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Theory of phase conjugation with weak scatterers
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A theory relating to correction of distortions that may be achieved by phase conjugation is developed on the basis
of the first Born approximation. It is shown that, to good accuracy, the effect of a distorting medium on an incident
wave is eliminated by phase conjugation if the following conditions are satisfied: the incident field contains no eva-
nescent components, the transmitting medium is a weak, nonabsorbing scatterer, and backscattering of the inci-
dent and of the conjugate wave and also the effects of scattered evanescent waves are negligible.

1. INTRODUCTION

Many ingenious applications have been proposed in recent
years for utilizing waves that can be generated from a given
wave by reversing its phase in a particular cross section. Such
phase conjugation can be produced by nonlinear interaction
that involves, for example, stimulated Brillouin scattering,'
three-wave mixing in crystals,2 or the so-called degenerate
four-wave mixing.3 The potential usefulness of this new
technique arises largely from the fact that it appears possible
to correct, by means of phase conjugation, various kinds of
distortion that might have been imparted on the original wave
by the transmitting medium. Such distortions may be caused,
for example, by aberrations of an optical system or by inho-
mogeneities in the refractive index of the transmitting me-
dium (e.g., the atmosphere).

The possibility of correcting distortion effects by phase
conjugation has been demonstrated under relatively simple
conditions by a number of experiments. 4 However, a satis-
factory theory of this "healing" process that may be achieved
by phase conjugation has not been developed so far.5

In this paper a theory relating to correction of distortions
by phase conjugation is developed on the basis of the first
Born approximation. We show that, to good accuracy, the
effect of a distorting medium on an incident wave may be
eliminated by phase conjugation if the following conditions
are satisfied: the incident wave contains no evanescent
components, the transmitting medium is a weak, nonab-
sorbing scatterer, and backscattering of the incident and of
the conjugate wave and also the effects of scattered evanescent
waves are negligible. The first and last conditions will almost
certainly be satisfied in most cases of practical interest.

2. SCATTERED FIELD IN THE FIRST BORN
APPROXIMATION

Let

y (i)(X, Y, Z t) = U(t)(X, y, z)-it (2.1)

with (x, y, z) denoting the Cartesian coordinates of a typical

field point and t denoting the time, be a monochromatic
wavefield of (real) frequency co, propagating into the half-
space z > 0. Suppose that this field is incident upon a weakly
scattering object, which occupies a finite volume Y, situated
within a strip 0 < z < L in free space (Fig. 1). Under very
general conditions the space-dependent part UM of?] (i) may
be expressed in the form of an angular spectrum of plane
waves, i.e., in the form 6

U(i)(XyY, z)

= fJ' A()(p, q)exp[iko(px + qy + mz)]dpdq, (2.2)

where

ko = w/c, (2.3)

c being the speed of light in free space, and

m = +(1 -p 2 
- q

2
)

1
/

2  when p
2 

+ q
2 < 1, (2.4a)

= +i(p
2 

+ q
2 

- 1)1/2 when p 2 
+ q2 > 1. (2.4b)

The values of m that are given by Eq. (2.4a) are associated
with homogeneous plane waves propagating into the half-
space z > 0; those given by Eq. (2.4b) are associated with
evanescent plane waves, whose amplitudes decay exponen-
tially with increasing values of z. We will assume that the
incident field contains no evanescent components so that

I +

I I

z=O Scatterer z = L
Fig. 1. Illustrating the notation relating to scattering of an incident
field U(W)(r). U(s)(r) is the scattered field and U(r) = U(i)(r) +
U(s)(r) is the total field.
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A (i)(p, q) = 0 when p
2 

+ q
2 

> 1. (2.5)

It is not difficult to show, by considering the asymptotic be-
havior of U( )(x, y, z) as r = (x 2 

+ y
2 

+ z2)1/
2 

- - in a fixed
direction, that condition (2.5) is to an excellent accuracy sat-
isfied by (but is not restricted to) coherent optical beams, such
as laser beams, propagating close to the z direction.

It will be convenient to introduce a position vector r and a
wave vector k:

r = (x, y, z), k = (kop, hoq, hom). (2.6)

We also introduce the transverse components (considered as
two-dimensional vectors) of r and k:

The scattered field U(s)(r) is the solution of Eq. (2.16) that
sufficiently far away from the scatterer behaves as an outgoing
spherical wave.

