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We have theoretically modeled coherent anti-Stokes Raman spectroscopy spectra of nitrogen measured with a
frequency-doubled Nd:YAG pump laser. The fluctuations of the multimode pump field are modeled using a field
variable having non-Gaussian statistics derived from a functional dependence on a Gaussian field. Both isolated
and multiple, overlapping transitions are treated. The model qualitatively predicts the non-Gaussian effects
observed in experiments but somewhat overemphasizes the magnitude of these features.

Coherent anti-Stokes Raman spectroscopy (CARS) is find-
ing increasing application as a tool for quantitative measure-
ments of temperature and species concentrations in gases. 1'2

Extracting these observables from experimental CARS
spectra requires accurate models for calculating theoretical
third-order susceptibilities and consideration of the spectral
and temporal properties of the laser sources for calculating
spectra. These effects are well understood in CARS spectra
for laser fields obeying Gaussian statistics.2 -6 To our knowl-
edge, however, no complete theoretical treatments for non-
Gaussian fields have been reported. The statistics of inci-
dent radiation fields have been shown to influence the char-
acteristics of detected light in such nonlinear processes as
stimulated Raman scattering, 7 diffraction from a laser-in-
duced grating,8 and two-photon absorption.9 Thus non-
Gaussian-field statistics should be an important consider-
ation in the quantitative interpretation of CARS spectra.

Experiments have shown that the statistics of the fluctua-
tions of a multimode laser field can affect intensities and line
shapes in molecular CARS spectra.10"1 In these measure-
ments, two pump beams from a frequency-doubled, multi-
mode Nd:YAG laser were used with a variable relative delay
in a crossed-beam CARS geometry. Spectra measured with
different delays (small compared with the temporal pulse
widths) gave information on the effects of correlation be-
tween the beams and clearly established the presence of non-
Gaussian statistics in the pump field. Because of the lack of
a model for describing the higher-order correlation functions
of the particular pump field, these results were not com-
pared with a non-Gaussian theory. Subsequently, the ef-
fects of using frequency-doubled radiation as the CARS
pump fields were investigated for the particular case of non-
resonant CARS intensities.12

In this paper we report the application of a simple model
for the frequency-doubled pump field for calculating both
resonant and nonresonant CARS spectra. The pump field

is expressed classically as a function of a Gaussian field.
The resulting field exhibits significant non-Gaussian char-
acteristics but has analytic high-order correlation functions
that permit spectra to be calculated easily. This is a reason-
able approach for the experiments of Refs. 10 and 11 and
others for which the pump field is produced by frequency
doubling a source with nearly Gaussian statistics (i.e., the
fundamental output of a Nd:YAG laser operating in many
independent modes13). We calculate spectra using both
Gaussian and non-Gaussian statistics for the pump fields
and show that the latter provide a reasonably good descrip-
tion of the results of Rahn et al.10 We also present results
for the case of multiple, overlapping transitions.

For an isolated Raman transition, the anti-Stokes field
amplitude EaS can be written as3

EaS(t) XnrEl 2(t)E2*(t) + T

t
X fodTE(t)El(t -T)E2*(t -T)

X exp[-(1/T 2 + iA)r], (1)

where A = WR - (W - I2), Xnr is proportional to the nonreso-
nant part of the third-order susceptibility responsible for
four-wave mixing, 1/T2 is the half-width of the Raman line,
and co1, W2, E1, and E2 are, respectively, the frequencies and
amplitudes of the pump and Stokes fields. The parameter
X, determines the strength of the resonant contribution to
EaS, and we assume that saturation effects on Xr are negligi-
ble. We model the fundamental field produced by a
Nd:YAG laser as a field V(t) with Gaussian statistics and its
amplitude (after frequency doubling) as V2(t). Thus the
pump amplitude can be written as

