α, α∗ , t) = P/(a2 − 4|c|2 )5/2 in phase
space to show the negative region for Wigner function.
Note that at the center of the phase space (α = α∗ =
0), the Wigner function is maximally negative. At the
center,
2(1 − x2 ){(x + 1)2 + 4x sinh2 (r)}
C ′ (0, 0, t) =
,
(a2 − 4|c|2 )5/2

(36)

2

which becomes negative when (1 − x ) becomes negative.
This leads to the following condition:
1
ln(2) ,
(37)
2
which is independent of the squeezing parameter r. Thus
the Wigner function has certain negative region for the
time t < t0 = ln(2)/2κ. However the negative value does
depend on the squeezing parameter.
We find from Eq. (34) that at t = t0 (i.e, when x2 = 1),
P becomes a circle in phase space. Thus beyond t > t0 ,
the ellipse 16C ′ /(1 − e−2κt ) = constant interchanges its
minor and major axes. We show this behavior in Figs. 7
for different values of r. Note that at times much larger
than decoherence time-scale 1/κ (i.e., for κt → ∞), P →
2 and thus becomes constant throughout the phase space.
Using Eq. (33), we show the variation of Wigner function at different time-scales in Figs. 8. It is easy to see
how the negative region of the Wigner function gradually
diminishes. At long times κt → ∞, the Wigner function
becomes
2
2
W (α, α∗ , ∞) = e−2|α| ,
(38)
π
which corresponds to vacuum state. We have shown this
in Fig. 1(b). This can also be understood from Eq. (23).
For κt → ∞, ρ0,0 approaches unity, whereas all other
density matrix elements vanish. This means that at long
times, the state decays to vacuum, as we have discussed
earlier.
We next study the time-evolution of the Wigner function for the case of large squeezing, i.e., large values of
ζ. In this case the single photon subtracted squeezed
state becomes similar to a Schrodinger cat state. For
large times, such an optical cat state decays to vacuum.
Thus the Wigner function becomes Gaussian, as discussed above. We show this evolution for large squeezing
in Figs. 9.
κt < κt0 =

We now study the effect of phase-damping on the state
|ψi1 . Such damping can be described by the following
master equation:
ρ̇ = −κp (A† Aρ − 2AρA† + ρA† A) ,

−2κt

e
.
x=
1 − e−2κt

Effect of phase damping

(39)

where A = a† a is the number operator and κp is the
corresponding rate of decoherence. The solution of this
equation can be easily found as (20) where
ρn,n′ (t) = exp[−(n − n′ )2 κp t]ρn,n′ (0) .

(40)

It is easy to see that only the diagonal elements ρn,n do
not decay due to dephasing. Thus at long times, we can
write
ρ(t → ∞) =

∞
X

ρn,n (0)|nihn| ,

(41)

n=0

which refers to a mixed state.
Using Eqs. (25) and (40), we next calculate the parameter Q. We find that the averages ha†2 a2 i and ha† ai
do not depend upon time, because in case of phase damping ρn,n (t) = ρn,n (0). Thus Q remains the same for all
times. However, the corresponding Wigner function has
certain time-dependence. We find that at long times, the
Wigner function becomes
W (α, α∗ , ∞) =

∞
X

ρn,n (0)W|nihn| (α, α∗ ) ,

(42)

n=0

where W|nihn| (α, α∗ ) is the Wigner function of a Fock
state |ni as given by
2
2
W|nihn| (α, α∗ ) = (−1)n e−2|α| Ln (4|α|2 ) .
π

(43)

The function (42) refers to a highly nonclassical state.
It is interesting to note that all the Fock states have
independent contributions to the Wigner function at long
times, weighted by their initial population ρn,n (0). On
the other hand, in case of decoherence due to photonnumber decay, only the vacuum state survives. In Fig.
10, we plot the Wigner function (42) in phase space for
different squeezing. Note that the Wigner function has
negative region at long times representing nonclassicality
for all r, even if the state does not exhibit sub-Poissonian
statistics for r & 0.46 (because Q is positive). In fact, if Q
is positive, it does not mean that the the state is classical.
In such cases, we have to use other parameters to test the
nonclassicality. Several parameters have been introduced
in this context [16, 20]. We can use hierarchy of these
parameters which have been shown to be especially useful
in context of cat states. Here we illustrate the utility of
one such parameter, e.g., the A3 parameter as defined by
[16]
A3 =

det[m(3) ]
,
det[µ(3) ] − det[m(3) ]

(44)
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FIG. 10: Wigner function in phase space at long times in presence of phase damping for (a) r = 0.31 and (b) r = 0.8.

where








1 m1 m2
1 µ1 µ2
m(3) =  m1 m2 m3  , µ(3) =  µ1 µ2 µ3  ,
m2 m3 m4
µ2 µ3 µ4
(45)
ms = ha†s as i, µs = h(a† a)s i and det indicates determinant of the matrix. The state exhibits phase-insensitive
nonclassical properties if A3 lies between 0 and -1 [16].
For the state |ψi1 we have found that A3 remains negative for |ξ| . 0.6 which corresponds to r . 0.7. Clearly
A3 is a stronger measure of nonclassicality than Q because it leads to a larger upper bound of r to exhibit
nonclassicality. Further, comparing the Wigner functions
in Figs. 10 with those at t = 0 [see Figs. 2], we find that
the Wigner function varies very slowly with time for small
squeezing. But for large squeezing, the variation is faster.
Although we can conclude that phase damping leads to
much slower decoherence than amplitude damping.

that of a Schrodinger kitten state. We have found an upper bound for squeezing parameter for which this state
exhibits sub-Poissonian photon statistics. However, the
state remains nonclassical for all values of the squeezing
parameter because the Wigner function becomes negative around central region in phase space. Next, we have
studied how the state evolves in presence of two different
kinds of decoherence, viz., amplitude decay and phase
damping. We have found analytical expressions for the
time-evolution of the state and the Wigner function in
both cases. In case of amplitude decay, the Wigner function loses its non-Gaussian nature and becomes Gaussian
at long times, corresponding to vacuum. On the other
hand, phase damping leads to much slower decoherence
than amplitude damping. The state remains nonclassical
at long times.
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