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ABSTRACT
We use weighted-mean and median statistics techniques to combine individual cosmic microwave

background (CMB) anisotropy detections and determine binned, multipole-space, CMB anisotropy
power spectra. The resultant power spectra are peaked. The derived weighted-mean CMB anisotropy
power spectrum is not a good representation of the individual measurements in a number of multipole-
space bins, if the CMB anisotropy is Gaussian and correlations between individual measurements are
small. This could mean that some observational error bars are underestimated, possibly as a conse-
quence of undetected systematic e†ects. Discarding the most discrepant 5% of the measurements alle-
viates but does not completely resolve this problem. The median statistics power spectrum of this culled
data set is not as constraining as the weighted-mean power spectrum. Nevertheless, it indicates that there
is more power at multipoles lD 150È250 than is expected in an open cold dark matter (CDM) model,
and it is more consistent with a Ñat CDM model. Unlike the weighted-mean power spectrum, the
median statistics power spectrum at lD 400È500 does not exclude a second peak in the Ñat CDM
model.
Subject headings : cosmic microwave background È cosmology : observations È

large-scale structure of universe È methods : data analysis È methods : statistical

1. INTRODUCTION

Current observational data favors low-density cos-
mogonies. The simplest low-density models have either Ñat
spatial hypersurfaces and a constant or time-variable
cosmological ““ constant ÏÏ " (see, e.g., Peebles 1984 ; Peebles
& Ratra 1988 ; Sahni & Starobinsky 2000 ; Steinhardt 2001 ;
Carroll 2001 ; 2000) or open spatial hypersurfacesBine� truy
and no " (see, e.g., Gott 1982, 1997 ; Ratra & Peebles 1994,
1995 ; Kamionkowski et al. 1994 ; et al. 1998). Typi-Go� rski
cally, the cosmic microwave background (CMB) anisotropy
power spectrum is predicted to peak at larger multipole l
(smaller angular scale) in the open case than in the Ñat
model. This di†erence in the Ñat and open model power
spectra makes it possible for CMB anisotropy measure-
ments to distinguish between these models. See, e.g., Bar-
reiro (2000), Rocha (1999), Page (1999), and Gawiser & Silk
(2000) for recent reviews of the Ðeld.

Until very recently, no single CMB anisotropy experi-
ment achieved detections over a wide enough range of
l-space to allow this cosmological test to be performed with
data from a single experiment.5 As a result, the test has
usually been performed as a goodness-of-Ðt (s2) comparison
of CMB anisotropy model predictions and observations
(Ganga, Ratra, & Sugiyama 1996).6 In this implementation,
the test favors a Ñat model over an open one (see, e.g.,
Dodelson & Knox 2000 ; Tegmark & Zaldarriaga 2000 ; Le
Dour et al. 2000 ; Lange et al. 2001 ; Balbi et al. 2000, 2001 ;
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MAXIMA-1 (Hanany et al. 2000) detections of CMB anisotropy do cover
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on CMB anisotropy (see discussion below), the MAT 1998 (Miller et al.
1999), Viper (Peterson et al. 2000), and BOOMERANG 1997 (Mauskopf et
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6 See Knox & Page (2000) for an alternate approach to this test.

Amendola 2001). However, this s2 technique has a number
of signiÐcant limitations, so these results must be viewed as
tentative (see discussion in Ratra et al. 1999b).

SpeciÐcally, a s2 comparison does not use the complete
data from an experiment. Rather, it uses one (or a few)
number(s) (the amplitude of a chosen model CMB power
spectrum, typically the Ñat band-power spectrum) with
error bars as a summary of the complete data of the experi-
ment. However, this amplitude (and error bars) is model
dependent. This e†ect is typically D10% for a data set with
a good detection (see, e.g., Ganga et al. 1997b, 1998 ; Ratra
et al. 1999a) but is not accounted for in the s2 comparison.
More signiÐcantly, the observational error bars are derived
from non-Gaussian posterior probability density distribu-
tion functions and are thus fairly asymmetric. Since the s2
technique assumes symmetric (Gaussian) error bars, the
observational error bars must be symmetrized
(““ Gaussianized ÏÏ) when this technique is used. This is an
arbitrary procedure, and Gaussianizing in di†erent ways
leads to di†erent reduced s2-values (Ganga et al. 1996). This
means that the s2 technique can provide only qualitative
results. Nevertheless, it is useful, having provided, from a
combined analysis of all available early observational
results (Ratra et al. 1997), qualitative evidence for more
CMB anisotropy power on smaller scales than on larger
scales (Ganga et al. 1996), consistent with later observations
by single experiments (see, e.g., NetterÐeld et al. 1997 ; de
Oliveira-Costa et al. 1998 ; Coble et al. 1999 ; Miller et al.
1999 ; Peterson et al. 2000 ; de Bernardis et al. 2000 ; Hanany
et al. 2000).

Given that current observational error bars are asym-
metric (i.e., non-Gaussian), robust results can be derived
only from a complete maximum likelihood analysis of a
large collection of observational data, using realistic model
CMB anisotropy power spectra. This is a very time-
consuming approach and so has been applied to only a few
data sets (see, e.g., Bunn & Sugiyama 1995 ; et al.Go� rski
1995 ; Ganga et al. 1997a, 1997b ; Stompor 1997 ; Ratra et al.
1998 ; Rocha et al. 1999). Ganga et al. (1997b) generalized
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the maximum likelihood technique to account for system-
atic errors (e.g., beamwidth uncertainty, calibration
uncertainty). Analyses using this generalized technique have
led to signiÐcantly revised observational results.

The weighted-mean and median statistics techniques are
summarized in the next section. In ° 3 we use these tech-
niques to determine binned CMB anisotropy power spectra
using all CMB anisotropy measurements, and in ° 4 we
consider a culled collection of good measurements. We con-
clude in ° 5.

2. BINNED CMB ANISOTROPY POWER SPECTRA :
TECHNIQUES

While tight constraints on cosmological parameters will
be very valuable, it is also of interest to determine the shape
of the observed CMB anisotropy spectrum in a model-
independent fashion. Since the error bars for experiments to
date are large, a tight determination of the CMB anisotropy
spectrum is possible only if all available data are used. This
approach has been pioneered by Page (1997, 1999).

The data we use in this paper are listed in Table 1 and
plotted in Figure 1. We consider all detections at l\ 1000
available as of 2000 early November. While we only use
detections, deÐned as those results where the peak of the
likelihood function is at least 2 p away from 0 kK, in our

analyses here (and these are listed in Table 1), Figure 1 also
shows 2 p upper limits. Typically, the band-temperature

values listed in Table 1 have been derived assuming a(dT
l
)

Ñat band-power spectrum and account for known system-
atic uncertainties (although in most cases only in an
approximate manner). Since the Ñat band-power spectrum
is a more accurate representation of the true spectrum for
narrower (in l) window functions, we use observational
results for the narrowest windows available. Table 1 lists
142 detections.

To determine the observed CMB anisotropy spectrum,
Page (1997, 1999) binned the detections into equally spaced
logarithmic bins in l-space, based on the value of thel

e
,

e†ective multipole of the experimentÏs window function
Here whereW

l
. l

e
\ I(lW

l
)/I(W

l
), I(W

l
)\ £

l/2= (l
As discussed below, we instead choose] 0.5)W

l
/[l(l] 1)].

to adjust the l-space widths of the bins so as to have
approximately the same number of measurements in each
bin. Page then Gaussianized the measurements7 by deÐning
the error of a measurement, p, to be one-half the di†erence
between the upper and lower 1 p values of for thedT

lmeasurement. The standard expression for the weighted

7 Bond, Ja†e, & Knox (2000) discuss a more accurate approximation
that retains some of the non-Gaussianity.

FIG. 1a FIG. 1b

FIG. 1.ÈCMB anisotropy band-temperature predictions and observational results, as a function of multipole l. (a) l on a log scale to l\ 800. (b) l on a
linear scale for 25 ¹ l¹ 475. Colored hatched regions are adiabatic CDM model predictions for what would be seen by a series of ideal, Kronecker delta
window function experiments. (That is, the model predictions do not account for the experiment window functions.) These are for baryonic density parameter

h~2 (where the Hubble constant h km s~1 Mpc~1) and are normalized to the ^1 p range allowed by the DMR measurements)
B
\ 0.0125 H0\ 100 (Go� rski

et al. 1998 ; Stompor 1997). Green is a Ñat-" model with nonrelativistic matter density parameter and h \ 0.6, red is an open model with)0\ 0.4 )0\ 0.4
and h \ 0.65, and blue is Ðducial CDM with and h \ 0.5. Symbols represent observational results. Since most of the smaller scale data points are)0\ 1
derived assuming a Ñat band-power CMB anisotropy angular spectrum, which is more accurate for narrower (in l) window functions, we have shown the
observational results from the narrowest windows available. Open symbols with inserted Ðlled inverted triangles are 2 p upper limits. There are 37 2 p upper
limits, but 17 of these lie above kK and so are not shown on the plot. (In those cases for which a proper 2 p upper limit has not been quoted by thedT

