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Abstract

Let (Q,B,v) be a measure space and H :  — R be B measurable. Let
Jo e Hdy < co. For 0 < T < 1 let umr(-) be the probability measure
defined by

prr(A) = </A e*H/Tdy> / </Q e*H/Tdy> , AeB.

In this paper, we study the behavior of pm,7(-) as T | 0 and extend the results
of Hwang (1980, 1981). When Q is R and H achieves its minimum at a single
value zo (single well case) and H(-) is Holder continuous at xo of order «, it is
shown that if X7 is a random variable with probability distribution pw,7(+)
then as T' | 0, i) X1 — xo in probability; i) (X; — x0)T "/ converges in
distribution to an absolutely continuous symmetric distribution with density
proportional to e~ °#l for some 0 < ¢, < oco. This is extended to the
case when H achieves its minimum at a finite number of points (multiple
well case). An extension of these results to the case H : R" — R™ is also
outlined.
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1 Introduction

Let (Q,B,v) be a measure space, H :  — R be B measurable and
fQ e Hdy < 0o. For 0 < T < 1, let g r be the probability measure defined
by

prr(A) = ( /A e_H/TdV> / < /Q e_H/TdV>, AeB.
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If Q(A) £ up1(A), A € B, then Q is a probability measure and for 0 < T’ < 1

= ([ ) 2

for A€ Band 0 = % AsT | 0,60 ] 0 and conversely. Thus without loss
of generality we may restrict to the case when v(+) is a probability measure.
We shall do so in the sequel when needed.

The probability measure pp 7(-) is called a Gibbs measure with Hamil-
tonian H and temperature 7. In this paper we extend some of the results
of Hwang (1980, 1981) on the behavior of pgr as T' | 0. It is intuitively
clear that as 7' | 0, pugr puts more mass on those sets A when e H s
large or equivalently when H is small. Thus it is not surprising that the set
N 2 {w: H(w) = ess inf H w.r.t. v} plays an important role. Here ess inf H
w.r.t. v is a number X such that for any € > 0, v {w : H(w) < A — e} = 0 and
v{w: Hw) < A+¢e} > 0. Hwang (1980) considered the cases i) v(N) > 0,
i1) ¥(N) = 0 and N a singleton {x¢} and i) v(N) = 0 and N is a finite

set {x1,22,...,2k}, 1 < k < co. He showed, when 2 = R™ and under some
regularity conditions, that as 7' | 0, in case 1)
v(ANN)
A ——~for AeB
prr(A) = Sy erA€B

in case i) pg, T converges weakly to the delta measure at zg and in case i)
assuming v is absolutely continuous with density f > 0 on N and H twice
differentiable, 7 converges weakly to a probability measure on N with
weights proportional to f(z;)¢; at z; where ci_2 is the Hessian of H at z;.

In this paper we study the second order behavior of this convergence.
That is, if X7 is a random variable with distribution g 7 we study the rate
of approach of X to its limit as 7' | 0. We show that in case ii) if @ = R
and
if H is Holder continuous at zq of order « then (Xp — a;o)T_l/ @ converges
in distribution to an absolutely continuous continuous symmetric distribu-
tion with density proportional to e=“/%* for some 0 < ¢, < co. We prove
an appropriate extension of this case to case iii), again assuming Q = R.
Extensions of these with case 2 = R”, n > 1 are outlined at the end.

In the next section we give some examples of Gibbs measures from sta-
tistical physics, image processing, entropy maximization, perturbations of
Hamiltonian systems with white noise. Section 3 is devoted to some pre-
liminary results. Sections 4 and 5 treat the single well and multiple wells
respectively. The last section discusses the case (2 = R".
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2 Some examples of Gibbs measures

2.1 Statistical mechanics. Let S = {s1,82,...,8,}, n < 0o be a set of
n “sites” and A = {aj,aq2,...,ax}, k < 0o be a set of “alphabets” or “spin
sizes”. Let Q = {w:w:S — A} be the set of all functions from S to A.
Each w in Q will be referred to as a “configuration”. Let B = P(£2), the
power set of  and @ be the uniform distributions on Q. Let H : Q — RT
and 0 < T < oo be given. The Gibbs distribution pp 7, in this case, is given
by

o H(w)/T
paT{w} = S e AT for all w € Q.

