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Monitoring quantum effects in cavity electrodynamics by
atoms in semiclassical dressed states
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Field quantization effects in cavity electrodynamics can be isolated by sending through the cavity those atoms
prepared initially in semiclassical dressed states. Under such initial conditions the fully quantized theory predicts
irregular evolution, whereas the semiclassical and neoclassical theories predict, respectively, no dynamical evolution
and regular periodic evolution.

Considerable attention has recently been focused on the
quantum effects in the radiation-matter interaction.
Prominent among these effects have been antibunchingl
and the squeezing2 properties of the radiation field. In
cavity electrodynamics3 one finds important manifestations
of the quantum effects. 6 These arise when an atom inter-
acts in a high-Q cavity with the field in a coherent state.
One finds remarkable collapses and revivals4 of the Rabi
oscillations. Note that if the field is treated classically, then
the atomic excitation exhibits periodic oscillation as a func-
tion of time and there is no longer any collapse and revival of
Rabi oscillations. Thus one has a mixture of semiclassical
and quantum behavior, and, in general, it is difficult to
isolate the part in the dynamics that is due to the quantized
nature of the fields. Clearly, if there were a situation in
which the atoms did not evolve if the field were treated as a
given prescribed field, then any dynamical evolution would
be a signature of the field quantization. In this paper we
propose a method by which one can isolate the field quanti-
zation effects in the context of the cavity electrodynamics.

We would like to add that a quantized theory automatical-
ly includes the radiation-reaction effects. One could imag-
ine including the radiation-reaction effects in a semiclassical
way, as is done in the neoclassical theory. Use of neoclassi-
cal theory would lead to some dynamical evolution of the
observables, even if these did not evolve if the fields were
prescribed. Note that the neoclassical theory can be
thought to be a decorrelated quantum theory, i.e., it includes
the radiation-reaction effects but ignores the intrinsic quan-
tum fluctuations. Thus our subsequent statements on the
quantum nature refer to the inclusion of both radiation
reaction and intrinsic quantum fluctuations. We will also
show, in some cases, the differences in the dynamical evolu-
tion if the intrinsic quantum fluctuations are ignored.

Our proposal consists of sending an atom (assumed to be a
two-level atom for simplicity) prepared in one of the two
semiclassical dressed states through a resonant cavity. The
semiclassical dressed states are defined to be the eigenstates
of the Hamiltonian Hc of an atom interacting with a semi-

classical field. Thus the initial state JT(t = 0)) of the atom
before it enters the cavity satisfies

HJIF(t = 0)) = X[*(t = 0)). (1)

If the field in the cavity is treated classically, then the inter-
action of the atom with the field in the cavity is given by H,
and because the initial state is an eigenstate of Hc, it follows
that the observables do not evolve:

(*(t)IGWO(t)) = ((O)IGIT(o)), (2)

where G is the operator corresponding to some physical
observable, say, population inversion. On the other hand,
the quantum nature of the field implies that (G) would
evolve dynamically, and therefore the dynamics of (G)
would be a signature of the quantum-mechanical nature of
the field. This assumes that the transit time through the
cavity is much less than the relaxation time. Note that the
atom can be prepared in a semiclassical dressed state by
suitably irradiating it with an external coherent field and by
appropriately switching the phase 7 of the field.

It should be noted that the present proposal is distinct
from the usual studies in which the quantum effects of the
radiation field are detected8 by the study of photon correla-
tions or photon statistics. This is, for example, the case in
the studies involving the antibunching and squeezing char-
acteristics of the field that are seen in terms of the intensity-
intensity correlation functions of either the field or the field
obtained by homodyning. Thus the present proposal is in a
different class of measurements altogether.

We base our calculations on the Jaynes-Cummings mod-
el,9 which describes the interaction of a two-level atom with
a single mode of the radiation field. The Hamiltonian in the
interaction picture can be written as

Hq = hg(S'a + S-a+). (3)

We consider only the resonant situation and, for simplicity,
assume a real coupling constant. The dynamics can be
studied in terms of the eigenfunctions and eigenvalues of Hq,
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which are exactly known.' 0 The initial state of the field is
assumed to be a coherent state Iz), i.e.,

zn *mn

PF(O) = Iz)(zI = I (n!)'2(m!)l/2 exp(-lzl)ln)(ml. (4)
rnn=0(n)()

Only for such a state is a comparison of the results obtained
with Hq and the semiclassical Hamiltonian meaningful.
The initial state of the atom is taken to be a coherent super-
position of the ground and the excited states:

PA() = )(Al; 1) = (1 + 1J12)1/(l1/2) + l - 1/2)). (5)

The semiclassical Hamiltonian H, corresponding to Eq. (3)
is obtained by replacing the annihilation operator a by a
complex number z, i.e.,

H = hg(S+z + S-z*). (6)

The semiclassical dressed states corresponding to Eq. (6) are

( 1/ ) ~lgzl ).

