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A s im p le m a t h e m a t ic a l m o d e l fo r a n in v e s t o r 's

g a in s a n d lo s s e s o v e r t im e s h o w s t h a t , in t h e

lo n g r u n , t h o s e w it h la r g e s u m s t o in v e s t h a v e

a n e x c e lle n t c h a n c e o f r e a c h in g t h e ir g o a l w h ile

t h e m a r g in a l in v e s t o r s h a v e a h ig h p r o b a b ilit y o f

g o in g b a n k r u p t . A g r e e d y in v e s t o r , r ic h o r p o o r ,

w ill h it t h e b o t t o m in t h e lo n g r u n , w it h p r o b -

a b ility o n e . C o n s e q u e n c e s fo r t h e p o p u la t io n a t

la r g e a r e d is c u s s e d .

1 . I n t r o d u c t io n

Is g a m b lin g g o o d fo r y o u ? T h e a n sw e r is, o f c o u rse , N o .

N o t ju st fo r m o ra l o r e th ica l rea so n s, sin c e g a m b lin g is
a p erv erse w a y o f risk ta k in g , b u t fo r g o o d p ra c tic a l
re a so n s b a se d o n so m e so u n d a n d sim p le m a th e m a tic s.

M a th e m a tic s, lik e p h ilo so p h e r's G o d , is im p erso n a l, a n d

th e m a th e m a tic s o f risk ta k in g is in d ep en d en t o f w h o
is ta k in g risk a n d fo r w h a t p u rp o se . S o th e a rtic le is
a lso a b o u t th e g en u in e a n d n e ed ed risk ta k in g o f e n -
tre p ren e u rs (w h ich in c lu d es fa rm e rs), b u sin e ssm e n a n d
in v esto rs.

O u r m a in re su lts a re in S ec tio n s 2 a n d 3 . T h e im p li-
c a tio n s fo r th e p o p u la tio n a t la rg e a re d isc u sse d in S e c -
tio n 4 .

2 . A S im p le G a m b lin g S c h e m e ( a ls o k n o w n a s

S im p le S y m m e t r ic R a n d o m W a lk )

S u p p o se th e g a m b lin g sch em e c o n sists o f to ssin g a fa ir
c o in , (i.e ., th e p ro b a b ility o f th e c o in fa llin g h e a d s is 1 / 2 ,
w h ich is a lso th e p ro b a b ility o f ta ils). A t ea ch to ss th e
g a m b ler re ce iv e s o n e ru p e e fro m th e g a m b lin g h o u se if
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Simple Random Walk

At time zero start at some

integer a. Then toss a coin

whose probability for

‘heads’ is p , 0 < p < 1. If

‘heads’, move to the right

one step, i.e., to (a + 1) and

if ‘tails’, move to the left

one step , i.e., to (a – 1).

This isyour position at time

one. Nowrepeat thisat each

time step with the tosses

being independent.The tra-

jectory you generate is

called a simple random

walk with initial value a

and parameter p. If p = 1/2

then it is called simple sym-

metric random walk.

This model is of relevance

in many areas of science

such as physics, operations

research, mathematical fi-

nance and population ge-

netics.

th e c o in fa lls h e a d s u p , a n d sh e g iv es o n e ru p e e to th e
g a m b lin g h o u se if it fa lls ta ils u p . S u p p o se th e g a m b le r
sta rts w ith a n in itia l c a p ita l o f R s.a > 0 , a n d let u s

su p p o se th a t sh e w ish e s to in c re a se it to R s.N > a a n d
th a t sh e sto p s g a m b lin g a s so o n a s th e g o a l N re a ch ed .
In c a se th e g a m b le r rea ch e s 0 , b efo re re a ch in g N , th e n
to o th e g a m e sto p s sin c e th e g a m b le r h a s n o m o n e y le ft
to g a m b le .

W h a t d o y o u th in k w ill h a p p e n ?

C lea rly th e re a re th re e e v e n ts p o ssib le :

1 ) T h e to ssin g o f th e c o in c o n tin u es in d e ¯ n ite ly, i.e ., th e
g a m b ler n e v e r a c c o m p lish e s th e g o a l o f re a ch in g N , n o r
d o es sh e b ec o m e b a n k ru p t b y re a ch in g 0 .

2 ) T h e g a m b le r a c c o m p lish e s th e g o a l o f re a ch in g N in
a ¯ n ite n u m b e r o f ste p s (b e fo re re a ch in g 0 ) a n d sto p s
g a m b lin g a n y fu rth e r.

3 ) T h e g a m b le r b e co m e s b a n k ru p t, i.e ., re a ch e s 0 in a
¯ n ite n u m b e r o f to sse s (b e fo re rea ch in g N ) so th e g a m e
sto p s.

T h e fo llo w in g p ro p o sitio n is a co n se q u en c e o f m o re g e n -
e ra l co n sid era tio n s o f th e n e x t se c tio n (w h ich in clu d e s
th e a b o v e g a m b lin g sch em e a s a sp e c ia l c a se).