—H(Ww")/

The denominator py 7 = Y owent T"is known as the partition func-
tion with potential or Hamiltonian H and temperature 7. In statistical
mechanics S is taken to be a finite integer lattice in R? of the form S £
{(i1,12,13) : i; an integer |i;| <m, j=1,2,3} and A = {—1,+1}. Hence,
n = (2m 4+ 1)% and k = 2. The total number of configurations, the size of €,
is k" and here it becomes 2™+ For m = 1, it is 227 a large number. For
m = 2, it jumps to 2'?® a very large number indeed. Each configuration w
is of the form {51 i€ 8 } where ¢; is +1 or —1 means as “spin up” or “spin
down”. Typically the Hamiltonian H (w) is of the form

Hw)= Y V(66),

li-jI<1

where V : {—=1,1}> - R and |i —jl = S |is — js|. Thus H(w) depends
on “nearest neighbor interaction”. As the temperature T' decreases to zero,
pm,7(-) can be shown to converge to the uniform distribution on the set N
of configurations w of minimal energy, i.e.

N={w:Hw)=inf{HW):w €Q}}.

To find these configurations as well as to obtain a sample from 177 7 without
computing the partition function and to estimate certain averages of the
form A £ >, g(w)pmr(w), Metropolis et al. (1953) invented a computa-
tional technique using Markov chains. This important paper provided the
inspiration for the currently popular simulation tool Markov chain Monte
Carol (MCMC). See Robert and Casella (2004). The Metropolis-Hastings
algorithm in MCMC is due to the adaptation of the Metropolis et al method
by Hastings (1970). Similarly, the Gibbs sampler algorithm in MCMC is due
to the work of Geman and Geman (1984) who introduced it in their work
on image processing. We describe this next.
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2.2 Image processing. Here the set S of sites is the matrix of “pixels”
(4,7), 1 <i < M, 1< j < M. At each pixel the color level w(i,j) is one
of k possible levels A = {a1,as,...,ar}. A picture is a configuration w, i.e.
amap form S = {(4,7): 1 <i<M,1<j< M} to A = {a1,aq,...,a;}.
Again, @ is taken to be the uniform distribution on €2, the set of possible
configurations. For M = 16, k = 2, the size of Q is 225 a very large number.
The Gibbs measure is of the form

e~ HWw)/T

—HW)/T"

pa (W) = 5

wen €

Geman and Geman (1984) have studied this in detail for several special H’s.

2.8 Entropy mazimization. Let (Q,B,v) be a measure space and h :
Q) — R be B-measurable and ¢ € R. Let

Fre={g9:9:Q—=RT B-measurable, [gdv =1, [ hgdv =c}.

For any g : @ — R, B-measurable with [ gdv =1, E(g,v) = — [ glog gdv is
called the relative entropy of g w.r.t. v. Consider the problem of maximizing
E(g,v) wr.t. g in Fp . for given h and c. It is shown in Athreya (2009)
that if there is a 6 in R such that [, e”"dv < oo, [ |h|e”"dv < oo, and

fQ he'dy = ¢ fQ e®"dy, then gy = % is the unique solution to the

above problem, i.e. gy € Fj, . and E(go,v) > E(g,v) for all g € F}, .. Note
that

pA) = [ goiv, AeB
A

is a Gibbs measure of the form fi, 15 ie. with H=hand T = %.