These are thus the special cases of the superposition state
[Eq. (5)] withy equal to Ajgzl/gz. Note that in the semiclas-
sical dressed states the probability of finding the atom in the
excited state is one half. Thus deviations in the excitation
probability from a value of one half will be due to the quan-
tum nature of the field. Using the eigenstates of Eq. (3) and
the initial conditions (4) and (5), we have proved that the
probability P(t) of finding the atom in the excited state at
time t is given by

2(P 1 + 12) E( n! n+1 cos[2gt(n + 1)1/2]

+ 1,1Iz sin(O + p)sin[2gt(n + 1)1/21]
(n + 1)1/2 J

+IzI 2n [1+I/121z121

n! (n +1))

= ylexp(ip), z = zlexp(i0). (7)

Similarly, the complex dipole moment (S-) is found to be
given by

D(t) = exp(iwt) E (expligt[(n + 1)1/2 - (n)1/2]j1(tcn + an-l)
4(1 + JY12)n=

X ("n + A*an+l*) + exp-igt[(n + 1)1/2 + (n)1/2]1

X (acn-1 + an)(an* - *an+l*)

sponding results for the excitation probability and the di-
pole moment are

P(t) = 1/2 + [(1 - ll 2)cos(2glzlt) + 21lsin(O + s°)

X sin(2glzlt)]/(l + lI22),

--l {1/2[1 + sin(2gtlzl)] fi

D(t) = exp(-iO) [lAIcos(o + ) +

)r 0 + s° = 0, r

)r 0 + so = r/2
(9)

il!lsin(O + sp)cos(2gtlzl)

- i( - /12) sin(2g.z1t)]
2J

N'
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X [cos(gt)exp(ip) + il~Lllzlsin(gt)exp(-i0)],

Zn exp(-zZ12/2) (8)
W n)/2(8

On the other hand, if the field in the cavity is treated semi-
classically (a - z), i.e., if the interaction in the cavity is
described by the Hamiltonian of Eq. (6), then the corre-

'0 1 0 20 30 40 50

(b)

Fig. 1. The probabilityP(t) of finding the atom in the excited state
as a function of gt for an atom initially prepared in a coherent
superposition [Eq. (5)], with IAI = 1. Curves A and B in (a) give,
respectively, 2P(t) and P(t) for so = 0 and so = 7r/2, respectively. (b)
The corresponding predictions of the semiclassical (trace C, for ,o =
7r/2) and the neoclassical Itrace A [2P(t) + 2.2] and trace B [P(t) + 1]
for ,o = 0 and so = 7r/2, respectively theories. The average number
Iz12 of cavity photons is 5, and 0 = 0.
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(6). Therefore the dynamical evolution as displayed by
traces A in Figs. 1(a) and 2(a) is due purely to the quantum
nature of the cavity field. Thus the effects due to the quan-
tum nature of the field in the cavity can be isolated by
setting the initial phase s.

Note that in the quantum theory the reaction of the atoms
on the field is automatically included through what we might
call the operator reaction field. We might ask what happens
if the effects of backreaction are included in a classical way.
We can use the neoclassical theory to investigate the dynam-
ical evolution of the atoms prepared in semiclassical dressed
states. We have proved that the neoclassical equation for
the inversion X = (Sz) is

(X)2 _ 4g2X3 + 4g21z12X2 + g2X = 1z12g2 sin2(0 + )- (13)

This equation is easily integrated numerically for different
values of the phase settings. In Figs. 1(b) and 2(b) we show
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Fig. 2. The same as Fig. 1 but with an average number of cavity
photons of 10.

