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I n t r o d u c t io n

In th e T̀ h in k it O v e r' S e c tio n o f R eson a n ce, M a y 2 0 0 0
(p . 9 0 ), S S h ira li h a s p o se d a v ery in te re stin g q u e stio n :
\ C o n sid e r th e ǹ -fo ld ' sin e fu n c tio n

f n (x ) = sin (s in (sin (¢ ¢ ¢ (sin x ) ¢ ¢ ¢))) (1 )

re p re se n tin g n su c c e ss iv e a p p lic a tio n s o f th e s in e fu n c -
tio n . T h e d e p e n d en c e o f th e v a lu e o f f n (x ) u p o n x se e m s
to d im in ish a s n in c re a se s; a n d fo r ¯ x e d x a n d su ± -
c ie n tly la rg e n , w e h a v e f n (x ) ¼ p

(3 = n ). H o w m a y th is
p h e n o m e n o n b e e x p la in e d ? "

T h is q u e stio n is in t ere st in g in its o w n rig h t. It is a lso
re la ted to a m o re g e n e ra l o n e in th e c o n te x t o f d y n a m -
ica l sy ste m s { in p a rtic u la r, to a p h e n o m e n o n c a lle d
in term itten c y th a t o c c u rs in m a n y p h y s ic a l situ a tio n s .
E x p e rim e n ta l sy s te m s in w h ich it h a s b e e n o b s e rv e d
in c lu d e rin g la se rs, ° u id la y e rs u n d e rg o in g c o n v e c tio n ,
c h e m ic a l re a c tio n s a n d n o n lin e a r e le c tro n ic c irc u its, to
n a m e a fe w . In ° u id d y n a m ic s, th e tra n sitio n fro m th e
re g u la r ° o w o f a liq u id to tu rb u le n t ° o w u n d e r c e rta in
c o n d itio n s is b e lie v e d to b e re la te d to th e ìn te rm itte n c y
ro u te to ch a o s '. W h a t c o u ld b e th e c o n n e c tio n b e tw ee n
su c h se e m in g ly u n re la te d th in g s lik e th e ite ra tio n o f a
fu n c tio n a n d th e o n se t o f tu rb u le n c e ? T h is is su re ly
w o rth stu d y in g in a little m o re d e ta il.

S t a b le a n d U n s ta b le F ix e d P o in t s o f a M a p

L e t f (x ) b e a re a l, sin g le -v a lu ed fu n c tio n o f x (w ith
so m e sp e c ī e d r a n g e o f x a n d d o m a in o f f ). F o r a n y
g iv e n x > 0 , le t x 1 = f (x 0 ); x 2 = f (x 1 ) , a n d so o n .
T h u s f n (x 0 ) is o b ta in e d b y th e n -fo ld a p p lica tio n o f th e
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fu n c tio n to t h e in itia l v a lu e x 0 . W e m a y w rite

x n = f (x n ¡ 1 ) = f (f (x n ¡ 2 )) = ¢ ¢ ¢ = f n (x 0 ): (2 )

T h e m a p f m a y b e re g a rd e d a s th e ru le o f e v o lu tio n o f a
d y n a m ic a l sy ste m in w h ic h th e in te g e r v a ria b le n p la y s
th e r o le o f (d isc re te ) t̀im e '. In th e e x a m p le o f (1 ), f (x )
is ju st sin x . A sk in g fo r th e v a lu e (s) o f f n (x ) a s n ! 1
is c le a rly e q u iv a le n t to a sk in g w h e n f (x ) is x itse lf, i.e .,
to a sk in g fo r th e s o lu tio n (s ) o f th e e q u a tio n x = f (x ).
A so lu tio n x = x ¤, if it e x ists, is c a lle d a ¯ x ed p o in t
(F P ) o f th e m a p f . T h e w e ll-k n o w n m e th o d o f su c -
c e ssiv e a p p ro x im a tio n s d e a ls w ith th e s o lu tio n o f su ch
e q u a tio n s. T h is is illu stra te d g e o m e trica lly in F igu re 1 ,
fo r a ca se in w h ic h th e m a p h a s tw o ¯ x e d p o in ts a a n d
b , re sp e c tiv e ly . T h e sta irc a se p a tte r n sh o w s p ic to r ia lly
w h a t h a p p e n s to th re e d i® e re n t in itia l v a lu e s x 0 u n d e r
ite ra tio n o f t h e m a p . A n in itia l v a lu e x 0 < a a p p ro a ch e s
a a s n in c re a se s. S o d o e s a v a lu e x 0 ly in g b e tw e e n a a n d
b . A n in itia l v a lu e x 0 > b m o v e s a w a y fro m b to w a rd s
1 . O n e th e re fo re sa y s th a t a is a n a ttra ctin g ¯ x e d p o in t,
w h ile b is a rep ellin g ¯ x e d p o in t.