P r o p o s it io n 2 .1 (i) T h e p ro ba bility o f th e ¯ rst even t is
zero o r equ iva len tly, th e ga m blin g w ill a lm o st su rely en d
in a ¯ n ite n u m ber o f to sses,

(ii) th e p ro ba bility o f even t (2 ) o f th e ga m bler rea ch in g
N in a ¯ n ite n u m ber o f to sses (befo re rea ch in g 0 , i.e.,
beco m in g ba n kru p t) is a

N
, w h ere a is th e in itia l ca p ita l

o f th e ga m bler,

(iii) th e p ro ba bility o f even t (3 ) o f th e ga m bler beco m in g
ba n kru p t in ¯ n ite n u m ber o f to sses is 1 ¡ a

N .

T h u s, fo r e x a m p le , if N = 1 0 7 (a cro re), th e g a m b ler's
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ch a n ce s o f b ec o m in g a cro re p a ti a re h ig h , sa y 0 .7 o r
m o re if h e r in itia l ca p ita l a is 7 0 la k h s o r m o re . O n th e
o th e r h a n d if h e r ca p ita l is 3 la k h s o r less, h e r ch a n c e s

o f b e co m in g a c ro re p a ti is o n ly 0 .0 3 o r le ss. T h u s a rich
g a m b ler h a s a h ig h e r p ro b a b ility o f re a ch in g h e r g o a l
th a n a p o o r o n e.

T h e a b o v e g a m b lin g sch e m e m a y a lso b e v iew e d a s a

k in d o f w a lk , c a lle d sim p le sy m m etric ra n d o m w a lk w ith
a b so rb in g b a rrie rs. C o n sid e r a p e rso n sta rtin g a t a p o s-
itiv e in teg e r a , 0 < a < N , a n d ex e c u tin g a w a lk a lo n g
th e x -a x is a s fo llo w s: sh e to sse s a fa ir c o in a n d ta k e s a
ste p o f u n it le n g th in p o sitiv e d ire ctio n if th e c o in fa lls

h e a d s u p , a n d sh e ta k es a step o f u n it le n g th in th e n eg -
a tiv e d ire ctio n if th e c o in fa lls ta ils u p . T h e p ro c ess is
re p e a te d a t th e p erso n 's n e w p o sitio n , a n d so o n . T h e
w a lk sto p s a s so o n a s th e p e rso n re a ch e s 0 o r N , th e se
b e in g th e a b so rb in g b a rrie rs. P ro p o sitio n 2 .1 sa y s th a t

th e w a lk w ill e n d in a ¯ n ite n u m b e r o f ste p s w ith p ro b -
a b ility o n e a n d th a t th e p ro b a b ilitie s o f re a ch in g N a n d
0 a re a

N a n d 1 ¡ a
N re sp ec tiv e ly .

L e t X i d e n o te th e g a m b le r's p o ssib le c a p ita l a t tim e i.
It is a ra n d o m v a ria b le . A ssu m e th a t th e g a m e h a s n o t
sto p p e d u p to th e n th to ss a n d th a t a 1 ; a 2 ; ¢ ¢ ¢ ; a n a re
re sp e c tiv e ly th e c a p ita l o f th e g a m b le r a fter th e 1 st, 2 n d
¢ ¢ ¢, n th to ss. T h e seq u e n c e (a 1 ; a 2 ; ¢ ¢ ¢ ; a n ) is c a lle d th e
p a th o f th e g a m b ler's c a p ita l (o r fo rtu n e) u p to tim e n .

L e t P (A j B ) d e n o te th e co n d itio n a l p ro b a b ility o f a n
e v e n t A g iv e n th a t a n e v e n t B h a s o cc u re d . T h e sim p le
g a m b lin g sch em e o r th e sim p le sy m m e tric ra n d o m w a lk
X i; i = 1 ; 2 ; 3 ; ¢ ¢ ¢ is M a rko via n , w h ich m e a n s th a t, fo r
a ll n ¸ 1 , a n d a n y in te g e r x , 0 · x · N , a n d a n y
a 1 ; a 2 ; ¢ ¢ ¢ ; a n ,

P (X n + 1 = x j X 1 = a 1 ; X 2 = a 2 ; ¢ ¢ ¢ ; X n = a n )

= P (X n + 1 = x j X n = a n ):

In o th e r w o rd s, th e co n d itio n a l p ro b a b ility d istrib u tio n
o f X n + 1 , g iv e n th e p a th o f th e g a m b le r's c a p ita l u p to
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tim e n , d e p e n d s en tire ly o n th e c a p ita l o f th e g a m b le r
a t tim e n , a n d n o t o n th e p a th o f h er ca p ita l u p to tim e
n . T h a t is, g iv e n th e p̀ resen t', i.e ., th e v a lu e X n a t tim e
n , th e p̀ a st', i.e ., X j , j · n ¡ 1 is n o t rele v a n t fo r th e
p ro b a b ility d istrib u tio n o f th e f̀u tu re ', i.e ., X n + !.

In th e n ex t se c tio n w e w ill d iscu ss a g a m b lin g sch e m e
m o re g e n e ra l th a n th e sim p le sy m m e tric ra n d o m w a lk .