2.4 Random perturbations of Hamiltonian systems. Let {X(t) : t > 0}
be the unique solution of the ordinary differential equation

dX(t) oy B
= U (X(1), X(0)= o,

where v : R — R is a C'! function. For each t > 0, consider an Ité process of
the form

dX(t) = —u/(X°(t))dt +edW(t), t>0, X°(0)= =,

where {W (t) : t > 0} is a standard Brownian motion. Suppose u is such that

_ 2u(x)
c= [ e = dxr < o0o.
R
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Then for all € > 0, the It6 process {X¢(t) : t > 0} has a unique stationary
distribution Il; with density

w.r.t. Lebesgue measure on R. It can be shown that X(¢) converges in
distribution and also in variation norm to the above stationary distribution
II, as t — oo. Note that the measure Il is a Gibbs measure on 2 = R
with H(z) = 2u(z) and T = . The behavior of II. as £ | 0 is of interest in
the study of small perturbations of Hamiltonian system. See Freidlin and
Wentzell (1994).

To find global minima of H, one may consider the following simulated
annealing process

dX(t) = —u/(X(t)dt + /T (t)dW (), t>0, X(0)= zo.

With proper annealing rates T'(t), X (t) converges to the set of global minima
N in probability or weakly to a probability on N. See Hwang and Sheu
(1990).

3 Some preliminary results

Let (22, B,Q) be a probability space. Let H : Q — R be B measurable.
For 0 < T <1, let

par(A) = < /A e—H/TdQ> / < /Q e—H/TdQ>, A€ B.

Let A =ess inf H w.r.t. Q. That is, foralle > 0, Q{w: Hw) <A —¢e} =0
and Q{w: H(w) < X+¢e} > 0.
PROPOSITION 3.1. For all e > 0,

par{w: Hw)>A+e} =0 asT |0.

ProoOF. Fix € > 0. Then

Jirrsaiey e TdQ - Jirrsaiey e TdQ
JoeTAQ T [igerie e MTdQ

_(H-(+¢))

Jirsaiey e 1TdQ _ Jirsara e T dQ
T e/ TQ{H < \+¢e} Q{H < \+¢}

par{w: Hw) > A+¢e} =
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By the bounded convergence theorem, the numerator above goes to zero. By
the definition of A, the denominator is bounded away from zero. O
THEOREM 3.1. Let N = {w: H(w) = A= ess inf H w.r.t. Q}. Assume
Q(N) > 0. Then for all A € B,
_Q(ANN)

o (A) = p(A) = “omy ® T10.

PRrROOF.

(4) = Saow € TAQ + [yoye e MTdQ
PV =20 e T AQ + [y e H7dQ

(H

eNT(QUANNY+ [yyee™ T dQ)
o~ NT (Q(N) + [ 6_(H;A)dQ> '

By the bounded convergence theorem

(H=x)
/ e T dQQ —0 asT]O0,

and the given assertion follows. O

REMARK 3.1. By Vitali-Hahn-Saks theorem, Theorem 3.1 can be strength-
ened to assert that ||pg 7 — p||lrv — 0 as T | 0, where || - || denotes the total
variation norm.

4 Single well case

THEOREM 4.1. Let H : R — R* be Borel measurable. Let v be a measure
on (R,B(R)) and let [y e "dv < co. Let for 0 <T <1

_ fA e 1T qy

urr(A) = Joe HITdy’

A € B(R).
Let zg € R be such that

i) for all 6 > 0, there exists n > 0 such that

a(0) = inf{H(z) : |v —zo| > 0} > b(n) =sup{H(z) : |z — zo| < n}.
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ii) for alln >0, v{x: |x — x| < n} > 0.

Then
par{r: |z —x9] >0} =0 asT |O.

