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If se v e ra l o b je c ts g ro w w ith tim e th e o n e w ith

th e h ig h e st ra te o f g ro w th w ill d o m in a te th e re st

o v e r tim e . In th is a rtic le th is is d isc u sse d fo r

th re e c a se s: w h e n th e n u m b e r o f o b je c ts is ¯ n ite ,

c o u n ta b ly in ¯ n ite a n d a c o n tin u u m .

If tw o ob jects, say A 1 an d A 2 , grow at ra tes a 1 an d a 2
p er u n it tim e resp ectiv ely, th en a fter n u n its of tim e,
on e u n it ea ch of A 1 a n d A 2 w ou ld b eco m e a

n
1 an d a

n
2

resp ectiv ely. T h u s, if 1 < a 1 < a 2 th en b o th o b jects
w ou ld grow to b e v ery larg e a s n g ets larg e. O n th e
oth er h an d , th e relative grow th of A 2 w ith resp ect to

(w .r.t.) A 1 w ill b e (a 2 = a 1 )
n an d th at w ill g o to in ¯ n ity

w h ile th at of A 1 w .r.t. A 2 w ill b e (a 1 = a 2 )
n an d th at w ill

go to zero.

F or ex am p le, if th ere a re tw o ¯ x ed d ep o sit sch em es, say,
S 1 a n d S 2 , w h ich are co m p ou n d ed an n u ally w ith in ter-
est ra tes r 1 an d r 2 resp ectively, th en o n e u n it of m o n ey
in v ested in ea ch o f S 1 an d S 2 w ou ld g row in n years to
(1 + r 1 )

n an d (1 + r 2 )
n resp ectively.

If r 1 < r 2 a n d
1 + r2
1 + r1

= 1 + μ for so m e μ > 0 th en , th e
rela tive grow th of S 2 w .r.t. S 1 w ill b e (1 + μ )

n w h ich
is atleast 1 + n μ . T h u s, in n > 1

μ yea rs, on e u n it in
sch em e S 2 g row s to m ore th an tw ice to w h at on e u n it

in S 1 grow s to.

M ore gen erally, let th ere b e k o b jects, A 1 ;A 2 ;:::;A k
th at g row at ra tes a 1 ;a 2 ;:::;a k resp ectiv ely. S u p p ose

for som e r , 1 · r · k , a r > a i for all i 6= r, i.e. a r
is th e u n iq u e m a x im u m a m o n g a 1 ;a 2 ;:::;a k . T h en on e
u n it ea ch of A 1 ;A 2 ;:::A k in n u n its of tim e grow s in to
a n1 ;a

n
2 ;:::a

n
k .
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L et

p n i ´
a niP k
j= 1 a

n
j

; 1 · i · k (1)

d en ote th e relative p ro p o rtion of th e size of A i to th e
su m o f th e sizes o f a ll A j's a t tim e n . T h en , it is easy

to co n clu d e th a t

p n r ! 1 a n d

kX
i6= r
i= 1

p n i ! 0 (2)

as n ! 1 . T h u s, ob ject A r ten d s to d om in ate all
th e rest over tim e. F o r ex am p le, if th ere a re k co u n -
tries in th e w o rld w ith a n n u al p o p u la tio n grow th rates
a 1 ;a 2 ;:::;a k an d if th ere is on e cou n try w h ose g row th
rate is h igh er th an oth ers, th en after som e tim e th at

cou n try w ill h av e th e larg est p op u lation a n d th e p rop o r-
tio n of p eo p le in th a t co u n try to th e tota l p o p u latio n of
th e w orld w ill g o to on e.