T h is sch e m e a llo w s th e g a m b le r to b et a m o u n ts m o re
th a n o n e ru p ee , a n d a t th e sa m e tim e a llo w s h e r th e
free d o m to d ec id e o n h o w m u ch to b et (b u t n o t m o re
th a n N ) a t a n y g iv e n tim e . M o re o v e r, sh e c a n d e c id e
th is a m o u n t (o f h o w m u ch to b e t) b a sed o n th e e n tire

p a th o f h e r ca p ita l u p to th a t tim e . T h a t is, sh e c a n b e
n o n -M a rk o v ia n .

S in ce it is th e ca refu l in v e sto r, ra th e r th a n a n im p u lsiv e

g a m b ler, w h o ta k e s in to a cc o u n t th e h isto ry o f th e m a r-
k e t b efo re rea d ju stin g h e r p o rtfo lio , w e w ill ch a n g e o u r
la n g u a g e a n d sp e a k in te rm s o f so b er a n d ca lc u la tin g
in v esto r ra th e r th a n a c o m p u lsiv e g a m b le r. It is im p o r-
ta n t to n o te th a t a n in v e sto r n ee d n o t b e a n in d iv id u a l,

b u t c a n b e a c o m p a n y , sm a ll o r la rg e , a c o rp o ra tio n , a
g o v ern m e n t b o d y , a ch a rita b le o rg a n iz a tio n o r tru st o r
a n y o th e r su ch in stitu tio n .

3 . A n I n v e s t o r 's M a r t in g a le W a lk : T h e C a s e o f

a S in g le I n v e s t o r

W e w ill n o w c o n sid e r a sim p le g e n e ra liz a tio n o f th e a b o v e
m o d e l. A t tim e 0 th e in v e sto r in v e sts a n a m o u n t a ,

0 < a < N , w ith th e h o p e o f re ce iv in g a ¯ x e d h ig h e r
a m o u n t b , a < b · N , a t tim e 1 b u t is a w a re th a t
sh e m a y lo o se in th e p ro c ess, a n d is w illin g to rec e iv e a
sm a lle r a m o u n t c , 0 · c < a . T h e q u a n titie s a ; b a n d c

a re ch o se n b y th e in v e sto r a t th e sta rt. If sh e re ce iv e s

th e a m o u n t b a t tim e 1 th e n h e r g a in g is b ¡ a , w h ile
if sh e re c eiv e s th e a m o u n t c a t tim e 1 th e n h e r lo ss l is
a ¡ c . N o te th a t b ¡ c = b ¡ a + a ¡ c = g + l. T h e
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Martingale

The property that the aver-

age value of an investment

portfolio at time (n + 1)

over the random market

fluctuations equals the

value at time n is known as

the martingale property. It

is of great importance in

financial mathematics.

p ro b a b ilitie s x = p (b), y = p (c ) th a t th e in v e sto r re ce iv e s
th e a m o u n t b o r c a t tim e 1 resp e ctiv e ly a re d ete rm in e d
b y th e sim u lta n eo u s e q u a tio n s:

x + y = 1 ; (1 )

bx + c y = a ; (2 )

w h ich g iv es

x = p (b ) =
a ¡ c

b ¡ c
=

l

g + l
; y = p (c ) =

b ¡ a

b ¡ c
=

g

g + l
:

T h e re q u ire m en t b p (b) + c p (c ) = a is k n o w n a s fa ir ga m e
o r m a rtin ga le co n d itio n in p ro b a b ility th e o ry . It is a
c o n se q u en ce o f n o a rbitra ge o p po rtu n ities re q u ire m en t
in ¯ n a n c ia l m a th e m a tics. It sa y s th a t o n a n a v e ra g e

e a ch in v esto r n eith e r lo se s o r g a in s a t e a ch step . If th is
w ere n o t so a n d , sa y, th e in v esto r c a n e x p e ct to g a in
th e n a lo t o f in v e sto rs w ill ju m p in a n d th e g a in w ill b e
lo st. O n th e o th e r h a n d if o n a n a v e ra g e y o u e x p e c t to
lo se th en n o in v e sto r w ill w a n t to sta y in th e m a rk et.

T h u s (2 ) is a rea so n a b le a ssu m p tio n .

W e c a n re w rite th is co n d itio n a s g p (b ) ¡ lp (c ) = 0 . S in ce
a is ¯ x ed , w e m a y th in k o f p (b ) a lso a s th e p ro b a b ility
P (g ) o f th e in v esto r m a k in g a g a in o f a m o u n t g w h ile
p (c ) m a y b e in terp re te d a s th e p ro b a b ility P (l) th a t th e
in v esto r m a k es a lo ss o f a m o u n t l, so th a t th e fa ir g a m e
o r m a rtin g a le c o n d itio n b e co m e s

g P (g ) ¡ lP (l) = 0 ;

w h ich is in te rp rete d to m e a n th a t o n a n a v e ra g e th e
in v esto r w ill b re a k e v e n .