Assuming that U(r) and its normal derivative are contin-
uous across the surface of the scatterer, the differential Eq.
(2.16) for the scattered field, together with the postulated
outgoing behavior, may be recast, by the use of well-known
Green's function techniques, into the integral equation 8

U(s)(r) = -- S F(r')U(r')G(lr - r'l)d3 r'.
4-,7 5

(2.18)

Here

p - (X, y, 0), K - (kop, hoq, 0)

and set

w = kom.

Then

r - (p, z), k - (K, w).

(2.7) (2.19)G( = eikoR
R

is the outgoing free-space Green's function of the Helmholtz
(2.8) operator.

Now we assume that we are dealing with a weak scatterer,
i.e., one that generates a scattered field whose absolute value

(2.9) is small compared with that of the incident field:

We note that, in view of Eqs. (2.4),

k2 E K2 + w 2 = ho2. (2.10)

Under the assumption expressed by Eq. (2.5) the incident
field7 UY) (Eq. (2.2)] may be represented in the more compact
form

U (r) = 2<Ao2A)(Kx)exp[i(c * p + wz)]d2 K, (2.11)

where

A(i() - (1/ko2 )AWO(p, q). (2.12)

We stress that in Eq. (2.11) the integration extends only over
the interior of the circle of radius K2 = k0

2 because of the ab-
sence of evanescent waves.

Let U(r) be the field that results from the interaction of the
incident field U(M(r) with the scatterer. Within the frame-
work of scalar theory U(r) then obeys, throughout the whole
space, the equation

v2 U(r) + h0
2 n 2(r)U(r) = 0, (2.13)

where n(r) is the refractive index at point r for light of fre-
quency w. Since we assumed that the scatterer is situated in
free space, n(r) - 1 at all points r that are outside the domain
"V occupied by the scatterer. Let us express U(r) in the
form

U(r) = U0')(r) + UWOW(r).

I U(W(r)i << I UM)(r)l. (2.20)

Under these circumstances, we may replace the total field
U(r) with UOW(r) in the integrand on the right-hand side of
Eq. (2.18), and we then obtain the first Born approximation
to the scattered field:

Uls)(r) - F(r')U(0)(r')Gjr - r'I d3rr. (2.21)
4 7r nr

3. PHASE CONJUGATION WITH REFLECTION

A. Conjugate Field Incident upon the Scatterer
Let us suppose that at each point (Pl, z i) in a fixed plane z =
zJ located in the half-space z > L (denoted by 5+ in Fig. 2)
a field distribution y[U(pl, zl)]* is generated, where [U(pl,
zI)]* is, of course, the complex conjugate of U(pi, zI) and A
is a (possibly complex) constant. The constant takes into
account losses (IsI < 1) or gains (IAlI > 1) that might occur in
the generation of this conjugate distribution. According to
Eq. (2.14) we have

(2.14)

Then U(s)(r) represents the scattered field. Since the inci-
dent field obeys the Helmholtz equation

V2U(0)(r) + ho2 U(i 1(r) = 0, (2.15)

it readily follows on substracting Eq. (2.15) from Eq. (2.13)
and on using Eq. (2.14) that the scattered field obeys the
equation

(V2 + h02) U(s)(r) = F(r)U(r), (2.16)

where

F(r) = -k 0
2 [n2(r) - 1]. (2.17)

We will call F(r) the scattering potential, as is customary.

z

I Scatterer I I
z =O z=/ z=z,

Plone of conjugotion

Fig. 2. Illustrating the notation relating to scattering of the conjugate
wave. The boundary conditions in the plane z = zi of the field V00(r)
incident upon the scatterer after phase conjugation in that plane are
V1 il(p 1 , zi) = [L[U(pi, zl)]* = IV(0°(pi, zi)] + [V(l)(p1 , z2)], where
V(O)(py, zi) = g[U(0)(pl, zl)]* and VM')(pi, zi) = Y[Ul(s)(pl, zlj)]* and