Figure 1.
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M a r g in a l F ix e d P o in t s

T h e m o st in te re stin g c a se o c c u rs w h e n jf 0(x ¤)j is e x -
a c tly equ a l to u n ity : x ¤ is th e n a m a rgin a l F P . T h is is
w h a t h a p p e n s in th e p ro b le m p o se d in E q . (1 ), in w h ich
f (x ) = s in x . T h e o n ly ro o t o f x = sin x is a t x ¤ = 0 ,
a n d th e slo p e o f sin x a t th e o rig in is u n ity . It is c le a r
fro m F igu re 2 a th a t jf 0(x )j h a s a m a x im u m a t x = 0 .
T h e re fo re in itia l v a lu e s x 0 o n e ith e r sid e o f 0 a p p ro a ch
th e F P u n d e r ite ra tio n o f th e m a p { it is a m a rg in a lly
sta b le F P . O n th e o th e r h a n d , if th e m a p h a s a sh a p e
a s in F igu re 2 b , th e o rig in is a m a rg in a lly u n sta b le F P .
T h e th ir d p o ssib ility is sh o w n in F igu re 2 c , in w h ich
th e m a rg in a l F P a ttra c ts ite ra te s o n o n e sid e a n d re p els
th e m o n th e o t h e r. (E x e rc ise fo r th e re a d e r! F igu res
2 a { c h a v e b e e n sk e tch e d fo r th e c a se in w h ich th e slo p e
f 0(0 ) is + 1 a t th e F P . T h e re a d e r is in v ite d to sk e tch
th e c o rres p o n d in g ¯ g u re s a n d ch e ck o u t w h a t h a p p e n s
in th e c a se f 0(0 ) = ¡ 1 .)

It is e a sy to c o n v in c e o n e s elf (e .g ., b y d ra w in g p ic tu re s
a s in F ig u re 1 ) th a t x ¤ is a n a tt ra ctin g o r sta ble F P if
th e m a g n itu d e o f th e slo p e o f th e m a p a t x ¤ is le ss th a n
u n ity , i.e ., jf 0(x ¤)j < 1 . O n th e o th e r h a n d , x ¤ is a re -
p e llin g o r u n sta ble F P if jf 0(x ¤)j > 1 . M o re o v e r, in th e s e
c a se s th e ite ra te s a lw a y s a p p ro a ch o r m o v e a w a y fro m
th e F P ex po n en tia lly a s a fu n c tio n o f n . F o r in sta n c e ,
c o n sid e r t h e m a p f ( x ) = x = 2 fo r w h ic h jf 0(x )j = 1 = 2
e v e ry w h e re . C le a rly th e o n ly F P is a t x ¤ = 0 . S in c e
x n = f n (x 0 ) = 2 ¡n x 0 = x 0 e x p (¡ n ln 2 ), th e a p p ro a ch is
e x p o n e n tia lly fa st (a s a fu n c tio n o f n ), w ith a c h a r a cte r-
istic ra te e q u a l t o ln 2 . S im ila rly , th e m a p f (x ) = 2 x h a s
a re p e llo r a t x ¤ = 0 . S in c e x n = 2 n x 0 = x 0 e x p (n ln 2 ) in
th is c a se , th e re p e llo r t̀h r o w s o ® ' ite ra te s o n eith e r sid e
o f itse lf w ith a ra t e e q u a l to ln 2 . T h e e x p o n e n ts ¡ ln 2
a n d + ln 2 in th e se tw o e x a m p le s a re c a lle d L ya p u n o v
ex po n en ts.
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Figure 2.T h e im p o rta n t p o in t is th e fo llo w in g : in a ll t h e se c a se s,
th e a p p ro a ch to w a rd s th e m a rg in a l F P (a s n ! 1 in th e
c a se o f a ttra c tio n , o r a s n ! ¡ 1 in th e c a se o f re p u l-
sio n ) is n o t e x p o n e n tia l in n ; ra th e r, it is pro po rtio n a l to
n ra ised to so m e po w e r ¯ . G iv e n th e m a p fu n c tio n f , w e
c a n e a sily ¯ n d ¯ (it is ¡ 1 = 2 fo r th e sin e m a p ). W e c a n
a ls o ¯ n d th e p re fa c to r m u ltip ly in g jn j¯ (it is