W h a t a b o u t co u n tab ly in ¯ n ite n u m b er o f ob jects? L et
A 1 ;A 2 ;A 3 ;:::; b e a co u n tab ly in ¯ n ite collection of o b -
jects w ith g row th rates a 1 ;a 2 ;::: p er u n it tim e resp ec-
tiv ely. A ssu m e th at

(i) for som e r, a r > a i;i 6= r

(ii)
1X
j = 1

μ
a j

a r

¶n 0
< 1 for so m e n 0 ¸ 1 (3)

S in ce on e u n it of ob ject A i w o u ld b ecom e a
n
i a fter n

u n its o f tim e, th e relative p ro p ortion of A i to th e tota l
of all o b jects a fter n u n its of tim e, p n i say w ill b e

p n i ´
a niP 1
j= 1 a

n
j



24 RESONANCE November 2007

GENERAL ARTICLE

u sin g con d itio n (ii) a n d th e fa ct 0 <
a j
a r
< 1 for all j 6= r

it ca n b e sh ow n th at

lim
n ! 1

X
j6= r

μ
a j

a r

¶n
= 0 : (4)

T h u s,
p n r ! 1 (5)

an d X
i6= r
p n i ! 0 (6)

as n ! 1 .
N ex t, w h at ab ou t a con tin u u m of ob jects?

O n e co u ld try som eth in g like th is. L et f (x ) b e a n o n -
n ega tive fu n ction on so m e in terva l [a ;b]. A sso ciate w ith

each p oin t x in [a ;b] an ob ject A x an d th in k o f f (x ) a s
th e g row th rate o f A x . T h u s on e u n it of A x w ill g row
in to (f (x ))n in n u n its of tim e. C a ll f (x ) th e ra te fu n c-
tio n . L et it h ave a u n iq u e m a x im u m o ccu rin g a t so m e
x 0 , a · x 0 · b. T h at is, f (x 0 ) > f (x ) fo r all x 6= x 0 .

T h en , in a n alogy w ith (2 ) a n d (5 ), it is n o t u n rea son a b le
to ask w h eth er

(f (x 0 ))
nRb

a
(f (x ))n d x

! 1 (7)

an d
(f (x

0
))nRb

a
(f (x ))n d x

! 0 for a ll x 06= x 0 : (8)

U n fortu n ately, th is d o es n o t h old fu lly.

F or ex am p le, if f (x ) ´ x an d [a ;b] = [0 ;1]
th en x 0 = 1 an d

R1
0 (f (x ))

n d x = 1
(n + 1 ) so th at

(f (x 0 ))
nR1

0 (f (x ))
n d x

= (n + 1 ) ! 1
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an d h en ce (7 ) d o es n ot h old .

H ow ev er, for 0 · x 0< x 0 = 1
(f (x 0))nR1
0 (f (x ))

n d x
= (n + 1)(x 0)n

d o es g o to zero a s n ! 1 , i.e. (8) h o ld s. T h is su g gests
th at a n ap p ro p ria te gen eralisatio n of (2) a n d (5) m igh t

b e a s fo llow s. F o r ev ery " > 0,

p n (x 0 ;") ´
Rx 0 + "
x 0¡" (f (x ))

n d xRb
a
(f (x ))n d x

! 1 (9)

as n ! 1 or eq u iva len tly

1 ¡ p n (x 0 ;") =
R
jx¡x 0 j̧ "(f (x ))

n d xRb
a
(f (x ))n d x

! 0 (1 0)

as n ! 1 . T h a t is at tim e n , th e p ro p ortion o f o b jects
th at lie in a n y n on d eg en era te tw o sid ed n eig h b orh o o d
of x 0 to th e to tal n u m b er of o b jects (ra th er th an th ose
th at lie ex actly a t x 0 ) g o es to on e a n d th e p rop ortion
ou tsid e a n y su ch n eigh b o rh o o d go es to zero.

It tu rn s ou t th at (9 ) an d (10 ) h old u n d er som e reaso n -
ab le con d itio n s on f (x ). A ssu m e th at th e rate fu n ction
f (:) is su ch th a t

(i) f = [a ;b] ! R + = [0;1 ),
(ii) for som e x 0 in [a ;b], f (x 0 ) > f (x ) fo r all x 6= x 0 ,

x in [a ;b]

(iii) f (:) is con tin u o u s a t x 0

(iv ) for each " > 0, th ere is a ¸ " su ch th a t 0 · ¸ " < 1
an d jx ¡ x 0 j ¸ " im p lies 0 · f (x ) · ¸ " f (x 0 ).

