
334 RESONANCE  April 2008

GENERAL  ARTICLE

Unit Ball in High Dimensions

K B Athreya

Keywords

Euclidean space, unit ball, Ri-

emann integral, standard nor-

mal probability density, Bell

curve, Gaussian probability den-

sity, Cesaro average.

1 K B Athreya, The Shrinking

Unit Ball, Resonance, Vol.11,

No.11, pp.89–90, 2007.

K B Athreya is a Visiting

Professor at IMI,

Mathematics Department,

IISc, Bangalore. He is a

professor in the Mathemat-

ics Department of the Iowa

State University, USA.

His research interests

include mathematical

analysis, probability

theory and its applications

and statistics. His spare

time is spent listening to

Indian classical music.

I n t h is a r t ic le , w e c o m p u t e t h e v o lu m e V n o f

t h e u n it b a ll in a n n -d im e n s io n a l s p a c e . F o r

n = 1 ; 2 ; 3 ; t h e v o lu m e s a r e r e s p e c t iv e ly 2 ; ¼ ; 4 ¼ = 3 ,

w h ic h a r e t h e le n g t h o f in t e r v a l [¡ 1 ; 1 ], a r e a o f a

u n it c ir c le a n d v o lu m e o f t h e u n it s p h e r e . T h e

n u m b e r s V n `a p p e a r ' t o in c r e a s e . B u t in fa c t t h is

n o t s o . I n fa c t V n t e n d s t o z e r o a s n t e n d s t o

in ¯ n ity !

F o r a p o sitiv e in te g e r n , th e u n it b a ll in n d im en sio n is
d e ¯ n e d a s th e se t S n ´ f ~x : ~x = (x 1 ; x 2 ; : : : ; x n ); x i 2
R ; 1 · i · n ;

P n
1 x 2

1 · 1 g w h e re R is th e set o f re a l n u m -

b e rs. T h u s S n c o n sists o f a ll p o in ts ~x = (x 1 ; x 2 ; : : : ; x n )
in n -d im e n sio n a l E u c lid e a n sp a ce R n th a t a re a t a d is-
ta n c e less th a n o r e q u a l to o n e fro m th e o rig in . L e t

V n ´

Z

S n

1 d x 1 d x 2 : : : d x n (1 )

b e th e R ie m a n n in te g ra l o f th e fu n ctio n f (x ) ´ 1 o v e r
th e u n it b a ll S n . T h e n V n c a n b e th o u g h t o f a s th e ǹ d i-

m en sio n a l' v o lu m e o f S n . In a rec e n t issu e o f R eso n a n ce1

th e p ro b le m o f sh o w in g th a t V n ! 0 a s n ! 1 w a s
p o se d . In th is a rticle a so lu tio n to th a t p ro b le m a n d
so m e fu rth e r re su lts a re p re se n ted .

N o te th a t

V 1 =

Z 1

¡ 1

1 d x 1 = 2 ;

V 2 =

Z

S 2

1 d x 1 d x 2 ;

= ¼

a n d

V 3 =

Z

S 3

1 d x 1 d x 2 d x 3
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=

Z

S 1

µZ

S 2

1 d ~x 2 d ~x 3 )

¶

(1 ¡ x 2
1 )d x 1 ;

w h e re

~x 2 =
x 2

(1 ¡ x 2
1 )1 = 2

; ~x 3 =
x 3

(1 ¡ x 2
1 )1 = 2

:

T h u s,

V 3 =

Z

S 1

V 2 (

q
1 ¡ x 2

1 )2 d x 1

O n e is led to th e re c u rren c e re la tio n

V n + 1 =

Z

S 1

V n

µq
1 ¡ x 2

1

¶n

d x 1 fo r n ¸ 1

= V n ± n ; (2 )

w h e re

± n =

Z + 1

¡ 1

(1 ¡ x 2 )n = 2 d x : (3 )

It is ea sy to ch eck th a t ± 1 = ¼
2 , ± 2 = 4

3 a n d h e n ce
V 1 = 2 < V 2 = ¼ < V 3 = 4 ¼

3
su g g e stin g th a t V n c o u ld

b e in cre a sin g w ith n . B u t ± 3 = 2
R1

0
(1 ¡ x 2 )3 = 2 d x =

2
R¼ = 2

0
c o s4 µ d µ = 3

1 6
¼ < 1 im p ly in g th a t V 3 < V 4 . S in ce

± n d e cre a ses w ith n , it fo llo w s th a t V n is d e cre a sin g in n

fo r n ¸ 3 .