p
3 fo r th e

sin e m a p ). W e sh a ll d e riv e th e se re su lts h e u rist ic a lly ,
u sin g a sim p le a p p ro x im a tio n . T h e r e su lts o b ta in e d c a n
b e c o n ¯ rm e d b y a m o re rig o r o u s a n a ly sis.

C o n sid e r ¯ rst th e sin e m a p (F igu re 2 a ). W h e n th e ite r-
a te s a re v ery c lo se to 0 , sin x c a n b e a p p ro x im a te d b y
th e ¯ r st tw o ter m s in its p o w e r se rie s e x p a n s io n . T h u s
w e h a v e

x n = sin x n ¡ 1 ¼ x n ¡1 ¡ x 3
n ¡ 1

6
: (3 )

C le a rly , a s n ! 1 a n d x n ! 0 , th e d i® er e n c e (x n ¡ x n ¡ 1 )
b e c o m e s sm a lle r a n d sm a lle r, a n d so d o e s ¢ n = 1 re l-
a tiv e to n . S u ± cien tly clo se to th e ¯ xed po in t, th ere-
fo re, w e ca n a p p ro xim a te th e d i® eren ce equ a tio n a bo v e
by a d i® eren tia l equ a tio n in co n tin u o u s tim e , n a m e ly ,
d x = d n ¼ ¡ x 3 = 6 . T h is is e a sily in te g r a te d to g iv e 1 = x 2 =
3 = n , o r, ¯ n a lly , jx n j ¼ p

(3 = n ), a s sta te d in t h e o rig in a l
p ro b le m .

L e t u s g en e ra lise th is re su lt, ta k in g th e m a rg in a l F P o f
th e m a p f to b e lo c a te d a t 0 a s b efo re , fo r c o n v e n ie n c e .

(a) (b)            (c)
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C lo s e to th e F P , th e m a p ta k e s th e fo rm x n = x n ¡ 1 +
te rm s o f h ig h er o rd e r in x n ¡ 1 . If f (x ) is re g u la r a t 0 ,
th e se te rm s a re g e n e ric a lly o f th e fo rm c 2 x 2

n ¡1 + c 3 x 3
n ¡ 1 +

¢ ¢ ¢, u n le s s s o m e th in g sp e c ia l o c c u r s. (F o r in sta n c e , th e
fa c t th a t sin x is a n o d d fu n c tio n o f x le d to c2 = 0
in th a t c a se .) L e t u s a llo w fo r a n e v e n m o re g e n e ra l
p o ssib ility : f (x ) m ig h t b e o n ly o n ce d i® er e n tia b le a t
x = 0 . T h e re fo re , su ± c ie n tly c lo se t o th e o rig in , th e
m a p h a s th e fo rm

x n = x n ¡ 1 ( 1 + cjx n ¡1 j® ): (4 )

H e re ® is a n y p o sitiv e n u m b e r, n o t n e c e ssa rily a n in te -
g e r. W e m a y re g a rd it a s t h e d̀ e g re e o f ta n g e n c y ' o f
f (x ) a t t h e ¯ x e d p o in t w ith th e 4 5 ± lin e . T h e s ig n o f
th e co e ± c ie n t c d e c id e s w h et h e r th e F P is m a rg in a lly
sta b le a s in F igu re 2 a (c < 0 ), o r m a rg in a lly u n sta b le
a s in F igu re 2 b (c > 0 ). W e n o w p ro c e e d e x a c tly a lo n g
th e lin e s fo llo w in g (3 ), b y g o in g o v e r fro m th e d i® e re n c e
e q u a tio n to a d i® e re n tia l eq u a tio n . It is stra ig h tfo rw a rd
to sh o w th a t th e a p p ro a ch to t h e F P h a s th e le a d in g
b e h a v io u r

