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Abstract. We study the asymptotic behaviour of resistance scaling and fluctuation of resistance
that give rise to flicker noise in amsimplex lattice. We propose a simple method to calculate the
resistance scaling and give a closed-form formula to calculate the expghergssociated with
resistance scaling, for any. Using current cumulant method we calculate the exact noise exponent
for n-simplex lattices.
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1. Introduction

In recent years considerable attention has been devoted to studying the properties of dis-
ordered systems with the hope of understanding percolative phenomena. Key to several
such approaches has been the concept of randomness and also of frustration [1-12]. How-
ever, many of the patterns we encounter in nature are not random but self-similar and scale
invariant [13,14]. For instance, the complicated and scale invariant structures that occur
when a solid mixture evolves via an aggregation process [15]. To understand such systems
the concept of fractals has been found to be very useful. Fractals are scale invariant objects
that may be considered as intermediate lattices between regular and random (disordered)
lattices [13,14,16,17]. Such a fractal lattice describes a class of random systems where the
consequence of the loss of translational invariance of a lattice can be studied in detail. Ad-
ditionally, resulting from their dialational symmetry, statistical, mechanical and transport
problems are solvable; hence the attraction of the model in such studies [14].

In this paper we consider a particular class of fractal known astkienplex lattices,
to model various properties of inhomogeneous materials [16,17]. The lattice is defined
recursively. The map of the zero-order truncatedimplex lattice is a complete set of
(n + 1) points. The map of thé- + 1)th ordern-simplex lattice is obtained by replacing
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each of the lattice points of theh order map by the entirgh order map. Each of the
resultingn points is connected to one of the lines connecting the origihalrder vertices.
The fractal and spectral dimensions of this lattice are given by:

s In(n)

d= In2 (@)
and

s 2In(n)

The lattices withn. > 3 are of particular interest as they provide a family of fractals in
which d varies withn leavingd almost constant.

In order to understand how resistance scales with the size of the system, in a homoge-
neous system, we study the distribution of currents in a network modeledrbgiarplex
lattice. We consider each bond, where bond refers to a line joining two lattice points, of
the zero-order network as a unit resistor offering resistdhca& unit current enters the
network at one of the external nodes and leaves through another, the rest of nodes being
left open. It is known that the distribution of currents in such a network is found to be
multifractal [18] in the sense that different moments of the distribution scale with different
exponents.

For resistance scaling analysis two methods may be adopted, either (a) to obtain the
distribution of current over the entire network and measure the energy dissipated in the
system or (b) to simplify the network and obtain a closed-form solution. This second
method has been used rigorously by us for resistance scaling and the results obtained by
this method match those from the current distribution method. The moments of the current
in an-simplex are

S?(117[27-'-7In) :Z|Ip|a7 (3)
p

wherel, is the currentin theth bond ang goes fromi ton(n—1)/2; S 2 is the cumulant
for an arbitrary exponent. The currents flowing in at the external nodes ef-aimplex
are represented b, I, ..., I,, respectively (see figure 1) with the conditibpn+ I> +
-+ 4+ I, = 0. A scaling factor independent éf, I, . . ., I, can then be defined as

S;‘l—‘,-l(Il:IQ:' .- :In)
S’)(}(117[27-"7In) .

Aa) = (4)

Note thatA(a) is related to the fractal scaling expondn{a). For a fractal with a
resistance scaling parameter of 2, tiie generation length scales As = 2". Using the

definitionsSe(I1, I, .., I,) = L2 andSe (11, I, .. ., I,))  A"(a), we get:

®)
The case: = 0 determines the fractal dimension of the simplex becag8gis simply

the ratio of number of bonds in successive order ofttsimplex lattice;a = 2 measures
the heat loss in the network and gives resistance scaling. It has been shown [19,20] that:
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Figure 1. Schematic representation afsimplex lattice & = 6). The current along
each bond has been shown.

R(L) ~ L " (L>1), (6)

whereg; is an exponent controlling the transport properties.

In disordered material, the elastic scattering of the carriers at impurities leads to the ran-
dom conductance or resistance fluctuation. The fluctuation arises from the interference of
the scattered waves, and they are random. The magnitude of the resistance noise spectrum
(flicker noisel/f) depends on a new exponebtpertaining to the fractal lattice. This
exponent (corresponding to= 4) is a member of infinite number of exponents required
to characterize the fractal lattice [18]. The exact reason as to why this fluctuation occurs is
unknown though it is believed that it appears in response to changes in many extrinsic pa-
rameters such as the carrier density, the applied measuring current, external electric fields
and external magnetic fields. The spectrum of resistance fluctuation is given by

Sr(w) = / ¢t < R(R(0) > dt. )
The exponent associated with the scaling behaviour of normalized noise is given by
[19]
pr = Sr/R*> ~ L™% (L >>1). (8)

As long as each bond resistance fluctuates independently with the same spectrum, the
explicit frequency dependence can be discarded. The upper and lower boufitis, 20]
are given by