l
\ 120

observational group, we have simply doubled the quoted 1 p upper error bar. Such approximate 2 p upper limits likely underestimate the true 2 p upper
limits. Note that the two upper limits with kK at lD 400 fall into this category.) Detections have ^1 p vertical error bars. There are 142 detections,dT

l
\ 58

but two of them (SK94Q9 and SK95C15) lie o† the top of the plot. Horizontal error bars represent the width of the corresponding window functions. These
data will eventually be available at http ://www.phys.ksu.edu/Dtarun/CMBwindows/wincomb/wincomb–tf.html. The data shown are from the DMR (see
Table 1 for guide to abbreviations). Galactic frame maps ignoring the Galactic emission correction 1997 ; open octagons with l¹ 20), FIRS (Bond(Go� rski
1995 ; Ðlled pentagon), Tenerife et al. 2000 ; open Ðve-pointed star), Python IÈIII and V (Rocha et al. 1999 and T. Souradeep 2000, private(Gutie� rrez
communication ; open six-pointed stars), BOOMERANG 1997 and 1998 (Mauskopf et al. 2000 ; de Bernardis et al. 2000 ; open four-pointed stars), IACÈBartol

et al. 1998 ; open diamond), Saskatoon 1993È1995 (NetterÐeld et al. 1997 ; open squares), University of California at Santa Barbara South Pole 1994(Femen•� a
(Ganga et al. 1997b ; Ðlled circles), BAM (Tucker et al. 1997 ; open circle), MAT 1997 and 1998 (Torbet et al. 1999 ; Miller et al. 1999 ; open pentagons),
MAXIMA-1 (Hanany et al. 2000 ; asterisks), QMAP 1 and 2 (Devlin et al. 1998 ; Herbig et al. 1998 ; Ðlled pentagons), ARGO Hercules (Ratra et al. 1999a ; Ðlled
square), Jodrell BankÈIAC (Dicker et al. 1999 ; Harrison et al. 2000 ; Ðlled hexagons), Viper (Peterson et al. 2000 ; open seven-pointed stars), MAX3È5 (J.
Gundersen 1995, private communication ; S. Tanaka 1995, private communication ; Ganga et al. 1998 ; open hexagons), MSAM combined (Wilson et al. 2000 ;
Ðlled diamonds), CAT 1 and 2 (G. Rocha 1997, private communication ; Baker et al. 1999 ; open diamonds), OVRO (Leitch et al. 2000 ; open Ðve-pointed star),
and White Dish (Ratra et al. 1998 ; open pentagon).



TABLE 1

CMB ANISOTROPY DETECTIONSa

dT
l
c dT

l
(1 p Range)d

Experiment l
e

l
e~0.5 Rangeb (kK) (kK) Referencee

DMR . . . . . . . . . . . . . . . . . . . . . . . . . 2.00 2.00È2.00 9.04 6.26È13.2 Go� rski (1997)
DMR . . . . . . . . . . . . . . . . . . . . . . . . . 3.00 3.00È3.00 28.3 23.0È37.1 . . .
DMR . . . . . . . . . . . . . . . . . . . . . . . . . 4.00 4.00È4.00 31.4 26.5È39.4 . . .
DMR . . . . . . . . . . . . . . . . . . . . . . . . . 5.00 5.00È5.00 27.7 21.7È35.0 . . .
DMR . . . . . . . . . . . . . . . . . . . . . . . . . 6.00 6.00È6.00 22.7 18.4È27.9 . . .
DMR . . . . . . . . . . . . . . . . . . . . . . . . . 7.00 7.00È7.00 22.1 16.0È29.0 . . .
DMR . . . . . . . . . . . . . . . . . . . . . . . . . 8.00 8.00È8.00 23.5 18.7È28.9 . . .
DMR . . . . . . . . . . . . . . . . . . . . . . . . . 9.00 9.00È9.00 40.0 34.1È47.0 . . .
DMR . . . . . . . . . . . . . . . . . . . . . . . . . 10.0 10.0È10.0 26.2 21.1È32.1 . . .
FIRS . . . . . . . . . . . . . . . . . . . . . . . . . . 10.8 [2.00]È25.0 31.4 23.4È39.3 Bond (1995)
DMR . . . . . . . . . . . . . . . . . . . . . . . . . 11.0 11.0È11.0 40.2 34.0È47.5 . . .
DMR . . . . . . . . . . . . . . . . . . . . . . . . . 12.0 12.0È12.0 20.4 13.1È27.4 . . .
DMR . . . . . . . . . . . . . . . . . . . . . . . . . 13.0 13.0È13.0 40.1 33.7È47.2 . . .
DMR . . . . . . . . . . . . . . . . . . . . . . . . . 14.0 14.0È14.0 32.1 25.8È38.8 . . .
DMR . . . . . . . . . . . . . . . . . . . . . . . . . 17.0 17.0È17.0 55.1 47.0È64.0 . . .
DMR . . . . . . . . . . . . . . . . . . . . . . . . . 18.0 18.0È18.0 38.3 28.4È48.6 . . .
Tenerife . . . . . . . . . . . . . . . . . . . . . . . 20.1 14.0È29.0 30.0 18.6È45.3 Gutie� rrez et al. (2000)
PyVM1 . . . . . . . . . . . . . . . . . . . . . . . 49.6 28.0È60.0 27.7 22.3È34.0 T. Souradeep (2000, private communication)f
BOOM98-1 . . . . . . . . . . . . . . . . . . 50.0 26.0È75.0 33.8 28.2È39.0 de Bernardis et al. (2000)
IACBartol . . . . . . . . . . . . . . . . . . . . 52.7 38.0È77.0 54.6 32.7È81.8 Femen•� a et al. (1998)
SK94Ka3 . . . . . . . . . . . . . . . . . . . . . 55.8 37.0È76.0 51.4 41.2È70.3 NetterÐeld et al. (1997)
SP94Ka . . . . . . . . . . . . . . . . . . . . . . 57.2 35.0È98.0 30.6 21.8È43.5 Ganga et al. (1997b)
BOOM97-1 . . . . . . . . . . . . . . . . . . 58.0 25.0È75.0 29.2 17.4È42.1 Mauskopf et al. (2000)
BAM . . . . . . . . . . . . . . . . . . . . . . . . . . 58.2 16.0È92.0 55.6 40.8È85.2 Tucker et al. (1997)
SK94Q3 . . . . . . . . . . . . . . . . . . . . . . 59.4 37.0È76.0 41.8 28.4È63.1 . . .
MAT97Ka2-4 . . . . . . . . . . . . . . . . 63.4 45.0È82.0 35.0 25.3È48.5 Torbet et al. (1999)
MAT97Q1-4 . . . . . . . . . . . . . . . . . 63.4 46.0È82.0 57.0 42.8È75.9 . . .
SK95C3 . . . . . . . . . . . . . . . . . . . . . . 63.7 37.0È76.0 67.0 50.8È92.7 NetterÐeld et al. (1997)
SP94Q . . . . . . . . . . . . . . . . . . . . . . . . 66.2 40.0È112. 38.8 28.9È52.7 . . .
SK93 . . . . . . . . . . . . . . . . . . . . . . . . . . 67.0 47.0È95.0 37.1 27.0È50.1 NetterÐeld et al. (1997)
PyVM2 . . . . . . . . . . . . . . . . . . . . . . . 73.5 48.0È100. 30.8 24.2È38.3 . . .
SK94Ka4 . . . . . . . . . . . . . . . . . . . . . 76.5 57.0È96.0 33.1 25.5È46.8 . . .
MAXIMA1-1 . . . . . . . . . . . . . . . . 77.0 36.0È110. 44.7 38.3È52.0 Hanany et al. (2000)
MAT97Q3-5 . . . . . . . . . . . . . . . . . 82.7 63.0È100. 47.0 33.2È64.6 . . .
SK95C4 . . . . . . . . . . . . . . . . . . . . . . 83.0 54.0È96.0 39.1 29.8È56.2 . . .
QMAP1Q . . . . . . . . . . . . . . . . . . . . 83.7 43.0È146. 47.0 35.5È56.8 Devlin et al. (1998)
MAT97Ka2-5 . . . . . . . . . . . . . . . . 86.5 65.0È103. 52.0 42.5È64.2 . . .
MAT97Q1-5 . . . . . . . . . . . . . . . . . 86.7 65.0È104. 40.0 25.4È54.6 . . .
PyIIIL . . . . . . . . . . . . . . . . . . . . . . . . 87.7 52.0È98.0 63.7 49.4È84.5 Rocha et al. (1999)
QMAP2Ka1 . . . . . . . . . . . . . . . . . 91.1 60.0È165. 44.9 32.0È56.1 Herbig et al. (1998)
PyI]II . . . . . . . . . . . . . . . . . . . . . . . 91.7 53.0È99.0 52.1 39.0È71.6 Rocha et al. (1999)
QMAP1Ka . . . . . . . . . . . . . . . . . . 92.0 56.0È159. 47.9 39.2È55.8 . . .
SK94Ka5 . . . . . . . . . . . . . . . . . . . . . 96.0 76.0È116. 45.1 34.6È63.4 . . .
ARGO Herc. . . . . . . . . . . . . . . . . 97.6 60.0È168. 32.6 28.0È37.9 Ratra et al. (1999a)
BOOM98-2 . . . . . . . . . . . . . . . . . . 100. 76.0È125. 55.8 48.5È62.8 . . .
BOOM97-2 . . . . . . . . . . . . . . . . . . 102. 76.0È125. 48.8 39.2È58.9 . . .
MAT97Q3-6 . . . . . . . . . . . . . . . . . 106. 84.0È121. 61.0 46.6È80.0 . . .
JB-IAC-L . . . . . . . . . . . . . . . . . . . . 106. 90.0È129. 43.0 30.7È55.8 Dicker et al. (1999)
MAT97Ka2-6 . . . . . . . . . . . . . . . . 107. 86.0È124. 71.0 58.7È84.9 . . .
SK95C5 . . . . . . . . . . . . . . . . . . . . . . 108. 76.0È115. 55.6 43.6È76.1 . . .
PyVM3 . . . . . . . . . . . . . . . . . . . . . . . 108. 81.0È131. 33.5 26.2È41.7 . . .
Viper1 . . . . . . . . . . . . . . . . . . . . . . . . 108. 46.0È135. 61.0 38.5È92.4 Peterson et al. (2000)
MAT97Q1-6 . . . . . . . . . . . . . . . . . 110. 87.0È126. 56.0 41.9È71.1 . . .
MAX4 6 cm~1 cUM. . . . . . . . 114. 70.0È196. 41.6 29.2È60.3 S. Tanaka (1995, private communication)
MAX4 6 cm~1 •D . . . . . . . . . . . 114. 70.0È196. 67.5 37.6È112. Ganga et al. (1998)
MAX4 9 cm~1 cUM. . . . . . . . 114. 70.0È196. 53.6 37.0È79.2 S. Tanaka (1995, private communication)
MAX4 9 cm~1 pH . . . . . . . . . . 114. 70.0È196. 53.0 29.6È90.7 Ganga et al. (1998)
SK94Ka6 . . . . . . . . . . . . . . . . . . . . . 115. 95.0È136. 34.3 22.8È50.9 . . .
QMAP2Q . . . . . . . . . . . . . . . . . . . . 125. 76.0È228. 56.0 47.4È63.9 . . .
MAT97Q3-7 . . . . . . . . . . . . . . . . . 125. 103.È141. 72.0 58.0È89.6 . . .
MAT97Ka2-7 . . . . . . . . . . . . . . . . 127. 106.È145. 93.0 76.2È111. . . .
MAT98G6 . . . . . . . . . . . . . . . . . . . 129. 96.0È153. 55.0 37.4È73.5 Miller et al. (1999)
MAT97Q1-7 . . . . . . . . . . . . . . . . . 131. 107.È147. 81.0 63.1È102. . . .
MAX4 3.5 cm~1 cUM . . . . . . 133. 80.0È224. 78.6 56.3È108. S. Tanaka (1995, private communication)