PROOF. For ¢ > 0, let n > 0 be such that i) above holds. Then

H(x)

J 7 dy
|x—x0|>0 e T
prr o |z — x| > 0} < S
o—zo|<n € " dv
_ (H(z)-b(n)) _ (H(z)—b(n))
_ f‘x_xo‘zée dv - f|x_x0|266 dv
= CEE D ST o — ao] < 1)
f\w—ro\ﬁﬁe g dv o=

On the set {z : |z —xo| >0}, H(xz) — b(n) > 0 and so H(I‘)T—b(n) s o0 85
T 10. Also

/ e~ (H@ =) gy) < oo
|x—x0|>d

So by the dominated convergence theorem

_ (H(z)—=b(n))
/ e T dv—0 asT ]0.
|x—x0]|>d

Since v {x : |z — x| < n} > 0, the proof is complete. 0

REMARK 4.1. It is clear that the same proof works if R is replaced by a
Polish space.

REMARK 4.2. If H(-) is continuous at xg, then hypothesis i) of Theorem
4.1 can be replaced by the hypothesis that for all § > 0,

a(d) =inf{H(x) : |x —xo| > d} > H(xp).

Now let X7 be a random variable with probability distribution g 7. The-
orem 4.1 is the same as saying that under the hypothesis of Theorem 4.1,
X7 — x( in probability as T' | 0. This raises the question of how rapidly
does X7 go to xg as T | 0, i.e., the rate of convergence. We address the
question next when 2 = R and v(-) is the Lebesgue measure.

THEOREM 4.2. Let H : R — R* be Borel measurable. Assume:
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i) there exists xyp € R, 0 < a, ¢ < 0o such that

p H@) = )

T—T0 ‘x — xola

it) for all 6 > 0, a(d) = inf {H(z) : |z — xo| > 6} > H(zp);

i) [ e @ dy < oo,

Let
B fA e /T qy

Let X1 be a random variable with probability distribution pgr, i.e. Pr(Xr €
A) = ppr(A), Ae B[R). Thus as T | 0,

(X7 — wo)c/® 4
RV a— — X,

where X is a random variable with density fx(z) = e“””‘a/f]R e~ 1% d.

PrROOF. For T'> 0, >0, —00o < a < b < 00, let

_H(=)
m1(T,0) E/ e” T dx,
|z—20|<d
_H(=)
ma(T, 0) E/ e” T dx,
|z—20|>0
ms(T,0) —/ e dx
3 ) = .
achl/ia <(z—x0)< b;‘ql//aa
Let A = H(xzg). We now claim the following
NT /e Jaedu, i=1,
lim —————m,;(7,9) = 0 i=2,

T 1/a o
o T fabe_‘“| du, i=3.

Assuming the validity of this claim here is the proof of Theorem 4.2. For
—o<a<b<oo,

(XT - xo) 1/ mg(T, 5)
P < L TV e <) =
7"<a— e © =) = T 6) £ ma(T8)
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AT 1/
(e Tl?a > m3(T7 5)

(22 (ma(T,0) + ma(10)

By the claim, as T' | 0, the above quantity converges to
ff e~ 14" du
Jp e du
which is the stated assertion.
Now to the proof of the claim, by hypothesis i) we can write
H(z) = A+ |z — 20|*(1 + h(zx)),
where lim,_,, h(x) = 0 and have, sup {|h(z)| : |z — 29| < §} < o0, for 6 >0

small. Thus

—)\/T 1/a _ a(l h uTl/ @
: e / e e <x0+ ct/e ))du
lu|<

ml(T7 5) = Cl/a 6cl/a
71/

By the dominated convergence theorem, for § > 0 small the integral above

converges as T' | 0 to
/ e~ du,
R

proving the claim for ¢ = 1. Next

_a(d)
mao(T,0) =e T/ e

|x—x0|>0

_ (H(z)—a(s))
T dx

where a(9) is as in hypothesis ii). Then

5)—A\
eMNT /e e (a(% )cl/o‘ (H (x)—a(8))
ng(T, (S) = 1—/ e T df]}'
T« IR |z—20|>0

Since a(0) > H(xz¢) = A and H(z) > a(0) for [x — x| > ¢ and for 0 < T < 1,

/ I S/ e~ (H@)=ald) gy
|z—20]>6 |z=w0[ 20
< </ e_H(x)dZ'> ea(é) < Q.
R
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Also it follows that

e_<%>

Ti/a /Y50 asTlo.