ED(t)= V(t), (2)
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where : is a measure of the efficiency of the second-harmon-
ic generation. This model corresponds to the case of phase-
matched, coherent frequency doubling in the limit of negli-
gible depletion of the fundamental field.14 Using Eq. (2)
and the moment theorem for Gaussian random processes,15

the multitime correlation functions of ED(t) can be calculat-
ed. We quote the result for the fourth-order correlation
function of the field ED(t), which is an eighth-order correla-
tion function of V(t):

(ED*(t)ED*(t + t)ED(t + t2 )ED(t + t3 ))

= I12[y1
2 (t1 - t2 ) y1

2 (-t3 ) + y1
2(-t 2) 

2 (tl -t 3)

+ 4(t - t2)l(t - t3 )-yl(-t 2 )-yl(-t 3 )]. (3)

Here I is the average intensity of the field ED:

I1 = (ED*(t)ED(t)) = 2fl2(V*(t)V(t)) 2,

The notation ( - -) implies that the preceding terms
within the same brackets are to be repeated with a replaced
by -.

We first note that for long delays 6 , () - 0, and
result (7) simplifies to

IaS(z ) = 4212(Xnr2 + X Xnr

x d- exp[-(1/T 2 + iA)r] y2(-r) 1 (-r) + c.c.

2 {
2T+ {j dq1 exp[-(I/T2 + i),q]

(4)

and yi(t - t2 ) is the normalized correlation function of the
Gaussian field V:

Xf dr exp[-(1/T2 - iA)r] -2(r )[12 ( r)

+ Y1 (-T),y1 2(77)] + C.C.}) (9)
(5)

The angle brackets denote time averaging over periods long
compared with T2 and with the time scales for all field
fluctuations. The total pump field in Eq. (1) is equal to

El(t) = ED(t) + ED(t - 3) (6)

where is the temporal delay between the two pump beams.
In the product E(t)EI(t - ) found in Eq. (1), only the
contribution ED(t)ED(t - T - ) + ED(t - T)ED(t - ) will be
detected, because of the crossed-beam phase matching.

The CARS signal can be calculated by using Eqs. (1), (3),
and (6). Our calculations show that

Ias(b) = lim (EaS*(t)EaS(t))
t-.

This limit also corresponds to the case when the pump
beams are supplied by independent laser sources. For pur-
poses of comparison, we also present the expression for Ias(b)
for a Gaussian pump field, i.e., where we put El(t) = V:

IaSG(6) = 411212(Xnr2[1 + 71(b)71(-6)1

+ 2T Xnr f dr exp[-(1/T2 + i)r]-Y2 (-T)

X [-y 1(r) + y1 ( + 6)-y 1(-5) + (6 - -)] + c.c.

2 {/
4T+ Xr d-q exp[-(l/T2 +iA\)7]

= 411212(Xnr2[1 + y1
2 (5)7 1

2 (-5) + 4y1 (6)-y1 (-6)]

+ Xnr dT exp[ (l/T2 + i)T])'2(-T)
2T2 -

X [ 1
2(T) + y1

2(T + 5)y 1
2(-6) + 4 -y1 (i-)-yl(r + 5)y 1 (-6)

2
+ (3 -- )] + c.c. + Xr {| d77 exp[-(l/T2 + iA)77]

x J dT exp[-(1/T2 - iA)T] 2 (T n)[712 (n )

+ -Y12(b + 1)y1'
2(-- ) + 4'yl(n - r)Y1(7 + 3)y1( 3)

+ Y 2(-b)y1
2 (,7 + - T) + YJ2(-T)7 2(n)

+ 4y1(t7 + 3 T)-l( -)zy(77)zy( b)

+ ( - -3)] + C.c. 

X J dr exp[-(1/T2 -i)r]y 2 (r -) [y1(n T

+ 1 G(6 + q)Y 1 (-r - ) + -Y1(-b)-Y1 (6 - T + 77)

+ Y1 (77)-Yl(-r) + ( - -3)] + C.c.) (10)

Using Eqs. (9) and (10), we obtain the following interesting
relation between the two models:

lim IaS(b) = lim IaSG(3)6--
(11)

if -y1
2
(T) in the non-Gaussian model is replaced by 'yl(T).