F ro m th e e q u a tio n s

P (g ) =
l

g + l
; P (l) =

g

g + l
;
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w e n o te a t o n ce th a t l · g if a n d o n ly if P (g ) · P (l),
so th a t u n d e r th e m a rtin g a le co n d itio n (2 ) a l̀a rg e ' g a in
is p o ssib le o n ly w ith s̀m a ll' p ro b a b ility , w h ile a s̀m a ll'

g a in is p o ssib le w ith h̀ ig h ' p ro b a b ility, in w h ich c a se
th e lo ss is b̀ ig ' sh o u ld th e in v e sto r b e u n lu ck y to lo o se.
T h u s, th ese e q u a tio n s m a y b e v ie w ed a s e q u a tio n s o f
th e sta tu to ry w a rn in g in fa st fo rw a rd a n d sm a ll p rin t:

m̀ u tu a l fu n d in v e stm en ts a re su b jec t to m a rk e t risk ,

re a d th e o ® e r d o c u m e n t c a re fu lly b e fo re in v estin g '.

T h e te rm f̀a ir g a m e ' c o m e s fro m cla ssic a l b ettin g co n -
sid era tio n s (se e D o o b [1 ], F e ller [2 ]) w h e re a g a m b ler is
su p p o se d to b e p la y in g a g a in st a g a m b lin g h o u se , a n d

th e ro le o f th e in v e sto r is re p la ce d b y th a t o f th e g a m -
b ler. If a is th e a m o u n t th e g a m b le r b e ts, a n d re ce iv e s
a n a m o u n t b > a if sh e w in s a n d a n a m o u n t c < a if sh e
lo se s, th en th e g a m e is sa id to b e fa v o ra b le to th e g a m -
b ler if b p (b ) + c p (c ) > a , w h e rea s it is sa id to b e fa v o ra b le

to th e g a m b lin g h o u se if b p (b ) + c p (c ) < a , a n d , fa ir if
th e e q u a lity h o ld s. H e re , a s b e fo re , p (b); p (c ) d e n o te th e
p ro b a b ilitie s o f th e g a m b ler re ce iv in g th e a m o u n t b a n d
c re sp ec tiv ely . W e n o te th a t th e f̀a ir g a m e' c o n d itio n
a lso se e m s to b e fa ir b e tw e e n a n y tw o in v esto rs, rich o r

p o o r, b e c a u se th e p ro b a b ilitie s P (g ) a n d P (l) o f g a in
a n d lo ss d e p e n d e n tirely o n g a n d l a n d n o t o n th e in i-
tia l in v e stm e n t a . H o w e v e r, th e se c o n c lu sio n s o f fa irn e ss
b e tw ee n th e m a rk et fo rce s a n d th e in v esto r o r b e tw ee n
tw o in v esto rs a re d e ce p tiv e a s w e w ill se e.

If th e in v esto r ch o o ses to a tte m p t to m a k e fu ll g a in ,
i.e ., ch o o se s b = N , a n d is lu ck y en o u g h to re c eiv e th e
a m o u n t N a t tim e 1 , th e n sh e is c o n ten te d a n d d o e s
n o t in v est a n y m o re. S im ila rly if sh e ch o o se s c = 0 a n d

is u n lu ck y e n o u g h to lo o se , th e n a t tim e 1 sh e h a s n o
c a p ita l to in v e st, so th a t sh e d o es n o t in v e st a n y m o re.
In ca se sh e re ce iv e s a n a m o u n t d a t tim e 1 w h ich c a n
b e e ith e r b o r c , a n d if 0 < d < N , th en sh e in v e sts
th e a m o u n t d h o p in g to o b ta in a ¯ x ed h ig h e r a m o u n t e ,
d < e · N a t tim e 2 , b u t is w illin g to re ce iv e a ¯ x e d
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sm a lle r a m o u n t f , 0 · f < a , sh o u ld sh e lo o se. T h e
p ro b a b ilitie s p (e ); p (f ), w h o se su m is o n e , a re a g a in d e -
te rm in ed b y th e f̀a ir g a m e ' c o n d itio n f p (f ) + e p (e ) = d .

T h e p ro c e ss co n tin u es. S o m e c a re is re q u ire d to d escrib e
th e situ a tio n a t tim e n . L et x i d e n o te th e a m o u n t th e
in v esto r re ce iv e s a t tim e i, o r a lre a d y h a s th is a m o u n t
a t tim e i, (w h ich is th e c a se if x i¡ 1 = 0 o r N ). If a t tim e
n th e in v e sto r h a s a m o u n t x n a n d if x n = 0 o r N , th e n

sh e d o es n o t in v e st a n y m o re . O th e rw ise 0 < x n < N , in
w h ich ca se sh e in v e sts th is a m o u n t a g a in ch o o sin g n e w
q u a n titie s, sa y ® a n d ¯ , 0 · ® < x n , x n < ¯ · N ,
w h ich sh e is w illin g to rec e iv e a t tim e n + 1 .