S in ce fo r 0 < jx j · 1 , (1 ¡ x 2 )n = 2 ! 0 , o n e e x p e cts th a t
± n ! 0 a s n ! 1 . T h is is in d e e d th e ca se . H ere is a
p ro o f. F ix 0 · " < 1 . T h e n fo r n ¸ 1 ,

± n =

Z

jx j· "

(1 ¡ x 2 )n = 2 d x +

Z

" < jx j· 1

(1 ¡ x 2 )n = 2 d x

· 2 " + (1 ¡ " 2 )n = 2 2 :

S o
lim n ! 1 ± n · 2 " ; (4 )
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w h e re fo r a n y seq u e n ce f a n g n ¸ 1 o f re a l n u m b e rs, lim n ! 1 a n

(re a d a s lim su p n ! 1 a n ) is d e ¯ n e d a s lim n ! 1 M n , w h ere

M n ´ lim k ! 1 m a x (a n ; a n + 1 ; : : : ; a n + k ):

N o tic e th a t fo r e a ch n ; k , M n ;k ´ m a x (a n ; a n + 1 ; : : : ; a n + k )
is n o n -d ec re a sin g in k a n d h e n c e M n ´ f lim k ! 1 M n ;k

e x ists. A g a in , sin ce M n is n o n -in c re a sin g in n , lim n M n

d o es e x ist. T h u s, fo r a n y seq u e n c e f a n g n ¸ 1 , lim n ! 1 a n

is a lw a y s w ell d e ¯ n e d . S im ila rly lim n ! 1 a n (rea d a s
lim in fn ! 1 a n ) ca n b e d e ¯ n e d a n d it ca n b e sh o w n th a t
a se q u e n ce f a n g n ¸ 1 c o n v e rg e s to a re a l n u m b e r a , i.e .,
lim a n = a , if a n d o n ly if lim n ! 1 a n = a = lim n ! 1 a n .

G o in g b a ck to (4 ) w e c a n c o n clu d e th a t sin c e " > 0 is
a rb itra ry ,

lim
n ! 1

± n · 0 :

A lso sin c e ± n ¸ 0 fo r a ll n ¸ 1 ,

lim
n ! 1

± n ¸ 0 :

T h u s,
lim

n ! 1
± n e x ists a n d is 0 : (5 )

N o w w e c a n u se th e re c u rren c e rela tio n (2 ) to sh o w th a t
lim n ! 1 V n = 0 . In fa ct, w e c a n sh o w m o re. N a m e ly

th a t fo r a n y ´ > 0 ,

lim
n ! 1

V n

´ n
= 0 : (6 )

T o p ro v e (6 ), n o te th a t b y (5 ) th ere is a n N ´ su ch th a t
fo r n ¸ N ´ , 0 · ± n < ´ = 2 . T h u s, fo r n > N ´ ,

V n = V N n

nY

± = N ´

± j · V N ´

³́

2

ń ¡ N ´

: (7 )

T h is, in tu rn , y ie ld s, fo r n > N ´ :

V n

´ n
·

V N ´

´ N n

µ
1

2

¶n ¡ N ´

:
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S in ce (1 = 2 )n ¡ N ´ ! 0 a s n ! 1 , w e g et

lim n ! 1
V n

´ n
· 0 :

B u t V n

´ n ¸ 0 a n d so lim in fn ! 1
V n

´ n ¸ 0 . S o w e co n c lu d e
th a t fo r a n y ´ > 0 ,

lim
n ! 1

V n

´ n
= 0 ;

i.e ., (6 ) is esta b lish ed .

O n e c a n re ¯ n e th is fu rth e r. T h e p ro o f o f (6 ) is b a se d o n
(5 ). N o w (5 ) c a n b e im p ro v ed to a sse rt th a t

lim
n ! 1

p
n ± n =

p
2 ¼ : (8 )

T o se e th is, n o te th a t

p
n ± n =

p
n

Z 1

¡ 1

(1 ¡ x 2 )n = 2 d x

=

Z p
n

¡
p

n

µ

1 ¡
u 2

n

¶n = 2

d u (9 )

b y th e ch a n g e o f v a ria b le x ! up
n . N o w a s n ! 1 ,

³
1 ¡ u 2

n

ń = 2

! e¡ u 2 = 2 a n d th e re g io n o f in te g ra tio n

[¡
p

n ;
p

n ] g o e s to (¡ 1 ; 1 ). T h is su g g e sts th a t th e

in te g ra l in (9 ) c o n v e rg e s a s n ! 1 to

I ´

Z 1

¡ 1

e¡ u 2 = 2 d u : (1 0 )

T h is in te rch a n g e o f in te g ra tio n a n d lim it a s n ! 1 c a n
b e ju stī e d a n d is d o n e so in th e a p p e n d ix . T o e v a lu a te
I n o te th a t

I 2 = 4

µZ 1

0

e ¡ u 2 = 2 d u

¶ µZ 1

0

e ¡ v 2 = 2 d v

¶

= 4

Z 1

0

Z 1

0

e ¡
(u 2 + v 2 )

2 d u d v

= 4

Z 1

0

Z ¼ = 2

0

e ¡ r 2 = 2 r d r d µ (1 1 )
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(b y ch a n g in g (u ; v ) to p o la r c o o rd in a te s (r ; µ ))

= 4

µZ 1

0

e ¡ r 2 = 2 r d r

¶ Ã Z ¼ = 2

0

d µ

!