TABLE 1ÈContinued

dT
l
c dT

l
(1 p Range)d

Experiment l
e

l
e~0.5 Rangeb (kK) (kK) Referencee

MAX4 3.5 cm~1 pH . . . . . . . . . . . . . . . . 133. 80.0È224. 85.8 58.4È129. Ganga et al. (1998)
MAX4 3.5 cm~1 •D . . . . . . . . . . . . . . . . . 133. 80.0È224. 56.6 37.4È86.4 Ganga et al. (1998)
MAX5 6 cm~1 HR . . . . . . . . . . . . . . . . . . 133. 80.0È224. 26.7 19.7È37.1 Ganga et al. (1998)
MAX5 6 cm~1 /H . . . . . . . . . . . . . . . . . . 133. 80.0È224. 73.8 55.9È99.4 Ganga et al. (1998)
MAX5 9 cm~1 HR . . . . . . . . . . . . . . . . . . 133. 80.0È224. 37.0 24.6È54.6 Ganga et al. (1998)
SK95C6 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 135. 97.0È141. 65.9 52.5È85.8 . . .
MAX5 3.5 cm~1 HR . . . . . . . . . . . . . . . . 139. 83.0È232. 40.0 27.5È58.0 Ganga et al. (1998)
MAX5 3.5 cm~1 /H . . . . . . . . . . . . . . . . 139. 83.0È232. 50.5 32.0È77.2 Ganga et al. (1998)
PyVM4 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 141. 113.È161. 37.8 26.8È49.3 . . .
MAX3 cUM . . . . . . . . . . . . . . . . . . . . . . . . . 142. 85.0È240. 74.2 59.8È96.1 J. Gundersen (1995, private communication)
MAX3 kPeg . . . . . . . . . . . . . . . . . . . . . . . . . . 144. 86.0È243. 23.4 16.2È36.0 J. Gundersen (1995, private communication)
MAT97Ka2-8 . . . . . . . . . . . . . . . . . . . . . . . . 145. 126.È165. 103. 86.4È121. . . .
QMAP2Ka2 . . . . . . . . . . . . . . . . . . . . . . . . . 145. 141.È224. 62.2 48.2È74.6 . . .
MAT97Q3-8 . . . . . . . . . . . . . . . . . . . . . . . . . 145. 122.È161. 115. 96.1È137. . . .
MAXIMA1-2 . . . . . . . . . . . . . . . . . . . . . . . . . 147. 111.È185. 54.4 48.7È60.7 . . .
BOOM98-3 . . . . . . . . . . . . . . . . . . . . . . . . . . . 150. 126.È175. 64.5 56.5È72.2 . . .
MAT97Q1-8 . . . . . . . . . . . . . . . . . . . . . . . . . 151. 127.È167. 86.0 67.0È107. . . .
BOOM97-3 . . . . . . . . . . . . . . . . . . . . . . . . . . . 153. 126.È175. 67.2 56.6È78.2 . . .
MAT98G7 . . . . . . . . . . . . . . . . . . . . . . . . . . . . 155. 117.È183. 82.0 69.2È94.8 . . .
SK95C7 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 158. 119.È165. 74.2 59.4È95.4 . . .
MSAM two-beam combined . . . . . . . 159. 83.0È234. 47.0 41.5È52.5 Wilson et al. (2000)
MAT97Q3-9 . . . . . . . . . . . . . . . . . . . . . . . . . 165. 141.È180. 72.0 49.8È97.1 . . .
MAT97Ka2-9 . . . . . . . . . . . . . . . . . . . . . . . . 166. 145.È184. 65.0 46.8È82.3 . . .
SK95R3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 170. 115.È236. 60.8 49.3È73.9 . . .
PyIIIS . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 171. 128.È230. 65.7 51.4È86.6 Rocha et al. (1999)
PyVM5 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 172. 145.È192. 58.4 41.4È75.9 . . .
MAT97Q1-9 . . . . . . . . . . . . . . . . . . . . . . . . . 172. 147.È188. 93.0 68.2È118. . . .
Viper2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 173. 92.0È193. 77.0 56.1È104. . . .
SK94Q9 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 176. 153.È195. 142. 94.5È204. . . .
SK95C8 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 178. 140.È184. 83.4 68.0È106. . . .
MAT97Ka2-10 . . . . . . . . . . . . . . . . . . . . . . . 182. 165.È204. 67.0 43.0È88.1 . . .
MAT97Q3-10 . . . . . . . . . . . . . . . . . . . . . . . . 184. 161.È200. 87.0 66.1È108. . . .
MAT97Q3-11 . . . . . . . . . . . . . . . . . . . . . . . . 196. 180.È219. 90.0 62.5È119. . . .
SK95C9 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 197. 159.È204. 78.3 62.4È101. . . .
BOOM98-4 . . . . . . . . . . . . . . . . . . . . . . . . . . . 200. 176.È225. 68.6 60.3È76.7 . . .
PyVM6 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 203. 176.È223. 95.4 68.8È123. . . .
BOOM97-4 . . . . . . . . . . . . . . . . . . . . . . . . . . . 204. 176.È225. 71.9 60.5È83.3 . . .
JB-IAC-S . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 207. 190.È227. 63.0 55.7È71.1 Harrison et al. (2000)
MAT97Q3-12 . . . . . . . . . . . . . . . . . . . . . . . . 212. 199.È238. 100. 71.2È131. . . .
MAT97Ka2-12 . . . . . . . . . . . . . . . . . . . . . . . 215. 204.È243. 128. 92.6È161. . . .
SK95C10 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 217. 178.È222. 78.3 59.7È103. . . .
MAXIMA1-3 . . . . . . . . . . . . . . . . . . . . . . . . . 223. 186.È260. 77.9 71.1È85.1 . . .
SK95R4 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 234. 182.È301. 80.3 65.2È99. . . .
SK95C11 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 237. 199.È244. 85.5 67.4È110. . . .
Viper3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 237. 148.È283. 65.0 47.2È89.6 . . .
MAT98G8 . . . . . . . . . . . . . . . . . . . . . . . . . . . . 248. 185.È302. 83.0 72.6È92.7 . . .
BOOM98-5 . . . . . . . . . . . . . . . . . . . . . . . . . . . 250. 226.È275. 65.6 57.7È73.4 . . .
BOOM97-5 . . . . . . . . . . . . . . . . . . . . . . . . . . . 255. 226.È275. 60.8 48.0È73.1 . . .
SK95C12 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 257. 221.È265. 115. 92.9È146. . . .
MAT97Q3-14 . . . . . . . . . . . . . . . . . . . . . . . . 258. 236.È277. 119. 79.2È157. . . .
Viper4 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 263. 157.È441. 79.0 63.6È98.1 . . .
MSAM three-beam combined . . . . . . 263. 181.È375. 53.0 47.3È58.7 Wilson et al. (2000)
SK95C13 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 277. 241.È286. 119. 94.9È151. . . .
SK95R5 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 286. 247.È365. 71.1 48.1È93.1 . . .
SK95C14 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 297. 263.È307. 76.2 50.1È104. . . .
MAXIMA1-4 . . . . . . . . . . . . . . . . . . . . . . . . . 300. 261.È335. 61.0 55.7È66.5 . . .
BOOM98-6 . . . . . . . . . . . . . . . . . . . . . . . . . . . 300. 276.È325. 51.4 45.0È57.7 . . .
BOOM97-6 . . . . . . . . . . . . . . . . . . . . . . . . . . . 305. 276.È325. 55.4 38.6È69.7 . . .
SK95C15 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 316. 282.È326. 128. 97.4È166. . . .
MAT98G9 . . . . . . . . . . . . . . . . . . . . . . . . . . . . 319. 267.È347. 70.0 57.7È81.5 . . .
SK95C16 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 334. 301.È345. 113. 72.2È154. . . .
BOOM98-7 . . . . . . . . . . . . . . . . . . . . . . . . . . . 350. 326.È375. 39.4 34.0È44.7 . . .
MAXIMA1-5 . . . . . . . . . . . . . . . . . . . . . . . . . 374. 336.È410. 47.6 43.4È52.1 . . .
CAT1 (year 1) . . . . . . . . . . . . . . . . . . . . . . . . 396. 351.È471. 51.8 37.9È65.7 G. Rocha (1997, private communication)
CAT1 (year 2) . . . . . . . . . . . . . . . . . . . . . . . . 396. 351.È471. 56.6 42.6È69.6 Baker et al. (1999)
BOOM98-8 . . . . . . . . . . . . . . . . . . . . . . . . . . . 400. 376.È425. 36.2 30.7È41.4 . . .
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TABLE 1ÈContinued