jx n j ¼ (® jcn j)¡ 1 = ® (5 )

a s n ! 1 in th e a ttra c tin g c a se (c < 0 ), o r a s n ! ¡ 1
in th e r e p e llin g c a se (c > 0 ). F o r th e sin e fu n c tio n
w e h a v e ® = 2 a n d c = ¡ 1 = 6 , a n d w e re c o v e r th e
re su lt q u o te d e a rlie r. S im ila rly , re p e a te d ite ra t io n o f
th e fu n c tio n ta n ¡ 1 x (ta k in g th e p r in c ip a l b ra n c h o f th e
fu n c tio n ly in g b e tw e en ¡ ¼ = 2 a n d ¼ = 2 ) w o u ld le a d to

jx n j ¼
q

3 = 2 n fo r v e ry la rg e n .

A n e x a m p le o f s o m e im p o rta n c e in o th e r c o n te x ts is th a t
o f th e logistic m a p

x n = ¸ x n ¡ 1 (1 ¡ x n ¡ 1 ); x n 2 [0 ; 1 ] (6 )

w ith ¸ = 1 . A t th is v a lu e o f th e p a ra m e te r ¸ , th e ¯ x e d
p o in ts o f th e m a p a t 0 a n d 1 ¡ ¸ ¡ 1 c o a le sc e , a n d a so -
c a lle d sa d d le-n od e bifu rca tio n ta k es p la c e . (O f c o u rs e
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th e m o st in ter e stin g fe a tu re s o f th is m a p lie a t la rg e r
v a lu e s o f ¸ , fo llo w in g th e ¯ r st p eriod -d o u b lin g ca sca d e
sta r tin g a t ¸ = 3 a n d e n d in g w ith th e o n set of ch a o s
a t ¸ = 3 :5 6 9 9 ¢ ¢ ¢ . B u t th is is n o t o u r c o n c e rn h e re .)
F o r ¸ = 1 th e a p p ro a ch to th e m a rg in a l F P a t 0 c a n
b e r e a d o ® fro m (5 ). M a k in g th e id e n t ī c a tio n s c = ¡ 1
a n d ® = 1 , w e g e t x n ¼ 1 = n fo r th e le a d in g b eh a v io u r
o f th e a p p ro a ch o f th e it era te s to z e ro in th is c a se .

A re m a r k is in o rd e r h e re . W e o b ta in e d th e e x p re s-
sio n g iv e n in (5 ) fo r th e le a d in g b e h a v io u r b y th e sim p le
d e v ic e o f re p la c in g th e m a p b y its c o n tin u u m v e rsio n ,
a d i® e re n tia l e q u a tio n . In g e n e ra l, th is w ill n o t y ield
a n y th in g m o r e th a n th e lea d in g te rm in th e a sy m p to tic
b e h a v io u r o f x n . F o r h ig h e r o rd e r c o rre c tio n s, w e m u s t
re t u rn to th e o rig in a l m a p a n d a n a ly se it c a re fu lly . F o r
in s ta n c e , c o n tin u in g w ith th e e x a m p le c o n sid e re d in th e
p re c e d in g p a ra g r a p h , th e a s y m p t o tic b e h a v io u r o f th e
ite ra te s o f th e lo g istic m a p a t ¸ = 1 is g iv e n b y

x n =
1

n
¡ ln n

n 2
+ ¢ ¢ ¢ (7 )

S im ila rly , in th e c a se o f o u r o rig in a l e x a m p le (th e sin e
m a p ) it se lf, so m e w o rk is re q u ire d to sh o w th a t

x n =
q

3 = n

Ã
1 ¡ 3 ln n

1 0 n
+ ¢ ¢ ¢

!
: (8 )

T h e +̀ ¢ ¢ ¢' in th e s e e q u a tio n s sta n d fo r h ig h e r o rd e r
te r m s in th e a sy m p to tic e x p a n sio n s. U n lik e th e ¯ rs t
tw o te rm s th a t w e h a v e w ritte n d o w n e x p lic itly in (7 )
a n d (8 ), th e se h ig h e r o rd e r t erm s tu rn o u t to d e p e n d , in
g e n e ra l, o n th e in itia l v a lu e x 0 . T h e re a d e r is in v ite d to
e st a b lish th e s e re su lts fo r h e rse lf!