P(rl - pI) is a typical point in the plane z = zl of conjtugation. The
total field in the half-space z < z2 after scattering of V'i0(r) is V(r)
= V0(ijr) + V(s)(r).
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1[U(pi, Zi)]* = A[U(i)(p,, Zi)J* + g[U(s)(p,, z,)]*. (3.1)

Suppose that this distribution gives rise to a field that prop-
agates back into the half-space z < z1. We denote this new
field by V(i)(r). It is the field that is incident upon the scat-
terer after phase conjugation in the plane z = z1, i.e., the field
generated in the half-space z < zi by the distribution [Eq.
(3.1)] in the plane z = zl when the scatterer is removed. We
will express V(L)(r) as the sum of two terms,

V(i)(r) = V(0 )(r) + V(l)(r), (3.2)

the incident field U(i)(r) with the scatterer are included. The
evanescent waves may be neglected, to a good approximation,
if the field point r is sufficiently far away from the scatterer.
Alternatively, the contribution of the evanescent waves may
also be omitted at any point r in the half-spaces ]R+ and Y-
if the effects of sufficiently small details of the structure of the
scatterer are neglected. More precisely, we show in Appendix
A that, if the evanescent waves are omitted, only those spatial
Fourier components

F(K) = 3' F(r)exp(-iK -r)d3 r
where V(°)(r) and V(l)(r) are contributions arising from the
first and the second terms on the right-hand side of Eq. (3.1),
respectively, i.e., the fields V(°)(r) and V(1)(r) obey the
boundary conditions

V(0 )(pl, zi) = L[U(L)(p,, zi)]*, (3.3a)

V(1)(pi, z1) = p[U(s)(pi, Zi)]* (3.3b)

in the plane z = z 1.
The contribution V(°)(r) can be readily determined if we

make use of Eq. (3.3a) and recall that the field U(M)(r) was
assumed to contain no evanescent components. It then fol-
lows at once from a recently established theorem [Theorem
VI of Ref. 9] that

V(0 )(r) = t[U(i)(r)]*. (3.4)

The contribution V(1)(r) to V(i)(r) is somewhat more dif-
ficult to determine. We proceed as follows: We first expand
U(s)(r) into an angular spectrum of plane waves, using a
technique employed previously1 0 in connection with an in-
verse-scattering problem that arises in holography. For this
purpose we recall that the free-space Green's function has the
angular-spectrum representation"

G(Jr - r'l)

= 32 ± -expfi[K* (p-p') + wJz -z'I]Jd
2K, (3.5)

where r - (p, z) and r'=- (p', z'). We substitute from Eq. (3.5)
into Eq. (2.21), interchange the order of the integrations with
respect to r' and K, and note that (see Fig. 2)

z - z'= z - z' if r e ?+, r's CV,
= z'-z if r e Y?, r' e 'V. (3.6)

We then obtain the required angular-spectrum representation
for the field U(s)(r):

U(s)(r) = ' A(+)(K)exp[i(K * p J wz)]d2K, (3.7)

where the spectral amplitude function A(a)(K) is given by

A +(K)=

- i 2  5 F(r')U(i)(r')exp[-i(K p' ± wz')]d 3r', (3.8)

the upper signs being taken in Eqs. (3.7) and (3.8) when r e
Y?+ and the lower signs when r e '?-. It should be noted that
the integration in Eq. (3.7) extends over the whole K plane, so
that contributions of homogeneous wave (K2 < k0

2 ) as well as
of evanescent waves (K

2 > ko2) generated in the interaction of

(3.9)

of the scattering potential are taken into account in calculating
the scattered field for which

JK1 <2ko. (3.10)

Since ko = 2ir/Xo, where X0 is the wavelength of the light, this
condition implies, roughly speaking, that effects of details of
the scatterer that are smaller in linear dimensions than about
half of a wavelength are neglected.12 Such neglection seems
to be consistent with the use of the first Born approximation,
which, as is well known, applies in general only when the
physical properties of the scatterer remain effectively constant
over distances of the order of a few wavelengths. For these
reasons, we will omit the evanescent waves on the right-hand
side of Eq. (3.7), i.e., we approximate U(s)(r) by the for-
mula

U(s)(r) Si' 2 A()(K)exp[i(K * p ± wz)]d2K. (3.11)