dT
l
c dT

l
(1 p Range)d

Experiment l
e

l
e~0.5 Rangeb (kK) (kK) Referencee

MAXIMA1-6 . . . . . . . 447. 411.È485. 39.1 35.1È43.3 . . .
BOOM98-9 . . . . . . . . . 450. 426.È475. 36.8 30.8È42.5 . . .
BOOM98-10 . . . . . . . . 500. 476.È525. 38.0 31.2È44.2 . . .
MAXIMA1-7 . . . . . . . 522. 486.È560. 48.4 43.6È53.3 . . .
BOOM98-11 . . . . . . . . 550. 526.È575. 41.8 33.9È49.0 . . .
Viper6 . . . . . . . . . . . . . . . 588. 443.È794. 65.0 39.5È90.5 . . .
MAXIMA1-8 . . . . . . . 597. 561.È635. 39.1 34.1È44.2 . . .
OVRO . . . . . . . . . . . . . . 599. 361.È754. 59.0 52.5È67.6 Leitch et al. (2000)
BOOM98-12 . . . . . . . . 600. 576.È625. 39.2 30.0È47.2 . . .
CAT2 (year 1) . . . . . . 608. 565.È710. 49.1 35.2È68.3 G. Rocha (1997, private communication)
MAXIMA1-9 . . . . . . . 671. 636.È710. 42.8 36.7È48.8 . . .
MAXIMA1-10 . . . . . . 742. 711.È785. 46.7 38.9È54.4 . . .

NOTE.ÈDMR\ Di†erential Microwave Radiometer ; FIRS\ Far-Infrared Survey ; Py \ Python ; BOOM\ BOOMERANG;
IAC \ Instituto de de Canarias ; SK \ Saskatoon ; SP \ South Pole ; BAM \ Balloon-borne Anisotropy Measurement ;Astrof •� sica
MAT\ Mobile Anisotropy Telescope ; JB\ Jodrell Bank ; MAX\ Millimeter-Wave Anisotropy Experiment ; MSAM\ Medium-Scale Anisot-
ropy Measurement ; CAT\ Cosmic Anisotropy Telescope ; OVRO\ Owens Valley Radio Observatory.

a Where known, beamwidth and calibration uncertainties have been accounted for and foreground contamination removed.
b The two values of l where where is the value of l where is largest.W

le~0.5 \ e~0.5W
lm

, l
m

W
lc Band-temperature central value (this is where the likelihood is largest), typically derived assuming a Ñat band-power spectrum.

d 1 p range of band temperature. Accounts for known systematic uncertainties.
e Typically provided only the Ðrst time the experiment appears in the table.
f Ignores cross-modulation correlations.
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To plot the observed CMB anisotropy power spectrum,
Page places at the arithmetic mean of the ofdT
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the measurements that lie in the bin. We choose instead to
use the weighted mean of the l
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-values,
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Since the weighted-mean technique assumes Gaussian
errors, one may compute a goodness-of-Ðt parameter, s
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is the number of standard deviations that deviates froms
Bunity. A large value of could indicate the presence ofNpBunaccounted-for systematic uncertainties, the invalidity of

the Gaussian assumption, or the presence of signiÐcant
correlations between the measurements.

An alternate method for deriving the observed CMB
anisotropy spectrum is the median statistics approach
developed by Gott et al. (2001). Here one does not assume

that the measurement errors are Gaussian or even that the
magnitudes of the errors are known. One assumes only that
the measurements are independent and free of systematic
errors. The technique is discussed in detail in Gott et al.
(2001). In brief, for each bin in l-space we construct a likeli-
hood function for the true median of the binned
measurements8 and then integrate over this with a logarith-
mic prior to determine the error bars for the bin. We use a
logarithmic prior since is positive deÐnite (see dis-dT

lcussion in Gott et al. 2001). We have checked that a linear
prior leads to qualitatively similar conclusions, with gener-
ally only small quantitative di†erences. In this case, isdT

l
B

the median measurement, which is deÐned to be the mean of
the two central measurements if the bin contains an even
number of measurements. Since we determine limits on dT

l
B

in each l-space bin by integrating the likelihood function
for the bin, for accurate 2 p limits we need to ensure that
enough measurements lie in each bin. Consequentially, in
contrast to Page (1997, 1999), we adjust the widths of the
bins so that each of them contains about the same number
of measurements, with precise bin membership determined
by where breaks occur in the l-space distribution of the
measurements of Table 1. In addition, instead of plotting

at the weighted mean of the of the measure-dT
l
B l

e
-values

ments in the bin, in the median statistics case we use the
median of the in the bin. Since the median sta-l

e
-values

tistics technique ignores the individual measurement errors,

8 As described in Gott et al. (2001), this is a histogram that gives the
relative probability of obtaining In principle, the highest bindT

l
. dT

l
-space

in this histogram extends to O kK; in practice, we have picked the width of
this bin to be the same as the width of the lowest bin in thedT

l
-space

histogram. This prescription controls the divergence when welarge-dT
lintegrate over the likelihood function with a logarithmic prior (see below).

We have ensured that each l-space bin contains a sufficient number of
measurements so that the upper 2 p limit on always lies below thedT

l
B

highest bin. Therefore, the upper 2 p limit on is insensitivedT
l
-space dT

l
B

to the procedure used to control the divergence.large-dT
l
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there is no obvious way of checking the internal goodness of
Ðt of the derived median statistics CMB anisotropy power
spectrum.

3. BINNED CMB ANISOTROPY POWER SPECTRA USING

ALL MEASUREMENTS

We Ðrst consider four di†erent binnings, with about nine,
11, 13, and 16 measurements in each l-space bin. Tables 2
and 3 list results from the weighted-mean and median sta-
tistics analyses. In the median statistics case, the logarithmic
prior makes the integral of the likelihood function diverge
at large and at small We discuss our prescription fordT

l
.

controlling the divergence in footnote 8. Tolarge-dT
lcontrol the divergence, we cut o† the integral atsmall-dT

lsmall with the cuto† chosen so that the lower 2 p limitdT
l
,

is insensitive to it (see Table 3, note b, for the numerical
value of the cuto† used). Figures 2 and 3 show the weighted-
mean and median statistics observed CMB anisotropy
power spectra.

The weighted-mean analysis (Fig. 2 and Table 2) results
in tight constraints on the observed CMB anisotropy power
spectrum and clearly establishes that it has a peak. For
three of the four binnings used, this is a rather broad peak9
and lies in the intervals lD 170È240 (for nine measure-

9 We deÐne the interval in which the peak lies by the of thosel
e
B-values

bins whose amplitudes are within 90% of the maximum for thedT
l
B-value,

weighted-mean central value and the ^1 p and ^2 p limits.

ments per bin ; Fig. 2a), lD 180È210 (for 11 measurements
per bin ; Fig. 2b), and lD 190È240 (for 13 measurements per
bin ; Fig. 2c). For the case of 16 measurements per bin, the
peak consists of a single bin at lD 210. As expected, the
CMB anisotropy power spectrum has less scatter as a func-
tion of l when the number of bins is decreased.