I n t e r m it t e n c y

L e t u s n o w se e h o w th e fo re g o in g is c o n n e c te d to th e
p h e n o m e n o n o f in term itte n c y. T h is is th e n a m e g iv e n
to a k in d o f d y n a m ica l b e h a v io u r th a t is in te rm e d ia t e
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Figure 3.

b e tw ee n re g u la r, p e rio d ic m o tio n o n t h e o n e h a n d , a n d
irre g u la r, ch a o tic m o tio n o n th e o th e r. T h e sy ste m d is-
p la y s fa irly lo n g in te rv a ls o f a p p ro x im a te p e r io d ic ity ,
c a lle d l̀a m in a r p h a se s'; th e se a re se p a ra te d b y ra n d o m ly
in te rm itte n t b̀ u rsts' o f c h a o s, a n d h e n c e th e n a m e . T h e
p h e n o m e n o n o c c u r s q u ite c o m m o n ly in so -c a lle d d̀ issi-
p a t iv e sy ste m s '. In te rm itte n t ch a o s o fte n p re c e d e s fu lly -
d e v e lo p e d c h a o s. O n e th e n s p e a k s o f t̀h e in te rm it te n c y
ro u te to ch a o s'.

T h e re a re , in fa c t, sev e ra l ty p e s o f in te rm it te n c y . T h e se
d i® e r fro m e a ch o th e r in te ch n ic a l d e ta il, h a v in g to d o
w ith th e sp e c ī c k in d s o f b ifu r c a tio n s th a t c a n o c c u r
in d i® e re n t c a se s. H o w ev e r, th e re is a sim p le m o d e l
th a t h e lp s u s u n d e rs ta n d th e b a sic m e c h a n ism b y w h ic h
ch a o tic m o tio n c a n b e in te rs p e rse d w ith (p o ssib ly lo n g )
in te rv a ls o f a p p ro x im a te ly p e rio d ic m o tio n . C o n sid e r
th e d isc re te -tim e d y n a m ic a l sy stem

x n = f (x n ¡ 1 ) = ² + x n ¡ 1 + x 2
n ¡1 : (9 )

H e re x 2 R a n d ² is a sm a ll p a ra m e te r. F o r ² > 0
(F igu re 3 a ), th e m a p h a s a sta b le F P a t x ¤ = ¡ p

²

a n d a n u n sta b le o n e a t x ¤ = +
p

². W h e n ² = 0 , t h e se
tw o F P 's c o a le sc e a t 0 , w h ic h b e c o m e s a m a rg in a l F P , a s
sh o w n in F igu re 3 b . F in a lly , w h e n ² > 0 (F ig u re 3 c ), th e
m a p h a s n o ¯ x e d p o in t a t a ll, sin c e th e ro o ts o f x = f (x )
b e c o m e c o m p le x . T h e re v e rse p ro g r e ssio n fro m F igu re
3 c to F igu re 3 a a s ² c ro sse s z e ro fro m p o sitiv e to n e g a tiv e

(a) (b)            (c)
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v a lu e s is th e p ro to ty p e o f a p h e n o m e n o n m en tio n e d ea r-
lie r, n a m e ly , a sa d d le-n o d e bifu rca tio n . T h e s ce n a rio a t
² = 0 is a lre a d y fa m ilia r to u s fro m th e fo re g o in g d is-
c u ssio n o n m a rg in a l F P 's. (It c o rre sp o n d s to th e c a s e
® = 1 , c = 1 .)