In particular, this formula applies throughout the strip L <
z < z1 when the upper signs are taken (because the strip is
located in the half-space 9R+), so that one has at any point r
in this strip

U(s)(r) ,fjk A(+)(K)exp[i(K *p + wz)]d2K. (3.12)

Now formula (3.12) contains no contributions from evanescent
waves and hence, by a theorem of Sherman,13 the integral on
the right-hand side of formula (3.12) represents, under fairly
general conditions, a bounded solution of the Helmholtz
equation that is valid throughout all space.14 If we recall Eq.
(3.3b), it then follows at once from Theorem VI of Ref. 9
[which we already used in connection with Eq. (3.4)] that
throughout the half-space z < z1 the field V(')(r) is equal to
the complex conjugate of the expression on the right-hand side
of formula (3.12) multiplied by the constant ,u. If we also
change the variable of integration from K to -K we obtain for
V(1)(r) the expression

V)(r) = g JJ2'ko2 [A (+)(K)] *eXp[i (K * p - wz)]d
2

K,

(3.13)

where, according to Eq. (3.8),

[+)-)*= 82wS [F(r')]*87r w qr

X [U(i)(r')]*exp[-i(K- p'- wz')]d 3 r'. (3.14)

We conclude from Eqs. (3.2) and (3.4) that the conjugate
wave incident upon the scatterer may be represented in the
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form

V(i)(r) = ,[U(i)(r)]* + V(l)(r), (3.15)

where V(1)(r) is given by Eq. (3.13) together with Eq.
(3.14).

B. Conjugate Field after Scattering
Let us now examine the effect of the scatterer on the incident
conjugate field V(i)(r). After Vi interacts with the scatterer,
a new field

V(r) = V(i)(r) + V(s)(r) (3.16)

will be generated, where V(s) represents the scattered field.
Within the accuracy of the first Born approximation, V(s)(r)
is given by an expression of the form of Eq. (2.21) but with UMi)
replaced with Vi, i.e.,

V(s)(r) ;-z -J F(r')V(i)(r')Gr - r'l)d3r', (3.17)

or, using Eq. (3.2),

V(s)(r) f-- F(r')[V(0 )(r')
47r vr

+ V(')(r')IG(Ir - r')d 3 r'. (3.18)

Now, according to Eq. (3.4), V(M)(r') is independent of the
scattering potential. On the other hand, V(')(r') is linear in
the potential, as is seen from Eqs. (3.13) and (3.14). Hence,
within the accuracy of the first Born approximation, we may
neglect the term V(M)(r') under the integral sign on the
right-hand side of formula (3.18) and, if we use Eq. (3.4), we
obtain the following expression for V(s)(r):

V(s)(r) - J- F(r')[U()(r')I*G(r - r'I)d3 r'. (3.19)
4,7r fv

By following the same procedure as we employed earlier
in connection with the field U(s)(r), we may readily transform
expression (3.19) into an angular-spectrum form. We need
only to substitute for the Green's function from Eq. (3.5) and
interchange the orders of the integration with respect to r' and
K. We then obtain the required angular-spectrum represen-
tation of V(s)(r):

V(s)(r) - ,Ji B(1)(K)exp[i(K - p ± wz)]d 2K, (3.20)

where

B(-)(x) =- J F(r')

X [U(i)(r')]*exp[-i(K - p' : wz')]d 3r', (3.21)

with the positive signs being taken in Eqs. (3.20) and (3.21)
when the field point r is situated in the strip L < z < z, (de-
noted by J+ in Fig. 2) and the negative signs when the field
point is in the half-space z < 0 (denoted by 9?-). For the same
reasons as explained below Eq. (3.8), we will neglect the effect
of evanescent waves, i.e., we replace the domain of integration
on the right-hand side of formula (3.20) with the interior of
the circle K

2 
= k0

2. It then follows that a good approximation
for the scattered field V(s)(r), valid at all points in the half-
space YB, is

V(s)(r) t ,u Jff22 B( )(K)exp[i(K * - wz)]d 2K, (3.22)

where B(-)(K) is, of course, given by Eq. (3.21), taken with
the lower signs.