T h e se q u a n titie s c a n d ep en d o n x 0 = a ; x 1 ; x 2 ; ¢ ¢ ¢ ; x n ,
sin ce th e in v e sto r ch o o se s ® a n d ¯ k e ep in g in m in d th e
h isto ry o f th e m a rk e t a n d th e w o rld u p to tim e n . T h e
p ro b a b ilitie s p (® ) a n d p (¯ ) w ith w h ich th e se v a lu es a re
re a liz ed sa tisfy (1 ) a n d (2 ), i.e.,

p (® ) + p (¯ ) = 1 ; (3 )

® p (® ) + ¯ p (¯ ) = x n (fa ir g a m e c o n d itio n ): (4 )

T h u s,

p (® ) =
¯ ¡ x n

¯ ¡ ®
; p (¯ ) =

x n ¡ ®

¯ ¡ ®
: (5 )

L e t p (x 1 ; x 2 ; ¢ ¢ ¢ ; x n ) d e n o te th e p ro b a b ility th a t th e in -

v e sto r re c eiv e s a n a m o u n t x 1 a t tim e 1 , x 2 a t tim e 2 ,
a n d in g en e ra l, a n a m o u n t x n a t tim e n . L e t p (x n + 1 j
x 1 ; x 2 ; ¢ ¢ ¢ ; x n ) d e n o te th e c o n d itio n a l p ro b a b ility th a t
th e in v e sto r rec e iv es a n a m o u n t x n + 1 a t tim e n + 1 g iv e n
th a t sh e h a s re ce iv e d a n a m o u n t x 1 a t tim e 1 , x 2 a t tim e

2 , a n d in g e n e ra l a n a m o u n t x n a t tim e n .

R ec a ll th a t fo r a n y tw o e v e n ts A a n d B , th e p ro b a b ility
o f A a n d B h a p p e n in g to g e th er, P (A \ B ), a n d th e
c o n d itio n a l p ro b a b ility o f A g iv e n B , P (A j B ), sa tisfy,
P (A \ B ) = P (A j B ) ¢ P (B ). T h u s,
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p (x 1 ; x 2 ; ¢ ¢ ¢ ; x n )

= p (x n j x 1 ; x 2 ; ¢ ¢ ¢ ; x n ¡ 1 )p (x 1 ; x 2 ; ¢ ¢ ¢ ; x n ¡ 1 ):

O n itera tio n w e h a v e

p (x 1 ; x 2 ; ¢ ¢ ¢ ; x n ) = ¦ n
i= 1 p (x i j x 1 ; x 2 ; ¢ ¢ ¢ ; x i¡ 1 ); (6 )

w h e re p (x 1 j x 0 ) is in te rp rete d to m e a n p (x 1 j a ) = p (x 1 )
sin ce p (a ) = 1 . N o w , fro m (5 ), w e se e th a t p (x i j
x 1 ; x 2 ; ¢ ¢ ¢ ; x i¡ 1 ) is a ra tio o f tw o p o sitiv e in te g e rs b e -
tw e e n 1 a n d N , so th a t

p (x i j x 1 ; x 2 ; ¢ ¢ ¢ ; x i¡ 1 ) ¸
1

N
:

H e n c e fro m (6 ),

p (x 1 ; x 2 ; ¢ ¢ ¢ ; x n ) ¸
µ

1

N

¶n

:

L e t A n d e n o te th e set o f p a th s (x 1 ; x 2 ; ¢ ¢ ¢ ; x n ) w ith x n =

0 o r x n = N , a n d le t B n = re m a in in g se t o f p a th s,
n a m e ly th o se p a th s (x 1 ; x 2 ; ¢ ¢ ¢ ; x n ) o f le n g th n fo r w h ich
0 < x n < N . N o te th a t fo r a p a th (x 1 ; x 2 ; ¢ ¢ ¢ ; x n ) in B n ,
0 < x i < N , fo r a ll i; 1 · i · n .

T h e re is a n o n -in cre a sin g p a th a ¸ x 1 ¸ x 2 ¸ x 3 ¸
¢ ¢ ¢ ¸ x n ¸ ¢ ¢ ¢ w h ere in th e re a re strict in e q u a litie s u n til
a n x i is 0 , a fte r w h ich th e y a re a ll e q u a lities. M o reo v er,
th e ¯ rst i fo r w h ich x i = 0 is a t m o st eq u a l to a < N .

T h e re is a n o n -d ec re a sin g p a th a · x 1 · x 2 · x 3 ·
¢ ¢ ¢ · x n · ¢ ¢ ¢ w h ere in th e re a re strict in e q u a litie s u n til
a n x i is N , a fter w h ich th e y a re a ll e q u a lities. M o reo v er,
th e ¯ rst i fo r w h ich x i = N is a t m o st e q u a l to N ¡ a <

N . S o th e p ro b a b ility o f th e se t o f p a th s (x 1 ; x 2 ; ¢ ¢ ¢ ; x N )

w ith x N = 0 o r N is > 2
³

1
N

Ń
, i.e .,

p (A N ) > 2
µ

1

N

¶N

;
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w h e n c e

p (B N ) < 1 ¡ 2

µ
1

N

¶N

:

C o n sid e r n o w a p a th (x 1 ; x 2 ; ¢ ¢ ¢ ; x N ), o f le n g th N , w ith
0 < x N < N . T h en th e p ro b a b ility o f th e se t o f p a th s
sta rtin g a t x N a t tim e N a n d n o t h ittin g 0 o r N d u rin g

tim e p o in ts (N + 1 ; N + 2 ; ¢ ¢ ¢ ; 2 N ) is a g a in < 1 ¡ 2
³

1
N

Ń
:

T h is im p lies th a t

p (B 2 N j B N ) < 1 ¡ 2

µ
1

N

¶N

:

W e se e th ere fo re th a t

p (B 2 N ) = p (B 2 N j B N ) ¢ p (B N ) <

Ã

1 ¡ 2

µ
1

N

¶N
!2

:

In g e n e ra l w e h a v e ,

p (B k N ) <

Ã

1 ¡ 2

µ
1

N

¶N
!k

; k = 1 ; 2 ; ¢ ¢ ¢ :

H e n c e
p (B k N ) ! 0 a s n ! 1 :

In a d d itio n , p (B n ) is n o n -in c re a sin g in n , h en c e p (B n ) !
0 a s n ! 1 .

T h is im p lies th a t

p

0

@
\

n ¸ 1

B n

1

A = lim
n

p (B n ) = 0 :

B u t
B ´

\

n ¸ 1

B N

is th e e v e n t th a t th e g a m b lin g d o e s n o t te rm in a te in
¯ n ite tim e. T h u s, w e h a v e p ro v e d th e ¯ rst p a rt o f:
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T h e o r e m 3 .1 (i) T h e p ro ba bility o f th e set o f a n in -
vesto r's pa th s w h ich h it 0 o r N a t so m e ¯ n ite tim e is
o n e , so th a t w ith p ro ba bility o n e th e in vesto r w ill, in ¯ -
n ite a m o u n t o f tim e, eith er go ba n kru p t o r rea ch h er goa l
N .

(ii) T h e p ro ba bility th a t th e in vesto r rea ch es N in ¯ n ite
tim e is a

N
, a n d th e p ro ba bility th a t sh e rea ch es 0 in ¯ n ite

tim e is 1 ¡ a
N

.

N e x t w e p ro v e (ii). L et u s b e m o re m a th em a tic a l. W rite
X n fo r th e a m o u n t th e in v esto r rec e iv es o r h a s a t tim e
n . G iv e n X 1 = x 1 ; X 2 = x 2 ; ¢ ¢ ¢ ; X n ¡ 1 = x n ¡ 1 , w e k n o w
th a t X n a ssu m es a t m o st tw o v a lu e s a n d th e p ro b a b il-
itie s w ith w h ich th e se v a lu es a re a ssu m e d sa tisfy th e
m a rtin g a le co n d itio n (4 ) w ith n rep la c e d b y n ¡ 1 . W e
n o w w rite th is a s a co n d itio n a l ex p ec ta tio n :

E (X n j X 1 = x 1 ; X 2 = x 2 ; ¢ ¢ ¢ ; X n ¡ 1 = x n ¡ 1 ) = x n ¡ 1 :

W e a b b re v ia te E (X n j X 1 = x 1 ; X 2 = x 2 ; ¢ ¢ ¢ ; X n ¡ 1 =
x n ¡ 1 ) a s E (X n j x 1 ; x 2 ; ¢ ¢ ¢ ; x n ¡ 1 ). W ritin g E (X ) fo r th e
e x p ec te d v a lu e o f a ra n d o m v a ria b le X , w e se e th a t

E (X n ) =
X

C

E (X n j x 1 ; x 2 ; ¢ ¢ ¢ ; x n ¡ 1 )p (x 1 ; x 2 ; ¢ ¢ ¢ ; x n ¡ 1 )

=
X

C

x n ¡ 1 p (x 1 ; x 2 ; ¢ ¢ ¢ ; x n ¡ 1 )

=
X

x n ¡ 1 2D

x n ¡ 1 p (X n ¡ 1 = x n ¡ 1 ) = E (X n ¡ 1 )

w h e re C is th e se t o f in v e sto r p a th s u p to tim e n ¡ 1 ,
w h ile D is th e ra n g e o f ra n d o m v a ria b le X n ¡ 1 . W e th u s
h a v e

E (X n ) = E (X n ¡ 1 ) = ¢ ¢ ¢ = E (X 1 ) = a : (7 )

W e h a v e se en in (i) th a t lim n ! 1 X n = X 1 e x ists w ith
p ro b a b ility o n e a n d X 1 a ssu m e s o n ly tw o v a lu e s 0 a n d
N . A lso

j E X n ¡ E X 1 j · E j X n ¡ X 1 j · 2 N P (B n ):
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B y th e ¯ rst p a rt o f th e th e o re m , P (B n ) ! 0 a s n ! 1 ,
a n d sin ce , b y (7 ), E (X n ) = a fo r a ll n , w e se e th a t

E (X 1 ) = a :

If s a n d t d e n o te th e p ro b a b ilitie s w ith w h ich X 1 a s-
su m e s v a lu e s 0 a n d N re sp ec tiv e ly , th en w e h a v e

E (X 1 ) = 0 ¢ s + t ¢ N = a ;

so th a t

t = p (X 1 = N ) =
a

N
; s = p (X 1 = 0 ) = 1 ¡

a

N
:

T h is p ro v e s th e sec o n d p a rt a n d co m p le tes th e p ro o f o f

th e th e o re m .