(1 1)
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T h en , w e claim th at fo r each " > 0 , (9 ) an d (10) h old .

H ere is a p ro of o f th is claim . F ix " > 0 . L et ¸ " b e a s
in co n d ition (iv ) ab ove. B y con d itio n (iii) ab ove, i.e.
th e con tin u ity of f (:), an d th e fact f (x 0 ) > 0 , fo r a n y

0 · ¸ < 1, w e can ch o ose an ´ > 0 su ch th a t jx ¡ x 0 j < ´
im p lies f (x ) > ¸ f (x 0 ). N ow ch o ose th e ¸ to b e less th an
¸ " . T h en th e d en o m in ato r of (1 0) is

¸
Z
jx¡x 0j< ´

(f (x ))n d x ¸ ¸ n (f (x ))n ´

an d b y co n d ition (iv ) th e n u m era tor o f (10) is

· (¸ " f (x 0 ))n (b ¡ a )
T h u s

0 · 1 ¡ p n (x 0 ;") ·
μ
¸

¸ "

¶n
(b ¡ a )
´

S in ce 0 · ¸
¸ "
< 1 , th e rig h tsid e a b ove g o es to zero a s

n ! 1 , esta b lish in g (10 ) w h ich im p lies (9). N o te fu r-
th er th at for each " > 0

0 ·
Rb
a (f (x ))

n d x

(f (x 0 ))n
·
Z
jx¡x 0j< "

μ
f (x )

f (x 0 )

¶n
d x

+

Z
"·jx¡x 0j

μ
f (x )

f (x 0 )

¶n
d x

· 2" + ¸ n" (b ¡ a )
an d h en ce th a t

0 · lim
n ! 1

Rb
a
(f (x ))n d x

(f (x 0 ))n
· 2 "

S in ce " > 0 is a rb itra ry th is say s th a t

lim
n ! 1

Rb
a (f (x ))

n d x

(f (x 0 ))n
= 0

T h u s in (9 ) b oth th e n u m era tor an d d en om in ator w h en

d iv id ed b y (f (x 0 ))
n go to zero a s n ! 1 an d yet th eir

ratio g o es to o n e.
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O n e ca n re¯ n e (9 ) if w e k n ow m ore ab ou t th e b eh av iou r

of f (x ) n ear th e op tim u m va lu e x 0 . T h e assertion in (9)
say s th at for each " > 0 th e p rop o rtio n o f ob jects in th e
in terval (x 0 ¡ ";x 0 + ") go es to on e.
O n e co u ld a sk w h eth er w e cou ld ¯ n d sm aller in tervals
O n aro u n d x 0 th at get sm all an d sh rin k to x 0 as n ! 1
su ch th at th e p ro p o rtio n in n still go es to on e. F or
ex a m p le, w ou ld O n = (x 0 ¡ " n ;x 0 + " n ) w h ere n " n ! 0
d o? W h a t if

p
n " n ! 0 .

T h e fo llow in g sp ecial case w as co n sid ered b y S S h irali in
an earlier issu e o f R eson an ce [1 ]. L et f (x ) = (cos x )n b e
th e ra te fu n ction on th e in terval [a ;b] = [¡ ¼

2
; ¼
2 ]. T h en f

sa tis¯ es (11 ) a n d h a s a u n iq u e m ax im u m o f 1 a t x 0 = 0 .