We have not considered upper limits in our analyses.
From Figure 2 we see that at least four of these are quite
constraining, and if correct they could signiÐcantly a†ect
the shape of the observed power spectrum when accounted
for. These are the l\ 15, 16, and 20 DMR (see Table 1 note
for guide to abbreviations) upper limits and the l\ 138.7
MAX5 k Pegasi upper limit. The DMR results are derived
from the Galactic frame maps and ignore the Galactic
emission correction 1997 ; et al. 1998).(Go� rski Go� rski
Therefore, they do not account for the full uncertainty in
the DMR data. Our analyses also ignore the correlations
between the di†erent DMR l-space results. To derive the
MAX5 k Peg upper limit, Ganga et al. (1998) marginalized
over a possible dust contaminant signal. Ganga et al. (1998)
concluded that the MAX5 k Peg upper limit was not
inconsistent with the other MAX4 and MAX5 results they
studied.10 It is quite possible that knowledge of the dust
contaminant signal is less than adequate for the purpose

10 Note from Fig. 1 that in the MAX5 k Peg upper limit region of
l-space there are a number of detections with low These aredT

l
.

responsible for the prominent drop in this bin in Fig. 2, especially in Figs.
2b and 2c.

FIG. 2.ÈCMB anisotropy band-temperature predictions (colored hatched regions ; models are described in the legend of Fig. 1), binned weighted-mean
observational detection data for all 142 measurements (Ðlled black circles connected by a solid black line are the central values, and the other four solid black
lines are the ^1 p and ^2 p limits), (dashed line) where the number of standard deviations the weighted-mean result deviates from what is expected10Np6 Np6on the basis of Gaussianity of the CMB anisotropy, and observational 2 p upper limits, all as a function of multipole l. Note that the model predictions here
(and in subsequent Ðgures) have not been processed in the same manner as the observational data. This is because the window functions of some experiments
are not available.
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TABLE 2

WEIGHTED-MEAN RESULTS USING ALL MEASUREMENTS

dT
l
B dT

l
B (1 p range) dT

l
B (2 p range)

Bin l
e
B a NB (kK) (kK) (kK) NpB

Nine Measurements per Bin

1 . . . . . . . 4.97 8 21.8 19.9È23.7 18.0È25.6 3.39
2 . . . . . . . 12.8 9 33.8 31.4È36.3 28.9È38.7 1.29
3 . . . . . . . 52.0 8 33.3 29.9È36.6 26.6È39.9 0.691
4 . . . . . . . 71.8 8 38.9 35.3È42.4 31.7È46.0 0.432
5 . . . . . . . 87.8 9 47.6 43.5È51.7 39.5È55.7 2.09
6 . . . . . . . 102. 10 43.3 40.3È46.3 37.4È49.3 1.46
7 . . . . . . . 119. 8 53.1 47.9È58.4 42.7È63.6 0.885
8 . . . . . . . 132. 10 51.9 46.6È57.1 41.4È62.3 2.26
9 . . . . . . . 145. 9 52.8 48.9È56.7 45.0È60.6 3.83
10 . . . . . . 156. 8 59.8 56.2È63.5 52.5È67.2 1.14
11 . . . . . . 174. 9 71.3 64.8È77.7 58.3È84.2 0.882
12 . . . . . . 204. 9 71.2 66.7È75.8 62.2È80.3 0.408
13 . . . . . . 240. 9 75.0 71.1È79.0 67.1È83.0 0.0803
14 . . . . . . 287. 8 57.7 54.6È60.9 51.5È64.0 0.529
15 . . . . . . 402. 10 42.5 40.5È44.6 38.4È46.7 2.19
16 . . . . . . 588. 10 44.4 42.2È46.6 39.9È48.8 0.285

11 Measurements per Bin

1 . . . . . . . 6.09 11 23.8 22.1È25.5 20.4È27.2 3.72
2 . . . . . . . 29.8 10 34.4 31.9È36.8 29.4È39.3 1.10
3 . . . . . . . 68.9 12 37.9 34.8È41.1 31.6È44.3 0.897
4 . . . . . . . 88.4 10 47.4 43.5È51.3 39.6È55.2 2.32
5 . . . . . . . 102. 10 43.8 40.8È46.8 37.8È49.7 1.58
6 . . . . . . . 123. 10 58.0 53.1È63.0 48.2È67.9 0.337
7 . . . . . . . 137. 12 40.7 36.4È45.0 32.1È49.2 1.33
8 . . . . . . . 153. 12 61.0 58.1È64.0 55.1È67.0 2.51
9 . . . . . . . 177. 11 72.8 66.8È78.8 60.8È84.8 1.19
10 . . . . . . 213. 11 73.2 69.5È76.9 65.8È80.6 0.645
11 . . . . . . 277. 12 61.7 59.0È64.5 56.2È67.2 1.88
12 . . . . . . 400. 11 42.8 40.7È44.8 38.6È46.9 2.07
13 . . . . . . 588. 10 44.4 42.2È46.6 39.9È48.8 0.285

13 Measurements per Bin

1 . . . . . . . 6.09 11 23.8 22.1È25.5 20.4È27.2 3.72
2 . . . . . . . 32.4 13 34.2 31.9È36.6 29.6È38.9 0.670
3 . . . . . . . 73.5 12 40.0 36.9È43.2 33.7È46.3 1.16
4 . . . . . . . 96.3 12 44.7 41.8È47.5 39.0È50.3 0.123
5 . . . . . . . 116. 14 52.2 48.4È56.0 44.7È59.7 0.870
6 . . . . . . . 136. 12 46.7 42.1È51.3 37.5È55.9 1.28
7 . . . . . . . 152. 13 58.0 55.1È60.8 52.3È63.7 3.94
8 . . . . . . . 188. 14 72.0 67.7È76.4 63.3È80.8 1.55
9 . . . . . . . 241. 15 68.3 65.4È71.2 62.5È74.1 1.51
10 . . . . . . 349. 14 49.6 47.4È51.7 45.2È53.9 3.09
11 . . . . . . 546. 12 42.6 40.7È44.4 38.9È46.3 0.181

16 Measurements per Bin

1 . . . . . . . 7.89 17 26.3 24.8È27.8 23.3È29.3 4.79
2 . . . . . . . 57.8 14 34.7 32.0È37.3 29.3È40.0 0.742
3 . . . . . . . 90.7 15 43.7 41.3È46.2 38.8È48.7 0.413
4 . . . . . . . 113. 14 49.9 46.2È53.6 42.5È57.2 0.0767
5 . . . . . . . 138. 18 51.8 48.1È55.4 44.5È59.1 4.33
6 . . . . . . . 156. 14 59.5 56.5È62.4 53.6È65.3 0.401
7 . . . . . . . 210. 17 74.4 71.0È77.9 67.6È81.3 1.19
8 . . . . . . . 294. 17 58.0 55.7È60.4 53.3È62.7 3.57
9 . . . . . . . 505. 16 43.0 41.4È44.6 39.8È46.2 0.111

a Weighted mean of of measurements in the bin.l
e
-values

of extracting a robust constraint on the CMB data in this
case. It is troubling that three published 2 p upper limits lie
at or below the central weighted-mean values derived from
published detection results.

More worrisome are the large values of (the dashedNpBline in each panel of Fig. 2 and the last column of Table 2)
for some of the bins. For a Gaussian CMB anisotropy, NpBis a measure of how well the weighted mean and derived bin
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TABLE 3

MEDIAN STATISTICS RESULTS USING ALL MEASUREMENTS

dT
l
B dT

l
B (1 p range) dT

l
B (2 p range)

Bin l
e
B a NB (kK) (kK) (kK)

Nine Measurements per Binb

1 . . . . . . . 5.50 8 24.7 22.6È28.1 11.4È31.9
2 . . . . . . . 13.0 9 31.9 30.3È39.0 24.2È40.2
3 . . . . . . . 56.5 8 35.2 30.2È48.1 28.1È54.6
4 . . . . . . . 66.6 8 37.6 34.8È43.1 31.5È56.8
5 . . . . . . . 86.7 9 47.0 45.6È49.8 39.9È52.1
6 . . . . . . . 106. 10 50.7 44.3È55.8 34.2È61.0
7 . . . . . . . 114. 8 54.5 50.7È56.0 35.8È68.1
8 . . . . . . . 133. 10 67.6 55.8È78.1 35.6È83.7
9 . . . . . . . 144. 9 53.0 41.0È64.3 29.3È93.2
10 . . . . . . 156. 8 68.9 64.9È73.8 50.4È82.8
11 . . . . . . 173. 9 74.8 66.0È84.8 60.1È91.9
12 . . . . . . 204. 9 78.3 73.6È92.1 67.0È99.3
13 . . . . . . 248. 9 79.9 68.5È84.0 63.8È109.
14 . . . . . . 292. 8 63.6 55.0È75.0 51.8È79.0
15 . . . . . . 385. 10 48.4 39.3È55.5 37.1È78.3
16 . . . . . . 598. 10 44.2 41.1È48.3 39.1È54.6