IAI 1 /2
for 0 + o = 0
for 0 + so = 7r/2

(10)

For large Iz12 asymptotic expansion of the excitation proba-
bility can be carried out as usual. One finds, for example,
the following result at the kth revival time (gt/27rlzl = k):

P-k 1 F (1 - IpI2)cos(27rlz12k + 1/2 tan-' rk)
P(k) = 2 (1 + 7r2k2 )4(1 + Ii) (11)

1/2 for lMI = 1. (12)

In Figs. 1 and 2 we show the dramatic changes in the
dynamics of the atom as we change the parameter s° for 0 = 0,
JA = 1. For s° s 0 or o F6 r, the initial coherent state of the
atom evolves even if the cavity field is treated classically.
Thus, for s° 5e6 0 or p ir, we have evolution due to both the
classical nature and the quantum nature of the field.

However, for s = 0 or s = r there is no dynamical evolu-
tion of the initial state if the field in the cavity is treated
classically, for then the initial state is an eigenstate of Eq.

DI "

Fig. 3. The real part DR(t) of the complex dipole moment as a
function of gt for 1,4j = 1, 1Z12 = 5, and 0 = = 0.

(0

1 00

Fig. 4. The imaginary part DI(t) of the dipole moment as a func-
tion of gt for Iuj = 1, Z12 = 5, =0: trace A, so = 0; trace B, so = r/2.
The origin on the y axis for trace B has been shifted by -1/2 unit.
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The properties of the cavity field are also quite sensitive to
the initial preparation of the atomic system. For example,
the photon-number fluctuation parameter G(2)(t), defined as

G(2)(t) = ([a+2a2(t)]) - (a+(t)a(t))2 ,

G(2)

1-

b 2o 4o 60 80 100
gt

Fig. 5. The photon-number fluctuation parameter G(2)(t) =
(a+2(t)a2(t)) - (a+(t)a(t)) 2 as a function of gt for z12 = 10, MIt, = 1, 0
= 0: trace A, p = 0; trace B, s = 7r/2. The origin on they axis for the
curve B has been shifted by -2 units.

the dynamical evolution as predicted by the neoclassical and
semiclassical theories. For large Iz12 the neoclassical results
come close to the semiclassical results. It can be proved that

P(t) = - 112 sin2(gtlzl) (for 0 = s = 0, Iz12 >> 1)

= 1/2[1 + sin(2gtlzl)] (for 0 = , (P = -, Iz12 >> 1).

(14)

This is also borne out by Figs. 1(b) and 2(b). Thus, for 0 + s
= 0, the regular motion predicted by these theories is to be
contrasted with the irregular motion predicted by the theory
in which the field is quantized. It should be kept in mind
that the above conclusions rely on the assumption that all
sources of incoherence are insignificant, i.e., that the cavity
has a high-Q value and that the transit time is much smaller
than the relaxation time.

In Figs. 3 and 4 we display the time evolution of the real
and imaginary parts of the dipole moment for various phase
settings. The dynamical changes in the dipole moment for 0
= o = 0 and IgI = 1 are due to the quantum nature of the field
in the cavity. Note that the real part of the dipole moment
is zero for (P = r/2. Thus the behavior shown in Fig. 3 is an
effect that is due to the quantization of the radiation field.
A comparison of Figs. 1 and 2 also shows that the quantum
effects become less pronounced with an increase in the aver-
age photon numbers in the cavity. The phase of, is fixed by
the phase 00 of the coherent microwave field (used for the
initial preparation of the atom) s = r/2 - 0. We can
imagine that the cavity is driven by the same microwave
field but is much attenuated and phase shifted by 7r/2 so that
0 = o - r/2.

can be evaluated. We do not present an explicit expression
for GM, as it is rather long. Figure 5 shows the dependence
of G(2)(t) on the initial atomic coherence. The quantum
fluctuations in the cavity field are more pronounced in the
case when the atom evolves, even in the presence of a semi-
classical field. This is connected with the operator conver-
sation law Sz + a+a = constant. This conversation law
implies that the quantum fluctuations in the atomic and
field variables are complimentary to each other. Note that
so far it has been feasible to study experimentally, in connec-
tion with Rydberg atoms, the dynamics of the atom rather
than the dynamics of the cavity field.

In conclusion, we have presented a method based on the
study of the atomic dynamics that will allow us to probe the
effects of the quantized nature of the field in the cavity.
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