Thus the claim is proved for the case i = 2. Finally

2 1/Oé b _ « h uTl/a
i [,
a

Now arguing as for the first case of the claim, the above integral converges
to ff e~ 1"I” du, establishing the claim for case i = 3. O

COROLLARY 4.1. Suppose (i) and (ii) of Theorem 4.2. hold and H is
twice differentiable at xo with H' (z0) = 02, 0 < 02 < oo. Then as T |0

Xr—20 4

W — N(O, 1/0'2)

REMARK 4.3. A simple change of variables yields

/ e gy = zI‘ <l>
R o o

where I'(p) = [ e "uP~ du, 0 < p < co.

Some examples:

i) Let
[ —logcosz, |z|<m/2,
H(z) = { 0, o >n/2

Then z9g =0, A =0, H”"(0) = 1. Let 0 < T < 1. So if X7 is a random
variable such that
fAm[—E E](COS )Y dx
272
f[_ E](COS )V Tdx
2

then as 7' | 0, % 4 N(0,1).

Pr(Xr e A) = A € B(R),

SE]

ii) Let
_ | —log(cos|a|?), x| <m/2,
H(m)—{ 0. 2] > 7/2, 0< B < oo.
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Then g =0, A =0, « = 23 and ¢ = 1/2. So if X7 is a random variable
such that

fAm[_%’%](COS |x|5)1/Td:17
f[_z 1](005 |z[F)/ T da
272

Pr(Xr e A) = A € B(R),

T/ r
and o = 20.

then 27 % X where X has pdf fx(z) = % (1 )e_|x|a, —00 < U < 00

Q1+

5 Multiple well case

THEOREM 5.1. Let H, upr be as in Theorem 4.2. Suppose there exists
a finite set N = {x1,29,...,2m}, 2 < m < 0o such that

i) Hz;)) =X\, 0< A< o00,1<i<m,

ii) for all 6 >0, a(d) =inf {H(z): |z —z;| > 0,i =1,2,...,m} > A,

iii) there exists 0 < o < 00,0 < ¢; < 00,7 = 1,2,...,m such that
H(x) — H(x;
limuzci, fori=1,2,... m.
I P o

(v does not change with ;)

Let X1 be a random variable with distribution pg . Then asT | 0 X i) Y,
where Y is a random variable with distribution

Ej:l Cl/a
J

PRrROOF. For 0 < T < 1,4 > 0, let

_H(=)

mi(T,é):/ e T dx, 1=1,2,...,m,
le—z;|<8

m(T, ) :/ e T dx.
|z—24]>6,i=1,2,....m
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The argument to establish claim in the proof of Theorem 4.2 yields that
as T | 0 for each 0 > 0 sufficiently small such that A; = {|z — z;| < ¢}
1 =1,2,...,m are disjoint

T 1/
G;Timi(T, 0) — /Re_“|adu
for 1 <7 <m and
eNTm(T, 8) 0
T1/a ‘
Since for § > 0 small

P(| X — i - )
(X =] <o) STy (T, 8) +m(T, 6)

it follows that X 4y O

REMARK 5.1. It is important to note that the Holder constant « for all
x; is the same but ¢; can change with 1.

The following extension of Theorem 5.1 is straightforward. It allows for
the Holder constant to vary with x;.