11 Measurements per Binb

1 . . . . . . . 7.00 11 27.4 23.8È29.9 22.3È32.0
2 . . . . . . . 19.1 10 34.9 31.2È39.9 27.8È52.9
3 . . . . . . . 63.6 12 37.6 34.0È41.9 30.7È52.8
4 . . . . . . . 87.2 10 47.0 45.1È47.9 40.7È52.1
5 . . . . . . . 107. 10 55.7 46.2È56.0 33.7È61.0
6 . . . . . . . 120. 10 55.3 53.4È66.0 42.0È76.6
7 . . . . . . . 134. 12 50.9 38.5È64.7 32.2È74.1
8 . . . . . . . 152. 12 68.8 64.8È74.8 61.3È85.2
9 . . . . . . . 176. 11 78.1 68.2È85.5 62.7È90.5
10 . . . . . . 215. 11 78.2 72.8È83.3 66.5È96.0
11 . . . . . . 263. 12 72.5 63.2È79.1 59.5È106.
12 . . . . . . 374. 11 50.6 39.8È56.0 37.6È68.8
13 . . . . . . 598. 10 44.2 41.1È48.3 39.1È54.6

13 Measurements per Binb

1 . . . . . . . 7.00 11 27.4 23.8È29.9 22.3È32.0
2 . . . . . . . 49.6 13 33.3 30.6È39.3 29.3È52.4
3 . . . . . . . 70.3 12 40.1 38.0È44.9 34.8È47.0
4 . . . . . . . 94.0 12 48.2 45.0È52.0 42.8È55.2
5 . . . . . . . 114. 14 55.8 54.3È57.4 46.8È67.5
6 . . . . . . . 133. 12 57.6 42.8È73.3 37.5È77.6
7 . . . . . . . 151. 13 66.8 64.5È73.5 55.4È83.9
8 . . . . . . . 180. 14 77.4 69.9È84.4 66.4È90.2
9 . . . . . . . 237. 15 78.9 76.0È82.5 65.0È95.6
10 . . . . . . 317. 14 57.7 53.1È70.1 49.4È75.7
11 . . . . . . 592. 12 42.2 39.2È46.9 39.1È49.0

16 Measurements per Binb

1 . . . . . . . 10.0 17 29.7 27.2È31.4 23.2È37.6
2 . . . . . . . 58.8 14 37.5 34.2È42.5 30.7È54.4
3 . . . . . . . 87.7 15 46.8 44.9È47.8 40.2È51.4
4 . . . . . . . 112. 14 55.8 53.3È57.5 42.2È61.5
5 . . . . . . . 134. 18 62.8 55.0È73.9 39.6È79.9
6 . . . . . . . 162. 14 66.3 64.7È72.6 59.8È77.3
7 . . . . . . . 204. 17 80.1 78.2È85.4 71.0È89.9
8 . . . . . . . 286. 17 70.8 64.0È78.5 58.7È106.
9 . . . . . . . 536. 16 44.0 40.0È47.9 39.1È50.2

a Median of of measurements in the bin.l
e
-values

b The lower cuto†s on the integral of the likelihood function are 4, 1, 1,
and 1 kK for nine, 11, 13, and 16 measurements per bin.

error bar represent the measurements that lie in the bin.
This is larger than 2 (i.e., is more than 2 p away froms

Bwhat is expected for a Gaussian distribution) for Ðve of 16
bins for the nine measurements per bin case (bin numbers 1,
5, 8, 9, and 15), for four of 13 bins for the 11 measurements
per bin case (bin numbers 1, 4, 8, and 12, and for bin number
11 for three of 11 bins for the 13 measurementsNpB\ 1.9),
per bin case (bin numbers 1, 7, and 10), and for three of nine
bins for the 16 measurements per bin case (bin numbers 1, 5,
and 8). Note that for l-space bins in the peakNpB\ 1.6
intervals discussed above (see Table 2).

Since at least two-thirds of the bins have small it isNpB,unlikely that the CMB anisotropy is non-Gaussian. The
large values of are more likely caused by unaccounted-NpBfor foreground contamination, or other e†ects that lead to
underestimated error bars on some of the measurements,
and our neglect of correlations between some of the mea-
surements. Since the second e†ect is thought to be small, the
Ðrst e†ect is probably the dominant one. It is important to
note that this inconsistency implies that constraints on
cosmological parameters derived from s2 comparisons of
multiple CMB anisotropy observations and model predic-
tions must be interpreted with care.

The median statistics technique does not make use of the
error bars on the measurements. Therefore, it is ideally
suited for an analysis of this combination of CMB anisot-
ropy data. The median statistics analyses result in some-
what weaker constraints on the observed CMB anisotropy
detection power spectrum (Fig. 3 and Table 3) but still
clearly establish that it has a peak. The median statistics
peak interval is slightly broader and extends to slightly
smaller angular scales than the weighted-mean peak inter-
val. The median statistics peak lies in the intervals lD 160È
250 (for nine measurements per bin ; Fig. 3a), lD 150È260
(for 11 measurements per bin ; Fig. 3b), lD 180È240 (for 13
measurements per bin ; Fig. 3c), and lD 200È290 (for 16
measurements per bin ; Fig. 3d). It is signiÐcant that the
median statistics constraints on are signiÐcantlydT

l
B

weaker than the weighted-mean constraints on fordT
l
B

those bins with large from the weighted-meanNpB-values
analysis. We note that, although the median statistics con-
straints are weaker, the median statistics power spectra of
detections are also inconsistent with the three 2 p upper
limits that are a problem for the weighted-mean power
spectra.

4. BINNED CMB ANISOTROPY POWER SPECTRA USING

““ GOOD ÏÏ MEASUREMENTS ONLY

In the weighted-mean analyses of the previous section, we
found that a number of l-space bins had large values of NpB.We argued that these large were likely the conse-NpB-values
quence of underestimated error bars on some of the mea-
surements.

To examine this issue, we proceed as follows. For each
binning in the weighted-mean analysis above (i.e., with nine,
11, 13, and 16 measurements per bin), we compute the
(““ reduced s2 ÏÏ) contribution to (eq. [4]) from each mea-s

B
2

surement in the bin, where We then lists
B,i2 , s

B
2\ £

i/1NB s
B,i2 .

the measurements in decreasing order of and discards
B,i2

the Ðrst seven that appear in at least three of the four bin-
nings used. These ““ discrepant ÏÏ measurements are listed in
Table 4. While this procedure need not necessarily result in
reducing all large it has the advantage of beingNpB-values,
less binning dependent than a procedure designed solely to
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FIG. 3.ÈCMB anisotropy band-temperature predictions (colored hatched regions ; models are described in the legend of Fig. 1), binned median statistics
observational detection data for all 142 measurements (Ðlled black points connected by a solid black line are the central values, and the other four solid black
lines are the ^1 p and ^2 p limits), and observational 2 p upper limits, all as a function of multipole l.

reduce large to values that are consistent with theNpB-values
Gaussianity assumption.

We Ðrst discuss the discrepant measurements of Table 4.
As mentioned above, the DMR results do not account for
the full uncertainty in the DMR data 1997 ;(Go� rski Go� rski
et al. 1998), and our analyses also ignore correlations
between the di†erent DMR l-space measurements. These
e†ects might explain why the DMR measurements in Table
4 are discrepant. The value of the cosmological DMR quad-
rupole (l\ 2) moment is dependent on the model used to
remove foreground Galactic emission (Kogut et al. 1996),
and this e†ect might also contribute to explaining why the
DMR l\ 2 moment is discrepant. The low MAX3 k Peg
result (Meinhold et al. 1993, as recomputed by J. Gundersen
1995, private communication ; see Ratra et al. 1997) is from
a region that is contaminated with dust, and this e†ect
could explain why this measurement is discrepant. While

the MAT Ka2 eight-point and Q3 eight-point results
(Torbet et al. 1999) are higher than neighboring measure-
ments in l-space (see Table 1), we do not know of an e†ect
that might be responsible for making them discrepant. The
MSAM two-beam combined result is from a combined
analysis of data from three di†erent Ñights (Wilson et al.
2000). We note that the three individual MSAM two-beam
results have signiÐcant scatter (which seems to be larger
than what one might expect from their error bars [see
Table 1 of Wilson et al. 2000], unlike the MSAM three-
beam results). It is unclear what causes this scatter, but it is
likely that this e†ect is responsible for placing the MSAM
two-beam measurement among those that are discrepant.
We again emphasize that the measurements in Table 4 are
discrepant only if the CMB anisotropy is Gaussian. In par-
ticular, the posterior probability distribution function of the
DMR quadrupole is somewhat non-Gaussian (Hinshaw et

TABLE 4

DISCREPANT MEASUREMENTS

Measurement l s
B,i2 (9)a s

B,i2 (11)a s
B,i2 (13)a s

B,i2 (16)a

DMR . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2.00 1.9 1.8 1.8 1.5
DMR . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9.00 1.1 0.64 0.64 0.29
DMR . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17.0 0.79 0.66 0.50 0.72
MAX3 k Peg . . . . . . . . . . . . . . . . . . . . . . . 144. 1.1 0.27 1.0 0.48
MAT97Ka2-8 . . . . . . . . . . . . . . . . . . . . . . . 145. 1.0 0.53 0.56 0.51
MAT97Q3-8 . . . . . . . . . . . . . . . . . . . . . . . . 145. 1.1 0.63 0.64 0.56
MSAM two-beam combined . . . . . . 159. 0.77 0.59 0.33 0.39

a Reduced s2 of the measurement for the case with nine, 11, 13, and 16 measurements per bin,
respectively.
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al. 1996), and this e†ect also contributes to explaining this
discrepancy.