This result shows that the two models give identical results
in the limit of large delay if the corresponding spectral pro-
files for E(t) are identical. In practice, large delay corre-
sponds to 6 >> max(T2, r,), where T, is a coherence time for
laser-field fluctuations. In addition,

(7)

where 7y2(T) is the normalized correlation function for the
Stokes field E2:

(E2 *(t + )E2(t))

= (E2 *(t)E 2 (t))

IasG(0) = 2 lim IaSG(6), (12)

and hence

lm IaS() = 1/2 IaSG(o). (13)

el(tl - t2) = ( V*(t 1) V(t2) )
(I V(t) 12)
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Fig. 1. Comparison of experimental CARS spectra with theoretical
spectra using Gaussian and non-Gaussian stochastic processes to
model the pump field. Note that the experimental peak-to-back-
ground intensity ratio decreases as the pump-beam delay is de-
creased. Although the Gaussian theoretical spectra show little vari-
ation with delay, the non-Gaussian spectra follow the behavior of
the data. The measurements were performed on the 0(18) transi-
tion of nitrogen at 300 Torr and 296 K. At this pressure, T2 for
molecular relaxation (-400 psec) is much longer than the time scale
for pump-laser fluctuations (10-20 psec).

Thus, to within a numerical factor, the non-Gaussian model
with sufficiently delayed pump beams gives spectra identi-
cal to those of the Gaussian model. This is an important
result, implying that non-Gaussian effects may be sup-
pressed in dual-pump-beam CARS geometries. This result
is consistent with the experimental findings of Ref. 11 and
was also obtained theoretically by Yuratich. 3

Equations (7) and (10) reduce to analytic expressions
when the laser spectral profiles are assumed to be Lo-
rentzian. However, pulsed Nd:YAG and dye lasers are gen-
erally better moldeled with Gaussian profiles, which require
numerical evaluation of the integrals in Eqs. (7) and (10).
We assumed spectral profiles of the form -y(T) = exp(--r 2rI

2
),

i = 1, 2 for the laser fields. The linewidth parameter rl for
the non-Gaussian pump field was taken to be 1/V2 times that
for the Gaussian field. This factor facilitated comparisons
between the models by making the spectral bandwidth of the
non-Gaussian pump field [El(t) = ED(t)] equal to that of the
Gaussian pump field [El(t) = V(t)].

Calculations based on Eqs. (7) and (10) were performed on

a VAX 11/780 computer using standard integration and
high-speed error-function routines. Figure 1 compares the

behavior of IaS(6) and I5SG(b) with the experimental results
of Rahn et al.10 for different values of 6. The measurements
were performed with a scanning CARS system using a dou-
bled Nd:YAG laser with a FWHM linewidth of 1.0 cm-1.
The spectrum of an isolated nitrogen 0(18) transition along
with the nonresonant background intensity was measured at
300 Torr. Assuming a collisional-broadening coefficient' 6

of 0.06 cm-1/atm (HWHM), the time for molecular relax-
ation at this pressure is given by T2 = 400 psec. In contrast,
the time scale for pump-laser fluctuations () is much
shorter, of the order of 12 psec.

The crosses in Fig. 1 indicate CARS spectra measured
with three different delays. For purposes of comparison,
the data and theoretical curves are normalized by the non-
resonant background intensity for all three delay values.
Also, the amplitudes of the theoretical resonant susceptibil-
ities are adjusted once for best agreement with the data in
Fig. 1(a) but are not changed otherwise. As the delay ap-
proaches zero [Figs. 1(b) and 1(c)], the peak-to-background
ratio for the data and for the non-Gaussian model (solid
lines) decreases. However, the non-Gaussian model pre-
dicts too much reduction, by about a factor of 2 in compari-
son with the data. Note that the Gaussian model (dashed
lines) changes relatively little and thus overestimates the
peak-to-background ratio as the delay is reduced.
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Fig. 2. Comparison of measured resonant and nonresonant inten-
sities and ratios with theoretical results using Gaussian and non-
Gaussian stochastic processes to model the pump field. The mea-
surements were performed on the 0(18) transition of nitrogen at 500
Torr and 296 K. While the non-Gaussian theory overpredicts the
enhancement of resonant intensity at zero delay, it describes the
intensity ratio more successfully than the Gaussian theory.
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Fig. 3. Comparison of measured resonant and nonresonant inten-
sities and ratios with theoretical results using Gaussian and non-
Gaussian stochastic processes to model the pump field. The mea-
surements were performed on the 0(18) transition of nitrogen at
4560 Torr and 296 K. Here, 2 = 30 psec, comparable with the time
scale of pump-laser fluctuations.