= 4
¼

2
= 2 ¼ :

T h u s I =
p

2 ¼ . S o (8 ) is esta b lish e d .

S in ce

V n = V 1

Ã
n ¡ 1Y

J = 1

± j

!

fo r n ¸ 2 ;

it fo llo w s th a t

1

n
lo g V n =

1

n
lo g V 1 +

1

n

n ¡ 1X

J = 1

lo g (± j

p
j )

¡
1

2 n

n ¡ 1X

j = 1

lo g j :

T h is im p lies th a t

1

n

Ã

lo g V n +
1

2

nX

j = 1

lo g j

!

=
1

n
lo g V 1

+
1

2 n
lo g n +

1

n

n ¡ 1X

j = 1

lo g (± i

p
j ):

It c a n b e sh o w n th a t if lim n ! 1 a n = a e x ists in R th e n
1
n

P n
j = 1 a j (c a lle d th e C e sa ro a v e ra g e) a lso c o n v e rg e s to

a .

S in ce (8 ) h o ld s,

1

n

n ¡ 1X

j = 1

lo g (± j

p
j ) ! lo g

p
2 ¼ ; a s n ! 1 :

T h u s it h a s b ee n sh o w n th a t

1

n
lo g (V n

p
n !) = lo g

p
2 ¼
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o r eq u iv a len tly

(V n

p
n !)1 = n !

p
2 ¼ : (1 2 )

T h e fu n ctio n Á (u ) ´ 1p
2 ¼

e ¡ u 2 = 2 is ca lle d th e sta n d a rd

n o rm a l (G a u ssia n ) p ro b a b ility d e n sity . It is o f g rea t im -
p o rta n c e in p ro b a b ility th e o ry a n d sta tistics a n d m a n y

a re a s o f scien ce . M a n y rea l w o rld d istrib u tio n s su ch a s
h e ig h ts o f m e n in a g iv e n p o p u la tio n a re a p p ro x im a te ly
n o rm a lly d istrib u te d . In th e p o p u la r sc ie n c e lite ra tu re
th e g ra p h o f Á (¢) is ca lled th e b̀ e ll c u rv e '.

T h u s, w e h a v e e sta b lish e d th e fo llo w in g :

T h e o r e m 1 . L e t fo r n ¸ 1 S n ´ f ~x : ~x = (x 1 ; x 2 ; : : : ; x n ),
x i 2 R , 1 · i · n ,

P n
1 x 2

1 · 1 g b e th e u n it b a ll in th e
n -d im en sio n a l E u c lid e a n sp a c e R n , w h e re R is th e se t
o f re a l n u m b e rs. L e t V n ´

R
S n

1 d x 1 d x 2 : : : d x n , th e R ie -
m a n n in te g ra l o f th e fu n c tio n f (x ) ´ 1 o v er S n b e th e

ǹ -d im e n sio n a l v o lu m e ' o f S n . T h en

(i) V 1 = 2 , V 2 = ¼ , V 3 = 4 ¼
3 a n d fo r n ¸ 2 V n =

V 1

Q n ¡ 1
J = 1 ± j , w h e re ± k =

R1

¡ 1
(1 ¡ x 2 )k = 2 d x ;

(ii)
p

n ± n !
p

2 ¼ a s n ! 1 ;

(iii) F o r a n y ´ > 0 , V n

´ n ! 0 a s n ! 1 ;

(iv ) (V n

p
n !)1 = n !

p
2 ¼ a s n ! 1 .

A lo n g th e sa m e lin e s o n e c a n e sta b lish th e fo llo w in g g e n -
e ra liz a tio n .

T h e o r e m 2 . F ix 0 < p < 1 . L et fo r n ¸ 1 .

S n ;p ´ f ~x : ~x = (x 1 ; x 2 ; : : : ; x n ); x i 2 R ; 1 · i · n ;
nX

1

jx ijp · 1 g

The function
2/2

e
2

1)( uu 




is called the standard

normal (Gaussian)

probability density. It

is of great importance

in probability theory

and statistics and

many areas of

science.
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b e th e u n it b a ll in th e n -d im en sio n a l E u c lid ea n sp a ce
R n w ith th e p̀ th n o rm '. L e t V n ;p ´

R
S n ;p

1 d x ; d x 2 : : : d x n

b e t̀h e n -d im en sio n a l v o lu m e ' o f S n ;p .