After removing the seven most discrepant measurements,
we rebin the remaining 135 measurements, using four di†er-
ent binnings, with about nine, 11, 13, and 15 measurements
per l-space bin. We then analyze this culled data set using
both the weighted-mean and median statistics techniques.
Tables 5 and 6 and Figures 4 and 5 show the results from
these analyses.

The weighted-mean analyses (Fig. 4 and Table 5) again
result in tight constraints on the observed CMB anisotropy
power spectrum and again clearly establish the presence of
a peak. This is again a rather broad peak that lies in the
intervals lD 170È240 (for nine measurements per bin ; Fig.
4a), lD 170È260 (for 11 measurements per bin ; Fig. 4b),
lD 200È250 (for 13 measurements per bin ; Fig. 4c), and
lD 170È220 (for 15 measurements per bin ; Fig. 4d). After
removal of the discrepant measurements of Table 4, the
weighted-mean observed CMB anisotropy power spectra
have less scatter (compare Figs. 4 and 2). There remains the
problem of 2 p upper limits that lie below the observed
spectrum of the detections, and in particular the l\ 138.7
MAX5 k Peg upper limit is now more inconsistent with the
observed spectrum of detections (see Fig. 4).

While the culled data results in many fewer large NpB-(the dashed line in each panel of Fig. 4 and the lastvalues
column in Table 5), some bins still contain data that appear
to be discrepant (i.e., the weighted mean is more than 2 p
away from what is expected for a Gaussian distribution). NpBis larger than 2 for the penultimate of 15 bins for the nine
measurements per bin case, for bins 6 and 11 (of 12) for the
11 measurements per bin case, for the penultimate of 10 bins

for the 13 measurements per bin case, and for the penulti-
mate of nine bins for the 15 measurements per bin case. In
the penultimate bins, the most discrepant measurements are
SK95 C15 and MAT98 G9 (for nine measurements per bin),
SK95 C15 and MAXIMA-1 4 (for 11 measurements per
bin), BOOMERANG98 8 and SK95 C13 (for 13 measure-
ments per bin), and BOOMERANG98 7, SK95 C12, and
SK95 C13, the last two being equally discrepant (for 15
measurements per bin). The two most discrepant measure-
ments in bin 6 for the 11 measurements per bin case are
MAX5 HR5127 6 cm~1 and MAT97 Ka2 eight-point. It
would be useful to understand why these measurements
appear discrepant.

While it is possible to remove apparently discrepant mea-
surements from the already culled data set to reduce NpBbelow 2 for all bins, it is not clear what is gained from this.
Clearly, some published CMB anisotropy measurements
are mutually inconsistent if the CMB anisotropy is Gauss-
ian and correlations between measurements are not large. It
would thus appear to be dangerous to draw conclusions
about the exact position of the peak in the CMB anisotropy
spectrum on the basis of the weighted-mean analyses alone.
Furthermore, s2 comparisons between CMB anisotropy
measurements and model predictions (to constrain cosmo-
logical parameter values) are based on both the above
assumptions. Such s2 analyses of collections of CMB
anisotropy measurements most likely include mutually
inconsistent measurements, so, without more careful inves-
tigation, results based on such analyses must be viewed as
tentative, at best.

The median statistics results for the culled data set are
shown in Figure 5 (also see Table 6). Once again, the

FIG. 4.ÈSame as Fig. 2 but for the culled data with 135 measurements
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FIG. 5.ÈSame as Fig. 3 but for the culled data with 135 measurements

median statistics analyses result in somewhat weaker con-
straints on the observed CMB anisotropy detection power
spectrum than do the weighted-mean analyses but still
clearly establish the presence of a peak. The median sta-
tistics peak interval is broader and typically extends more
to somewhat smaller angular scales than the weighted-
mean peak interval. The median statistics peak lies in the
intervals lD 150È280 (for nine measurements per bin ; Fig.
5a), lD 170È260 (for 11 measurements per bin ; Fig. 5b),
lD 150È240 (for 13 measurements per bin ; Fig. 5c), and
lD 170È300 (for 15 measurements per bin ; Fig. 5d). The
median statistics power spectra of CMB anisotropy detec-
tions are still inconsistent with some of the 2 p upper limits
(see Fig. 5).

Comparing the median statistics observed CMB anisot-
ropy detection power spectra to model predictions (Fig. 5),
we see that the Ñat-" and Ðducial cold)0\ 0.4 )0 \ 1
dark matter (CDM) inÑation models are not inconsistent
with the 2 p range of the observations. While the Ðducial
CDM model might have slightly lower power than is
favored by the observations at lD 200 and at lD 400, the

open CDM inÑation model has signiÐcantly lower)0\ 0.4
power than is indicated by the observations at lD 100 and
at lD 150È250. We emphasize, however, that the obser-
vations at lD 300È500 are quite consistent with the (Ðrst
peak of the) open model, and the error bars here are large
enough for the observations to be consistent with the pres-
ence of a second peak in the Ñat-" and Ðducial CDM cases.
Note that results derived using the weighted-mean tech-
nique (Fig. 4) are inconsistent with these predictions ; i.e., at
lD 300È500 the weighted-mean analyses rule out a Ðrst
peak in the open case and a second peak in the Ñat models.

5. CONCLUSIONS

We extend PageÏs (1997, 1999) weighted-mean technique
and use it to determine the binned observed CMB anisot-
ropy detection power spectrum. Given the observational
error bars, the binned power spectra in a number of bins are
not a good representation of the measurements. Moreover,
there are a number of 2 p upper limits that are inconsistent
with the binned power spectra of detections. A number of
e†ects could explain these results, but we suspect that a
major one is improperly accounted for or inadequately
modeled systematic e†ects, especially foreground emission
contamination, with correlations between some measure-
ments playing a smaller role.

These results have two important ramiÐcations. First,
constraints on cosmological parameters derived from s2
comparisons between CMB anisotropy model predictions
and measurements must be interpreted with great care, and
certainly a full maximum likelihood comparison (e.g., Ratra
et al. 1999b) is to be preferred. Second, it is important to
reanalyze observational data and account for systematic
and other e†ects that may have been ignored in the initial
analyses (see Ganga et al. 1997b for the general technique
and Ratra et al. 1998, 1999a for cases where a more careful
accounting of such e†ects has led to signiÐcant revisions of
the observational results).

We have focused on two methods for dealing with the
inconsistencies identiÐed by the weighted-mean analyses.
We have used the median statistics technique developed by
Gott et al. (2001) to determine an observed CMB anisot-
ropy detection power spectrum. This method makes fewer
assumptions than the weighted-mean technique (see dis-
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TABLE 5

WEIGHTED-MEAN RESULTS USING ““ GOOD ÏÏ MEASUREMENTS ONLY

dT
l
B dT

l
B (1 p range) dT

l
B (2 p range)

Bin l
e
B a NB (kK) (kK) (kK) NpB

Nine Measurements per Bin

1 . . . . . . . 7.18 9 27.2 25.1È29.2 23.1È31.2 0.394
2 . . . . . . . 30.2 8 31.8 29.2È34.5 26.6È37.1 0.275
3 . . . . . . . 59.6 8 40.7 35.6È45.8 30.5È50.9 0.417
4 . . . . . . . 75.7 8 38.9 35.5È42.4 32.0È45.8 1.20
5 . . . . . . . 94.9 9 43.8 40.7È46.9 37.7È49.9 0.550
6 . . . . . . . 107. 8 48.0 43.6È52.3 39.3È56.7 0.293
7 . . . . . . . 122. 9 56.4 51.3È61.5 46.2È66.6 0.237
8 . . . . . . . 134. 10 46.3 41.0È51.5 35.8È56.8 1.21
9 . . . . . . . 148. 9 61.3 57.8È64.8 54.2È68.3 0.749
10 . . . . . . 171. 9 69.4 63.0È75.8 56.6È82.1 1.07
11 . . . . . . 202. 9 70.5 66.0È75.0 61.6È79.4 1.13
12 . . . . . . 238. 9 74.5 70.6È78.5 66.6È82.4 0.388
13 . . . . . . 287. 10 58.9 55.8È62.0 52.7È65.1 1.45
14 . . . . . . 402. 10 42.5 40.5È44.6 38.4È46.7 2.19
15 . . . . . . 588. 10 44.4 42.2È46.6 39.9È48.8 0.285