This behavior can be better understood by separately ex-
amining the dependences of the resonant and nonresonant
intensities versus delay. Experimentally, this comparison
was accomplished' 0 by splitting the anti-Stokes beam and
using dual polarizers and detectors to measure the resonant
and nonresonant intensity components separately. Figure 2
shows the experimental intensities and those calculated
from Eqs. (7) and (10) by alternately setting Xnr and Xr to
zero. The circles in Fig. 2(a) are the measured resonant
intensities plotted versus delay. The theroetical non-
Gaussian (solid lines) and Gaussian (dashed lines) intensi-
ties are plotted with vertical scale factors varied for best fit.
Note that the resonant intensity profiles predicted by the
two models agree closely with each other and with the data.
This result supports the hypothesis of Ref. 10 that the be-
havior of the resonant intensities with T2 >> T is insensitive
to the detailed nature of fluctuation statistics.

Nonresonant intensities are compared in Fig. 2(b), where
the plots were normalized for best agreement with the inten-
sity at large delay. In this case, the two models diverge
widely from each other and from the experiment. The in-
tensity of the non-Gaussian model is enhanced by a factor of
6 at zero delay relative to large delay (in this case, >> 1/F),
whereas the Gaussian model is enhanced by a factor of 2.
The observed enhancement of 3.4 falls between these re-

suits. However, the width of the experimental profile agrees
more closely with the non-Gaussian model than with the
Gaussian model. Plotting the ratio of resonant to nonreso-
nant intensity for all three cases gives the curves shown in
Fig. 2(c). The primary difference between the two models
arises from differences in the predicted nonresonant intensi-
ty profiles. The larger width and enhancement factor for
the non-Gaussian profile results in a deeper, broader dip in
the ratio scan, in better agreement with observations.

Measurements at 4560 Torr are shown by the data points
in Fig. 3. We find that the observed resonant intensity at
zero delay exhibits greater enhancement than seen previous-
ly and greater than predicted by Gaussian theory. However,
the non-Gaussian model overpredicts the degree of enhance-
ment. The result is that the plot of ratio versus delay more
closely resembles that of the Gaussian model, in contrast to
previous results. An additional result is that the dip in the
ratio curve is less pronounced than at low pressure. Calcu-
lations at even higher pressures showed the ratio curve flat-
tening even more, as the resonant and nonresonant intensi-
ties began to behave similarly with respect to delay. This
trend occurs as the Raman linewidth (/T 2, assumed propor-
tional to pressure) exceeds the pump-laser linewidth. In the
limit l/T2 >> r we find that the ratio of resonant to nonreso-
nant intensities is independent of delay. In this case, CARS
spectral profiles are also independent of delay and are there-
fore unaffected by non-Gaussian pump-field statistics.

The results of Figs. 1-3 can be understood in physical
terms as a tendency of the Gaussian theory to ignore, and the
non-Gaussian model to overemphasize, certain intensity en-
hancements with coherent pump beams. This anomalously
enhanced signal generation occurs under conditions of rapid
polarizability response to non-Gaussian pump-field fluctua-
tions. The amplitude of polarizability oscillations induced
through the nonresonant susceptibility, or resonant suscep-
tibility with T2 < r,, can rapidly respond to intense spikes in
the driving force produced by one pump beam. (We assume
a narrow-band Stokes laser.)