Let us compare the angular-spectrum representation [for-
mula (3.22)] for V(s)(r) with the angular-spectrum repre-
sentation [Eq. (3.13)] for V(M)(r). The angular-spectrum
amplitude function B(-)(K) [Eq. (3.21)] of V(W)(r) is seen to
resemble closely the angular-spectrum amplitude [A(+)(-K)]*,
given by Eq. (3.14), of V(M)(r). In fact, in the special case
when

[F(r)]* = F(r), (3.23)

i.e., when the scattering potential F(r) is real (nonabsorbing
scatterer), they are related as follows:

Hence, under these circumstances,

V(s)(r) =-Vl(r) r e J?-.

(3.24)

(3.25)

Now the total field V(r) is, according to Eqs. (3.16) and
(3.2), given by

V(r) = V(°)(r) + V( 1 )(r) + V(s)(r). (3.26)

In view of Eq. (3.25), the last two terms on the right-hand side
of Eq. (3.26) cancel each other out at every point r in the
half-space YB-. The remaining term V(°)(r) is given by Eq.
(3.4). Hence we finally obtain the following simple expression
for V(r):

V(r) = ,[UM(rfl*, r e .?T. (3.27)

Equation (3.27) shows that throughout the half-space J?- the
field obtained by scattering the conjugate field V(i) is pro-
portional to the complex conjugate of the original incident
field Ui, i.e., the effect of the scatterer is completely can-
celed out.

It should be noted that we neglect backscattering of both
the incident and the conjugate wave. Thus we obtained the
above result under the following assumptions:

(1) The incident field contains no evanescent components.
This condition is to an excellent approximation satisfied by,
but not restricted to, incident fields that are "beamlike".

(2) The scatterer is a weak scatterer in the sense that the
scattered field may be described, to a good approximation, by
the first Born approximation.

(3) The scatterer is nonabsorbing.
(4) Backscattering of both the incident and the congugate

wave is neglibible.
(5) The effect of scattered evanescent waves is negligible.

This will be the case when the plane z = z1 of conjugation and
the field point r in thd'half-space R- (see Fig. 2) at which the
total conjugate field V(r) is considered are sufficiently far
away from the scattering object. Alternatively, this condition
is satisfied (without any restriction on the distances) if the
Fourier components F(K) of the scattering potential F(r) for
which Il > 2ko = 47r/X\o do not significantly contribute to the
scattered field. It seems likely (although we have not verified
this conjecture) that this requirement is, in fact, necessary for
the validity of the first Born approximation.

G. S. Agarwal and E. Wolf
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Conditions (1) and (5) will almost certainly be satisfied in
most cases of practical interest.

APPENDIX A: APPROXIMATION ARISING
FROM THE NEGLECTION OF EVANESCENT
WAVES IN THE SCATTERED FIELD

We have shown that, within the accuracy of the first Born
approximation, the spectral amplitudes A(+)(r) in the angular
representation [Eq. (3.7)] of the scattered field U(s)(r) are
given by

A(+)(K) =

- 2  3' F(r')U(i)(r')exp[-i(K-p' ±wz')]d 3r', (Al)
87r w . I

where, according to Eqs. (2.8) and (2.3) and the second ex-
pression in Eq. (2.7),

w = +(k0
2

- K2
)1/2 when K2 < k0

2, (A2a)

= +i(K2- k0
2

)1/2 when K2 > k0
2. (A2b)

We recall that the values of w that are given by Eq. (A2a) are
associated with homogeneous plane waves and those given by
Eq. (A2b) are associated with evanescent plane waves. Now,
according to Eq. (2.11), the incident field U(W)(r') has the
angular-spectrum representation

= W i)2=kO2 A k2 (K')exp[i((K' * p' + w'z')]d 2
K', (A3)

where

w' = +(k 0
2 -K' 2

)
1/2. (A4)

On substituting from Eq. (A3) into Eq. (Al) we obtain for
A(')(K) the expression

A ()(K) =- - d3 r'F(r') CC A U)(K')
87r

2
w JKv 2<kO2

X expl-i[(K - K') - p' + (±w - w')z']jd2K'. (A5)

Let us set

(K, +w), k' (K', W). (A6)

Then, since r (p, z), r' (p', z'), the expression appearing in
the exponent on the right-hand side of Eq. (A5) becomes

(K - K') - p' + (±W - W')Z' = (kl - k') - r'
= K' - r',

where

K =k - k'.