11 Measurements per Bin

1 . . . . . . . 7.96 11 27.7 25.8È29.6 24.0È31.4 0.225
2 . . . . . . . 41.1 11 33.3 30.5È36.1 27.7È38.8 1.31
3 . . . . . . . 74.0 11 40.0 36.8È43.2 33.5È46.4 0.947
4 . . . . . . . 96.3 12 44.7 41.8È47.5 39.0È50.3 0.123
5 . . . . . . . 110. 10 46.1 41.4È50.7 36.7È55.4 0.0751
6 . . . . . . . 130. 12 54.4 50.2È58.7 45.9È63.0 2.04
7 . . . . . . . 148. 11 60.0 56.6È63.4 53.2È66.8 0.688
8 . . . . . . . 172. 11 70.6 64.7È76.5 58.9È82.4 1.32
9 . . . . . . . 211. 11 73.6 69.9È77.3 66.2È81.0 0.661
10 . . . . . . 257. 11 65.9 62.3È69.5 58.7È73.1 1.63
11 . . . . . . 350. 12 48.9 46.7È51.1 44.5È53.3 2.59
12 . . . . . . 546. 12 42.6 40.7È44.4 38.9È46.3 0.181

13 Measurements per Bin

1 . . . . . . . 8.92 14 28.4 26.6È30.1 24.9È31.9 0.104
2 . . . . . . . 55.1 13 35.3 32.4È38.2 29.5È41.1 0.624
3 . . . . . . . 86.6 14 40.2 37.7È42.8 35.2È45.3 0.563
4 . . . . . . . 106. 14 49.0 45.6È52.4 42.2È55.9 0.469
5 . . . . . . . 131. 14 53.3 49.3È57.3 45.2È61.4 1.75
6 . . . . . . . 152. 13 61.7 58.5È65.0 55.2È68.2 0.0879
7 . . . . . . . 197. 13 71.1 67.0È75.2 62.8È79.3 1.25
8 . . . . . . . 247. 14 69.2 66.1È72.4 63.0È75.5 1.62
9 . . . . . . . 349. 14 49.6 47.4È51.7 45.2È53.9 3.09
10 . . . . . . 546. 12 42.6 40.7È44.4 38.9È46.3 0.181

15 Measurements per Bin

1 . . . . . . . 8.92 14 28.4 26.6È30.1 24.9È31.9 0.104
2 . . . . . . . 61.2 16 35.9 33.4È38.3 31.0È40.7 0.693
3 . . . . . . . 94.7 15 44.6 42.0È47.3 39.4È49.9 0.427
4 . . . . . . . 116. 15 53.3 49.6È56.9 45.9È60.6 1.03
5 . . . . . . . 142. 15 52.9 49.6È56.1 46.4È59.3 1.49
6 . . . . . . . 166. 14 71.7 67.1È76.3 62.4È81.0 1.68
7 . . . . . . . 224. 16 72.6 69.6È75.6 66.5È78.6 0.879
8 . . . . . . . 322. 15 53.4 51.1È55.6 48.9È57.8 3.27
9 . . . . . . . 526. 15 42.3 40.5È44.0 38.8È45.7 0.177

a Weighted mean of of measurements in the bin.l
e
-values

cussion in Gott et al. 2001). In particular, it completely
ignores the error bars on the individual measurements. The
median statistics method results in somewhat weaker con-
straints on the observed CMB anisotropy power spectrum
than does the weighted-mean technique (compare Figs. 3
and 2). If the CMB anisotropy is Gaussian and if corre-

lations between measurements are small (as is expected for
the data we have used), then the weaker median statistics
constraints on the observed CMB anisotropy power spec-
trum is another indication that the error bars on some mea-
surements might be too small (given the scatter in their
central values).
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TABLE 6

MEDIAN STATISTICS RESULTS USING ““ GOOD ÏÏ MEASUREMENTS ONLY

dT
l
B dT

l
B (1 p range) dT

l
B (2 p range)

Bin l
e
B a NB (kK) (kK) (kK)

Nine Measurements per Binb

1 7.00 9 27.4 24.2È29.6 22.6È31.4
2 19.1 8 32.6 29.6È37.3 22.0È40.8
3 58.8 8 43.4 33.5È54.4 29.4È57.6
4 76.7 8 38.9 36.6È43.7 31.4È47.0
5 91.7 9 47.5 45.0È52.0 37.5È55.3
6 108. 8 55.7 47.4È60.1 35.0È62.9
7 115. 9 54.8 53.2È60.2 38.4È71.2
8 133. 10 57.9 44.4È72.4 37.0È79.8
9 150. 9 66.7 62.7È74.2 46.0È81.0
10 172. 9 70.8 65.2È79.5 60.1È91.1
11 200. 9 77.0 69.5È88.2 65.9È94.7
12 237. 9 78.2 68.7È81.6 63.8È85.1
13 282. 10 72.2 58.5È78.5 53.2È117.
14 385. 10 48.4 39.3È55.5 37.1È78.2
15 598. 10 44.2 41.1È48.3 39.1È54.6

11 Measurements per Binb

1 8.00 11 27.4 23.8È29.9 22.3È32.0
2 52.7 11 33.4 30.8È39.9 29.5È51.2
3 73.5 11 39.1 37.3È46.0 33.8È47.9
4 94.0 12 48.2 45.0È52.0 42.7È55.2
5 112. 10 54.3 47.6È56.0 34.2È64.7
6 133. 12 67.4 56.3È74.0 46.3È80.6
7 147. 11 64.0 54.9È70.9 42.3È75.3
8 172. 11 71.1 65.9È80.5 62.4È87.7
9 207. 11 78.3 78.0È85.9 69.9È96.1
10 257. 11 77.1 66.2È84.2 62.2È115.
11 326. 12 55.8 51.6È61.0 45.6È74.5
12 592. 12 42.2 39.2È46.9 39.1È49.0

13 Measurements per Binb

1 10.4 14 28.8 26.7È31.4 23.1È32.1
2 58.2 13 38.3 35.0È47.0 31.0È55.0
3 86.6 14 45.0 41.9È47.0 35.9È48.4
4 108. 14 54.4 50.4È55.8 42.2È61.0
5 133. 14 58.7 55.3È72.3 43.6È78.5
6 153. 13 65.6 64.5È70.7 61.1È74.2
7 184. 13 78.1 72.1È86.0 67.3È91.6
8 243. 14 79.5 78.1È83.7 65.3È99.5
9 317. 14 57.7 53.1È70.1 49.4È75.7
10 592. 12 42.2 39.2È46.9 39.1È49.0

15 Measurements per Binb

1 10.4 14 28.8 26.7È31.4 23.1È32.1
2 61.4 16 37.5 34.1È42.6 31.4È52.1
3 91.7 15 47.0 45.1È48.7 43.1È52.1
4 114. 15 56.0 54.9È60.0 53.0È70.1
5 139. 15 60.7 53.3È65.6 39.4È74.1
6 171. 14 72.8 67.1È78.4 65.4È83.7
7 216. 16 78.3 73.7È81.5 66.5È87.4
8 300. 15 70.7 59.2È78.0 52.8È114.
9 550. 15 42.6 39.2È48.0 39.1È51.1

a Median of of measurements in the bin.l
e
-values

b The lower cuto†s on the integral of the likelihood function are 3, 0.1,
0.1, and 0.1 kK for nine, 11, 13, and 15 measurements per bin.

To test the impact of outliers, we remove the seven most
discrepant measurements (with largest reduced s2-values, as
discussed above) and determine a weighted-mean observed
CMB anisotropy power spectrum (for the culled data set
with 135 measurements). The resultant power spectrum of
detections is a much better Ðt for most (but not all) bins, but
it is still inconsistent with some of the 2 p upper limits. A
median statistics analysis of the culled data set again results
in signiÐcantly weaker constraints on the observed power
spectrum.

In summary, our analyses show that, if the CMB anisot-
ropy is Gaussian and if correlations between measurements
are not signiÐcant, some observational results are mutually
inconsistent. Until this issue is resolved, it is not possible to
determine a robust observational CMB anisotropy power
spectrum, much less constrain cosmological parameters
from s2 comparisons of theoretical predictions and obser-
vational results. While the open CDM model is not incon-
sistent with observational data at lD 300È500, it predicts
signiÐcantly less power than is seen at lD 150È250. If fore-
grounds do not contribute signiÐcantly to the data at
lD 150È250, the spatially Ñat model must be favored sig-
niÐcantly over the open one. This result is consistent with
other observational data that are compatible with a Ñat
model with a time-variable " (see, e.g., Ratra & Peebles
1988 ; Haiman, Mohr, & Holder 2001 ; Podariu & Ratra
2000 ; 2000 ; Chimento, Jakubi, &Gonza� lez-D•� az Pavon�
2000 ; Tye & Wasserman 2001 ; Hebecker & Wetterich
2001 ; Podariu, Nugent, & Ratra 2001 ; Barger & Marfatia
2001). Unlike the weighted-mean results, the median sta-
tistics results do not rule out a second peak in the CMB
anisotropy at lD 400È500.

Note added in manuscript.ÈAfter this analysis was com-
pleted, a number of new and revised CMB anisotropy
results have appeared (Romeo et al. 2001 ; Padin et al. 2001 ;
Lee et al. 2001 ; NetterÐeld et al. 2001 ; Halverson et al.
2001). We plan to include these new results in an updated
analysis of CMB anisotropy data.
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