When matched by in-phase fluctuations from the other
pump beam, these spikes result in unexpectedly high anti-
Stokes intensities compared with Gaussian-field predictions
[Figs. 2(b), 3(a), and 3(b)]. However, for resonant intensi-
ties with T2 >> r,, the molecule cannot respond to these rapid
fluctuations, and the resulting anti-Stokes intensities are
similar for Gaussian and non-Gaussian fields [Fig. 2(a)].

The overly large intensity enhancements predicted by the
non-Gaussian theory probably result from the simple treat-
ment of the frequency-doubled field by our model [Eq. (2)].
The actual pump field is probably smoother than predicted
by this expression, owing to depletion effects in the funda-
mental field V(t) and phase walk-off effects associated with
type II doubling.1 4 It has also been suggested 2 that satura-
tion in the Nd:YAG amplifier would tend to reduce field
excursions before frequency doubling. These processes
could result in a field with non-Gaussian fluctuations inter-
mediate to the models considered here and thus would pro-
duce more-moderate intensity enhancements. The realistic
inclusion of these effects, however, was found to be beyond
the scope of this work. We note that Hall2 obtained expres-
sions for the enhancement of purely nonresonant intensities
that decreased with increasing conversion efficiency of the
frequency-doubling process. This result was attributed to
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Fig. 4. Comparison of experimental spectra of the nitrogen Q-
branch bandhead with theoretical spectra using Gaussian and non-
Gaussian stochastic processes to model the pump field. The data
were measured in the postflame gases of a premixed methane-air
flame having a gas temperature of 1730 K (determined by CARS
thermometry). For the calculations, we assumed that molecular
relaxation was the same for all transitions, T2 = 330 psec.

fundamental field depletion effects in the second-harmonic
field.

In the analysis thus far, we have assumed only a single
resonant Raman transition. For many overlapping transi-
tions with complex frequencies WR,n - i/T2,n and detunings
A,, = COR,n - (W1 - c2) we find that the CARS signal can be
obtained from Eq. (7) by using the replacement

r exp[-(1/T2 + iA)r] I E T exp[-(1/T2 ,n + iA)r]
T2 n T~~~~~~~~~2,n

(14)

in the term involving Xr and

Xr
2

T2 exp[-(1/T2 + iA)]q exp[-(1/T 2 + iA)r]

- 7I XrTnTrn exp[-(1/T 2 ,n + iAn)n]

X exp[-(1/T2 ,n, + iAn)rI (15)

where n is interchanged with n' before taking the complex
conjugate, in the term involving Xr2. Expression (15) and
Eq. (7) permit the study of the effects of non-Gaussian
statistics on multiple, overlapping transitions. This treat-
ment assumes, however, that the line spacings are larger
than 1/T2,n, so that amplitude interference (i.e., collisional-
narrowing) effects' 6 are negligible. Thus the term overlap-
ping applies more properly to the transitions after inclusion
of the pump-laser line shape.

In measurements of overlapping transitions in the v = 0 -
Q-branch band of nitrogen, we observed differences in spec-
tra measured with and without pump-beam delay. When
the spectra are compared by normalizing to maximum inten-
sities [Fig. 4(a)], the intensity of the bandhead region of the
0-cm delay spectrum is enhanced relative to the 2.8-cm delay
spectrum. As will be shown below, the enhanced intensity
takes the appearance of a bandhead peak that is in disagree-
ment with calculated spectra based on Gaussian statistics.
A possibly related observation was reported by Stufflebeam
et al.,

17 who described an anomalous peak at the bandhead
of carbon monoxide at elevated temperatures. This peak
was not predicted by any of several Gaussian spectral models
investigated. (It should be mentioned, however, that this
effect could alternatively have arisen from not including the
correct pump-laser line-shape convolution.5 )