T h e n

(i) V 1 ;p = 2 , V n ;p = V 1 ;p

Q n ¡ 1
j = 1 ± j;p , w h e re ± k ;p =

R1

¡ 1
(1 ¡

jx 1 jp )n = p d x 1 ;

(ii) n 1 = p ± n ;p ! 2 p 1 = p ¡ 1
R1

0
e¡ u u 1 = p ¡ 1 d u ´ c (p ), sa y ;

(iii) F o r a n y ´ > 0 ,
V n ;p

´ n ! 0 ;

(iv ) (V n (n !)1 = p )1 = n ! c (p ) a s n ! 1 .

R e m a r k s

1 . N o te th a t if o n e d e ¯ n es th e u n it b a ll in 1̀ -n o rm '
a s S n ;1 = f ~x : ~x = (x 1 ; x 2 ; : : : ; x n ), jx ij · 1 fo r
a ll 1 · i · n g th e n S n ;1 is th e cu b e w ith sid e s
[¡ 1 ; + 1 ] in a ll n d irec tio n s a n d its v o lu m e V n ;1 is
2 n a n d h e n ce d o e s n o t g o to ze ro .

2 . T h e fa c t th a t V n ;2 ! 0 a s n ! 1 w a s cite d b y P ro -
fesso r J o h n H o p e ro ft o f C o rn e ll U n iv ersity, a w e ll-
k n o w n co m p u ter sc ie n tist, a s o n e o f m a n y co u n te r

in tu itiv e resu lts a b o u t h ig h -d im e n sio n a l E u c lid e a n
sp a ce s a n d th e n ee d to in c lu d e th e stu d y o f th e se
in th e c u rric u lu m fo r c o m p u te r sc ien c e stu d e n ts in
th is in fo rm a tio n a g e .

In the ‘-norm’ the

volume of the unit

ball in 2n in the n-

dimensional

space. This is

actually an n-cube.



341RESONANCE  April 2008

GENERAL  ARTICLE

A p p e n d ix

H ere w e sh o w th a t

lim
n ! 1

Z p
n

¡
p

n

µ

1 ¡
u 2

n

¶n = 2

d u =

Z 1

¡ 1

e ¡ u 2 = 2 d u : (A 1 )

T h e fu n c tio n Á (x ) = 1 ¡ x ¡ e¡ x o n R sa tis¯ e s Á 0(x ) =
¡ 1 + e¡ x a n d h e n c e < 0 fo r a ll x > 0 a n d > 0 fo r a ll
x < 0 a n d = 0 fo r x = 1 . T h u s, Á (:) is in c rea sin g in
(¡ 1 ; 0 ), d e cre a sin g in (0 ; 1 ) a n d 0 a t x = 0 . T h is

y ie ld s µ

1 ¡
u 2

n

¶

· e¡ u 2 = n

fo r a ll u re a l. F o r a n y k > 1 a n d n > k 2

Z p
n

¡
p

n

µ

1 ¡
u 2

n

¶n = 2

d n =

Z

ju j· k

µ

1 ¡
u 2

2

¶n = 2

d u

+

Z

k < ju j·
p

n

µ

1 ¡
u 2

2

¶n = 2

d u :

T h e n fu n c tio n Ã n (u ) ´
³

1 ¡ u 2

n

ń = 2

c o n v e rg e s u n ifo rm ly

to Ã (u ) = e ¡ u 2 = 2 in [¡ k 1 ; k ] a n d b o th Ã n a n d Ã a re
c o n tin u o u s fu n c tio n s. S o , fo r e a ch 1 < k < 1 ,

Z

ju j· k

µ

1 ¡
u 2

n

¶n = 2

d u !

Z

ju j· k

e¡ u 2 = 2 d u :

A lso

Z

k < ju j·
p

n

µ

1 ¡
u 2

n

¶n = 2

d u ·

Z

k < ju j

e¡ u 2 = 2 d u

·

Z

k < ju j

e¡ u = 2 d u

(sin c e k > 1 )

= 4 e ¡ k = 2 :
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T h u s
¯
¯
¯
¯
¯

Z p
n

¡
p

n

µ

1 ¡
u 2

n

¶2 n

d u ¡

Z 1

¡1

e¡ u 2 = 2 d u

¯
¯
¯
¯
¯

·

¯
¯
¯
¯
¯

Z

ju j· k

µ

1 ¡
u 2

n

¶2

d u ¡

Z

ju j· k

e ¡ u 2 = 2 d u

¯
¯
¯
¯
¯

+ 2

Z

ju j> k

e ¡ u 2 = 2 d u

T h is y ield s,

lim
n ! 1

¯
¯
¯
¯
¯

Z p
n

¡
p

n

µ

1 ¡
u 2

n

¶2 n

d u ¡

Z 1

¡1

e ¡ u 2 = 2 d u

¯
¯
¯
¯
¯

· 8 e ¡ k = 2 :

N o w lettin g k " 1 y ie ld s (A 1 ).