T h u s Z ¼ = 2

¡ ¼ = 2
(cos x )n d x ! 0 a s n ! 1

S h irali [1] a sserts th a t for a n y ¡ 1 < ® < ¯ < 1
R ¯p

n
®p
n
(cos x )n d xR¼

2
¡ ¼
2

(co s x )n d 2
! © (¯ ) ¡ © (® ) (1 2)

as n ! 1 , w h ere

© (x ) ´
Z x

¡1

1p
2 ¼
e¡u

2 = 2 d u (1 3)

is th e stan d a rd n o rm a l (g au ssia n ) cu m u lative d istrib -
u tion fu n ction , w ell k n ow n in p ro b ab ility th eo ry a n d
sta tistics an d in m a n y a rea s o f scien ce an d en g in eerin g .

T h u s, th e p rop ortion o f ob jects in th e n eig h b orh o o d³
®p
n
; p̄

n

´
after n u n its o f tim e co n v erg es as n ! 1

to a q u a n tity th a t is strictly p ostive b u t also strictly
less th a n on e. T h is im p lies th at m ost of th e ob jects are
cen tered a rou n d th e origin a t a d istan ce o f th e ord erp
n . T h is also im p lies th a t th e p rop ortion of ob jects in
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O n ´ (¡ " n ;" n ) go es to zero if
p
n " n ! 0 (i.e. " n ! 0

faster th a n 1p
n ) a n d to on e if

p
n " n ! 1 .

A n oth er w ay of in terp retin g S h irali's assertion (1 2) is
th at if at tim e n on e ch o o ses a n o b ject a t ra n d om w ith
u n iform d istrib u tion am on g all th e o b jects a n d its lo -
cation is X n th en th e p ro b ab ility th at X n lies b etw een³
®p
n
; p̄

n

´
co n v erg es to © (¯ ) ¡ © (® ) or th at th e p rob a -

b ility th at
p
n X n lies in (® ;¯ ) con verges to © (¯ )¡ © (® ).

In th e lan gu age o f p rob a b ility th eory it say s th at
p
n X n

con verges in distribution to a stan d a rd n orm al d istrib u -
tio n .

N ow let u s p rov e (1 2). N ote th a t

p
n

Z ¯p
n

®p
n

(cos x )n d x =

Z ¯

®

μ
cos

up
n

¶n
d u

N ow w rite

co s
up
n
=

0
@1 +

³
co s up

n
¡ 1
´
n

n

1
A

=

μ
1 +

¸ n (u )

n

¶
say (1 4)

N ow for u 6= 0

¸ n (u ) =

³
co s up

n
¡ 1
´

u 2

2 n

u 2

2
:

S in ce co s μ¡ 1μ 2
! ¡ 1= 2 a s μ ! 0 , ¸ n (u ) ! ¡ u 2

2 as n ! 1 .
N ex t, ³

1 +
x n

n

ń

! e x if x n ! x :

S o

' n (u ) ´
μ
cos

up
n

¶n
! e¡u

2 = 2 ´ ' (u );
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say a s n ! 1 .
It ca n b e sh ow n th at ' n (:) con verges u n iform ly to ' (u )
on a n y ¯ n ite in terva l[® ;¯ ], i.e. m ax f j' n (u )¡ ' (u )j : ® ·
u · ¯ g ! 0 a s n ! 1 .
T h is im p lies th atZ ¯

®

μ
co s

up
n

¶n
!
Z ¯

®

e¡u
2 = 2 d u

i.e.
p
n

Z ¯p
n

®p
n

(co s x )n d x !
Z ¯

®

e¡ u
2 = 2 d u : (1 5)

A little m ore e® o rt can b e u sed to sh ow th at

p
n

Z n

¡ n
(cos x )n d x !

Z 1

¡1
e¡u

2 = 2 d u : (1 6)

N ow Z 1

¡1
e¡u

2 = 2 d u = 2

Z 1

0

e¡u
2 = 2 d u = 2I ; say ;

th en

I 2 =

μZ 1

0

e¡ u
2 = 2 d u

¶μZ 1

0

e¡v
2 = 2 d v

¶

=

Z 1

0

Z 1

0

e¡
u 2 + v 2

2 d u d v

=

Z 1

0

Z ¼ = 2

0

e¡ r
2 = 2 r d rd μ

=

μZ 1

0

e¡ r
2 = 2 r d r

¶Ã Z ¼ = 2

0

d μ

!