We performed a comparison of our theroetical results for
multiple transitions with the data of Fig. 4(a). The data
were measured in a flame at 1730 K and atmospheric pres-
sure, so that collisional-narrowing effects were unimportant.
At this temperature, the ground-state band contains contri-
butions from 50-60 transitions. Owing to the excessive
computational time required for including large numbers of
transitions in expression (15) and Eq. (7), we included only
the first 18 of these transitions. This approximation is not
unreasonable because we are interested in a limited spectral
region, and the included transitions adequately describe the
bandhead profile. To reduce computation time further, the
data measured with nonzero delay were compared with the
results of Gaussian theory [expression (15) and Eq. (10)]
with zero delay. This approach is based on the result of Eq.
(13), where the large-delay limit of the non-Gaussian spec-
trum is equal within a scaling factor to the zero-delay Gauss-
ian spectrum. The actual delay used in the measurement
was greater than the coherence length of the pump laser
(-1.6 cm) and thus approximated the limit of large delay.
Parameters employed for the computations included Raman
linewidths based on measurements by Owyoung and Rahn,18

calculated transition amplitudes as described by Hall,19 and
Gaussian pump- and probe-laser line shapes with full band-
widths of 0.6 and 0.07 cm-', respectively, corresponding to
experimental values.

The calculated bandhead spectra are shown in Fig. 4(b).
The spectrum using a non-Gaussian field exhibits enhanced
intensity for Raman shifts above 2328 cm-1, in much the
same way as the 0-cm delay experimental spectrum. While
it is qualitatively similar, the theoretical enhancement is
somewhat larger than what is actually observed. This small
exaggeration is probably related to the previously observed
overprediction of non-Gaussian effects by the model. Nev-
ertheless, the results convincingly demonstrate the capabili-
ty of non-Gaussian fluctuations to produce such bandhead
peaks and are in good agreement with the present observa-
tions.

In conclusion, we have demonstrated a simple model for
studying the effects of non-Gaussian pump-field statistics
on CARS spectra. The model qualitatively reproduces the
characteristics of these effects as experimentally studied
with variable pump-beam delays. The model also success-
fully describes the anomalous enhancement of nonresonant
and highly damped resonant intensities at zero delay, the
increased width of these scans versus delay, and an extra

- 0-cm delay
--- 2.8-cm delay

(a)

.~~~~ 
I
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peak appearing at the Q-branch bandhead of nitrogen. In
addition, we demonstrated that non-Gaussian effects can be
eliminated in a dual-pump-beam experiment by using a
temporal delay between the beams such that 6 >> max(T2 ,
Tr.).

Recent measurements in other laboratories2 0 of nonreso-
nant intensities versus delay indicate that certain Nd:YAG
lasers do not exhibit significant non-Gaussian behavior, i.e.,
they have maximum enhancement factors of 2. Indeed,
different lasers of the same model in our laboratories pro-
duce different maximum enhancements. It follows that
non-Gaussian effects may be absent in many instances, and
standard Gaussian theory will be valid. The latter condi-
tion is also expected to apply when Raman widths are large
compared with the pump-laser linewidth, as in high-pres-
sure measurements or when a sufficiently narrow-band
pump laser is used.

Nevertheless, non-Gaussian statistical models such as
those described in this work will be required for analysis of
CARS spectra in some circumstances. Examples include an
experiment using a non-Gaussian pump laser and collinear
phase matching (employing a single pump beam) or a
crossed-pump-beam experiment in which the required rela-
tive beam delay would be large compared with the laser-
pulse durations. For quantitative applications, it is essen-
tial that the anomalous enhancements predicted by theory
be in close agreement with those actually observed (e.g., in a
comparison of spectra with and without delayed pump
beams). To this end, we are currently investigating models
that more realistically treat the second-harmonic fields from
multimode Nd:YAG lasers. Since such ab initio theories are
likely to be too complex for practical use, we are also examin-
ing the utility of empirical correlation functions. One such
function under consideration is obtained by varying the con-
tribution of non-Gaussian terms in Eq. (7) by an experimen-
tally determined coefficient. The lengthy time of computa-
tions is another problem, although this can be addressed by
using more-efficient algorithms or by relying on precalculat-
ed libraries of spectra. Alternatively, the need for non-
Gaussian analysis could be obviated in the experiments
through the use of transform-limited lasers with smooth
temporal envelopes.
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