N o w c o n sid e r th e sit u a tio n in F igu re 3 c , c o rre sp o n d in g
to ² > 0 . T h e sta irc a se p a tte rn s u g g e sts a lo n g , a p p ro x -
im a tely re g u la r, so jo u rn a cro s s th e n a rro w c̀h a n n e l' in
th e v ic in ity o f x = 0 . In th e sim p le m o d e l o f (9 ), o n c e th e
ite ra te e sc a p e s fro m th e v ic in ity o f th is c h a n n e l, it m o v e s
o ® t o 1 . H o w e v e r, in tru ly c h a o tic sy ste m s (s ee th e B o x
1 fo r a v e r y b rie f r̀e c a p ' o f w h a t w e m e a n b y c h a o s), th e
d y n a m ic a l v a ria b le (h e re , x ) re m a in s b o u n d e d ; a n d th e
m a p f re p re s e n tin g th e e v o lu tio n is f̀o ld ed ' in su ch a
w a y th a t th e v a ria b le is re p e a te d ly in jec te d b a ck in to
th e c h a n n el re g io n , a fte r w a n d e rin g ch a o tic a lly in o th e r
re g io n s. T h is is e sse n tia lly h o w in te rm itte n c y a ris es in
n o n lin e a r d y n a m ic s. T o b e m o re p re c is e ,F igu re 3 c il-
lu s tra te s w h a t is c a lle d T̀ y p e I' in te rm it te n c y . M o r e
d e ta ile d m o d els in v o lv e m a p s in se v e ra l v a ria b le s, a n d
m o re c o m p lic a te d sc e n a rio s o c c u r th a n th a t sh o w n h e re .
B u t th e b a sic m e ch a n ism in a ll ty p e s o f in te rm itte n cy
is e sse n tia lly th e sa m e : (i) n e a r-re g u la r so jo u rn s in a
c h a n n e l-lik e re g io n a ss o c ia te d w ith a b ifu rca t io n th a t
in v o lv e s a n F P o r m o re c o m p lic a te d o b je ct lik e a lim it
c y c le th a t is m a rg in a l; (ii) e sc a p e fro m su c h a re g io n to
m o re c h a o t ic b e h a v io u r; (iii) r e -in je ct io n in to th e ch a n -
n e l; a n d so o n . W e h a v e a lre a d y m e n tio n e d s e v e ra l k in d s
o f p h y sic a l sy stem s in w h ic h in te rm itt e n c y h a s b e e n o b -
se r v e d . F u rth e r d eta ils m a y b e fo u n d in t h e re fe re n c e s
liste d u n d e r S u g g e ste d R e a d in g .

P o w e r L a w s in I n te r m it t e n c y

O n e o f th e m o st in ter e stin g fe a tu re s o f in te rm itte n cy
is th e o c c u rre n c e o f v a r io u s p o w er la w s in ste a d o f th e
m o re u su a l ex p o n e n t ia l d e p e n d e n c ie s. W e h a v e a lre a d y
se e n h o w th e ta n g e n c y a t a m a rg in a l F P s̀lo w s d o w n '
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B o x 1 . F ix e d p o in ts , P e r io d ic p o in ts a n d C h a o s

As the main focus of this article is not on chaos, we do not go into the details of
the latter here. The reader may refer to the sources in Suggested Reading, and
also to earli er articles in R e so n a n ce { see, in particular, S Natarajan, Chaotic
D ynamics on the Real Line, Parts 1 and 2, R e so n a n ce, Vol. 5, Nos. 4 and 5,
2 000 . However, as we have used the term `chaos' in the present article wi thout
elab oration, it i s useful to state a few relevant p oints brie°y.

As explained in the text, a ¯xed p oint (or period-one point) of the map f (x ) is
a solution of the equation x = f ( x ) . All such solutions obviously also sati sfy
the equation x = f n (x ). But this equation may have additi onal solutions that
are n o t ¯xed points of the map. S uch solutions correspond to pe riod -n cy c les.
More accurately, ( a 1 ;a 2 ; : ::; a n ) is a period- n cycle of the map, provi ded each a i

( i = 1;: :: ;n ) is a ¯xed point of the map f n ( x ) but not of any f k ( x ) for all k < n .
What happ ens i s that f ( a 1 ) = a 2 ;f ( a 2 ) = a 3 ; ¢ ¢¢; f (a n ) = a 1 . Just as i n the case
of a ¯xed p oint of the map , the condition for the stabi li ty of the p eriod -n cycle
i s given by jf 0(a 1 )f 0( a 2 ) ¢ ¢¢f 0( a n )j < 1.