A rea d er fa m ilia r w ith a d v a n c ed p ro b a b ility w ill n o te
th a t th e a b o v e th e o re m fo llo w s fro m D o o b 's M a rtin g a le

c o n v e rg e n c e th e o re m , sin ce th e p ro c ess X n ; n = 1 ; 2 ; ¢ ¢ ¢
is a u n ifo rm ly b o u n d e d m a rtin g a le (se e [1 ], [3 ]).

T h u s o u r m o d el o f a n in v e sto r's w a lk , th o u g h h y p o th eti-

c a l, a n d d o es n o t ta k e in to co n sid era tio n th e c o m p lex ity
o f th e m a rk e t, d o es c o n ¯ rm th e p ra c tica l a d v ice th a t
h o n e st in v estm e n t a d v ise rs g iv e to th e m id d le c la ss in -
v e sto rs in In d ia :

\ If y o u d o n o t h a v e m u ch m o n e y a n d y o u r liv e lih o o d d e -
p e n d s o n w h a t y o u e a rn o n y o u r sa v in g s, o r y o u r m a rg in
o f sa v in g is sm a ll, th e n b e ca refu l, b u t if y o u r liv elih o o d
is ta k e n ca re o f, a n d ¯ n a n c ia lly y o u a re su ± c ie n tly se -
c u re, th e n it is a g o o d id ea to ta k e ch a n c e s w ith m u tu a l

fu n d s, a n d p o ssib ly e a rn a la rg er retu rn ."

A sp ec ia l c a se o f in v e sto r's w a lk , n a m ely , sy m m e tric ra n -
d o m w a lk w ith a b so rb in g b a rrie rs, is a lrea d y d isc u sse d

in S e ctio n 2 a b o v e , a n d its im p lic a tio n fo r a g a m b le r is
w ell d iscu sse d in th e p ro b a b ility lite ra tu re , ev en w h e n
th e p ro b a b ilitie s a re n o t sy m m etric (se e [2 ], C h a p te r
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A greedy investor,

no matter how rich,

will hit the bottom

in the long run.

X IV ). O u r m o d e l a b o v e, th o u g h b a se d o n a m a rtin g a le
b u ild in g b lo ck , is m u ch m o re g e n era l th a n th e sim p le
sy m m e tric ra n d o m w a lk , a n d le a d s to th e sa m e c o n c lu -

sio n s in so fa r a s th e in v esto r is c o n c ern e d . S in c e th e
tra n sitio n p ro b a b ilitie s a t e a ch sta g e a re c o m p lete ly a r-
b itra ry (b u t fo r th e m a rtin g a le re q u ire m en t), th e y n ee d
n o t b e M a rk o v ia n ; so th e in v esto r's w a lk w e h a v e d is-
c u sse d is n o t a ra n d o m w a lk in th e stric t se n se o f th e

te rm . H e n ce w e c a ll it a M a rtin ga le w a lk.

It is im p o rta n t to n o te th a t th e p ro b a b ility a
N o f re a ch in g

N d e p e n d s o n ly o n a a n d n o t o n w h a t stra te g y (b o ld o r
c o n se rv a tiv e ) th e in v e sto r a d o p ts.

If th e in v esto r is g re ed y a n d n o t c o n ten te d w ith re c eiv -
in g th e a m o u n t N , a n d e x ec u te s h er m a rtin g a le w a lk
w ith o u t a n a b so rb in g b a rrie r a t th e u p p e r e n d , th e n sh e

w ill e v e n tu a lly h it ze ro w ith p ro b a b ility o n e, n o m a tte r
h o w rich sh e is to b e g in w ith . T o see th is w e n o te th a t
p (X 1 = 0 ) = 1 ¡ a

N
! 1 a s N ! 1 n o m a tte r w h a t

th e sta rtin g ca p ita l a .

4 . I m p lic a t io n s fo r t h e P o p u la t io n a s a W h o le

S o fa r w e h a v e d iscu sse d th e im p lic a tio n s o f o u r co n -
c lu sio n s fo r a n in d iv id u a l in v esto r, lo c a lly, a s th e y sa y

in m a th em a tics. A re th e re im p lica tio n s g lo b a lly , o r fo r
so c ie ty a t la rg e ? S u rely th ere a re. A c o n sta n t re fra in o f
se n sitiv e a n d o b se rv a n t in d iv id u a ls, w h e th er in In d ia o r
in a n a d v a n ce d w e ste rn c o u n try , is th a t \ rich a re get-
tin g rich er a n d poo r a re gettin g poo rer" (se e [4 ],[5 ],[6 ]).