=

μZ 1

0

e¡ td t
¶
¼

2
=
¼

2

T h u s

2I = 2

r
¼

2
=
p
2¼ : (1 7)
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F ollow in g th e ab ove a rgu m en ts it is n o t d i± cu lt to es-

tab lish th e follow in g :

L et f (x ) b e a R iem an n in tegra b le fu n ctio n on [¡ 1;1 ]
su ch th at (i) f (0) = 1, (ii) 0 · f (x ) · 1 fo r all jx j · 1 ,
(iii) f is co n tin u ou s at 0 an d (iv ) for an y " > 0, th ere is
a 0 < ¸ " < 1 su ch th at for all jx j ¸ ", jf (x )j · ¸ " . T h en
(a) A n =

R1
¡1 (f (x ))

n d x ! 0 a s
n ! 1 .
(b ) F or ea ch " > 0,

p n (") ´
R"
¡"(f (x ))

n d x

A n
! 1 as n ! 1

(c) If in a d d ition to con d itio n (i) an d (iv ) ab ove if f
sa tis¯ es

(v ) F or som e ® > 0

lim
n ! 0

1 ¡ f (x )
jx j® ´ c® ; 0 < c® < 1 ;

th en

B n (a ;b) =

Rb= n 1= ®
a = n 1= ®

(f (x ))n d x

A n

!
Rb
a
e¡ c® ju j

®
d uR1

¡1 e
¡ c® juj® d u

(1 8)

N ote th atZ 1

¡1
e¡ c® juj

®

d u = 2

Z 1

0

e¡ c® v
1

®
v
1

®
¡ 1 d v

=
2

® c
1 = ®
®

Z 1

0

e¡ u u
1

®
¡1 d u

=
2

®
¢ 1

c
1 = ®
®

¢ ¡ (1= ® )
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w h ere ¡ (p ), th e gam m a fun ction , is d e¯ n ed fo r p > 0 a s

¡ (p ) =

Z 1

0

e¡u u p¡1 d u :

It ca n b e sh ow n th at ¡ (1) = 1,

¡ (p + 1 ) = p ¡ (p ) fo r all p > 0; ¡ (1 = 2 ) =
p
¼ :

T h u s, if th e ra te fu n ction satis¯ es (i) to (v ) a b ov e a n d

on e ch o oses an orga n ism at ra n d om fro m th e b ig col-
lectio n th en its lo cation , X n w ill b e su ch th at it is of
ord er n ¡ 1 = ® an d n 1 = ® X n w ill con verge in d istrib u tion to
a p rob ab ility d istrib u tion o n (¡ 1 ;1 ) w ith p rob ab ility
d en sity fu n ction p ro p o rtion al to e¡c® juj

®
.

A n oth er form u la tion of (5 ) is th e follow in g :

L et h (:) b e a R iem a n n in tegrab le fu n ction o n som e b ou n d -

ed in terval [a ;b] su ch th a t it ach ieves a u n iq u e m a x im u m
at x 0 . L et for " > 0, t > 0

p (x 0 ;";t) ´
Rx 0 + "
x 0¡ " e

th (x )d xRb
a
e th (x )d x

T h en fo r each " > 0,

p (x 0 ;";t) ! 1 a s t ! 1 :
T h u s a p rob ab ility d istrib u tio n on [a ;b] w ith p rob ab ility
d en sity p rop ortio n al to e th (x ) con v erg es in d istrib u tion

to th e u n it m ass at x 0 w h ere h (¢) ach iev es its u n iq u e
m ax im u m . T h is is k n ow n in p h y sics a s th e L ap lace's
m eth o d o f lo ca tin g th e m a x im u m of h a n d is related
to w h at is ca lled sim u lated a n n ea lin g in op tim ization
p rob lem s in op era tio n s research .
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