ﬂL<b<J. (9)

The paper is organized as follows: §8 we derive a closed-form solution to calculate
B, for any value ofn. In §3 we use the current cumulant method to calculate the noise
exponent fom-simplex. The paper ends with a brief discussion on the bounds proposed
and comparison with our results with experimental data.
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2. Calculation of 8, associated with resistance scaling

In this section we propose a simple method of calculafinfpr anyn-simplex. Consider
a fixed current/; entering at one of the external nodes of the lattice, and leaving from
another, all the remaining external nodes being left ogen< I35 = ... = I, = 0). We
calculate the equivalent resistance between these two external nodes and establish a recur-
sion relation betweerth and(r 4 1)th order lattices and use the real space renormalization
group technique to find the exponents [18,21,22].

From the symmetry properties of the simplex, it is apparent that al?) external nodes
apart from those through which current enters and leaves are at equipotential. Redrawing
just those bonds through which currents flow, we Hawe 1) parallel paths for current to
flow. Of these paths, one offers unit resistance and each of the others offer twice the unit
resistance (since they include two resistances in series). Hence the equivalent resistance is
given by:

1 1 1 1
—_—= = — 4+ —4+...(n—2 1
Rr R+ 2R+2R+ (n — 2) terms| , (10)

whereR is the unit resistance and the square bracket contains exactly2) identical
terms. This directly leads to

2R

Rg = (11)

n
Now if we consider a star of-branches, each offering a resistanc&gf,, the effective
resistance between any two external nodes through which current flows iR pe as
they are in series and all other nodes being left open. It is then straight forward to show
using these transformation farsimplex lattice that the following scaling holds good:

D~ FD T R T m

(12)

From eq. (11) we know that for amysimplex the equivalent resistance of first order is

2R
REl = ) (13)
n

combined with eq. (12) gives the equivalent resistancetobrder as

2 2 r—1
R, = % (14)
Thus we see how, by merely knowing the simplex one can calculate the equivalent re-
sistance of any iteration. No long winded applications of Kirchoff’s laws are required to
obtain the resistance scaling. The exportants related to\(2) by

_ In(1/A(2))
br=—"5"" (15)
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3. Calculation of the flicker noise exponent om-simplex

It has been shown that the 4th moment of current distribution is associated with the noise
exponent [18].

Assuming that the cumularft}(I;, I»,...,I,) can be expressed as a homogeneous
polynomial of degred, the most general polynomial is a linear combinatiofgf P2 P,
Py P3, Py andP}. These polynomials are defined as

P=L+L+L+ - +1,
P=LR+L+I+ - +12,
P=L+L+I3+ - +1;

and
Pi=I'+IL+Ij+---+1I..
However in the present cas®;, = 0 due to current conservation. Hence
Si(I,Is,...,I,) can be written as
SN, Iy,...,I,) = A, P}(I,,I»,...,I,,) + B, Py(I1, I, ..., 1I,). (16)
The next step is to determing!_, (I, I, ..., I,,). To establish a recursion relation
betweenS?(Iy, I, ..., I,) andS:_, (I, I, ..., I,) we obtained current distribution in

ann-simplex lattice at each node. It is easy to see that the current distribution at each node
is

n

1 n
Z I + ; Z I, — Ij
k=t i
by current conservation. In figure 1 we have shown the current along each bond. Therefore,
we can write

Sﬁ(Ila IZ, s ,In) = Sﬁ—l(I) + S;}—I(II) +--t Sﬁ—l(n),

where S,._1(I), S,_1(ll),... are the current cumulants ¢f — 1)th order ofn-simplex
lattice. I, II, ... represents shaded region in figure 1. The above equation can be expressed
as

53(117[27' . 7[71) = AT‘—IPZQ(Ila[Q)' . 7[71) + BT—1P4(117[27' . 7[71)
+A, 1Py, I5,...,I,) + B, 1P}, I»,...,1I,) a7)
which establish the transformation relation betweamd(r — 1)th order. Comparing eqgs

(16) and (17) we obtain the recursion relation betweemtlanplex lattices of the and
(r — 1)th order

() = ("5 ) (52) w
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The eigenvalues corresponding to the transformation matrix fontsienplex lattice are
given by

(n®+2n+5)nEtn(n+1)vVnt —2n3 —n2+2n+25
2nt

and the fractal scaling exponent corresponding to largest eigenvalue is

M(a=4) =

In\f(a =4)

4. Discussion

We have seen that various moments of branch current give rise to different exponents,
namely exponeritassociated with the noise amplitudg, associated with resistance scal-

ing andd associated with the mass of the fractal. The relation betv®@) obtained in

§3 and the exponetfor normalized noise is as follows:

Sr

ﬁ ~ PR~ L;b- (19)

Now, SRT ~ Zp |Ip|4,

>, (Ip); _
Ij’R%p ~ PR, ™~ Lr b' (20)
This gives
PR.y1 —b
—— = Apr,) ~ 2 (21)
PR,
or
b= M_ (22)
In2
Now,
> (Ip);‘fﬂ R?
A == " __r 23
P =S U )
or,
Apr) = Aret (o)’ (24)
)=\ g )
A (1Y
AMpr) = A—r <m> . (25)
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Substituting this in eq. (8) gives

In (A?(R) x A )

Argi
In2

b= (26)

This expression gives the respective values of the expdnasi.1844, 1.0629 and
0.9269 for the 3, 4 and 5-simplex respectively. It is clear that the inequdlity b > — 3y,
is satisfied in each of the three cases.