THEOREM 5.2. Let H, pp 7, N be as in Theorem 5.1. Assume also i) and
1) of Theorem 5.1 hold. Now assume

iii) for all i, there exists 0 < a; < 00, 0 < ¢; < 0o such that

i 2@ = Hlz)
= |r— x|

Let J={i:1<i<m,o; =maxi<j<m;}. Then Xp 4y where

PY =i)=—9 el
e
J

An analog of Theorem 4.2 is the following;:

THEOREM 5.3. Under the hypothesis of Theorem 5.1, for § > 0 suffi-
ciently small (such that A; = {|x — z;| < },i=1,2,...,m are disjoint)

(e} b _ua
Pr <a< (XT—xi)cg/ fae lul® qu

T« fR e~lul*dy

\XT—a:i] <5> —
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PRrOOF. Same as Theorem 4.2. O

REMARK 5.2. One way to combine Theorems 5.1 and 5.3 is the following;:
For T' > 0 and small, X7 has the same distribution as

Y+ Tl/“W(Z +n(T)),

where Y, Z and n(T') are independent random variables such that Y is as in
Theorem 5.1, Z has a symmetric distribution in R with density proportional

to e~ 1#1* n(T) Lo 0as T 0and c(x;)) =¢,1 <i<m.
6 Gibbs measures on R”
6.1 Single well case.

THEOREM 6.1. Let H : R” — RT be Borel measurable. Assume

i) Assume [g, e H@dx < co. Let for 0 <T < 1

i (A) = < / e—H<x>/de> / < /. e—H<x>/de>

for A € B(R™).
i1) Let xy € R™ be such that for all § > 0, there exists n > 0 such that

a(0) =inf {H(z) : |z — x| > 6} > b(n) =sup{H(z) : |[x — zo| < n}.

Then for all 6 > 0, ppr{x:|x —x9| >0} =0 asT | 0.
PROOF. Same as in Theorem 3.1. O

Let X7 be a random vector in R"™ with distribution py 7r(-). A natural
question suggested by Theorem 6.1 is what is the rate at which X7 — x¢ as
T | 0. To answer this let us start with an example.

EXAMPLE 6.1. Let n = 2, H(z1,72) = 22 + x3. Then the hypotheses of

Theorem 6.1 hold with z¢g = (0,0). Let X7 = (X7, X7,) be distributed as
prr(-). Then for (a;,b;) € R%, i =1,2,

X X,
P<al S—Tll Sbhazém §b2>



204 K. B. Athreya and Chii-Ruey Hwang

z%+z%
T T dxidr
_ ffllleS-'ElSb1VT702T1/4S-'E2Sb2T1/4 € 1602
- _(z%+x%) :
Jgee” T T dziday

By the change of variable z; = VTui, 2o = T"%us, the right side above

becomes y (w24
3/4 —(uy+u
T falSquLaszsz e T duy dug

T3/4 Jre e~ (W +13) duy dus

Canceling T3/* we see that for 0 < T < 1, (X7, X7,) ~ (X1, X3) where

(X1, X9) is a random vector with an absolutely continuous distribution with
2 4

density proportional to e~ (#1142) in R2. This suggests the following:

THEOREM 6.2. Let H : R® — R™T be Borel measurable. Assume:

i) Jan e @ dr < oo,

it) for all 6 > 0, a(d) = inf {H(x) : |x| > 0} > H(0),

i11) there exists ay, ;. .., ap € (0,00) such that for all (uy,ug, ..., u,) €
R™,
H(T*uy, T%?uy, ..., Tu
( ! T2 n) — g(ug,ug,...,up) €R
as T | 0.
H(T*luy, T*2uy,..., T )
w) [supgeroqe” B duyduy . . . du, < oo.