It may so happen that the map has no sta ble periodic orbits of a n y ¯nite p eriod
n . The iterates of 'most' initial values x 0 then wander ' randomly' over the inter-
val concerned without settling down at any ¯xed point or periodic cycl e as the
i teration number n ! 1 ; the map is then said to display chaos.

This is a rather loose descripti on of how chaos occurs in one-dimensi onal maps. As
we may expect, the case of higher dimensional maps i s more involved. Also, there
are substantial di®erences between dynami cs describ ed by di®erential equations
(°ows) as opposed to di®erence equations (maps). However, fairly general criteria
for the occurrence of chaos are: (i) a bounded phase sp ace; (ii) a dense set of
unstable p eriodic points therein; and, most importantly, (iii) sen sitiv e d e p en d e n ce

o n in itia l co n d itio n s . That is, the distance between two neighb ouring initial
p oints typically increases ex p o n e n tia lly with the numb er of i terations, at least to
start with.

C omputer demonstrations (often wi th sp ectacular colour graphics) of complex
dynamics includ ing chaos are, by now, quite common. For a very modest home-
grown version of some of the aspects relevant to us here, try the URL

http:/ /hsb. iitm. ernet. in/ ~ suresh/shaastra/
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th e d y n a m ic s in its v ic in ity a n d p ro d u c e s su ch a p o w e r-
la w b e h a v io u r. In th e c a se o f in term itte n c y , t h e a v e ra g e
tim e T b e tw e e n c h a o tic b u rsts is a n im p o rta n t q u a n tity .
T h is c a n b e re la te d d ire c tly to th e m e a n tim e ta k e n b y
th e sy st e m to tra v e rse ch a n n e l-lik e re g io n s su ch a s th e
o n e d e sc rib e d a b o v e. V e ry in te restin g s ca lin g re la tio n s
e m e rg e in th is re g a rd . N o t su rp risin g ly , it tu rn s o u t th a t
th e p a ra m e te r ® , th e d e g re e o f ta n g e n c y in tro d u c e d in
(4 ), p la y s a cru c ia l ro le h er e to o .

L e t u s ¯ rst c o n sid er t h e p ro to ty p ic a l m o d e l o f (9 ) fo r
sm a ll p o sitiv e ² . G o in g o v e r to th e d i® er e n tia l fo rm o f
th e d y n a m ic s n e a r x = 0 , w e n o w h a v e d x = d n ¼ ² + x 2 .
T h is im p lie s t h a t th e tim e ta k e n t o c ro s s th e tu n n e l-lik e
re g io n is o f th e o rde r o f

Z 1

¡1

d x

(² + x 2 )
» 1p

²
; (1 0 )

i.e ., it sca les lik e ²¡ 1 = 2 a s ² ! 0 . In a m o re g e n e ra l
se ttin g , ² w o u ld re p re se n t th e a m o u n t b y w h ich so m e

c̀o n tr o l p a ra m e te r' p d i® e rs fro m a th re sh o ld o r c ritic a l
v a lu e p c , th a t is, ² = (p ¡ p c ). T h e g e n e ric sca lin g e xpo -
n en t fo r th is ty p e o f in te rm itte n c y is th e re fo r e ¡ 1 = 2 , a s
lo n g a s th e lea d in g n o n lin e a rity in th e m a p is q u a d ra tic
(i.e ., x 2

n ¡ 1 , a s in (9 )).

F in a lly , le t u s e x te n d t h is r e su lt to th e c a se o f th e m o re
g e n e ra l k in d o f ta n g e n c y p e rm itte d b y (4 ). T h is is ea s-
ily d o n e , a n d w e ¯ n d th a t th e t im e ta k e n to c r o s s th e
tu n n e l-lik e r e g io n , a n d h e n c e th e m e a n tim e b e tw e e n
c h a o tic b u rsts, sc a le s lik e

T » (p ¡ p c )¡ ® = (® + 1 ) : (1 1 )

T h e sc a lin g e x p o n e n t c o rre sp o n d in g to a d e g re e o f ta n -
g e n c y ® is th u s fo u n d to b e ¡ ® = (® + 1 ). O th e r s c a lin g
re la t io n s a sso cia te d w ith in te rm itte n c y c a n b e g e n e ra l-
ize d in a s im ila r fa sh io n .