In the limit n goes to infinityA(2) = (n + 2)/n goes to 1. This is due to the fact that a
large number of parallel equi-resistance paths are available for current flow. Such a large
number of paths are available that in going from one order to the next we are in effect not
altering the equivalent resistance. The expomgntecreases in magnitude as we go to
higher dimension, implying that resistance becomes less dependent on the length of the
fractal.

With regard to flicker noise, we have seen that the scaling relation becomes increasingly
complex as the order of simplex is increased. The noise versus resistance expaent
defined by the following:

t
Q:2+E; (27)

wheret andk are given by

R~ (Ap)~* (28)
and
R A (29)

The experimental measurements [19,20] ahdk were made on&carbon-vax mix-
tures and found to k23 + 0.4 and5 + 1 respectively. The direct plot &f  versusR leads
t0 S, ~ R? where@ = 3.7 & 0.2. The value we obtain faf) is in agreement with this as
is clear from table 1.

However, similar measurements on two dimensional films and metallic films have given
values ofQ differing from what we predict. Perhaps instead of takingrtke@mplex lat-
tice, if one considered a2 Sierpinski gasket [13,14] better results could be expected. For
all n > a, there is a finite dimension matrix whose largest eigenvalue will give the char-
acteristic exponents. The matrix elements are functionarid hence eigenvalues will be
the well defined function af. But forn < a the result will be obtained by smaller matrix.
The generalization to higher value@fnd rescaling factdr > 2 is under progress.

Table 1. Exponents calculated f&r, 4- and5-simplex lattices.

Simplex d b BL Q

3 1.585 1.184 0.737 3.607
4 2.000 1.063 0.585 3.817
5 3.322 0.927 0.485 3.909

Pramana — J. Phys.Vol. 54, No. 6, June 2000 869



Sanjay Kumar, D Giri and Sujata Krishna
Acknowledgements

We would like to thank Yashwant Singh and Deepak Dhar for many helpful discussions.
Financial assistance from the Department of Science and Technology, India is acknowl-
edged. One of us (SK) would like to thank INSA-DFG for financial support.

References

[1] S Washburn and R A WebRep. Prog. Phys5, 1311 (1992)
[2] AK Sen,Mod. Phys. LettB11, 555 (1997)
[3] VI Kozub and A M Rudin,Phys. RevB53, 5356 (1996)
[4] A G Hunt, J. Phys. Condensed Matt&6, L303 (1998)
[5] A K Gupta, A M Jayannavar and A K Sed, Phys. (ParisB, 1671 (1993)
[6] M Jameset al, Phys. Rev. Letb6, 2280 (1986)
[7] Y Gefen, A Aharony, B B Mandelbrot and S KirkpatridRhys. Rev. Letd7, 1771 (1981)
[8] B W Southern and A R Doucharhys. Rev. Letb5, 1148 (1985)
[9] B Docut and R RammakRhys. Rev. Lett55, 1148 (1985)
[10] I Zivic, S Milosevic and H E Stanleyyhys. RevE47, 2340 (1990)
[11] D C Hong and H E Stanley, Phys A16, L525 (1983)
[12] H J Herrmann, D C Honmg and H E StanldyPhysA17, L261 (1984)
[13] B B Mandelbrot,The fractal geometry of natu@&reeman, NY, 1982)
[14] L Pietronero and E Tosatti (ed$)actals in physic§North Holland, Amsterdam, 1986)
[15] D Kessler, J Koplick and H Levinédv. Phys37, 255 (1988)
[16] D R Nelson and M E FisheAnn. Phys91, 266 (1975)
[17] D Dhar,J. Math. Phys18, 577 (1977)
[18] S Roux and C D MitesciRhys. RevB35, 898 (1987)
[19] R Rammal, C Tannous and A M S Trembl&)ys. Rev. Letb4, 1718 (1985)
[20] R Rammal, C Tannous and A M S Trembl&ys. RevA31, 2662 (1985)
L De Arcangelis, S Redner and A ConigliBhys. RevB31, 4725 (1985)
L de Arcangelis, S Redner and A ConiglPhys. RevB34, 4656 (1986)
[21] P Alstrom, D Stassinopoulos and H E StanklysicaA153, 20 (1988)
[22] P Y Tong and KW YuPhys. LettA160, 293 (1991)

870 Pramana — J. Phys.Vol. 54, No. 6, June 2000