For 0 < T < 1, let X = (X1y,Xny,...,X1,) be a random vector with
distribution pg T as in Theorem 6.1. Then

<XT1 X7, Xr,

d _
Tal’TOcz""’TOln> —)X:(Xl,XQ,...,Xn)

and X has an absolutely continuous distribution in R™ with density propor-
tional to e~ 9(@1,T2,-Tn)

PRrROOF. Easy verification using the dominated convergence theorem and
hypotheses iii) and iv). O

Thus different coordinates of X7 could go to zero at different rates.
EXAMPLE 6.2. Let n = 2, H(x1,22) = 22 + 23 + x125 + 2323. Then
xo = (0,0) and

H(VTuy, TY*ug) = Tu? + Tus + Tuyul + T3 ?udu3.
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Thus the hypotheses of Theorem 6.2 are satisfied with
g(u) = u? 4 uj + uyus.
<XT1 XT2

VT ' TV4
which has a probability density proportional to

> L (X1, Xo),

exp (—(u% + uj + ulug)) )

Another set of sufficient conditions for studying the second order properties
of X7 as T | 0 is given below. The proof is similar to that of Theorem 4.2.

THEOREM 6.3. Let H(-) satisfy the hypotheses of Theorem 6.1. Let ¢ :
R" — Rt = [0,00) be such that

i) 71({(158:5;)(;;2) —1 as v — xo,

i) ¢(Bz) = |Blg(x) for B €R, z € R,
iii) 0 <m =1inf{¢(z) : ||z|]| =1} < M =sup{¢(x) : ||z| = 1} < oo,

) Jon e ¥ du < oo.

Let X1 be a random vector with distribution pp . Then

(X7 —10) a
“Tia — X,

where X is a random vector with density

Ix(x) = ce” @@ for some 0 < ¢ < .

EXAMPLE 6.3. 1. Let H(-) satisfy i), i) of Theorem 6.1 and in addition
be C? at g such that there is a positive definite nonsingular matrix D such
that

H(z) — H(ro) = 5 (D — w0), (& — 70)) + (| — o).
Here set ¢(z) = (3 (Dz,z))Y/2.

2. Let H(-) satisfy ) and 4i) and be C* at x¢ with all second derivatives at
xo vanishing but with H(x) — H(xzg) = p(x — o) + higher order terms where
p(-) is a homogeneous polynomial of order 4. Here set ¢(x) = (p(z))"/*.

3. H(z) — H(xp) = ||A(x — x0)||* + higher order terms, where A is a nonsin-
gular matrix. Here set ¢(x) = ||Az||.
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6.2 Multiple well case.
THEOREM 6.4. Let H : R" — RT (n > 2) be Borel measurable. Assume
i) Jan e H@dz < o0,
ii) there exists N = {x; : 1 <i<m} CR", m > 2 such that for all 6 > 0,
a(0) =inf {H(z) : |z — zo| > 6} > A
and for all i, H(z;) = X,0 < A < 00,
i11) limg_yp0 H(z) = X for all 1 <i <m,
iv) there exists {oy;: 1< j<n,1<i<m},0<a< oo such that o >

0, and 3_7_; cij = 1, for all i such that, as T |0,

T[H(%l + Ty, w9 + T ug, . .., iy, + T uy,)

— H(xi1, T2, - -, Tin)] = gi(u1,u, ..., up),
v) for all i,
_ H(:L‘i1+Taai1 5 ,zi2+Taai2 UQ,eney :E,L-n+Taai7L un,)
sup e T S Ll(R").
0<T<1

Let X7 be a R™ valued random vector with probability distribution
e /T dy

paT(A) = M, A e B(R").

Then as T | 0, X 9y where Y is a random vector with distribution
fRn e~ 9 (@) dg
Sy far e 9’
Further, there exists dg > 0 such that for all 0 < 6 < &g, as T | 0,

’XT — a;,\ < (5>

Xr)i — xii .
P<aj§(7%7m]§bj71§]§n

—gi(u1,u2,...,un)
fajgujgbj7j:1,27...7n e 9i durdus . . . duy,

fRn e=9i(utsun) dyy dus . . . duy,

PROOF. The proof is similar to that of Theorem 5.2. O

A similar extension of Theorem 6.3 to the multiple well case can be
formulated and proved.
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