(A7)

(A8)

If we substitute from Eq. (A7) into Eq. (A5) and interchange
the order of the integrations, we obtain for A(+)(K) the ex-
pression

A(+)(K) = -- II d 2 K'A(i)(K')
8r 2w .JK' 2

-<ko
2

X f8 F(r')exp(-iK+ * r')d3r'. (A9)

To interpret the integral over the volume V, we note that,
according to Eqs. (A8), (AG), (A2), and (A4),

K [-[K K', J(k 2
-K

2
)1/

2 
- (ho2 

- K
2

)1/
2

]

when K2 < k0
2 (AlOa)

- K', ±i(K 2 
- k 0

2
)1/

2 
- (k0

2 
- K/2)1/2]

when K2 > k0
2 (AlOb)

and recall that K'
2 < k0

2 [because the incident field U(M)(r')
contains no evanescent waves [cf. Eq. (A3)]. Hence we see
that

K- is a real vector

K; is a complex vector

when K2 < k0
2, (Alla)

when K2 > k0
2. (Allb)

It follows that when K
2 < k0

2 the integral over v in Eq. (A9)
is precisely the Fourier inverse F(K+) [cf. Eq. (3.9)] of the
scattering potential F(r), and Eq. (A9) then reduces to

A(+)(K) = 8-7r 2wffK,2 4ko 2 A(i)(K )P(K+)d2K/. (A12)

Further, since P(K) is the three-dimensional Fourier trans-
form of a function F(r) that vanishes outside a finite domain
v in r space, it follows by a well-known theorem15 that, pro-
vided only that F(r) is continuous in 'V,P(K) -- F(KX, Ky, K_,)
is the boundary value on the three real axes Kx, K,, K, of an
entire analytic function of three complex variables. Conse-
quently, when K

2 
> k0

2, Eq. (A12) still holds, but F(K+) is then
no longer the Fourier transform of F(r) but must be inter-
preted as representing its analytic continuation. Hence we
see that, within the accuracy of the first Born approximation,
each homogeneous plane wave (K

2 < k0
2) in the angular-

spectrum representation of the scattered field U(s)(r) is as-
sociated with certain Fourier components of the scattering
potential and that each evanescent wave in this represen-
tation is associated with components in the analytic con-
tinuation of the Fourier transform of the potential.

Let us consider the homogeneous waves more closely. Al-
though each homogeneous plane wave is associated with cer-
tain Fourier components P(K) of the scattering potential, the
converse is not true, i.e., there are Fourier components of the
scattering potential that do not couple to homogeneous waves
of the angular spectrum. It is easy to determine which Fourier
components couple to the homogeneous waves. It follows at
once from Eq. (A8) that when the vector K` is real,

IK`I Ik--k'I

,<I k- +I k'I. (A13)

Now, according to Eqs. (A6), (A2a), and (A4), Ik'j = ko, Ik'I
= ko, and hence

IK-I < 2ko =-7
X0

(A14)

where Xo = 2w7/ko is the wavelength of the light.
The result that we just derived is a generalization of a result

derived in Ref. 10 for the special case when the incident field
U(W)(r) consists of a single homogeneous plane wave and has
the following physical interpretation: if we denote by Ax, Ay,
Az the spatial periods associated with the spatial frequency
vector K - (K., Ky, Kz), viz.,

Kx = , Ky = , Kz = ,

inequality (A14) then implies that

(A15)

G. S. Agarwal and E. Wolf
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1 1 1 212

(AX)2 + (Ay) 2 (Az)2 <Xo/
(A16)

If we denote the left-hand side of formula (A16) by 1/d2 , for-
mula (A16) is equivalent to the inequality

d > Xo/2. (A17)

Now the quantity d, which has the dimension of length, may
be taken to be a rough measure of the linear dimension of the
periodic component of the scattering potential that is asso-
ciated with the spatial Fourier component that is labeled by
K. Hence inequality (A17) implies that the neglection of the
evanescent waves in the angular-spectrum representation
of the scattered field U(s)(r) is equivalent to neglection of
contributions to the scattered field that arise from details
of the scatterer that, roughly speaking, are smaller than
about half a wavelength in linear dimensions.
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