T h e se in d iv id u a ls a re n o t n e ce ssa rily le ft-le a n in g , a n d
th e se a re n o t v iew s e x p ressed o u t o f id e o lo g ic a l c o n sid e r-
a tio n s, b u t ra th e r o u t o f co n c ern fo r w h a t th e y see . C a n
o n e ju stify th ese v ie w s, e sp e cia lly w h en o n e se es a n in -
d iv id u a l p o o r p e rso n d o in g w ell b y sh ee r h a rd w o rk , a n d

a w e ll-to -d o p e rso n g e ttin g p o o r? It se e m s w e ca n . F o r
th e re fra in r̀ich gettin g rich er a n d poo r gettin g poo rer'
is o n ly a n im p e rfe c t a rticu la tio n o f a n o b v io u s sta tisti-
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Indeed, we see that

the collective

invested wealth of

the investors does

not change much,

but gets redistributed

more lopsidedly.

Law of Large Numbers

Ifyou donotknowthe prob-

ability of ‘heads’ with a

given coin then a reason-

able thing to do is to toss it

a large number n of times

and look at the proportion

of heads that you get as an

estimate of p. The law of

large numbers provides the

justification for this by as-

serting that if the tosses are

independent then this pro-

portion converges to p with

probability one as n goes to

infinity. A more general

version of this law is the

basis for modern statistical

inference.

c a l c o n se q u e n ce o f T h eo rem 3 .1 to g e th er w ith th e la w o f
la rge n u m bers. (It sa y s th a t if a n e x p e rim e n t re su lts in
o n e o f tw o p o ssib le o u tco m e s, sa y su c ce ss S o r fa ilu re F

w ith p ro b a b ilitie s p a n d (1 ¡ p ) re sp e c tiv ely a n d if th e
e x p erim en t is re p e a ted in d ep e n d en tly n tim e s a n d p n is
th e p ro p o rtio n o f su c c esses in th e se n rep e titio n s, th e n
p n g e ts c lo se to p w ith h ig h p ro b a b ility th a t g o e s to o n e
a s n g o e s to in ¯ n ity .) In d ee d , w e see th a t th e c o lle ctiv e

in v este d w ea lth o f th e in v e sto rs d o e s n o t ch a n g e m u ch ,
b u t o n ly g ets re d istrib u te d m o re lo p sid e d ly .

Im a g in e th a t th e m a rk et h a s 2 0 0 in v e sto rs, 1 0 0 o f th em
w ell to d o a n d th e re m a in in g h u n d red n o t so w ell to d o .

A ssu m e th a t th e m a x im u m p o ssib le rec e iv a b le a m o u n t
is 1 0 u n its, i.e., N = 1 0 : (A u n it co u ld b e th o u sa n d ,
1 0 th o u sa n d , 1 0 0 th o u sa n d , o r a m illio n o r m o re .) A s-
su m e th a t ea ch o f th e w e ll to d o in v esto r in v e sts 7 u n its,
w h ile th o se n o t so w e ll to d o in v e st 3 u n its e a ch . (W e

w ill a ssu m e th a t th e f̀a ir g a m e ' c o n d itio n h o ld s a n d th e
p ro ce ss (X n )1

n = 1 o f in v esto r's e a rn in g s is a M a rtin g a le .)

A c c o rd in g to o u r th e o re m , th e p ro b a b ility o f a w ell to

d o in v e sto r rea ch in g 1 0 u n its in th e lo n g ru n is 7
1 0 , a n d

th e p ro b a b ility th a t a w e ll to d o in v e sto r h its 0 is 3
1 0

: A s-
su m e th a t th e in v e sto rs a c t in d e p e n d e n tly . L et W 1 a n d
L 1 b e th e n u m b e r o f w in n e rs a n d lo sers a m o n g th e w e ll
to d o in v esto rs. T h en b y th e la w o f la rg e n u m b ers W 1

is a p p ro x im a tely 7 0 , a n d th e y w ill rea ch 1 0 , w h ile L 1 is

a p p ro x im a tely 3 0 , a n d th e y w ill h it 0 . In c o n tra st, if W 2

a n d L 2 a re th e n u m b e r o f w in n e rs a n d lo sers a m o n g th e
n o t so w e ll to d o in v e sto rs, th en L 2 = a p p ro x im a te ly
7 0 , th e y w ill h it 0 , a n d , W 2 = a p p ro x im a te ly 3 0 , a n d
th e y w ill h it 1 0 . T h u s o rig in a lly th e re w e re n o p a u p e rs

a m o n g th e in v esto rs, n o w th e re a re n e a rly 1 0 0 p a u p e rs
a m o n g th e m , n e a rly 7 0 o f th em a re th o se w h o w e re n o t
w ell to d o to b e g in w ith . N e a rly 3 0 a m o n g th e m a re p re -
v io u sly w e ll to d o in v e sto rs. A lso th e re a re n o w n ea rly
1 0 0 v e ry w e ll to d o a n d c o n te n te d in v e sto rs, n ea rly 3 0

a m o n g th em w e re n o t so w ell to d o in th e b e g in n in g . W e
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